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Abstract  

Existing redundancy allocation and maintenance optimization models commonly neglect imperfect monitoring and 
maintenance conditions and often rely on sequential decision approaches that may lead to suboptimal solutions. This study 

proposes a joint optimization framework for redundancy allocation and CBM in heterogeneous repairable multi-state 

weighted k-out-of-n systems. The objective is to minimize life-cycle cost while satisfying availability requirements under 
imperfect monitoring and maintenance conditions. Semi-Markov processes and universal generating functions are jointly 

used to model degradation, false alarms, missed detections, maintenance delays, and imperfect preventive actions. An adapted 

GA identifies high-quality feasible solutions under strict availability requirements. Results show that explicitly modeling 
imperfections reduces life-cycle cost by about 13%, while a sequential scheme increases cost by about 7% compared with the 

joint formulation. Sensitivity analyses reveal that demand and repair duration strongly affect performance and require joint 

adaptation of thresholds and redundancy. 
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Highlights 

 Joint RAP–CBM optimization in heterogeneous multi-state 

systems. 

 Imperfect monitoring and maintenance embedded in SMP 

modeling. 

 GA with tailored penalties finds feasible solutions under strict 

requirements. 

 Neglecting realistic conditions risks infeasibility; 

incorporating them reduces LCC by about 13%. 

 Demand and repair time changes require joint, not separate, 

threshold–redundancy tuning. 

 

1. Introduction 

Complex engineering systems—such as power [13], aircraft 

actuation [4], pumping [5], and manufacturing systems [6] —

operate under progressive degradation and multiple failure 

modes that affect performance. When components exhibit 

multiple performance levels rather than binary states, ensuring 

reliable operation while meeting demand becomes challenging. 

Multi-state systems (MSS) provide a natural framework for 

modeling such behavior, allowing components to operate at 

different performance levels before failure [7]. Weighted 𝑘-out-

of-𝑛 configurations are commonly used to represent redundant 

architectures in which system availability depends on whether 

the aggregated component performance exceeds a demand 

threshold [5,8]. In these systems, redundancy design directly 

determines the structural capacity to withstand degradation and 

failure. 

At the operational level, PM policies—ranging from TBM 

to CBM—mitigate degradation and sustain performance. 

Redundancy and maintenance decisions are inherently 

interdependent: redundancy shapes feasible maintenance 

strategies, while maintenance performance influences 
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availability, life-cycle cost (LCC), and the required redundancy 

level [9]. 

Despite this interdependence, redundancy allocation and 

maintenance planning are often optimized separately and 

typically assume perfect monitoring, instantaneous 

interventions, and complete restoration. In practice, false 

alarms, missed detections, imperfect repairs, and maintenance 

delays significantly affect system performance and cost. These 

limitations motivate the development of unified frameworks 

that jointly optimize redundancy design and maintenance policy 

under realistic conditions, enabling truly optimal solutions. 

1.1. Redundancy allocation problem 

Fyffe et al. [10] first introduced the RAP to maximize system 

reliability through optimal component allocation under cost and 

weight constraints. Since then, numerous studies have extended 

this approach under more realistic assumptions. 

Recent work has focused on improving RAP flexibility and 

realism for MSS. Attar et al. [11] developed a simulation-based 

multi-objective optimization approach for redundancy 

allocation in free distributed repairable MSS, showing that 

NSGA-II outperforms SPEA2. Chen et al. [5] proposed  

a dynamic availability model combining CTMC and UGF for 

heterogeneous MSS, optimizing the availability-cost tradeoff 

via NSGA-II. 

Extensions addressing non-exponential failures include Li et 

al. [12], who modeled phase-mission systems using SMP and 

improved GA, and Kim [13], who employed generalized phase-

type distributions and parallel genetic algorithms to reduce 

computational effort. More recently, Li et al. [14] studied 𝑘-out-

of-𝑛 :G MSS with random weight thresholds, showing that  

a customized UGF approach improves modeling flexibility. 

Sharifi and Taghipour [15] further extended RAP to series–

parallel MSS with components exhibiting continuous 

performance levels, maximizing system availability through  

a UGF-based method. 

1.2. PM and CBM optimization 

Maintenance comprises activities aimed at preserving or 

restoring system functionality and preventing unexpected 

failures [16]. Strategies are generally classified as CM, 

performed after failure, and PM, which involves planned 

interventions to reduce breakdowns and improve reliability 

[17,18]. PM policies are commonly divided into TBM, which 

schedules interventions based on time or usage, and CBM, 

which relies on real-time monitoring and reliability models to 

anticipate failures and reduce unnecessary interventions 

[1921]. 

Comparative studies highlight the advantages of CBM in 

multi-component systems. Andersen and Nielsen [22] show that 

CBM achieves lower costs than TBM in deteriorating series 

systems. Castro et al. [23] propose a semi-regenerative 

computational policy for systems with monitored and 

unmonitored components, combining corrective and just-in-

time preventive actions. Oakley et al. [24] develop a CBM 

framework for systems with stochastic and economic 

dependencies, achieving cost reductions through penalty-based 

balancing. 

However, many studies assume ideal monitoring and perfect 

restoration, assumptions that are rarely satisfied in practice. 

Measurement noise, sensor degradation, and operational 

constraints limit condition assessment accuracy, while 

maintenance actions often provide only partial restoration. 

Consequently, recent research increasingly considers imperfect 

monitoring and imperfect maintenance. Inspection errors are 

typically modeled as false negatives and false positives within 

probabilistic detection frameworks [25,26], while maintenance 

actions may be classified as perfect, imperfect, or minimal 

depending on the restoration level [27]. 

Recent studies have incorporated these aspects into 

reliability models. Azadeh et al. [28] compare CBM, CM, and 

PM under forecasting uncertainty using a Markov-based 

simulation framework, showing that accurate prognostics are 

critical to cost and reliability performance in CBM. Tang et al. 

[26] propose a three-stage degradation model incorporating 

imperfect inspection and repair through virtual age and 

improvement factors, modeling inspection errors as false 

negatives. Wu et al. [29] analyze wind turbine blade 

maintenance using Petri nets to evaluate the impact of 

monitoring reliability on maintenance decisions. 

For multi-component systems, Zhang et al. [25] propose  

a reliability-centered hybrid PM policy that incorporates 

imperfect inspections and repairs while allocating penalty costs 

based on component criticality. Xu et al. [30] develop  

a selective maintenance framework under resource constraints 
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using a non-homogeneous CTMC and evolutionary 

optimization. Kocer and Khaniyev [31] introduce a Markov-

based imperfect preventive maintenance model incorporating 

age-reduction and failure-rate increase factors to optimize 

reliability and maintenance scheduling. Zhang et al. [32] later 

propose a hybrid condition-based opportunistic maintenance 

strategy considering economic dependence and imperfect 

maintenance. 

Maintenance interventions are often delayed by resource 

and operational constraints–such as spare-part shortages, 

staffing limitations, or scheduling priorities–rendering 

immediate action infeasible even when an alarm signals an 

undesired state. Liu et al. [33] incorporate repair delays into  

a Monte Carlo-based fault tree model, improving availability 

estimation. Zhao et al. [34] show that delay distributions 

influence expected costs and alarm thresholds in CBM models. 

Li et al. [6] further analyze delay propagation across operational 

periods, highlighting that preventive decisions must account for 

both system health and accumulated delays. 

1.3. Joint optimization of redundancy design and 

maintenance policy 

As highlighted in the introduction, jointly optimizing 

redundancy design and maintenance policy is essential to 

achieving truly optimal solutions. Nevertheless, some studies 

address these decisions independently or sequentially, first 

determining the system configuration and subsequently 

defining the maintenance strategy. For example, Eryilmaz [35] 

optimizes the number of components in 𝑘 -out-of-𝑛  systems 

before determining the preventive replacement time. Similarly, 

Hamdan et al. [36] propose a combined PM–CM policy for 

weighted 𝑘-out-of-𝑛 systems, triggered either by system age or 

by a threshold on the total working weight, while optimizing 

design and maintenance variables separately and suggesting 

their joint treatment as future research. 

In contrast, other works adopt an integrated perspective. Liu 

et al. [37] jointly optimize redundancy allocation and imperfect 

maintenance in multi-state systems, accounting for cumulative 

deterioration after repairs. More recently, Hao and Zhu [38] 

develop a joint redundancy–maintenance model for load-

sharing 𝑘 -out-of-𝑛  systems under environmental uncertainty, 

showing that neglecting such interactions may lead to 

overestimated reliability and suboptimal decisions. 

1.4. Gap analysis and paper contribution 

Despite recent advances, existing joint optimization models 

rarely consider CBM strategies in MSS with heterogeneous 

components, limiting their applicability to realistic industrial 

systems in which degradation behavior differs across 

components and monitoring is essential [25,26,28]. In addition, 

practical factors–such as detection errors [3032,34,37], 

repairable systems [5,12,13,15,34], imperfect or non-

instantaneous repairs, and maintenance delays–are typically 

neglected [11,33,35,36,38]. Only studies [37,38] address the 

joint optimization of redundancy design and maintenance policy, 

but without incorporating CBM. 

To address these limitations, this work proposes a joint 

optimization framework for redundancy allocation and CBM, 

incorporating degradation thresholds under imperfect 

monitoring, including false positives and false negatives, and 

maintenance actions with variable effectiveness. Both decisions 

are optimized simultaneously within a unified framework. Table 

1 compares the proposed approach with previous studies. The 

main contributions are summarized below. 

1. Integration of CBM under realistic monitoring and 

maintenance conditions in heterogeneous MSS with 

non-identical repairable components. False alarms, 

missed detections, maintenance delays, and imperfect 

PM outcomes, including perfect, imperfect, and minor 

repairs, are incorporated into the semi-Markov state-

transition mechanism, enabling the assessment of their 

joint impact on system availability. 

2. Joint RAP–CBM optimization model that 

simultaneously determines optimal component 

allocation and degradation thresholds. The model allows 

components to follow either RTF or CBM policies while 

minimizing LCC. The framework provides a unified tool 

applicable to both design and operational decision-

making. 

3. Adapted GA with problem-specific chromosome 

encoding and a tailored penalty scheme. The proposed 

algorithm enables efficient exploration of large 

combinatorial design spaces while prioritizing feasible 

solutions under strict availability constraints. 
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The remainder of this paper is organized as follows. Section 

2 presents the problem formulation. Section 3 develops the 

availability model for the MSS, incorporating degradation 

thresholds, detection errors, imperfect maintenance, and delay 

times. Section 4 formulates the optimization problem and 

introduces the adapted GA. Section 5 presents a numerical 

application, validation against MCS, comparative analyses, and 

sensitivity results. Finally, Section 6 concludes the paper. 

Table 1. Summary of differences between this study and existing literature. 

Paper Multi-component Multistate 
Heterogeneous 

components 

Non-

exponential 

distributions 

Imperfect 

maintenance 

Delay 

time 

Imperfect 

monitoring 

Redundancy 

design 
PM 

Joint 

optimization 

Liu et al. [37]  X X X  X   X X X 

Azadeh et al. [28]  X   X   X  X  

Attar et al. [11]  X X X X X   X   

Chen et al. [5]  X X X     X   

Eryilmaz [35]  X  X X    X X  

Zhao et al. [34]  

   X  X   X  

Li et al. [12]  X  X X    X   

Liu et al. [33]  X  X X  X     

Hamdan et al. [36]  X  X X    X X  

Kim [13]  X   X    X   

Li et al. [14]  X X X     X   

Zhang et al. [25]  X  X X X  X  X  

Hao and Zhu [38]  X   X    X X X 

Tang et al. [26]  

 X  X X  X  X  

Sharifi and Taghipour 

[15]  

X X X     X   

Wu et al. [29]  

 X  X  X X  X  

Xu et al. [30] X X  X X    X  

Zhang et al. [32] X   X X    X  

Kocer and Khaniyev [31] X   X X    X  

This work X X X X X X X X X X 

2. Problem formulation 

The problem of jointly assigning equipment in a redundant 

system and defining a CBM policy is considered under 

imperfect monitoring and maintenance. Preventive 

interventions are triggered according to the detected 

degradation state and executed once predefined degradation 

thresholds are reached. These thresholds constitute the key 

decision variables of the maintenance policy. 

The system consists of 𝑁𝑇  independent repairable multi-

state components belonging to 𝑁 different types. For each type 

𝑖, the discrete state space is 𝑆(𝑖) = {0,1,… ,𝑀(𝑖)}, where the states 

represent degradation and maintenance conditions. By 

construction, the maximum index 𝑀(𝑖)  is always even, since 

each degradation level is associated with two states: one 

operational state and one PM state. 

The set of operating states is defined as 𝑆𝑂𝑃
(𝑖)

= {2𝑚|𝑚 =

1, . . . , 𝑀(𝑖)/2} , which corresponds to the degradation levels at 

which the component is functioning and producing output. As 

degradation progresses, the component transitions through 

these states in increasing numerical order, while its production 

capacity decreases monotonically, i.e., 𝑔2
(𝑖)

> 𝑔4
(𝑖)

> 𝑔6
(𝑖)

> ⋯ > 0. 

Thus, even-indexed states represent operational degradation 

levels, whereas the immediately preceding odd-indexed states 

correspond to the PM actions associated with those degradation 

levels. The set of preventive maintenance states is defined as 

𝑆𝑃𝑀
(𝑖)

= {2𝑚 − 1|𝑚 = 1, . . . , 𝑀(𝑖)/2} , which represents scheduled 

maintenance interventions during which the component is 

temporarily stopped to perform preventive actions. Finally, the 

corrective maintenance state is 𝑆𝐶𝑀
(𝑖)

= {0} , which represents 

complete failure and requires corrective repair. In this state the 

component is unable to produce output, and therefore its 

production capacity is 𝑔0
(𝑖)

= 0. 

Under a weighted 𝑘-out-of-𝑛 structure, system performance 

depends on the aggregate capacity of its components. Each 

system state 𝑠 ∈ 𝑆𝑠𝑦𝑠𝑡𝑒𝑚   corresponds to a configuration of 

component states (𝑗1, 𝑗2, … , 𝑗𝑁𝑇
), where 𝑗𝑘 ∈ 𝑆(𝑖). The associated 

performance level is denoted 𝐺𝑠 and depends on the capacities 

provided by the components in that configuration. The system 

is operational when 𝐺𝑠 meets or exceeds the required demand 

𝑊. 

CM restores components to an as-good-as-new condition. 

Preventive actions are performed before failure and may be 

perfect, imperfect, corresponding to partial restoration, or minor, 

in which case the degradation state is preserved while the 

component is probabilistically rejuvenated. 

Monitoring uncertainty is modeled through detection errors. 

A Type I error corresponds to a premature alarm, whereas a Type 

II error represents failure to detect that the degradation threshold 
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has been reached. If the threshold is surpassed without detection, 

an alarm eventually occurs with certainty. After an alarm,  

a maintenance delay time is considered, representing the 

interval between alert generation and intervention execution 

during which further degradation or failure may occur. 

System performance is assessed through an LCC framework 

including acquisition, operation, repair, and inefficiency costs 

to capture the financial impact over the asset’s useful life 

[32,39]. The objective is to minimize LCC subject to 

availability requirements and component-type constraints. 

3. Modeling system and its components 

3.1. Multi-state component modeling 

Each component is modeled as an SMP, which generalizes 

continuous- and discrete-time Markov chains by allowing 

arbitrary sojourn-time distributions that depend on both the 

current state and the subsequent state. Let (𝑍(𝑖)(𝑡), 𝑡 ∈ ℝ+) 

denote the SMP associated with a component of type 𝑖, defined 

on a finite state space 𝑆(𝑖)  and representing its operational 

condition over time. The embedded Markov renewal process 

((𝐽𝑛
(𝑖)

, 𝑇𝑛
(𝑖)

), 𝑛 ≥ 0) is introduced, where 𝑇0
(𝑖)

≤ 𝑇1
(𝑖)

≤ ⋯ denote the 

jump times and 𝐽𝑛
(𝑖)

 the successive states visited in 𝑆(𝑖). These 

processes satisfy the Markov property [40]. Fig. 1 presents the 

state-transition diagram for a generic component. 

 

Figure 1. State diagram by component. 

The SMP model is described by its kernel matrix 𝑸(𝑖)(𝑡), 

given by: 

𝑸(𝑖)(𝑡) =

[
 
 
 
 
 𝑄0,0

(𝑖)(𝑡) 𝑄0,1
(𝑖)(𝑡) ⋯ 𝑄

0,𝑀(𝑖)
(𝑖) (𝑡)

𝑄1,0
(𝑖)(𝑡) 𝑄1,1

(𝑖)(𝑡) ⋯ 𝑄
1,𝑀(𝑖)
(𝑖) (𝑡)

⋮ ⋮ ⋱ ⋮

𝑄
𝑀(𝑖),0

(𝑖) (𝑡) 𝑄
𝑀(𝑖),1

(𝑖) (𝑡) ⋯ 𝑄
𝑀(𝑖),𝑀(𝑖)
(𝑖) (𝑡)]

 
 
 
 
 

 (1) 

Each element of the matrix represents the probability that, 

given the component is currently in state 𝑗, the next transition 

occurs to state 𝑘 and that this transition takes place within time 

𝑡. Formally, 

𝑄𝑗,𝑘
(𝑖)

(𝑡) = ℙ(𝐽𝑛+1
(𝑖)

= 𝑘, 𝑇𝑛+1
(𝑖)

− 𝑇𝑛
(𝑖)

≤ 𝑡 ∣ 𝐽𝑛
(𝑖)

= 𝑗), 𝑗, 𝑘 ∈ 𝑆(𝑖), 𝑡 ≥ 0, 𝑛 ≥ 0          (2) 

Imperfect condition monitoring is incorporated into the SMP 

by modifying the PM-triggering transitions, without altering the 

underlying physical degradation or failure processes. Let 𝑃𝐼  and 

𝑃𝐼𝐼   denote the probabilities of Type I and Type II monitoring 

errors. A Type I error corresponds to a premature alarm, whereas 

a Type II error corresponds to a missed detection when the 

selected degradation threshold has been reached. For  

a component of type 𝑖, the CDF governing the transition from 

operational state 𝑗 ∈ 𝑆𝑂𝑃
(𝑖)

 to its corresponding PM state 𝑗 − 1 ∈

𝑆𝑃𝑀
(𝑖)

 is defined as follows: 

𝐹𝑗,𝑗−1
(𝑖)

(𝑡) = 𝐹̂𝑗,𝑗−1
(𝑖)

(𝑡) (∑ 𝑦𝑥
(𝑖)

𝑥∈𝑆𝑂𝑃
(𝑖)

:𝑥<𝑗
+ (1 − 𝑃𝐼𝐼)𝑦𝑗

(𝑖)
+ 𝑃𝐼𝑦𝑗+2

(𝑖)
)            (3) 

where 𝑦𝑥
(𝑖), 𝑦𝑗

(𝑖), 𝑦𝑗+2
(𝑖)

 are binary variables indicating whether 
state 𝑗 is selected as the degradation threshold for components 
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of type 𝑖  with ∑ 𝑦𝑗
(𝑖)

𝑗∈𝑆𝑂𝑃
(𝑖) ≤ 1 , and 𝐹̂𝑗,𝑗−1

(𝑖) (𝑡)  is the CDF of the 

transition time associated with the transition 𝑗 → 𝑗 − 1, which 

in this case corresponds to the delay time. The summation term 

captures situations in which the component has already 

exceeded the selected degradation threshold, in such cases, the 

PM transition is activated with certainty. The remaining terms 

account for correct detection and degradation overestimation, 

respectively. Note that the Type I error arises only when 𝑗 is the 

state immediately preceding the selected degradation threshold, 

modifying the transition 𝑗 → 𝑗 − 1 through 𝑃𝐼 . 

To make the construction explicit, suppose that the selected 

degradation threshold for a component of type 𝑖  is the operating 

state 𝑗𝑖
∗, i.e., 𝑦𝑗𝑖

∗
(𝑖)

= 1. The monitoring mechanism modifies only 

the distributions associated with transitions from operating 

states to their corresponding PM states. All physical degradation 

and failure transitions preserve their original transition-time 

distributions. For an operating state 𝑗 , the PM-triggering 

distribution can be interpreted as follows: 

1. If 𝑗  <  𝑗𝑖
∗, the component has not yet reached the selected 

threshold. Therefore, a transition to PM can only occur 

through a premature alarm. In the adopted formulation, 

this possibility is allowed for the operating state 

immediately preceding the selected threshold and is 

weighted by the Type I error probability 𝑃𝐼 . 

2. If 𝑗  =  𝑗𝑖
∗ , the component has reached the selected 

threshold. A PM alarm is correctly triggered with 

probability 1 − 𝑃𝐼𝐼 , while a Type II error prevents 

immediate detection with probability 𝑃𝐼𝐼 . 

3. If 𝑗  >  𝑗𝑖
∗ , the component has already exceeded the 

selected threshold. In this case, the PM-triggering 

transition is enabled with probability one. The actual 

transition time, however, is still governed by the 

corresponding delay-time distribution and by the 

competing transitions from the same state. 

Hence, once the threshold is fixed, equation (3) defines the 

modified PM-triggering transition-time distribution for each 

operating state. For example, if the degradation threshold is set 

at state 4, a PM alarm may be triggered prematurely from state 

2 with probability 𝑃𝐼  , correctly activated at state 4 with 

probability 1 − 𝑃𝐼𝐼  , or missed at state 4 with probability 𝑃𝐼𝐼  . 

Once the component degrades beyond the threshold, for 

instance to state 6, the PM-triggering transition becomes 

enabled with probability one. 

 

Figure 2. Illustration of PM-triggering transitions under imperfect monitoring. 

Competing transitions from an operating state 𝑗 are modeled 

through the semi-Markov kernel: 

𝑄𝑗,𝑘
(𝑖)

(𝑡) = ∫ ∏ 𝐹𝑗,𝑚

(𝑖)
(𝑢)

𝑚∈𝒞
𝑗
(𝑖)

\{𝑘}

𝑡

0
d𝐹𝑗,𝑘

(𝑖)
(𝑢)            (4) 

where 𝒞𝑗
(𝑖) denotes the set of states reachable from 𝑗, 𝐹𝑗,𝑘

(𝑖)(𝑡) 

is the CDF of the transition time associated with the transition 

𝑗 → 𝑘, and 𝐹𝑗,𝑘

(𝑖)
(𝑡) = 1 − 𝐹𝑗,𝑘

(𝑖)(𝑡) denotes the corresponding survival 

function. Equation (4) follows the competing risks formulation: 

the transition from 𝑗 to 𝑘 occurs at time 𝑢 provided that none of 

the other admissible transitions from state 𝑗 occurs before 𝑢. 

For PM-triggering transitions, the distributions 𝐹𝑗,𝑘
(𝑖)(𝑡) 

incorporated into equation (4) are modified according to 

equation (3). Thus, for a transition from an operating state 𝑗 to 

its associated PM state, the corresponding semi-Markov kernel 

element is obtained as the probability that the PM-triggering 

event occurs at time 𝑡 , while none of the other admissible 

transitions from state 𝑗  occurs before 𝑡 . For example, in the 

configuration illustrated in Fig. 2, where state 4 is selected as 

the degradation threshold, the transition 4 → 3 is governed by 

𝐹4,3
(𝑖)(𝑡) = (1 − 𝑃𝐼𝐼)𝐹̂4,3

(𝑖)
(𝑡) and the corresponding semi-Markov 

kernel element is obtained directly from the competing-risks 

formulation as 𝑄4,3
(𝑖)(𝑡) = ∫ 𝐹4,0

(𝑖)
(𝑢)

𝑡

0
 𝐹4,6

(𝑖)
(𝑢) 𝑑[(1 − 𝑃𝐼𝐼)𝐹̂4,3

(𝑖)(𝑢)] 
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Imperfect maintenance is modeled through probabilistic 

restoration levels combined with conditionally distributed 

maintenance durations. When the component is in a PM state 

𝑗 ∈ 𝑆𝑃𝑀
(𝑖)

, the next state 𝑘 must belong to the set of operable states 

𝒞𝑗
(𝑖)

⊆ 𝑆𝑂𝑃
(𝑖)

. In this case, the semi-Markov kernel simplifies to: 

𝑄𝑗,𝑘
(𝑖)(𝑡) = 𝑃𝑗,𝑘

(𝑖)𝐹𝑗,𝑘
(𝑖)(𝑡) = 𝑃𝑗,𝑘

(𝑖)𝐹̂𝑗,𝑘
(𝑖)(𝑡) ∑ 𝑦𝑥

(𝑖)

𝑥∈𝒞𝑗
(𝑖)

∪{𝑗+3}
     (5) 

where 𝐹̂𝑗,𝑘
(𝑖)

(𝑡) denotes the maintenance duration distribution 

and 𝑃𝑗,𝑘
(𝑖)

 represents the probability that the maintenance action 

restores the component to operating state 𝑘 , with ∑ 𝑃𝑗,𝑘
(𝑖)

𝑘∈𝒞
𝑗
(𝑖) = 1 . 

The summation over 𝑦𝑥
(𝑖)  includes the operating states from 

which the component can enter PM state 𝑗 ; the term 𝑦𝑗+3
(𝑖)

 

captures cases where maintenance is triggered by an early alarm. 

Under the adopted state indexing, a transition to 𝑘 = 2 

corresponds to a perfect repair, restoring the component to the 

best operating condition. Transitions to 2 < 𝑘 < 𝑗 correspond to 

imperfect repairs, while a transition to 𝑘 = 𝑗 + 1  represents  

a minor repair. Since operable states are indexed in increasing 

order of degradation, larger indices correspond to worse 

operating conditions, thereby defining a natural hierarchy of 

post-maintenance performance levels. 

The restoration probabilities are parameterized through  

a single PM effectiveness parameter 𝑞𝑃𝑀
(𝑖)

∈ (0,1), such that 

𝑃𝑗,𝑘
(𝑖)

=
(𝑞𝑃𝑀

(𝑖)
)
𝑘/2−1

∑ (𝑞𝑃𝑀
(𝑖)

)
ℓ|𝒞

𝑗
(𝑖)

|−1

ℓ=0

           (6) 

which corresponds to a truncated geometric distribution 

over the feasible restoration levels. Using the geometric-series 

identity, this expression admits the closed form: 

𝑃𝑗,𝑘
(𝑖)

=
(1−𝑞𝑃𝑀

(𝑖)
)(𝑞𝑃𝑀

(𝑖)
)
𝑘/2−1

1−(𝑞𝑃𝑀
(𝑖)

)
|𝒞

𝑗
(𝑖)

|
    (7) 

Once maintenance is completed, the process transitions to 

the selected operating state 𝑘 . The semi-Markov kernel 

elements can therefore be written according to the type of state 

𝑗 as: 

𝑄𝑗,𝑘
(𝑖)(𝑡) = {

∫ ∏ 𝐹𝑗,𝑚

(𝑖)
(𝑢)

𝑚∈𝒞
𝑗
(𝑖)

\{𝑘}
d𝐹𝑗,𝑘

(𝑖)(𝑢)
𝑡

0
, 𝑗 ∈ 𝑆𝑂𝑃

(𝑖)
∪ 𝑆𝐶𝑀

(𝑖)

𝑃𝑗,𝑘
(𝑖) ⋅ 𝐹𝑗,𝑘

(𝑖)(𝑡), 𝑗 ∈ 𝑆𝑃𝑀
(𝑖)

(8) 

The general formulation naturally covers the cases where the 

number of admissible transitions from state 𝑗  is zero or one. 

When |𝒞𝑗
(𝑖)

| = 0, no further transitions are possible from state 𝑗, 

so the corresponding kernel elements are zero. When |𝒞𝑗
(𝑖)

| = 1, 

there is a single possible transition, and the competing-risks 

expression reduces to 𝑄𝑗,𝑘
(𝑖)(𝑡) = 𝐹𝑗,𝑘

(𝑖)(𝑡). 

Remark 1. Although the proposed framework is developed 

for heterogeneous repairable multi-state components subject to 

condition-based maintenance, it also includes non-repairable 

components as a special case. This can be achieved by 

excluding the preventive-maintenance states 𝑆𝑃𝑀
 (𝑖)

  and the 

associated degradation-threshold variables 𝑦𝑗
(𝑖)

  for the 

corresponding component type. The component state space then 

contains only operating degradation states and the 

failure/replacement state (𝑆𝑂𝑃
(𝑖)  ∪ 𝑆𝐶𝑀

(𝑖)
). Under this interpretation, 

a transition to the failure state 𝑆𝐶𝑀
(𝑖)

  represents the loss of the 

component, followed by replacement by a new unit when 

replacement is allowed. Therefore, the repairable setting 

considered in this work provides a more general modeling 

structure, while non-repairable behavior can be recovered 

through a simplified state-space definition. 

Based on this semi-Markov formulation, the steady-state 

availability of a component is analytically evaluated using  

a two-stage approach [41]. First, the one-step transition 

probability matrix of the embedded Markov chain (EMC) 

associated with the SMP is constructed to compute the steady-

state probabilities of the EMC. Subsequently, the sojourn time 

in each state is determined, and the steady-state probabilities of 

the SMP are obtained by combining the EMC steady-state 

distribution with the corresponding state sojourn times. 

3.1.1. Stage 1: Steady-state EMC probabilities 

The transition probability matrix for the EMC is 𝑷(𝑖). For each 

row of this matrix, it must satisfy ∑ 𝑝𝑗,𝑘
(𝑖)𝑀(𝑖)

𝑘=1 = 1,∀𝑗 = 0, . . . , 𝑀(𝑖). 

The one-step transition probability matrix is given as: 

𝑷(𝑖) = lim
𝑡→∞

𝑸(𝑖)(𝑡) =

[
 
 
 
 
 𝑝0,0

(𝑖) 𝑝0,1
(𝑖) ⋯ 𝑝

0,𝑀(𝑖)
(𝑖)

𝑝1,0
(𝑖) 𝑝1,1

(𝑖) ⋯ 𝑝
1,𝑀(𝑖)
(𝑖)

⋮ ⋮ ⋱ ⋮

𝑝
𝑀(𝑖),0

(𝑖)
𝑝

𝑀(𝑖),1

(𝑖)
⋯ 𝑝

𝑀(𝑖),𝑀(𝑖)
(𝑖)

]
 
 
 
 
 

      (9) 

The following system of linear equations is formulated to 

find the steady-state probabilities vector of the EMC: 

𝑣⃗(𝑖) = 𝑣⃗(𝑖)𝑷(𝑖), ∑ 𝑣𝑗
(𝑖)𝑀(𝑖)

𝑗=1 = 1, 𝑗 ∈ 𝑆(𝑖)      (10) 

3.1.2. Stage 2: Steady-state SMP probabilities 

At this stage, the mean sojourn time, i.e., the time the process 
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spends in each state, is determined to obtain the steady-state 

probability vector 𝜋⃗⃗(𝑖) . The mean sojourn time is denoted by 

𝜏(𝑖) = [𝜏0
(𝑖)

, 𝜏1
(𝑖)

, . . . , 𝜏
𝑀(𝑖)

(𝑖)
]𝑇 , where each element is defined 

according to the structure of the outgoing transitions from the 

corresponding state. In particular, operational and failed states 

involve competing transition mechanisms, while PM states are 

governed by probabilistic restoration outcomes and non-

competing maintenance durations, yielding a weighted expected 

sojourn time. 

𝜏𝑗
(𝑖) = {

∫ ∏ 𝐹𝑗,𝑚

(𝑖)
(𝑡)

𝑚∈𝒞
𝑗
(𝑖)

∞

0
d𝑡, 𝑗 ∈ 𝑆𝑂𝑃

(𝑖)
∪ 𝑆𝐶𝑀

(𝑖)

∑ 𝑃𝑗,𝑘
(𝑖)

𝑘∈𝒞
𝑗
(𝑖) ⋅ ∫ 𝐹𝑗,𝑘

(𝑖)
(𝑡)d𝑡

∞

0
, 𝑗 ∈ 𝑆𝑃𝑀

(𝑖)
      (11) 

Using the values of the steady-state probabilities of the EMC 

and the residence times in each state, the steady-state 

probability of state 𝑗 for the SMP model is obtained as: 

𝜋𝑗
(𝑖)

=
𝑣𝑗

(𝑖)
𝜏𝑗
(𝑖)

∑ 𝑣𝑘
(𝑖)

𝜏𝑘
(𝑖)𝑀(𝑖)

𝑘=0

, 𝑗 ∈ 𝑆(𝑖)          (12) 

that is, the ratio of the time spent in state 𝑗 to the total time 

spent. 

Once the stationary distribution is obtained, the entrance rate 

to state 𝑗 is defined as Λ𝑗
(𝑖)

, combining the stationary probability 

with the inverse of the mean sojourn time. This reflects both the 

proportion of time spent in the state and the average duration of 

each visit. 

𝛬𝑗
(𝑖)

=
𝜋𝑗

(𝑖)

𝜏
𝑗
(𝑖) , 𝑗 ∈ 𝑆(𝑖)       (13) 

3.2. Multi-state system modeling 

Among the main methodologies for evaluating MSS availability 

are the UGF technique and RA [3,42,43]. UGF, introduced by 

Ushakov [44], reduces the computational complexity of MSS 

by modeling discrete random variables. Its widespread use in 

reliability and availability studies stems from its ability to 

simplify modeling, accelerate computation, and ease numerical 

implementation [45]. 

3.2.1. UGF Method 

The u-function of a component of type 𝑖 relates the probability 

of each state to its respective performance level, and is defined 

as: 

𝑢(𝑖)(𝑧) = ∑ 𝜋𝑗
(𝑖)

𝑧
𝑔𝑗

(𝑖)
𝑀(𝑖)

𝑗=0             (14) 

The UGF associated with the MSS output performance 

distribution [46] is: 

𝑈(𝑧) = Ω(𝑢(1)(𝑧), 𝑢(2)(𝑧), . . . , 𝑢(𝑁)(𝑧))

= ∑ ∑ ⋯𝑀(2)

𝑗2=0
𝑀(1)

𝑗1=0 ∑ (∏ 𝜋𝑗𝑖

(𝑖)𝑁
𝑖=1 𝑧

𝜑(𝑔𝑗1

(1)
,𝑔𝑗2

(2)
,...,𝑔𝑗𝑁

(𝑁)
)
)𝑀(𝑁)

𝑗𝑁=0

 (15) 

Where Ω  is a composition operator and 𝜑  is the system 

structure function. Since the system under consideration is in  

a weighted 𝑘-out-of-𝑛 redundancy logical configuration, this is 

determined as: 

𝜑(𝑔𝑗1

(1)
, 𝑔𝑗2

(2)
, . . . , 𝑔𝑗𝑁

(𝑁)
) = ∑ 𝑔𝑗𝑖

(𝑖)𝑁
𝑖=1     (16) 

Thus, the resulting system UGF becomes: 

𝑈(𝑧) = ∏ (𝑢(𝑖)(𝑧))𝑛𝑖
𝑖∈𝐼           (17) 

Where 𝑛𝑖 is the number of components of type 𝑖. 

In a weighted 𝑘-out-of-𝑛 system, its availability is defined 

as the probability that its performance level meets the required 

demand [7], and is expressed by the following formulation: 

𝐴𝑠𝑦𝑠𝑡𝑒𝑚 = 𝑃 (𝜑 (𝑔𝑗1

(1)
, 𝑔𝑗2

(2)
, . . . , 𝑔𝑗𝑁

(𝑁)
) ≥ 𝑊)  = ∑ 𝜋𝑠 ⋅ 𝐼𝐺𝑠𝑠∈𝑆𝑠𝑦𝑠𝑡𝑒𝑚

  (18) 

Where 𝑊  is the required demand and 𝐼𝐺𝑠
  is an indicator 

function defined as: 

𝐼𝐺𝑠
= {

1, 𝐺𝑠 ≥ 𝑊
0, 𝐺𝑠 < 𝑊

  , ∀𝑠 ∈ 𝑆𝑠𝑦𝑠𝑡𝑒𝑚    (19) 

Remark 2. The weighted k-out-of-n formulation adopted in 

this study is used because it naturally represents heterogeneous 

multi-state systems in which different component types may 

contribute different performance levels. Classical non-weighted 

binary and multi-state k-out-of-n systems are obtained as special 

cases by assigning identical capacities to components in 

equivalent operating states 𝑔𝑗
(𝑖)

= 1,  ∀𝑖 ∈ 𝐼,  ∀𝑗 ∈ 𝑆𝑂𝑃
(𝑖)

 . In that 

case, the system performance reduces to the number of 

functioning components satisfying the demand threshold. Thus, 

the weighted formulation does not restrict the applicability of 

the model; rather, it provides a more general representation that 

encompasses standard k-out-of-n structures. 

4. Optimization problem 

This section addresses the optimization of redundancy 

allocation and CBM policy design for MSS. The optimization 

model is first formulated, followed by a detailed description of 

the adapted metaheuristic developed to solve the problem. 
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4.1. Optimization model 

The following joint Redundancy Allocation and Condition-

Based Maintenance (RAP–CBM) optimization model is 

formulated. 

min {𝐶𝑇𝑖𝑛𝑒𝑓 + 𝐶𝑇𝑟𝑒𝑝 + 𝐶𝑇𝑜𝑝 + 𝐶𝑇𝑎𝑑𝑞}              (20) 

s.t.  𝐴𝑠𝑦𝑠𝑡𝑒𝑚({𝑛𝑖 , 𝑦⃗
(𝑖)}𝑖∈𝐼) ≥ 𝐴𝑟𝑒𝑞                   (21) 

∑ 𝑦𝑗
(𝑖)

𝑗∈𝑆𝑂𝑃
(𝑖) ≤ 1, ∀𝑖 ∈ 𝐼                          (22) 

𝑛𝑖 ≤ 𝑁𝑖 ,  ∀𝑖 ∈ 𝐼                                 (23) 
𝑛𝑖 ≥ 0, 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠, ∀𝑖 ∈ 𝐼                        (24) 

𝑦𝑗
(𝑖) ∈ {0,1},  ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝑆𝑂𝑃

(𝑖)                    (25) 

whose LCC-based costs are broken down into: 

 Total inefficiency costs: 

𝐶𝑇𝑖𝑛𝑒𝑓 = 𝑐𝑖𝑛𝑒𝑓 ⋅ (1 − 𝐴𝑠𝑦𝑠𝑡𝑒𝑚) ⋅ 𝐻 ⋅ 𝑓𝑢𝑝         (26) 

 Total costs of maintenance actions: 

𝐶𝑇𝑟𝑒𝑝 = ∑ ∑ (𝑐𝑖,𝑗
𝑟𝑒𝑝

⋅ 𝜋𝑗
(𝑖)

(𝑦⃗(𝑖)) + 𝑐𝑖,𝑗
𝑓𝑖𝑥

⋅ 𝛬𝑗
(𝑖)

(𝑦⃗(𝑖))) ⋅ 𝐻 ⋅ 𝑓𝑢𝑝 ⋅ 𝑛𝑖𝑗∈𝑆𝑃𝑀
(𝑖)

∪𝑆𝐶𝑀
(𝑖)𝑖∈𝐼  (27) 

 Total operating costs: 

𝐶𝑇𝑜𝑝 = ∑ ∑ 𝑐𝑖,𝑗
𝑜𝑝

⋅ 𝜋𝑗
(𝑖)

(𝑦⃗(𝑖)) ⋅ 𝐻 ⋅ 𝑓𝑢𝑝 ⋅ 𝑛𝑖𝑗∈𝑆𝑂𝑃
(𝑖)𝑖∈𝐼    (28) 

 Total investment costs (equipment acquisition): 

𝐶𝑇𝑎𝑑𝑞 = ∑ 𝑐𝑖
𝑎𝑑𝑞

⋅ 𝑛𝑖𝑖∈𝐼         (29) 

The system availability is obtained from equation (18) and 

implicitly captures the realistic operating conditions described 

in Section 3 through the stationary probabilities derived from 

the SMP formulation. Redundancy allocation and degradation-

threshold decisions affect different levels of this availability 

evaluation. The redundancy variables determine the number and 

type of components entering the UGF formulation and, 

therefore, modify the system-level performance distribution. In 

contrast, the degradation-threshold variables determine when 

PM is triggered in the SMP model and, therefore, modify the 

stationary probabilities of operating, degraded, PM, and CM 

states for each component type. Since system availability is 

computed from both the component stationary probabilities and 

the redundancy structure, both sets of decisions jointly 

determine feasibility with respect to the availability requirement. 

This coupling also affects the LCC objective. Redundancy 

decisions directly influence acquisition and operating costs, 

while threshold decisions influence maintenance, repair, and 

inefficiency costs through the frequency and duration of PM and 

CM states. As a result, higher redundancy may allow less 

conservative maintenance thresholds, whereas lower 

redundancy may require earlier preventive interventions to 

satisfy the availability constraint. This interaction motivates the 

joint optimization of redundancy allocation and CBM 

thresholds rather than treating them as independent or 

sequential decisions. 

The variable 𝜋𝑗
(𝑖)

(𝑦⃗(𝑖))  represents the probability that 

𝜋𝑗
(𝑖)

(𝑦⃗(𝑖)) 𝑖 is in state 𝑗, as defined by the SMP. Additionally, 𝑦⃗(𝑖) 

denotes the vector of variables 𝑦𝑗
(𝑖)

 associated with component 

𝑖. 

The decision variables in this model are the number of 

components of type 𝑖 assigned to the system, denoted as 𝑛𝑖, and 

the binary variable 𝑦𝑗
(𝑖)

 . The latter takes the value 1 if the 

degradation threshold is set to state 𝑗 for components of type 𝑖, 

and 0 otherwise, where 𝑗 ∈ 𝑆𝑂𝑃
(𝑖)

 represents the operating states. 

When ∑ 𝑦𝑗
(𝑖)

𝑗∈𝑆𝑂𝑃
(𝑖) = 0 , the component operates under an RTF 

policy. Regarding the constraints, equation (21) defines the 

availability requirements, equation (22) ensures that only one 

degradation threshold is assigned to components of type 𝑖 , 

equation (23) limits the maximum number of components 

assignable for each type, and equations (24) and (25) describe 

the nature of the variables. 

Remark 3.  The model can be adapted to an operational 

planning context in which the system is already implemented, 

simply eliminate the acquisition cost 𝐶𝑇𝑎𝑑𝑞  and subtract from 

the total cost the salvage cost 𝐶𝑇𝑠𝑎𝑙𝑒 , which considers the resale 

or dismantling of unused components. 

𝐶𝑇𝑠𝑎𝑙𝑒 = ∑ 𝑐𝑖
𝑠𝑎𝑙𝑒

𝑖∈𝐼 (𝑁𝑖 − 𝑛𝑖)                 (30) 

where 𝑐𝑖
𝑠𝑎𝑙𝑒 denotes the unit salvage value of a component 

of type 𝑖, and 𝑁𝑖 represents the number of components of type 𝑖 

initially available in the system. This modification shifts the 

optimization from system design to operational reconfiguration, 

without altering the structure of the proposed model. 

4.2. Optimization technique 

For a system with 𝑁  component types and 𝑀(𝑖)/2  operable 

states per type 𝑖 = 1,… , 𝑁 , the solution space is ∏ 𝑁𝑖
𝑁
𝑖=1 ⋅

(𝑀(𝑖)/2 + 1) . Even simple series RAP systems with linear 

constraints are NP-hard [47], making exhaustive search 

infeasible. Consequently, metaheuristic approaches are adopted 

to obtain solutions within reasonable timescales. Universal 

metaheuristic algorithms such as GA [15,48], Particle Swarm 

Optimization (PSO) [49], and Artificial Bee Colony (ABC) [50], 

among others [11,14], are widely employed to explore the 

solution space efficiently [51]. Among these approaches, GA-
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based methods have shown strong performance in reliability 

optimization problems involving discrete decision variables and 

heterogeneous redundancy configurations [49]. 

4.2.1. Implementation of genetic algorithm 

In this work, GA was adopted due to its flexibility for handling 

discrete decision variables and nonlinear availability constraints 

required by the proposed RAP–CBM formulation. Inspired by 

biological genetics, each solution is encoded as a finite-length 

string (chromosome), and a population of chromosomes is 

evolved through crossover, mutation, and selection. An elitism 

strategy is incorporated to preserve the best solution in each 

generation. The algorithm is summarized in Fig. 3, with details 

outlined below. 

 

Figure 3. Proposed GA. 

 Coding solutions: A chromosome is represented by an 

𝑁 × 2  matrix, with one row per component type. The 

first column specifies the number of components of type 

𝑖, and the second column identifies the state 𝑗 where the 

binary variable 𝑦𝑗
(𝑖)

 equals 1. If this number is zero, all 

𝑦𝑗
(𝑖)

 are zero, yielding an RTF policy for that component 

type. This structure provides precise representation 

within the algorithm. 

𝑛𝑖 𝑗 for 𝑦𝑗
(𝑖)

Component type 1

Component type 2

⋮
Component type 𝑁

[
 
 
 
 
𝑛1 𝑗(1)

𝑛2 𝑗(2)

⋮ ⋮
𝑛𝑁 𝑗(𝑁)

]
 
 
 
 

 

Figure 4. Chromosomal structure. 

 Initial population: The maximum number of 

components of type 𝑖  assignable to the system is 𝑛𝑖 . 

Accordingly, the first entry in each row must be an 

integer in [0, 𝑛𝑖], while the second entry must belong to 

𝑆𝑂𝑃
(𝑖)

∪ {0}. 

 Fitness function: Since the proposed optimization 

model includes a constraint on the system’s availability, 

a penalty is incorporated into the fitness function 𝑓 of the 

adopted GA. Two parameter-free penalization schemes 

were evaluated: the first proposed in this work and the 

second adapted from [15]. The fitness function is defined 

as: 

𝑓 = (𝐶𝑇𝑖𝑛𝑒𝑓 + 𝐶𝑇𝑟𝑒𝑝 + 𝐶𝑇𝑜𝑝 + 𝐶𝑇𝑎𝑑𝑞) ⋅ 𝑃𝑒𝑛𝑎𝑙𝑡𝑦     (31) 

with the following penalty formulations: 

𝑃𝑒𝑛𝑎𝑙𝑡𝑦1 = (1 +
max{0,𝐴𝑟𝑒𝑞−𝐴𝑠𝑦𝑠𝑡𝑒𝑚}

1−𝐴𝑟𝑒𝑞
)       (32) 

𝑃𝑒𝑛𝑎𝑙𝑡𝑦2 = (
1

1−max{0,𝐴𝑟𝑒𝑞−𝐴𝑠𝑦𝑠𝑡𝑒𝑚}
)     (33)  

Unlike conventional penalty methods that require user-

defined coefficients, both penalization schemes considered here 

are parameter-free because they depend only on the availability 

violation. The proposed formulation further normalizes this 

violation with respect to the admissible unavailability margin 

(1 − 𝐴𝑟𝑒𝑞). As a result, the penalty increases according to the 

relative severity of the violation: deviations that represent  

a small fraction of the admissible unavailability margin are 

penalized mildly, whereas deviations that substantially 

compromise the required availability receive stronger 

penalization. This structure avoids empirical calibration of 

penalty weights and makes the fitness function directly 

comparable across different availability requirements. 

 Chromosome selection: To select the chromosomes 

needed for crossover and mutation operations, they are 
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randomly sampled in groups of 3 and the one with the 

lowest 𝑓 value is chosen. 

 Crossover operator: A one-point crossover is applied. 

Two parent chromosomes are selected, and a random 

breakpoint is defined by uniform variables over [0,2] 

(column) and [0, 𝑁]  (row). Segments before and after 

the breakpoint are exchanged, producing two offspring 

with combined information. Fig. 5 illustrates the case 

with breakpoint (2,1). 

 

Figure 5. Single-point crossover operator. 

 Mutation operator: To avoid premature convergence, 

mutation is introduced using a mask matrix with random 

values in [0,1] . Each gene with a mask value ≤ 𝜇𝑚 

mutates, generating a new value. Fig. 6 shows an 

example. 

 

Figure 6. Mutation operator. 

 Elitism: To prevent fitness degradation, the best 

solutions are passed directly to the next generation. The 

population is sorted by 𝑓 values in ascending order, and 

the top 𝑃𝑒𝑙𝑖𝑡𝑖𝑠𝑚 percentile is retained. 

 Next generation: The new population is formed as 

follows: 

o The top 𝑃𝑒𝑙𝑖𝑡𝑖𝑠𝑚  percentile of the current 

generation is preserved. 

o The remaining individuals are generated via 

crossover and mutation from the previous 

population. 

 Stopping criterion: The algorithm halts after a fixed 

number of iterations or when the best solution shows no 

improvement over a given number of consecutive 

generations. 

Remark 4. Although this work adopts a GA implementation, 

the proposed matrix-based solution encoding and penalized 

fitness formulation can also be adapted to a PSO framework. In 

this case, particle velocities may be updated as: 

𝑉𝑙+1 = 𝜔𝑉𝑙 + 𝑐1𝑟1(𝑋
𝒃𝒆𝒔𝒕 − 𝑋𝑙) + 𝑐2𝑟2(𝐺𝐿𝒃𝒆𝒔𝒕 − 𝑋𝑙)  (34) 

where 𝑋𝑙  and 𝑉𝑙  denote the particle position and velocity 

matrices at iteration 𝑙, 𝜔 is the inertia coefficient, 𝑐1 and 𝑐2 are 

the cognitive and social acceleration parameters, 𝑟1, 𝑟1 ∈

𝑈(0,1)  are random coefficients, 𝑋𝒃𝒆𝒔𝒕  represents the best 

position previously visited by the particle, and 𝐺𝐿𝒃𝒆𝒔𝒕 is the best 

global solution identified by the swarm. Since the RAP–CBM 

formulation involves discrete decision variables, the updated 

positions must be projected onto the feasible search space. For 

the redundancy variables, this can be expressed as 

𝑥𝑛𝑖
𝒍+1 = max{0,min{𝑁𝑖 , round(𝑥𝑛𝑖

𝑙 + 𝑣𝑛𝑖
𝑙+1)}}         (35) 

while the degradation thresholds are updated by selecting 

the admissible operating state closest to the continuous PSO 

update: 

𝑥𝑗𝑖

𝑙+1 = 𝑎𝑟𝑔 𝑚𝑖𝑛
𝑗∈𝑆𝑂𝑃

(𝑖)
|𝑗 − (𝑟𝑜𝑢𝑛𝑑(𝑥𝑗𝑖

𝑙 + 𝑣𝑗𝑖

𝑙+1))|          (36) 

thereby ensuring that threshold values remain restricted to 

feasible operating states. 

5. Numerical examples 

An illustrative power generation system is analyzed to 

demonstrate the applicability of the proposed framework under 

realistic operating and degradation conditions. Although the 

numerical data do not correspond to a specific industrial facility, 

they were constructed as a representative benchmark based on 

engineering judgment and publicly available information on 

power-generation systems. The objective is to provide a realistic 

heterogeneous multi-state environment for evaluating the 

proposed RAP–CBM framework, comparing alternative 

decision-making schemes, and conducting sensitivity analyses. 

Four generator types with capacities ranging from 5 to 40 

MW are considered. These represent distinct technological 

profiles, ranging from small, low-cost units with faster 

degradation dynamics to larger generators offering higher 

capacity and partial economies of scale, but exhibiting more 



 

Eksploatacja i Niezawodnosc – Maintenance and Reliability Vol. 29, No. 2, 2027 

 

demanding maintenance and aging characteristics. Acquisition, 

operation, and maintenance costs increase with capacity at 

different rates, creating nontrivial trade-offs between installing 

a few large units or several smaller ones. Consequently, no 

generator type is uniformly superior across all cost and 

performance dimensions, making the redundancy-allocation 

decision nontrivial. Table 2 summarizes the capacities and cost 

parameters of each generator type. 

Each component is modeled using nine states: State 2 (fully 

functional), States 4, 6, and 8 (degraded with 5%, 10%, and 20% 

capacity loss, respectively), States 1, 3, 5, and 7 (stopped for 

PM), and State 0 (stopped for CM). Weibull distributions with 

shape parameters greater than one are used to represent 

progressive degradation, exponential distributions to model 

random failures, and lognormal distributions to capture the high 

variability typically associated with CM durations. The 

resulting transition curves are shown in Fig. 8 based on the 

state-transition structure presented in Fig. 7. 

PM durations 𝑡𝑝𝑗,𝑘
(𝑖)

, 𝑡𝑖𝑗,𝑘
(𝑖)

, 𝑡𝑚𝑗,𝑘
(𝑖)

 are represented by Heaviside 

functions for perfect, imperfect, and minor maintenance actions, 

with probabilities 𝑃𝑗,𝑘
(𝑖)

. Larger generators are assumed to have 

lower probabilities of complete restoration following PM 

actions, whereas maintenance durations increase with both 

equipment size and degradation severity. Table 3 summarizes 

the corresponding PM parameters. 

Monitoring detects degradation with (1 − 𝑃𝐼𝐼) = 85% 

accuracy, 𝑃𝐼 = 10% false alarms, and a fixed delay 𝑡𝑑𝑒𝑙𝑎𝑦 = 2 

h, while a minimum system availability of 95% is imposed. 

Both the monitoring-error probabilities and the availability 

requirement are within ranges commonly adopted in the 

literature. The demand is 𝑊 = 50 MW, the inefficiency cost is 

1,000 $/h, the planning horizon is 𝐻 = 3  years under 

continuous operation, and the annual discount rate is 10%. Each 

generator type can be purchased up to four units. 

 

Figure 7. State diagram by generator. 

Table 2. Data on capacity and unit acquisition, operation and labor costs by generator type. 

Generator 

type 

Capacity 

MW 

Acquisition 

costo 

Operating 

cost $/hour 

Labor cost 

$/hour 

Cost per 

PM event 

Cost per 

CM event 

1 5 $100,800 12.5 25 $1,000 $12,000 
2 10 $140,000 20 35 $2,500 $30,000 

3 20 $420,000 50 60 $3,000 $36,000 

4 40 $680,000 65 100 $5,000 $60,000 
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(a) Generator type 1.                                              (b) Generator type 2. 

 

(c) Generator type 3.                                              (d) Generator type 4. 

Figure 8. Probability density functions for failure, degradation, and repair by generator type.

Table 3. PM parameters by generator type and operating 

condition (qPM
(1)

= 0.45, qPM
(2)

= 0.50, qPM
(3)

= 0.54, qPM
(4)

= 0.58). 

Component Transition 
Time 

hours 
Probability 

1 1 → 2 2.2 1 
 3 → 2 3.08 0.69 
 3 → 4 4.4 0.31 
 5 → 2 3.52 0.61 
 5 → 4 4.4 0.27 
 5 → 6 5.72 0.12 
 7 → 2 3.96 0.57 
 7 → 4 4.84 0.26 
 7 → 6 6.16 0.12 
 7 → 8 6.6 0.05 

2 1 → 2 2.2 1 
 3 → 2 3.08 0.67 
 3 → 4 4.4 0.33 
 5 → 2 3.52 0.57 
 5 → 4 4.84 0.29 
 5 → 6 5.72 0.14 
 7 → 2 4.4 0.53 
 7 → 4 5.28 0.27 
 7 → 6 6.16 0.13 
 7 → 8 7.92 0.07 

3 1 → 2 2.8 1 
 3 → 2 3.92 0.65 
 3 → 4 5.6 0.35 
 5 → 2 4.48 0.55 
 5 → 4 5.6 0.29 
 5 → 6 7.28 0.16 
 7 → 2 5.04 0.5 
 7 → 4 6.16 0.27 
 7 → 6 7.28 0.15 
 7 → 8 8.4 0.08 

4 1 → 2 9 1 
 3 → 2 12 0.63 
 3 → 4 7.2 0.37 
 5 → 2 6 0.52 
 5 → 4 7.2 0.3 
 5 → 6 7.8 0.18 
 7 → 2 6 0.47 
 7 → 4 7.2 0.27 
 7 → 6 9 0.16 
 7 → 8 10.8 0.09 

5.1. MCS model 

Simulation methods, particularly Monte Carlo approaches, are 

crucial for modeling complex systems where traditional 

analytical methods fall short. Widely used in reliability analysis, 

risk assessment, and performance evaluation, MCS generates 

random samples from probability distributions to evaluate key 

system parameters through iterative simulations [11,52]. 

To validate the proposed approach, its availability estimates 

were compared against those obtained via MCS under the 

modeling assumptions adopted in this work. The comparison 

was conducted for a system configuration (𝑛1 = 1,∑ 𝑦𝑗
(1)

𝑗∈𝑆𝑂𝑃
(1) =

0, 𝑛3 = 2, 𝑦6
(3)

= 1, 𝑛4 = 1, 𝑦4
(4)

= 1 ). Over a three-year horizon, the 

proposed method yields a system availability of 86.463%, while 

MCS produces 86.496% based on 100,000 simulation runs, 

resulting in a relative difference below 0.05%. Although  

a substantial reduction in computation time is observed (99.1%), 

this result is expected given the analytical nature of the 

proposed formulation and is reported solely to support its 

practical viability. 

5.2. Hyperparameters and analysis of fitness function 

penalization 

The stagnation limit was evaluated using a population size of 

50, a maximum of 300 generations, and 15% elitism and 

mutation rates. Stall values of 50, 75, and 100 generations were 

tested over 10 independent runs. As shown in Table 4, larger 

stagnation limits produced negligible differences in average 

LCC, but substantially increased the average number of 

generations required for convergence. In most runs, a stagnation 

limit of 50 reached the same high-quality solutions with lower 

computational effort. Since no run exceeded 100 generations 

under this limit, the final GA configuration adopted a stagnation 

limit of 50 and a maximum of 100 generations. 
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Table 4. Effect of stagnation limit on GA convergence and 

solution quality. 

Stagnation 

limit 

Average 

LCC 

Average 

generations 

∆ Average 

LCC 

∆ Average 

generations 

50 27,486,247.90 63.0 - - 
75 27,480,359.63 86.7 0.021423% 37.46% 

100 27,480,359.63 123.6 0.021423% 96.19% 

The penalty formulations defined in (32) and (33) were 

evaluated within the fitness function given by (31). For 

moderate availability requirements, both penalty schemes yield 

identical solutions. However, for 𝐴𝑟𝑒𝑞 ≥ 0.97 , the traditional 

penalty converges to infeasible solutions, as the fitness remains 

more favorable than the additional redundancy or maintenance 

cost required to satisfy the availability constraint. In contrast, 

the proposed scheme penalizes deviations proportionally to the 

availability shortfall, guiding the GA toward feasible or near-

feasible solutions and preventing convergence to infeasible 

local optima. 

 

Figure 9. Comparison of feasibility of GA solutions by penalty 

method (Evaluated to A_req=99.999%). 

 

Figure 10. Effect of penalty methods on GA optimization and 

cost evaluation. 

5.3. Optimization model results 

The best solution obtained from the adapted GA, when decoded, 

yields the number of generators that should be assigned to the 

system and the degradation thresholds. The optimal 

configuration includes four type 3 generators, which are 

preventively intervened when the continuous monitoring 

system detects that they are operating at 90% of their capacity 

(state 6). The system has an availability of 96.15%, and its LCC 

amounts to $27,477,415. The algorithm took 8 minutes 59 

seconds to find the solution, which was reached at generation 

64, as the solution remained unchanged for 50 consecutive 

iterations. 

5.4. Impact of realistic conditions and proactive policy 

The model is first optimized under idealized assumptions, 

namely perfect maintenance, error-free condition monitoring, 

and instantaneous maintenance execution, yielding a baseline 

solution denoted as 𝑋. This solution is subsequently evaluated 

under progressively more realistic assumptions, while keeping 

the decision variables fixed. Fig. 11 illustrates the resulting 

variations in LCC and system availability using a waterfall chart, 

highlighting the marginal contribution of each realistic factor. 

The results show that detection errors have the dominant impact 

on cost and availability degradation, whereas maintenance 

delays produce a comparatively limited effect. 

 

(a) Cumulative impact of non-ideal operational factors on 

LCC. 

 

(b) Cumulative impact of non-ideal operational factors on 

system availability. 

Figure 11. Impact of non-ideal operational conditions on 

system performance: (a) LCC and (b) system availability. 

When the model is optimized directly under realistic 

conditions, the optimal solution achieves 96.07% availability 

with an LCC of $27,506,857. In contrast, the solution obtained 

under ideal assumptions becomes infeasible when realistically 
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evaluated, with availability dropping to 89.11% and LCC 

increasing to $31,473,056, thus violating the 95% requirement. 

Explicitly incorporating operational imperfections during 

optimization yields a 12.7% cost reduction, highlighting the 

economic relevance of the proposed framework. 

To highlight the economic benefits of proposed CBM policy, 

its performance was compared with an RTF strategy. The 

optimal RTF configuration yields an LCC of $32,239,300, 

whereas the CBM policy reduces costs by 14.77%. This 

advantage becomes even more pronounced under conditions of 

higher inefficiency costs or longer repair durations. 

5.5. Sequential vs joint optimization 

The proposed joint RAP–CBM framework was compared with 

a sequential strategy in which redundancy allocation was first 

optimized assuming a RTF policy, and the degradation 

thresholds were subsequently adjusted with fixed redundancy. 

This order reflects the traditional distinction between system 

design and operational decision stages. The sequential 

optimization was solved through exhaustive enumeration, 

ensuring identification of the best feasible solution at each stage. 

 

Figure 12. Two-stage sequential optimization strategy adopted for comparison with the proposed joint RAP–CBM framework. 

The sequential approach resulted in a configuration with one 

component of type 3 and two components of type 4, where both 

component types were preventively intervened when operating 

at 90% of their nominal capacity (state 6). The obtained LCC 

was $29,398,361, representing an increase of approximately 7% 

compared with the proposed joint optimization framework, 

thereby empirically illustrating the coupling between 

redundancy allocation and maintenance-threshold decisions for 

the studied instance. 

5.6. Sensitivity analysis 

A one-dimensional sensitivity analysis was conducted to 

evaluate the impact of key parameters. Figs. 13 and 14 show the 

percentage variation in LCC relative to the base case. The 

average CM duration and required demand exhibit the strongest 

influence on cost: longer repairs substantially increase LCC and 

shift degradation thresholds toward healthier states, while 

higher demand increases redundancy. In contrast, system 

inefficiency cost mainly scales the objective value without 

altering the optimal configuration. 

The minimum availability requirement and component 

limits affect the solution only under restrictive settings. 

Regarding monitoring imperfections, eliminating Type I and 

Type II errors would reduce costs by 18.98% and 7.81%, 

respectively. Although sensitivity graphs suggest limited 

variation in LCC even for error probabilities of 40%, this 

behavior is largely driven by the parameterization of the base 

case, where differences in cost, duration of preventive actions, 

and performance across degradation states are relatively 

moderate. Detection errors primarily induce an implicit shift in 

the effective intervention threshold: higher Type I error 

probabilities anticipate interventions, whereas higher Type II 

probabilities delay them. Consequently, their economic impact 

depends on how strongly degraded-state operation is penalized. 

Maintenance delays have a relatively marginal impact on costs. 

The observed change in the LCC trend is explained by the fact 

that, for delays exceeding 5 h, the redundancy configuration 

remains unchanged while the optimal degradation thresholds 

shift toward earlier preventive interventions. Preventive 

maintenance effectiveness exhibits a similarly limited influence 

on costs. 

The analysis indicates that shortening corrective 

intervention times—through improved diagnostics, spare part 

availability, and skilled teams—is the most effective lever for 

reducing LCC, while additional standby capacity helps stabilize 

availability during demand peaks. Detection errors primarily 
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induce an implicit shift in the effective intervention threshold: 

higher Type I probabilities anticipate interventions, whereas 

higher Type II probabilities delay them. Their economic impact 

therefore depends on how strongly operation in degraded states 

is penalized within the cost structure. The proposed framework, 

along with the monitoring of key performance indicators such 

as repair time and available capacity, facilitates the dynamic 

adjustment of maintenance decisions as operating conditions 

evolve. 

 

Figure 13. Percentage variation of the LCC by sensitized 

parameter. 

 
(a) CM time variation. 

 
(b) Demand. 

 
(c) Inefficiency cost. 

 
(d) Availability required. 

 
(e) Type I error probability. 

 
(f) Type II error probability. 

 
(g) PM effectiveness. 

 
(h)  Delay time. 

Figure 14. Sensitivity of LCC to model parameters.

6. Conclusions and future work 
This study addressed a joint RAP–CBM problem for weighted 
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𝑘-out-of-𝑛 systems with repairable, non-identical components 

and multiple degradation states from an LCC perspective. The 

proposed framework integrates degradation-based intervention 

thresholds and explicitly incorporates realistic operational 

features, including monitoring errors, maintenance delays, non-

instant repairs, and heterogeneous PM outcomes. 

The combined SMP–UGF approach accurately captures the 

multi-state stochastic behavior of the system, matching MCS 

results with deviations below 0.05% while reducing 

computational time by approximately 99%. The resulting 

optimization problem was efficiently solved using an adapted 

GA, where the proposed availability penalty scheme proved 

essential for identifying feasible solutions under stringent 

constraints. 

Results demonstrate the economic relevance of modeling 

operational imperfections. Detection errors exhibited the 

strongest influence on system performance, primarily by 

inducing implicit shifts in intervention thresholds, whereas 

maintenance delays had a comparatively minor impact. 

Optimization under idealized assumptions resulted in solutions 

that failed to satisfy availability requirements when assessed 

under realistic conditions, with a marked increase in LCC. 

Incorporating operational imperfections directly into the 

optimization process ensured feasibility and achieved 

substantial cost savings. Comparisons with a RTF policy 

showed that the proposed CBM strategy achieves an LCC 

reduction of approximately 15%. Sequential optimization yields 

about 7% higher LCC than the joint approach, highlighting the 

benefit of integrated optimization. Sensitivity analyses further 

confirmed that demand levels and corrective maintenance 

duration are the main cost drivers. True optimality requires the 

joint adaptation of degradation thresholds and redundancy to 

parameter variations, as adjusting only one dimension leads to 

suboptimal configurations. 

Overall, the proposed framework provides  

a computationally efficient tool for jointly supporting design 

and maintenance planning decisions in heterogeneous multi-

state systems under realistic operating conditions. 

Future research may extend the model by incorporating 

stochastic optimization to account for demand fluctuations and 

improve robustness. CBM policies based on periodic or 

aperiodic inspections could also be explored as cost-effective 

alternatives when continuous monitoring is not feasible. Finally, 

the use of more advanced metaheuristics may further improve 

solution quality and computational efficiency. 
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ACRONYMS 

PM Preventive Maintenance. 

CM Corrective Maintenance 

CBM Condition-based Maintenance 

SMP Semi-Markov Process 

UGF Universal Generating Function 

GA Genetic Algorithm 

MCS Monte Carlo Simulation 

RAP Redundancy Allocation Problem 

CTMC Continuous-Time Markov Chain 

EMC Embedded Markov Chain 

MSS Multi-state System 

CDF Cumulative Distribution Function 

LCC Life Cycle Cost 

RTF Run-to-Failure 

 

NOTATIONS 

𝑖 Index of component type 

𝑗, 𝑘 Indices of states 

𝑁 Number of different component types 

𝑔𝑗
(𝑖)

 Capacity of components of type 𝑖 in state 𝑗 

𝑊 Required demand 

𝑆𝑂𝑃
(𝑖)

 Set of operable states for components of type 𝑖 

𝑆𝑃𝑀
(𝑖)

 Set of states in preventive maintenance for components of type 𝑖 

𝑆𝐶𝑀
(𝑖)

 Set of states in corrective maintenance for components of type 𝑖 

𝒞𝑗  Set of all states reachable from state 𝑗 

𝑃𝐼 False positive probability in state detection 

𝑃𝐼𝐼 False negative probability in state detection 

𝑡𝑑𝑒𝑙𝑎𝑦 Delay time between alert emission and start of intervention 

𝑦𝑗
(𝑖)

 Binary variable, 1 if the degradation threshold is set to state 𝑗 in 

components of type 𝑖, 0 otherwise, 𝑗 ∈ 𝑆𝑂𝑃
(𝑖)

 

𝐹𝑗,𝑘
(𝑖)

(𝑡), 𝐹̂𝑗,𝑘
(𝑖)

(𝑡) Free cumulative distribution function to transition from state 𝑗 to 𝑘 in 

components of type 𝑖 

𝑃𝑗,𝑘
(𝑖)

 Probability of performing preventive maintenance that leads from state 

𝑗 to state 𝑘 on components of type 𝑖 

𝑞𝑃𝑀
(𝑖)

 Preventive maintenance effectiveness parameter governing the 

probabilistic restoration outcome after preventive maintenance for 

components of type 𝑖 

𝑄(𝑖)(𝑡) Kernel matrix for components of type 𝑖 

𝑃(𝑖) One-step transition probabilities EMC matrix for components of type 𝑖 

𝜏(𝑖) Vector of mean sojourn times for components of type 𝑖 

𝑣(𝑖) Steady-state probability vector of the EMC for components of type 𝑖 

𝜋⃗⃗(𝑖) Steady-state probability vector of the SMP for components of type 𝑖 

𝑢(𝑖) u-function for components of type 𝑖 

𝑈(𝑧) Universal generating function of the system 

𝐴𝑠𝑦𝑠𝑡𝑒𝑚 System availability 

𝑛𝑖 Number of components of type 𝑖 used in the system 

𝑐𝑖𝑛𝑒𝑓 System inefficiency cost per hour 

𝑐𝑖,𝑗
𝑜𝑝

 Hourly operating cost of components of type 𝑖 in state 𝑗 

𝑐𝑖,𝑗
𝑟𝑒𝑝

 Hourly repair cost of components of type 𝑖 in state 𝑗 

𝑐𝑖,𝑗
𝑓𝑖𝑥

 Fixed cost associated with a maintenance event for components of 

type 𝑖 in state 𝑗 

𝑐𝑖
𝑎𝑑𝑞

 Acquisition cost of components of type 𝑖 

𝑓𝑢𝑝 Upgrade factor 

𝐻 Planned operating time in hou 

𝐴𝑟𝑒𝑞 Minimum availability required 

𝑁𝑖 Number of components of type 𝑖 available 

 


