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Abstract  

This paper addresses a robust tracking problem for linear discrete-time systems by proposing a reinforcement learning (RL) 
control method based on a diagonal-scaling strategy, offering a solution tailored to the demands of enhanced reliability. To 

overcome a common limitation in policy-iteration-based RL design, namely, the reliance on an initially stabilizing solution, 

the tracking control problem is reformulated within the robust output regulation framework as a data-driven, solvable form. 
A convergence-rate condition is incorporated to relax the dependence on an initial stable control policy. The core contribution 

lies in addressing unknown system dynamics through a diagonal-scaling strategy, as opposed to conventional scalar 

convergence-rate scaling. The proposed method enables more flexible and precise closed-loop pole placement. The resulting 
data-driven controller guarantees asymptotic convergence of the tracking error to zero while maintaining robustness against 

dynamic uncertainties, ensuring computational efficiency and practical ease of implementation. 
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Highlights 

• Diagonal scaling is incorporated into policy iteration for 

robust tracking. 

• A virtual control system is used to obtain an initial stabilizing 

policy. 

• A data-driven policy iteration algorithm is developed for 

discrete-time systems. 

• Numerical examples illustrate the tracking performance of the 

proposed method. 

 

1. Introduction 

In industrial and mechanical systems, control performance 

directly influences equipment longevity, maintenance 

scheduling, and system availability. Robust tracking under 

model uncertainties supports predictive maintenance by 

reducing unplanned downtime and mitigating wear from 

transient oscillations. In interconnected systems, stability 

ensures that state trajectories remain bounded and converge 

despite uncertainties, a prerequisite for control objectives such 

as robotic manipulation, electric vehicles, and deteriorating 

systems [1–3]. 

Building upon this bedrock of stability, tracking control 

represents one of the most critical advanced objectives in 

engineering. It seeks to synthesize control inputs that drive  

a system’s output to asymptotically follow a prescribed 

reference trajectory. This encompasses both set-point regulation 

and dynamic path following, representing a central challenge 

across domains ranging from industrial automation, where 

precise regulation of process variables is essential [4], to 

advanced robotics, which demands accurate trajectory 

execution in high-precision tasks [5]. To address this ubiquitous 

challenge systematically, output regulation theory provides  

a principled and rigorous framework for achieving exact 

tracking. It formally translates the controller synthesis problem 

into the algebraic solution of regulator equations [6,7], offering 

guarantees for asymptotic tracking and disturbance rejection 

under the assumption of a perfectly known plant model [6,8]. 

This framework elegantly unifies the treatment of references 
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and disturbances generated by an exogenous system and has 

been successfully applied in robotics, power systems, and 

networked control [9–12]. 

The theoretical guarantees of classical output regulation 

typically rely on the availability of an accurate system model, 

which serves as an assumption often violated in complex real-

world applications due to unmodeled dynamics, parametric 

variations, and operational uncertainties. This mismatch 

between ideal models and practical conditions restricts direct 

applicability and drives the need for control strategies that are 

robust or adaptive to model errors. In this context, if system 

identification is performed under the prior knowledge that the 

underlying system is stabilizable, and if the identification 

process itself is constrained to preserve or enforce 

stabilizability, the resulting model can better support the 

synthesis of reliable regulators. Such an approach narrows the 

gap between theoretical design and practical implementation by 

ensuring that stability, a fundamental requirement, is embedded 

early in the modeling and control pipeline. 

While the aforementioned strategies seek to refine or 

robustify the model-based design paradigm, a different 

approach circumvents the need for an explicit model altogether. 

This is exemplified by reinforcement learning (RL), which has 

emerged as a powerful, model-free paradigm for learning 

optimal control policies through direct interaction with an 

environment [13]. Its capacity to optimize performance without 

an explicit model makes it highly attractive for optimal control 

under uncertainty [14]. RL methodologies have been developed 

for optimal control of both discrete-time (DT) and continuous-

time systems [15–19], with extensions addressing optimal 

tracking [20,21], output-feedback scenarios [22–24], and multi-

agent coordination [25,26], often by synergistically integrating 

with the output regulation framework [27,28]. 

Recent advancements in adaptive and data-driven 

approaches have been developed to tackle the output regulation 

problem for DT linear systems with unknown dynamics. In [29], 

an adaptive DT identification scheme is used to update the 

internal model, enabling asymptotic regulation under unknown 

exosystem dynamics. Further developments in adaptive 

dynamic programming-based methods were introduced in 

[30,31], where optimal output regulation is achieved through 

output feedback, without requiring precise system models or 

explicitly solving the regulator equations. More recently, a data-

driven framework was proposed in [32], which computes 

regulator gains directly from input-output data, ensuring closed-

loop stability for constrained DT systems. Recent 2025 studies 

have further extended this line to continuous-time data-driven 

optimal output regulation via the internal model principle, 

output-feedback adaptive optimal output regulation without an 

admissible initial policy, and discrete-time nonlinear stochastic 

output regulation [33–35]. Additional studies, such as [36–39], 

have explored related techniques, including RL-based designs, 

adaptive cooperative regulation for multi-agent systems, and 

data-driven approaches to cooperative output regulation. 

Despite these advances, a limitation persists in the literature 

on RL-based tracking control. Most prevalent policy iteration 

(PI) algorithms still require an initial stabilizing controller and, 

more importantly, generally lack a priori guarantees on the state 

convergence rate [40,41]. While achieving tracking with  

a prescribed convergence speed has been studied within the 

robust output regulation framework, existing solutions typically 

rely on tuning a scalar parameter, sacrificing design freedom 

that could better accommodate the dynamics of the original 

system, for example, when the system has only one or a few 

unstable poles. 

Motivated by the discussion above, the central gap identified 

is the absence of a data-driven, RL-based method that 

simultaneously ensures robust asymptotic tracking without 

knowing system dynamics. To bridge this gap, this paper 

introduces an integration of robust output regulation with data-

driven RL with a diagonal-scaling technique for PI. The key 

innovation is the advancement from conventional scalar-based 

rate-scaling to a diagonal-scaling regulation mechanism. This 

generalized formulation provides substantially greater design 

freedom for eigenvalue assignment compared to scalar designs, 

enabling more precise and flexible shaping of the transient 

convergence profile. Within this framework, we develop a novel 

data-driven controller that embeds the diagonal-scaling rate 

condition directly into the RL learning process. This approach 

guarantees asymptotic tracking at the prescribed rate while 

maintaining robustness, all without requiring an explicit system 

model, knowledge of the system output matrix, or continuous-

time data recording, enhancing both performance tunability and 

online computational efficiency compared to prior linear output 
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regulation designs [41]. The proposed framework is particularly 

suited for applications such as networked motion control, 

automated production lines, and energy systems, where model-

free operation and reliable tracking are essential for maintaining 

operational integrity. 

The remainder of this paper is organized as follows. Section 

2 formulates the control problem and states the RL objective 

without knowing the system dynamics for seeking the initial 

stabilizing control. Section 3 develops a model-based RL 

algorithm using the diagonal-scaling regulation mechanism. 

Section 4 proposes a model-free state-feedback-based RL 

algorithm, followed by an improved version that incorporates 

diagonal-scaling regulation. The efficacy of the proposed 

algorithms is demonstrated through simulation examples in 

Section 5. Finally, Section 6 concludes the paper. 

Notations: Throughout this paper, ℝ denotes the set of real 

numbers, and ⊗ denotes the Kronecker product. For a matrix 

𝑋 ∈ ℝ𝑚×𝑛 , define vec⁡(𝑋) = [𝑋1
𝑇 𝑋2

𝑇 ⋯  𝑋𝑛
𝑇]𝑇 ,  where 𝑋𝑖 

denotes the 𝑖-th column of 𝑋. 

2. Preliminaries and problem formulation 

2.1. Modelling and preliminaries 

We now consider a class of DT linear dynamical systems:  

𝑥(𝑘 + 1) = 𝐴𝑥(𝑘) + 𝐵𝑢(𝑘)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(1) 

 𝑦(𝑘) = 𝐶𝑥(𝑘)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(2) 

where 𝑥(𝑘) ∈ ℝ𝑐𝑥 , 𝑢(𝑘) ∈ ℝ𝑐𝑢 , and 𝑦(𝑘) ∈ ℝ𝑐𝑦   represent 

the state, input, and output vectors, respectively. The matrices 

𝐴 ∈ ℝ𝑐𝑥×𝑐𝑥 , 𝐵 ∈ ℝ𝑐𝑥×𝑐𝑢 , and 𝐶 ∈ ℝ𝑐𝑦×𝑐𝑥   are constant. This 

model provides a mathematical framework for predicting and 

controlling the evolution of a system over time. The state 𝑥(𝑘) 

encapsulates the system’s complete internal condition (e.g.,  

a vehicle’s position and velocity), the input 𝑢(𝑘) represents an 

applied control action (e.g., a throttle command), and the output 

𝑦(𝑘) denotes the measurable quantities (e.g., a radar distance). 

The matrix 𝐴  governs the natural, unforced evolution of the 

state, 𝐵 maps how inputs drive the state forward, and 𝐶 projects 

the internal state onto the observable output space. This 

versatile formulation underpins an array of modern control and 

estimation technologies, from the car-following logic in 

adaptive cruise control and the sensor fusion algorithms in 

satellite navigation to the frequency regulation mechanisms in 

electric power systems. 

The reference trajectory to be tracked is generated by an 

exogenous system:  

𝑥𝑟(𝑘 + 1) = 𝑆𝑥𝑟(𝑘)  ⁡⁡⁡⁡⁡⁡⁡(3) 

 𝑦𝑟(𝑘) = 𝑅𝑥𝑟(𝑘)  ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(4) 

where 𝑥𝑟(𝑘) ∈ ℝ𝑐𝑟 is the reference state and 𝑦𝑟(𝑘) ∈ ℝ𝑐𝑦  is 

the desired output. The matrices 𝑆 ∈ ℝ𝑐𝑟×𝑐𝑟 and 𝑅 ∈ ℝ𝑐𝑦×𝑐𝑟 are 

known and constant. Consequently, the output tracking error is 

defined as: 

ye(k) = y(k) − yr(k) ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(5) 

The problem setup rests on the following standard 

assumptions in output regulation theory:  

Assumption 1: The pair (𝐴, 𝐵) is controllable, and the pair 

(𝐴, 𝐶) is observable.  

Assumption 2: The matrix 𝑆  is anti-stable, i.e., all its 

eigenvalues lie on or outside the unit circle.  

Assumption 3: The minimal polynomial of 𝑆 is known. 

Assumption 4: For the solvability of the output regulation 

problem, the following rank condition is assumed to hold: 

𝑟𝑎𝑛𝑘([
𝐴 − 𝜆𝑖𝐼⁡⁡⁡ 𝐵
𝐶 0

]) = 𝑐𝑥 + 𝑐𝑦, ∀𝜆𝑖 ∈ 𝜆(𝑆). 

2.2. Problem formulation 

To achieve asymptotic tracking, we construct an internal model-

based dynamic controller:  

𝑠(𝑘 + 1) = 𝐹𝑠(𝑘) + 𝐺𝑦𝑒(𝑘) ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(6a) 

 𝑢(𝑘) = −𝐾𝑥(𝑘) − 𝐻𝑠(𝑘) − 𝑇𝑠(𝑘) ⁡(6b) 

where 𝑠(𝑘) ∈ ℝ𝑐𝑦𝑐𝑟 is the internal model state, and (𝐹, 𝐺) is 

a 𝑐𝑦 -copy of the matrix 𝑆 . The matrices 𝐾 , 𝐻 , and 𝑇  are 

controller gains to be designed. 

Defining the augmented state 𝑥̂(𝑘) = [𝑥𝑇(𝑘), 𝑠𝑇(𝑘)]𝑇 ∈

ℝ𝑐𝑥̂ with 𝑐𝑥 = 𝑐𝑥 + 𝑐𝑦𝑐𝑟 , then the DT system formula Eqs. (1) 

and (2) can be further written as:  

x̂(k + 1) = Âx̂ + ĜRxr(k) ⁡⁡⁡⁡⁡⁡⁡⁡⁡(7a) 

 ⁡⁡⁡⁡ye(k) = Ĉx̂(k) − Rxr(k) ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(7b) 

with Â = [
A − BK −BH − BT
−GC F

] ∈ ℝcx̂×cx̂ , Ĝ = [
0
G
] ∈ ℝcx̂×cy and Ĉ =

[C 0] ∈ ℝcy×cx̂. Further decompose and refine the matrix A̅:  

𝐴̂ = [
𝐴 − 𝐵𝐾 −𝐵𝐻 − 𝐵𝑇
−𝐺𝐶 𝐹

]⁡= [
𝐴 −𝐵𝑇
−𝐺𝐶 𝐹

] − [
𝐵𝐾 𝐵𝐻
0 0

] = [
𝐴 −𝐵𝑇
−𝐺𝐶 𝐹

] − [
𝐵
0
] ⋅ [𝐾 𝐻]⁡  ⁡⁡⁡⁡⁡⁡⁡(8) 

Let 𝐴 = [
𝐴 −𝐵𝑇
−𝐺𝐶 𝐹

] ∈ ℝ𝑐𝑥̂×𝑐𝑥̂  , 𝐵̂ = [
𝐵
0
] ∈ ℝ𝑐𝑥̂×𝑐𝑢  and the 

feedback gain matrix 𝐾 = [𝐾,𝐻] ∈ ℝ𝑐𝐾̅ , which 𝑐𝐾 = 𝑐𝑢 ×
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𝑐𝑦𝑐𝑥𝑠
. Thus, matrix 𝐴̂ = 𝐴 − 𝐵̂𝐾. 

Therefore, the control system’s dynamic properties should 

be as follows: 

Lemma 1: When (𝐹, 𝐺) is the 𝑐𝑦 -copy internal model of 

matrix 𝑆 and Assumption 4, given any matrix 𝑇:  

1. If (𝐴, 𝐵) is stabilizable, (𝐴, 𝐵̂) is stabilizable.  

2. If (𝐹, 𝑇) is stabilizable when 𝑐𝑦 ≥ 𝑐𝑢, given that (𝐴, 𝐶) is 

observable, (𝐴, 𝐶̂) is observable.  

Thus, under Assumptions 1-4, when 𝐴̂  is Schur, 𝑋  is the 

solution of the functions:  

{𝐴̂𝑋 + 𝐺̂ = 𝑋𝑆
𝐶̂𝑋 = 𝑅

  ⁡(9) 

Thus, the error 𝑦𝑒(𝑘) could be defined as: 

𝑒(𝑘) = 𝑥̂(𝑘) − 𝑋𝑥𝑟(𝑘)⁡  ⁡⁡⁡⁡⁡(10) 

With Eqs. (2), (8), (9) and (10), the functions can be written 

as: 

𝑒(𝑘 + 1) = 𝐴𝑒(𝑘) + 𝐵̂𝑢𝑒(𝑘)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(11a) 

 𝑦𝑒(𝑘) = 𝐶̂𝑒(𝑘)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(11b) 

 𝑢𝑒(𝑘) = −𝐾𝑒(𝑘)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(11c) 

where the feedback matrix 𝐾 should be designed based on 

the cost function for Eqs. (11a) and (11b) is given by:  

𝐽(𝑒(𝑘), 𝑢𝑒(𝑘)) = ∑∞
𝑖=𝑘 (𝑦𝑒

𝑇(𝑖)𝑄𝑦𝑒(𝑖) + 𝑢𝑒
𝑇(𝑖)𝑅̂𝑢𝑒(𝑖))⁡(12) 

with 𝑄 > 0 and 𝑅̂ > 0. 

To stabilize 𝑒(𝑘) in Eq. (10) to zero and minimize the cost 

function, the optimal feedback gain matrix 𝐾∗ is designed with:  

𝐾∗ = (𝑅̂ + 𝐵̂𝑇𝑃𝐵̂)−1𝐵̂𝑇𝑃𝐴⁡⁡ ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(13) 

and 𝑃 can be solved with the condition of the DT Algebraic 

Riccati Equation (ARE):  

𝐴𝑇𝑃𝐵̂(𝑅̂ + 𝐵̂𝑇𝑃𝐵̂)−1𝐵̂𝑇𝑃𝐴 = 𝐶̂𝑇𝑄̂𝐶̂ + 𝐴𝑇𝑃𝐴 − 𝑃⁡⁡⁡⁡⁡⁡⁡⁡(14)           

where 𝑄̂ = 𝑑𝑖𝑎𝑔{𝑄, 0}. 

Given that (𝐴, 𝐵̂)  satisfies the stabilization condition and 

(𝐴, 𝐶̂)  satisfies the observability criterion, the optimal value 

matrix 𝑃∗  can be determined first, from which the optimal 

feedback gain matrix 𝐾∗ is subsequently derived. However, the 

conventional solution approach for the DT ARE requires precise 

knowledge of the dynamical models, which substantially 

increases the complexity involved in computing the optimal 

feedback gain matrix 𝐾∗. In light of this constraint, we opt to 

employ the PI technique as an alternative to the direct resolution 

of the DT ARE. Thus, the solution of 𝑃𝑗  and 𝐾𝑗 in PI should be 

as follows:  

𝑃𝑗 = (𝐴 − 𝐵̂𝐾)𝑇𝑃𝑗(𝐴 − 𝐵̂𝐾) + (𝐾𝑗)𝑇𝑅̂𝐾𝑗 + 𝐶̂𝑇𝑄̂𝐶̂⁡⁡(15a) 

 𝐾𝑗+1 = (𝑅̂ + 𝐵̂𝑇𝑃𝑗𝐵̂)−1𝐵̂𝑇𝑃𝑗𝐴 ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(15b) 

As previously mentioned, the PI algorithm provides an 

effective solution for the DT Algebraic Riccati Equation. Next, 

we present Algorithm 1, which demonstrates the actual 

implementation. 

Algorithm 1: PI for DT Algebraic Riccati Equation 

Input:    System matrices 𝐴 ∈ ℝ𝑐𝑥̂×𝑐𝑥̂, 𝐵̂ ∈ ℝ𝑐𝑥̂×𝑐𝑢; 

𝐶̂ ∈ ℝ𝑐𝑦×𝑐𝑥̂; 

Weight matrices 𝑄, 𝑅̂ ∈ ℝ; 

Suitable initial gain matrix 𝐾̂0; 

Tolerance 𝜖; 

Output:  Optimal feedback gain matrix 𝐾̂∗; 

           Value function matrix 𝑃∗; 

1 Initialize j = 0;  

2 repeat  

3 Solve (16) for Pj under the current feedback 

gain: 

 

4 𝑃𝑗 = (𝐴 − 𝐵̂𝐾̂𝑗)𝑇𝑃𝑗(𝐴 − 𝐵̂𝐾̂𝑗)  

5 +(𝐾̂𝑗)𝑇𝑅̂𝐾̂𝑗 + 𝐶̂𝑇𝑄̂𝐶̂; (16) 

6 Calculate the updated feedback gain from 

(17): 

 

7 𝐾̂𝑗+1 = (𝑅̂ + 𝐵̂𝑇𝑃𝑗𝐵̂)−1𝐵̂𝑇𝑃𝑗𝐴; (17) 

8 if ‖𝐾̂𝑗+1 − 𝐾̂𝑗‖ ≤ ε then break;  

9 Set 𝐾̂𝑗 ← 𝐾̂𝑗+1 and j ← j + 1;  

10 until the convergence condition is satisfied;  

11 return  𝐾̂∗ = 𝐾̂𝑗+1, 𝑃̂∗ = 𝑃̂𝑗+1.  

As shown in Algorithm 1, to prevent the entire algorithm 

from falling into an infinite loop due to overly stringent 

convergence criteria, a tolerance range 𝜖  is established. The 

loop terminates when the errors between 𝐾𝑗+1  and 𝐾𝑗 , and 

between 𝑃𝑗+1 and 𝑃𝑗  fall within 𝜖. Thus, it is recommended to 

select a minuscule positive constant value for 𝜖, for instance, 

1𝑒−4 , to serve as a convergence threshold or numerical 

tolerance. The sequence 𝐾𝑗 converges to the optimal gain 𝐾∗. 

It is critical to note that the convergence and stability of the 

PI algorithm are guaranteed only when initiated from an 

admissible control policy, i.e., an initial gain 𝐾0 that stabilizes 

the pair (𝐴, 𝐵̂) . This requirement of an initial stabilizing 

solution is a premise for the application of the iterative 

procedure. The challenge addressed in subsequent sections is to 

develop model-free RL algorithms that achieve this optimal 

regulation without relying on prior knowledge of (𝐴, 𝐵̂, 𝐶̂) , 

while respecting the necessity of iterative stability. 

3. Main results: diagonal scaling for policy initialization 

in PI 

In the PI-based design paradigm, it has been shown that 
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choosing a suitable initial feedback gain matrix⁡𝐾0 is necessary. 

𝐾0 is not required to be optimal. Its primary requirement is to 

ensure stability at system launch initially through the constraint 

of the spectral radius: 𝜌(𝐴 − 𝐵̂𝐾) < 1. In [40], a value-iterative 

method is shown for opting to self-select 𝐾0 within the defined 

constraint of the spectral radius. This method cannot prove 𝐾0 

is close to the best feedback gain matrix 𝐾∗ under PI. It means 

that the selected 𝐾0 should satisfy 𝐴̂ is Schur. 𝐾 can only affect 

𝐵̂𝐾 in 𝐴̂, thus 𝐴 becomes an independent variable that 𝐾 is hard 

to affect. When 𝜌(𝐴̂) > 1, the whole system cannot be stable. 

However, when the system has unstable poles, especially 

when𝜌(𝐴) is significantly greater than one, finding an initial 

gain 𝐾0  that stabilizes the closed-loop system becomes  

a critical issue in PI. Thus, we propose using a virtual control 

system to solve 𝐾0 first and then use the suitable 𝐾0 to solve 

the tracking problem. 

Different from the actual control system in Eqs. (6) and (7), 

the virtual control system is redefined as follows:  

𝑠𝑣(𝑘 + 1) = 𝐹𝑠𝑣(𝑘) + 𝐺𝑦𝑒(𝑘)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(18a) 

 𝑢𝑣(𝑘) = −𝐾𝑥𝑣(𝑘) − 𝐻𝑠𝑣(𝑘) − 𝑇𝑠𝑣(𝑘)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(18b) 

 𝑥̂𝑣(𝑘) = 𝐴̂𝑥̂𝑣(𝑘) + 𝐺̂𝑅𝑥𝑟𝑠(𝑘)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(18c) 

 𝑦𝑒𝑣
(𝑘) = 𝐶̂𝑥̂𝑣(𝑘) − 𝑅𝑥𝑟𝑠

(𝑘)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(18d) 

 Thus, in the virtual control system, the formula Eqs. (10) 

and (11) are further written as: 

𝑒𝑣(𝑘) = 𝑥̂𝑣(𝑘) − 𝑋𝑥𝑟𝑠(𝑘) ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(19a) 

 𝑒𝑣(𝑘 + 1) = 𝐴𝑒𝑣(𝑘) + 𝐵̂𝑢𝑒𝑣
(𝑘)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(19b) 

 𝑦𝑒𝑣
(𝑘) = 𝐶̂𝑒𝑣(𝑘)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(19c) 

 𝑢𝑒𝑣
(𝑘) = −𝐾𝑣𝑒𝑣(𝑘)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(19d) 

Then, we can find a suitable initial feedback gain matrix 𝐾0 

in this virtual control system. As shown in [40], find 𝐾0 based 

on this rule:  

𝜌(𝐴̂) = 𝜌(𝐴 − 𝐵̂𝐾) ≤ 1 ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(20) 

To solve this problem, we propose using a virtual diagonal 

matrix Λ to achieve the pole placement. Thus, Eqs. (18c) and 

(19b) are further rewritten as follows: 

𝑥̂𝑣(𝑘 + 1) = 𝐴̂𝛼𝑥̂𝑣(𝑘) + 𝐺̂𝑅𝑥𝑟𝑠(𝑘) ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(21a) 

 𝑒𝑣(𝑘 + 1) = 𝐴𝛼𝑒𝑣(𝑘) + 𝐵̂𝛼𝑢𝑒𝑣
(𝑘) ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(21b) 

and 

𝜌(𝐴̂𝛼) = 𝜌(𝐴𝛼 − 𝐵̂𝛼𝐾𝑣) = 𝜌(Λ−1(𝐴 − 𝐵̂𝐾𝑣) (22) 

where 𝐴̂𝛼 = Λ−1𝐴̂ , 𝐴𝛼 = Λ−1𝐴 , 𝐵̂𝛼 = Λ−1𝐵̂ , and 

𝐾𝑣 denotes the feedback gain in the virtual system. Here, Λ is  

a positive diagonal matrix. By scaling 𝐴 with Λ−1, the spectral 

radius of the closed-loop virtual system can be reduced, thereby 

facilitating the selection of a stabilizing 𝐾𝑣. Thus, without 𝐵̂𝐾𝑣, 

Eq. (22) is followed as:  

𝜌(𝐴̂𝛼) = 𝜌(𝐴𝛼) < 1  ⁡(23) 

Therefore, to ensure that the spectral radius 𝜌(𝐴𝛼) < 1, this 

condition must be satisfied: 𝜌(Λ−1𝐴) < 1 . Thus, 𝐾𝑣  can be 

solved in the virtual control system. In this case, 𝐾𝑣 cannot be 

treated as equivalent to 𝐾0 . Thus, we have developed an 

iterative method to make Λ → 𝐼𝑛   to ensure that 𝐾𝑣  can be 

considered equivalent to 𝐾0. 

Note that our work generalizes the scaling gain to a matrix 

form, offering greater design flexibility for system stabilization. 

Unlike the scalar schemes commonly found in the literature, our 

approach enables the tuning of all eigenvalues in the closed-

loop system through appropriate selection of the diagonal 

matrix. This provides a more precise means of pole placement, 

which is particularly valuable in practice, as engineering 

systems often exhibit partially unstable poles rather than being 

entirely unstable. 

Building upon the diagonal scaling-based framework 

introduced previously, we now analyze the individual scaling 

factor associated with each diagonal element. To obtain a well-

conditioned initial stabilizing feedback gain matrix for 

subsequent learning, a diagonal matrix Λ  is introduced and 

iteratively steered toward its nominal value of Λ = 𝐼𝑛 . A key 

design requirement is that this iteration must converge 

efficiently while avoiding undesirable oscillation around 𝛼j = 1 

in 𝛬𝑗 , a common pitfall of fixed-step update schemes. To 

address this, the updated law for 𝛼𝑗 is equipped with a crossing-

triggered reset mechanism and a sign-based direction encoding. 

Both mechanisms admit a concise mathematical interpretation 

that aligns with the underlying program logic. An iterative 

scheme for 𝛼𝑗 is then developed based on these two concepts. 

Inspired by principles of velocity and acceleration from 

physics, the two mechanisms are merged to dynamically 

modulate the iteration pace of 𝛼j in real-time according to the 

system’s operational state. This promotes a rapid yet stable 

reduction of 𝛼𝑖 toward unity.      The resulting iteration formulas 

are given as follows:  

𝛼𝑗+1 = 𝛼𝑗 + Δ𝛼𝑗+1 ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(24) 

 Δ𝛼𝑗+1 = 𝜇𝑔Δ𝛼𝑗 − 𝐴𝑐𝑐𝑗  ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(25) 

 𝜇𝑔 = 𝑔𝑗 ⋅ 𝜇𝑣 ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(26) 
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 𝑔𝑗+1 = max (0, 𝑠𝑔𝑛(𝛼𝑗 − 1) ⋅ 𝑠𝑔𝑛(𝛼𝑗+1 − 1))⁡⁡⁡(27) 

where𝛼𝑗  is the current scaling value and 𝛼𝑗+1  is the next 

value. The quantities Δ𝛼𝑗, 𝑔𝑗 , 𝜀𝑗, 𝐴𝑐𝑐𝑗 are available at iteration j 

and are used to form Δ𝛼𝑗+1  and 𝛼𝑗+1 . After the update, 𝑔𝑗+1 

records whether the transition crosses the baseline α = 1 . It 

implements a crossing-triggered reset mechanism based on the 

sign function defined as:  

𝑠𝑔𝑛(𝑥) = {
⁡⁡1, if⁡⁡𝑥 > 0,
⁡⁡0, if⁡⁡𝑥 = 0,
−1, if⁡⁡𝑥 < 0.

⁡⁡ ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(28) 

Baseline crossing detection is therefore performed between 

two successive accepted values, 𝛼𝑗  and 𝛼𝑗+1 . A negative sign 

product indicates a crossing, while a zero product indicates that 

the newly accepted value has reached the target baseline. 

After 𝛼𝑗+1  has passed the stability test, the corresponding 

spectral-radius trend is stored for the next update and is defined 

as:  

𝜀𝑗+1 =
|1−𝜌(𝐴𝛼𝑗+1

)|

|1−𝜌(𝐴𝛼𝑗
)|

 ⁡ ⁡(29) 

The direction and adjustment terms associated with the 

newly accepted state are then prepared for the next outer 

iteration:  

𝐴𝑐𝑐𝑗+1 = 𝜀𝑗+1𝜇𝑠(𝛼0 − 1) ⋅ 𝑔𝑝 ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(30) 

 𝑔𝑝 = 𝑠𝑔𝑛(𝛼𝑗+1 − 1) ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(31) 

where 𝜇𝑠 is a constant factor and 𝑔𝑝 is the factor that decides 

the direction of 𝐴𝑐𝑐𝑗 . 

To enhance the controllability of the initial 𝛼0, we set 𝐾0 =

0. Consequently, Eq. (23) can be formulated as:  

𝛼0
−1𝜌(𝐴) < 1 ⁡  (32) 

Therefore, the value of 𝛼0  must be greater than 𝜌(𝐴)  to 

ensure that the division of the two numbers is less than 1. The 

specific setting of 𝛼0 will be discussed in the simulation section. 

To provide in-depth elucidation of the operational mechanism 

and advantages of our proposed adaptive step-size iterative 

method, this section presents a series of illustrative diagrams 

that detail the method’s dynamic behavior during actual 

iterations. These graphical representations help demonstrate 

how the adaptive step-size algorithm accelerates convergence 

through step-size regulation while ensuring system stability. By 

ensuring that the closed-loop spectral radius remains strictly 

within the unit circle throughout the adaptation process, the 

method guarantees that the system never enters an unstable or 

oscillatory regime. This is critical for maintaining component 

integrity and avoiding unscheduled maintenance interventions. 

The iteration process of the scaling factor can be depicted in 

Fig. 1, which tracks the evolution of 𝛼𝑗  over 𝑗 = 0,… ,4 . 

Starting from an initial value greater than 1, 𝛼𝑗 first decreases, 

then undergoes a faster decrease, and subsequently turns 

upward after crossing the nominal point 𝛼 = 1. This behavior 

reflects the adaptive step-size mechanism of the proposed 

iteration law, in which the update direction is adjusted according 

to the relative position of 𝛼𝑗 with respect to 1, while the update 

magnitude is further modulated by the convergence-related 

quantities introduced later. The two turning stages around 𝛼 =

1 indicate that the algorithm does not enforce a rigid monotonic 

trajectory, but instead allows moderated overshoot and 

correction so that 𝛼𝑗  can gradually approach the desired 

neighborhood of 1 . The horizontal dashed line marks the 

reference level 𝛼𝑗 = 1, which serves as the target value of the 

scaling iteration. 

 

Figure 1. Iterative evolution of the scaling factor 𝛼𝑗 . 

Complementing the scaling factor dynamics, Fig. 2 shows 

the evolution of the spectral radius 𝜌(𝐴̂𝛼𝑗
)  together with the 

associated distance measure Dis1−𝜌(𝐴𝛼𝑗
) over the same iteration 

horizon. The plotted trend is constructed to reflect the expected 

variation of the closed-loop spectral radius during the 𝛼 -

iteration process. Initially, the spectral radius is larger than 1, 

indicating that the closed-loop system is not yet Schur stable. 

As the iteration proceeds, 𝜌(𝐴̂𝛼𝑗
)  decreases and crosses the 

stability boundary, then rises again in response to the change of 

the scaling direction. Correspondingly, the distance to the 

boundary 1 − 𝜌(𝐴̂𝛼𝑗
) also varies from step to step and provides 

a direct quantitative indication of how far the current closed-

loop system is from the critical stability threshold. This figure 

therefore serves as the basis for constructing the subsequent 

adaptive quantities, since the iteration of all related parameters 
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is designed according to the anticipated variation of this 

spectral-radius distance. 

 

Figure 2. Evolution of the spectral radius and its distance to 

the stability boundary during α-iteration process. 

Building on these spectral radius variations, Fig. 3 presents 

the evolution of 𝜀𝑗  for 𝑗 = 0,… ,4 , where 𝜀𝑗  is defined as the 

ratio between the spectral-radius distance in the current iteration 

and that in the previous iteration. Hence, 𝜀𝑗  characterizes the 

relative change in the stability margin from one step to the next. 

When 𝜀𝑗 > 1, the current spectral radius is farther away from 

the critical value 1 than in the previous iteration, which implies 

that the closed-loop system moves towards a more stable region. 

In contrast, when 𝜀𝑗 < 1 , the current spectral radius becomes 

closer to the boundary, indicating a weakened stability tendency. 

Therefore, 𝜀𝑗  provides an indicator of the instantaneous 

evolution trend of the spectral radius, and it can be used to 

adaptively accelerate or slow down the decrease or increase of 

𝛼𝑗 in the iteration. 

 

Figure 3. Variation of the stability - trend indicator 𝜀𝑗 over the 

iterations. 

The directional information necessary for guiding the update 

is encoded in the sign-related quantity 𝑔𝑝𝑗
 , whose evolution 

over iterations 𝑗 = 0,… ,4 is shown in Fig. 4. This parameter is 

introduced to identify whether the current 𝛼𝑗 is located above or 

below the nominal value 1 . Specifically, 𝑔𝑝𝑗
  takes a positive 

value when 𝛼𝑗 > 1, and a negative value when 𝛼𝑗 < 1. In this 

way, 𝑔𝑝𝑗
  encodes the directional information of the scaling 

factor relative to the target point. The role of this parameter is 

to guarantee that the iterative law drives 𝛼𝑗 downward when it 

lies above 1, and upward when it lies below 1, ensuring that the 

update direction always tends to move the scaling factor back 

toward the desired neighborhood of 𝛼 = 1. 

 

Figure 4. Directional sign parameter 𝑔𝑝𝑗
. 

 

Figure 5. Evolution of the braking factor 𝑔𝑗 for crossing 

detection around 𝛼 = 1. 

To prevent erratic behavior when the scaling factor crosses 

the target value, a braking mechanism is introduced through the 

factor 𝑔𝑗, whose iterative progression is depicted in Fig. 5. This 

quantity is defined through a max-operation so as to detect 

whether the sign of 𝛼𝑗 − 1  changes between two consecutive 

iterations. When 𝛼𝑗  remains on the same side of 1  as in the 

previous step, 𝑔𝑗 = 1; however, once 𝛼𝑗 changes from above 1 

to below 1, or vice versa, 𝑔𝑗 becomes 0. Therefore, 𝑔𝑗 acts as a 

braking mechanism in the proposed adaptive iteration law. In 

particular, when the trajectory of 𝛼𝑗 crosses the reference value 

1, the update increment Δ𝛼𝑗 is directly reset to zero, preventing 

the iteration from moving too aggressively after the crossing. 

This mechanism effectively suppresses excessive oscillation 
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and improves the smoothness of the adjustment process near the 

target point. 

 

Figure 6. Evolution of the adaptive acceleration term 𝐴𝑐𝑐𝑗 in 

the update process. 

The update magnitude itself is governed by the acceleration 

term Acc𝑗, whose behavior can be illustrated in Fig. 6. The value 

of Acc𝑗  is jointly influenced by the stability-trend indicator 𝜀𝑗 

and the directional parameter 𝑔𝑝𝑗 . More specifically, the 

distance between the initial scaling factor 𝛼0  and the target 

value 1, multiplied by the coefficient 𝜇𝑠, is taken as the basic 

reference magnitude, and this magnitude is then enlarged or 

reduced according to the current stability tendency reflected by 

𝜀𝑗. Meanwhile, 𝑔𝑝𝑗
 determines the sign of the acceleration term 

so that the update always points toward the correcting direction. 

To avoid overly aggressive updates, Acc𝑗 is constrained within 

the interval [−𝛼𝑝, 𝛼𝑝]; once this range is exceeded, it is forcibly 

clipped to −𝛼𝑝 or 𝛼𝑝. This saturation mechanism prevents Δ𝛼𝑗 

from becoming excessively large in a single iteration, which 

could otherwise drive the spectral radius across the threshold 

and impair the stability of the entire control system. Here, 𝛼𝑝 is 

chosen as a reduced quantity derived from 𝛼0. 

 

Figure 7. Iterative update increment Δ𝛼𝑗 generated by the 

adaptive mechanism. 

Fig. 7 depicts the iterative values of Δ𝛼𝑗, obtained according 

to the assumed initial 𝛼𝑗 and the corresponding spectral-radius 

evolution 𝜌(𝐴̂𝑗) . The figure shows how the update increment 

changes from step to step under the combined influence of the 

preceding adaptive parameters. In particular, the values at 𝑗 = 2 

and 𝑗 = 4 are reset to zero because, at these two iterations, 𝛼𝑗 

crosses the reference value 1 once from above and once from 

below, respectively. Owing to the action of the braking factor 

𝑔𝑗 , the corresponding update increments are canceled, which 

prevents an excessively rapid reversal of the iteration direction. 

This behavior demonstrates that Δ𝛼𝑗  is not assigned 

heuristically, but is generated by a coordinated mechanism 

involving the spectral-radius trend, directional encoding, 

acceleration adjustment, and crossing-triggered reset. We now 

design the diagonal matrix Λ𝑗  as follows:  

Λ𝑗 = 𝑑𝑖𝑎𝑔 (𝛼𝑗(1), 𝛼𝑗(2),… , 𝛼𝑗(𝑛)) ⁡⁡⁡⁡⁡⁡⁡⁡⁡(33) 

where 𝛼𝑗(𝑖) are chosen according to Eqs. (24) and (32). 

Algorithm 2: Diagonal-Scaling-based Model-based Virtual Control System 

for Suitable initial feedback gain matrix 𝐾0
∗ based on PI 

Input: System matrices 𝐴 ∈ ℝ𝑐𝑥̂×𝑐𝑥̂, 𝐵̂ ∈ ℝ𝑐𝑥̂×𝑐𝑢; 

𝐶̂ ∈ ℝ𝑐𝑦×𝑐𝑥̂; 

Weight matrices 𝑄, 𝑅̂ ∈ ℝ; 

Initial gain 𝐾𝑣
0 = 0; 

Constant value 𝜇, 𝛿 ∈ (0,1); 

Scaling factor 𝛼0(𝑖) > 𝜌(𝐴); 

Tolerance 𝜖, loop limit 𝜏; 

Count of 𝜌(𝐴̂𝛼𝑗
) ≥ 1 break_count; 

Output: Optimal feedback gain matrix 𝐾0
∗; 

1 Initialize j = 0, 𝐾𝑣
0 = 0, Λ0 = diag(α0(1),… , α0(n)), 

and break_count = 0; 

 

2 repeat  

3 At the current Λj, launch the virtual control system and 

solve (34): 

 

4 𝑃𝑣
𝑗
= (𝐴𝛼𝑗

− 𝐵̂𝛼𝑗
𝐾̂𝑣

𝑗
)𝑇𝑃𝑣

𝑗
(𝐴𝛼𝑗

− 𝐵̂𝛼𝑗
𝐾̂𝑣

𝑗
)  

5 +(𝐾̂𝑣
𝑗
)𝑇𝑅̂𝐾̂𝑣

𝑗
+ 𝐶̂𝑇𝑄̂𝐶̂; (34) 

6 Update the feedback gain by  

7 𝐾𝑣
𝑗+1

= (𝑅̂ + 𝐵̂𝛼𝑗

𝑇 𝑃𝑣
𝑗
𝐵̂𝛼𝑗

)−1𝐵̂𝛼𝑗

𝑇 𝑃𝑣
𝑗
𝐴𝛼𝑗

; (35) 

8 Repeat (34)-(35) at fixed Λj until ‖K̂v
j+1

− K̂v
j
‖ ≤ ε;  

9 if 𝜌(𝐴̂𝛼𝑗
) ≥ 1 then  

10 if break_count ≥ τ then terminate with failure; 

end if 

 

11 Replace the rejected scaling matrix by Λj ←

Λj−1 + 0.5(Λj − Λj−1); 

 

12 Set Δαj = 0, break_count ← break_count + 1, 

and repeat at the same j; 

 

13 else  

14 Set break_count = 0;  

15 if ‖Λj − In‖ ≤ ε then return K̂0
∗ = K̂v

j+1
; end if  

16 Update Λj+1 with Eqs. (33) and (24), and set j ←

j + 1; 

 

17 end if  

18 until ‖Λj − In‖ ≤ ε;  

19 return the suitable initial feedback gain matrix K̂0
∗ =

K̂v
j+1

. 
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The specific iterative process algorithm for the virtual 

system is presented in Algorithm 2. In the scaling-based 

framework, 𝐴𝛼𝑗
= 𝛼𝑗

−1𝐴  and 𝐵̂𝛼𝑗
= 𝛼𝑗

−1𝐵̂ , where the baseline 

is 𝛼𝑗 = 1 . Therefore, in Step 4 of Algorithm 2, the 

corresponding condition is modified to |𝛼𝑗 − 1| . Since the 

diagonal matrix form offers more degrees of freedom, and a 

single parameter is considered a special case, we will prioritize 

discussing the diagonal matrix form in the subsequent text. 

To prevent instability of 𝜌(𝐴̂𝛼𝑗
) during iteration, the scale-

based framework incorporates a corresponding safe fallback 

mechanism, which is demonstrated in both model-driven and 

data-driven virtual control systems. When the virtual system 

becomes unstable, in other words, ρ(Âαj
) ≥ 1 , Δ𝛼𝑗  is reset to 

zero and Λj+1 ← Λj + 0.5(Λj+1 − Λj) . The system stability is 

then rechecked. If stability is restored, the process continues; 

otherwise, the fallback loop repeats until the system stabilizes 

or the loop count exceeds 𝜏  iterations. This loop limit 𝜏  is  

a user-defined positive integer. 

4. State-feedback data-based control system and its 

solution via PI 

In many industrial settings, obtaining a precise dynamical 

model is infeasible due to aging components, nonlinearities, or 

varying operating conditions. The proposed data-driven 

approach enables reliable control design using only measured 

input-output data, making it suitable for retrofitting existing 

machinery and for systems where model maintenance is 

impractical. 

4.1. State-Feedback control system formulation 

We begin by formulating the state-feedback control system, 

which serves as the foundation for our subsequent analysis. In 

the state-feedback setting, the control input relies solely on the 

available state information through a feedback gain matrix. 

Consequently, the controller can be expressed as:  

𝑢𝑠(𝑘) = −𝐾0𝑟̂(𝑘) + Θ(𝑘) ⁡⁡⁡⁡⁡⁡⁡⁡(36) 

where 𝑟̂(𝑘) = [𝑥T(𝑘) 𝑠̂T(𝑘)]T ∈ ℝ𝑐𝑥̂  denotes the 

augmented state vector, comprising the original system state 

𝑥(𝑘) and an internal dynamic signal 𝑠̂(𝑘). This dynamic signal 

𝑠̂(𝑘) is distinct from the signal 𝑠(𝑘) appearing in the internal 

model Eq. (6), as it is specifically constructed for the state-

feedback design. The matrix 𝐾0 represents an initial stabilizing 

feedback gain matrix, whose selection will be discussed in 

subsequent sections. The term Θ(𝑘)  denotes an exploration 

signal, intentionally injected to ensure sufficient excitation for 

data collection and learning. 

The state-feedback control system is described by:  

𝑠̂(𝑘 + 1) = 𝐹𝑠̂(𝑘) − 𝐺𝑦(𝑘) + 𝐺𝜗(𝑘) ⁡⁡⁡⁡(37) 

where 𝜗(𝑘)  serves a dual purpose: it can be interpreted 

either as exploration noise injected for system identification 

purposes, or as the exogenous output 𝑦𝑠(𝑘) from the exosystem 

defined in Eq. (4). This flexibility allows our formulation to 

accommodate both learning and disturbance rejection scenarios. 

By augmenting the original system state with this dynamic 

signal, we obtain the overall state-feedback system:   

𝑟̂(𝑘 + 1) = 𝐴𝑟̂(𝑘) + 𝐵̂𝑢𝑠(𝑘) + 𝐺̂𝜗(𝑘) ⁡⁡⁡⁡(38a) 

 𝑦(𝑘) = 𝐶̂𝑟̂(𝑘) ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(38b) 

The system matrices 𝐴 , 𝐵̂ , 𝐺̂ , and 𝐶̂  are of appropriate 

dimensions and are assumed to be known for the data-based 

analysis presented in this section. Eq. (38a) describes the 

evolution of the augmented state under the combined influence 

of the control input 𝑢𝑠(𝑘)  and the disturbance/exploration 

signal 𝜗(𝑘), while Eq. (38b) defines the system output 𝑦(𝑘) as 

a linear function of the augmented state. 

4.2. Solution of the state-feedback control system via PI 

With the augmented system formulation established, we now 

develop a PI approach to solve the optimal control problem 

associated with this system. Recall that the closed-loop system 

matrix under a feedback gain 𝐾 is given by 𝐴̂ = 𝐴 − 𝐵̂𝐾 as in 

Eq. (11). For the PI algorithm, we denote the gain at iteration 𝑗 

as 𝐾𝑗, and the corresponding closed-loop matrix as 𝐴̂𝑗 = 𝐴 −

𝐵̂𝐾𝑗 . Using this notation, the augmented state dynamics Eq. 

(38a) can be rewritten in a form that facilitates the PI update:  

𝑟̂(𝑘 + 1) = 𝐴̂𝑗𝑟̂(𝑘) + 𝐵̂(𝑢𝑠(𝑘) + 𝐾𝑗𝑟̂(𝑘)) + 𝐺̂𝜗(𝑘) ⁡⁡(39) 

This decomposition separates the dynamics into three 

components: the closed-loop behavior under the current policy 

𝐴̂𝑗𝑟̂(𝑘), a term capturing the deviation of the actual control from 

the current policy 𝐵̂(𝑢𝑠(𝑘) + 𝐾𝑗𝑟̂(𝑘)) , and the disturbance 

term 𝐺̂𝜗(𝑘) . To derive the PI update equations, we employ  

a quadratic value function of the form: 

𝑉𝑗(𝑟̂(𝑘)) = 𝑟̂T(𝑘)𝑃𝑗 𝑟̂(𝑘)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(40) 

where 𝑃𝑗  is a symmetric positive definite matrix satisfying 

the Bellman equation for the current policy. Leveraging the 

dynamics Eq. (39) and the PI update rules Eqs. (15a) and (15b), 
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we obtain the following key relationship:  

𝑟̂T(𝑘 + 1)𝑃𝑗+1𝑟̂(𝑘 + 1) − 𝑟̂T(𝑘)𝑃𝑗+1𝑟̂(𝑘) 

⁡= −𝑟̂T(𝑘)(𝑄̂ + (𝐾𝑗)T𝑅̂𝐾𝑗)𝑟̂(𝑘) + 𝜗T(𝑘)𝐺̂T𝑃𝑗+1𝐺̂𝜗(𝑘) 

+(𝑢𝑠(𝑘) + 𝐾𝑗𝑟̂(𝑘))T𝐵̂T𝑃𝑗+1𝐵̂(𝑢𝑠(𝑘) + 𝐾𝑗𝑟̂(𝑘)) 

+2𝑢𝑠
T(𝑘)𝐵̂T𝑃𝑗+1𝐺̂𝜗(𝑘) + 2𝑟̂T(𝑘)𝐴T𝑃𝑗+1𝐺̂𝜗(𝑘) 

+2𝑟̂T(𝑘)𝐴T𝑃𝑗+1𝐵̂(𝐾𝑗𝑟̂(𝑘) + 𝑢𝑠(𝑘)) (41) 

To isolate the cost term and obtain a form suitable for 

parameter estimation, we rearrange the equation by moving all 

terms except the cost to the left-hand side:  

𝑟̂T(𝑘 + 1)𝑃𝑗+1𝑟̂(𝑘 + 1) − 𝑟̂T(𝑘)𝑃𝑗+1𝑟̂(𝑘) ⁡

− 𝜗T(𝑘)𝐺̂T𝑃𝑗+1𝐺̂𝜗(𝑘) 

−2𝑢𝑠
T(𝑘)𝐵̂T𝑃𝑗+1𝐺̂𝜗(𝑘) − 2𝑟̂T(𝑘)𝐴T𝑃𝑗+1𝐺̂𝜗(𝑘) 

⁡⁡−2𝑟̂T(𝑘)𝐴T𝑃𝑗+1𝐵̂(𝐾𝑗𝑟̂(𝑘) + 𝑢𝑠(𝑘)) 

⁡⁡−(𝑢𝑠(𝑘) + 𝐾𝑗𝑟̂(𝑘))T𝐵̂T𝑃𝑗+1𝐵̂(𝑢𝑠(𝑘) + 𝐾𝑗𝑟̂(𝑘)) =

−𝑟̂T(𝑘)(𝑄̂ + (𝐾𝑗)T𝑅̂𝐾𝑗)𝑟̂(𝑘) (42) 

For notational convenience, we define:  

𝑄̂𝑗 ≜ 𝑄̂ + (𝐾𝑗)T𝑅̂𝐾𝑗  ⁡⁡(43) 

which represents the effective state-weighting matrix when 

the current policy 𝐾𝑗  is employed. This definition corrects  

a potential ambiguity in the original formulation and clarifies 

that 𝑄̂𝑗 combines the original state cost 𝑄̂ with the control cost 

contribution from the current policy. Eq. (42) forms the 

cornerstone of our PI-based solution, which enables the 

recursive update of both the value function matrix 𝑃𝑗+1 and the 

policy gain 𝐾𝑗+1  using data collected from the system, 

ultimately converging to the optimal solution that minimizes the 

cumulative cost. Eq. (42) can be cast into a Kronecker product 

representation:  

(𝑟̂T(𝑘 + 1) ⊗ 𝑟̂T(𝑘 + 1) − 𝑟̂T(𝑘) ⊗ 𝑟̂T(𝑘))𝑣𝑒𝑐(𝑃𝑗+1) 

−(𝜗T(𝑘) ⊗ 𝜗T(𝑘))𝑣𝑒𝑐(𝐺̂T𝑃𝑗+1𝐺̂) 

−2(𝑢𝑠
T(𝑘) ⊗ 𝜗T(𝑘))𝑣𝑒𝑐(𝐵̂T𝑃𝑗+1𝐺̂) 

−2(𝑟̂T(𝑘) ⊗ 𝜗T(𝑘))𝑣𝑒𝑐(𝐴T𝑃𝑗+1𝐺̂) 

 ⁡⁡−2(𝑟̂T(𝑘) ⊗ (𝐾𝑗𝑟̂(𝑘) + 𝑢𝑠(𝑘))T)𝑣𝑒𝑐(𝐴T𝑃𝑗+1𝐵̂) 

⁡⁡−((𝑢𝑠(𝑘) + 𝐾𝑗𝑟̂(𝑘))T ⊗ (𝑢𝑠(𝑘) + 𝐾𝑗 𝑟̂(𝑘))T)𝑣𝑒𝑐(𝐵̂T𝑃𝑗+1𝐵̂) 

= −𝑟̂T(𝑘)𝑄̂𝑗𝑟̂(𝑘)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(44) 

Define the following auxiliary matrices: 

𝐿1
𝑗+1

= 𝐺̂T𝑃𝑗+1𝐺̂, 𝐿2
𝑗+1

= 𝐵̂T𝑃𝑗+1𝐺̂, 𝐿3
𝑗+1

= 𝐴T𝑃𝑗+1𝐺̂, 

 𝐿4
𝑗+1

= 𝐴T𝑃𝑗+1𝐵̂, 𝐿5
𝑗+1

= 𝐵̂T𝑃𝑗+1𝐵̂⁡ (45) 

and the data matrices 

𝑀1
𝑗
(𝑘) = 𝑟̂T(𝑘 + 1) ⊗ 𝑟̂T(𝑘 + 1) − 𝑟̂T(𝑘) ⊗ 𝑟̂T(𝑘), 

𝑀2
𝑗
(𝑘) = −𝜗T(𝑘) ⊗ 𝜗T(𝑘), 

𝑀3
𝑗
(𝑘) = −2(𝑢𝑠

T(𝑘) ⊗ 𝜗T(𝑘)), 

𝑀4
𝑗
(𝑘) = −2(𝑟̂T(𝑘) ⊗ 𝜗T(𝑘)), 

𝑀5
𝑗
(𝑘) = −2(𝑟̂T(𝑘) ⊗ (𝐾𝑗𝑟̂(𝑘) + 𝑢𝑠(𝑘))T), 

𝑀6
𝑗
(𝑘) = −((𝑢𝑠(𝑘) − 𝐾𝑗𝑟̂(𝑘))T ⊗ (𝑢𝑠(𝑘) + 𝐾𝑗𝑟̂(𝑘))T).⁡(46) 

  Using 𝑛 + 1 data samples 𝑘0, 𝑘1, … , 𝑘𝑛, we construct:  

Γ𝑛
𝑗
=

[
 
 
 
−𝑟̂T(𝑘0)𝑄̂

𝑗𝑟̂(𝑘0)

−𝑟̂T(𝑘1)𝑄̂
𝑗𝑟̂(𝑘1)

⋮
−𝑟̂T(𝑘𝑛)𝑄̂𝑗𝑟̂(𝑘𝑛)]

 
 
 

 ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(47) 

ℋ𝑗+1 = [𝑣𝑒𝑐𝑇(𝑃𝑗+1), 𝑣𝑒𝑐𝑇(𝐿1
𝑗+1

), 𝑣𝑒𝑐𝑇(𝐿2
𝑗+1

) 

 𝑣𝑒𝑐𝑇(𝐿3
𝑗+1

), 𝑣𝑒𝑐𝑇(𝐿4
𝑗+1

), 𝑣𝑒𝑐𝑇(𝐿5
𝑗+1

)] ⁡⁡(48) 

 Υ𝑛
𝑗

=

[
 
 
 
 𝑀1

𝑗
(𝑘0) 𝑀2

𝑗
(𝑘0) ⋯ 𝑀6

𝑗
(𝑘0)

𝑀1
𝑗
(𝑘1) 𝑀2

𝑗
(𝑘1) ⋯ 𝑀6

𝑗
(𝑘1)

⋮ ⋮ ⋮ ⋮

𝑀1
𝑗
(𝑘𝑛) 𝑀2

𝑗
(𝑘𝑛) ⋯ 𝑀6

𝑗
(𝑘𝑛)]

 
 
 
 

 ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(49) 

Eq. (42) can then be expressed compactly as  

 Υ𝑛
𝑗
⁡ℋ𝑗+1 = Γ𝑛

𝑗
 ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(50) 

 To guarantee a unique solution of Eq. (46), the regressor 

matrix Υ𝑛
𝑗
 must have full column rank, i.e.  

 𝑟𝑎𝑛𝑘(Υ𝑛
𝑗
) = dim(ℋ𝑗+1) ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(51) 

When the rank condition is satisfied, the least squares 

solution of Eq. (49) is given by:  

 ℋ𝑗+1 = ((Υ𝑛
𝑗
)𝑇Υ𝑛

𝑗
)−1(Υ𝑛

𝑗
)𝑇Γ𝑛

𝑗
 ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(52) 

Finally, the updated feedback gain matrix is obtained as  

 𝐾𝑗+1 = 𝐿4
𝑗+1

(𝑅̂ + 𝐿5
𝑗+1

)−1⁡ ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(53) 

4.3. Data-based virtual control for initial gain 𝑲𝟎 via PI 

Unlike model-based control, a data-driven control algorithm 

must first collect data until the rank condition is satisfied. Only 

then can the entire control system be solved, yielding the 

optimal feedback gain matrix 𝐾∗. To provide a more intuitive 

illustration of the data-driven state-feedback DT systems with 

PI, the operational flow is summarized in Algorithm 3.  

The virtual control system is constructed as:   

 𝑟̂𝑣(𝑘 + 1) = 𝐴𝛼𝑗
𝑟̂(𝑘) + 𝐵̂𝛼𝑗

𝑢𝑠(𝑘) + 𝐺̂𝛼𝑗
𝜗(𝑘)⁡⁡⁡⁡⁡(54a) 

 𝑦𝑣(𝑘) = 𝐶̂𝑟̂𝑣(𝑘) ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(54b) 

where Λ𝑗   is a diagonal matrix that does not alter the 

dimensions of the matrices; consequently, the rank condition Eq. 

(48) remains unchanged. Within this virtual system, the data-

based PI equation Eq. (47) takes the form:  

 Υ𝑛𝑣

𝑗
⁡ℋ𝛼𝑗+1

𝑗+1
= Γ𝑛𝑣

𝑗
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(55) 

Its least squares solution and feedback gain matrixes are 

given by:   
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 ℋ𝛼𝑗+1

𝑗+1
= ((Υ𝑛𝑣

𝑗
)𝑇Υ𝑛𝑣

𝑗
)−1(Υ𝑛𝑣

𝑗
)𝑇⁡Γ𝑛𝑣

𝑗
⁡ ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(56a) 

 𝐾̂𝑣
𝑗+1

= 𝐿4,𝛼𝑗+1

𝑗+1
(𝑅̂ + 𝐿5,𝛼𝑗+1

𝑗+1
)−1⁡ ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(56b) 

 

Algorithm 3: State-feedback Control System with off-line PI 

Input: Suitable initial feedback gain matrix from virtual control system 𝐾0
∗; 

        Weight matrices Q, R̂ ∈ ℝ; 

        Constant value μ, δ ∈ (0,1); 

        Large enough scaling factor α0; 

Internal model (𝐹, 𝐺) of matrix 𝑆; 

        Tolerance ϵ; 

Output: Optimal feedback gain matrix K̂∗; 

        Optimal controller û∗(k); 

1 Initialize ε0 = 1, j = 0, and K̂0 =⁡𝐾0
∗;  

2 repeat  

3 Under the current policy us(k) = −𝐾̂𝑗 r̂(k) + Θ(k) , 

collect a new data batch for (50); 

 

4 Continue collection until the rank condition (51) is 

satisfied; 

 

5 Solve (52) to find 𝐿4
𝑗+1

 and 𝐿5
𝑗+1

 in ℋ𝑗+1;  

6 Refresh the feedback gain matrix 𝐾𝑗+1 with (53);  

7 if ‖𝐾𝑗+1 − 𝐾𝑗‖ ≤ ε then break; end if  

8 Set 𝐾𝑗 ← 𝐾𝑗+1 and j ← j + 1;  

9 until the convergence condition is satisfied;  

10 return 𝐾∗ = 𝐾𝑗+1 and u∗(k) = −𝐾∗r̂(k).  

 

Algorithm 4: Diagonal-Scaling-based State-feedback Control System 

with off-line PI 

 Input: Suitable initial feedback gain matrix 𝐾𝑣
𝑗
;  

         Weight matrices 𝑄, 𝑅̂ ∈ ℝ;  

         Constant value 𝜇, 𝛿 ∈ (0,1);  

         Large enough scaling factor 𝛼0;  

         Tolerance 𝜖;  

       Count of 𝜌(𝐴̂𝛼𝑗
) ≥ 1 break_count;  

         Internal model (𝐹, 𝐺) of matrix 𝑆;  

1 Initialize K̂v
0 = 0 , ε0 = 1 , j = 0 , Λ0 =

diag(α0(1),… , α0(n)), and break_count = 0; 

 

2 repeat  

3 repeat  

4 At the current Λj , collect a new data batch for (55) 

using (36) until (51) is satisfied; 

 

5 Solve (56a) to find 𝐿4𝛼𝑗+1

𝑗+1  and 𝐿5𝛼𝑗+1

𝑗+1  in ℋ𝛼𝑗+1

𝑗+1
;  

6 Refresh the feedback gain matrix 𝐾𝑣
𝑗+1

 with (56b);  

7 until ||K̂v
j+1

− K̂v
j
|| ≤ ε;  

8 Evaluate ρ(𝐴̂𝛼𝑗
) from (57);  

9 if ρ(𝐴̂𝛼𝑗
) ≥ 1 then  

10 if break_count ≥ τ then terminate with failure; end if  

11 Replace the rejected scaling matrix by Λj ← Λj−1 +

0.5(Λj − Λj−1); 

 

12 Set Δαj = 0 , break_count ←  break_count + 1, and 

repeat at the same j. 

 

13 else  

14 Set break_count = 0;  

15 if ‖Λj − In‖ ≤ ε then return K̂0
∗ = K̂v

j+1
; end if  

16 Update Λj+1  with Eqs. (33) and (24), set Λj ← Λj+1 , 

and set j ← j + 1; 

 

17 end if  

18 until ‖Λj − In‖ ≤ ε;  

19 return K̂0
∗ = K̂v

j+1
.  

From Eqs. (55) and (56), the feedback gain matrix 𝐾𝑣
𝑗
 in the 

virtual system can be iteratively updated using collected data 

and the least-squares method. To clearly describe this iterative 

procedure and specify the updating mechanism of the diagonal 

scaling factor, the above derivations are organized into  

a complete offline PI algorithm, as shown in Algorithm 4. 

In model-based DT systems, the spectral radius of 𝐴̂ = 𝐴 −

𝐵̂𝐾 can be directly evaluated. However, for data-driven case, 

the system matrices 𝐴  and 𝐵̂  are unknown, rendering direct 

computation infeasible. To circumvent this difficulty, we 

express the spectral radius of 𝐴̂𝛼𝑗
  in an alternative form. 

Starting from an appropriate Lyapunov-like relation [42], one 

has:  

ρ(Âαj
)=1-

λmin(Q̂+(K̂j)TR̂K̂j)

λmax(P
j)

 ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(57) 

where λmin(⋅)  and λmax(⋅)  denote the minimum and 

maximum eigenvalues of the corresponding matrices, 

respectively. This characterization enables indirect assessment 

of the closed-loop stability without explicit knowledge of 𝐴 and 

𝐵̂. The complete procedure for the data-driven state-feedback 

virtual control system is presented in Algorithm 4. 

5. Numerical Study 

In this section, a linear mass-spring-damper system is employed 

as a testbed, representing a canonical dynamic subsystem 

relevant to both engineering and network science. This system 

can be interpreted as a single node within a network of 

interconnected agents, with the mass, spring, and damper 

parameters representing inertia, inter-node coupling, and 

damping effects, respectively. Such an abstraction allows the 

numerical example to capture challenges typical in robust 

tracking and adaptive coordination among dynamically coupled 

subsystems. To evaluate the effectiveness of the proposed 

output tracking control scheme, which integrates an 𝛼-scaling 

mechanism with a PI framework, a numerical study is carried 

out under both model-based and data-driven implementations. 

The study centers on two primary aspects: (i) whether the 

closed-loop spectral radius 𝜌(𝐴̂𝛼𝑗
)  remains strictly inside the 

Schur stability region (i.e., the unit circle) throughout the 𝛼 -

iteration process as 𝛼𝑗 is driven toward 1; and (ii) the tracking 

performance of the plant output 𝑦 with respect to the reference 

trajectory 𝑦𝑑  , along with the convergence behavior of the 

tracking error 𝑦𝑒 = 𝑦 − 𝑦𝑑 . 
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5.1. System setup 

The mass-spring-damper system represents a class of 

mechanical subsystems commonly found in industrial 

equipment (e.g., positioning stages, suspension systems). 

Reliable tracking control in such systems directly affects 

product quality, energy efficiency, and maintenance intervals. 

Accordingly, the state-space representation given in Eqs. (1) 

and (2) is instantiated as:  

𝑥(𝑘 + 1) = [
0 1

−
𝐾𝑠

𝑀
−

𝐶𝑑

𝑀

] 𝑥(𝑘) + [
0
1

𝑀

] 𝑢(𝑘) ⁡⁡⁡⁡⁡⁡(58) 

 𝑦(𝑘) = [1 0]𝑥(𝑘) ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(59) 

where 𝑀 = 1 kg denotes the mass, 𝐾𝑠 = 1 N/m the spring 

constant, and 𝐶𝑑 = 0.1215 N s/m the damping coefficient. 

The weighting matrices in the performance index Eqs. (18) are 

selected as 𝑄 = 10  and 𝑅̂ = 1 . The reference trajectory 𝑦𝑠(𝑘) 

is generated by the autonomous exosystem  

 𝑥𝑠(𝑘 + 1) = −𝑥𝑠(𝑘)⁡⁡                       (60) 

 𝑦𝑠(𝑘) = 𝑥𝑠(𝑘) ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(61) 

with initial condition 𝑦𝑠(0) = 5 . The internal model 

parameters 𝐹, 𝐺, and 𝑇 appearing in Eqs. (6a) and (6b) are set 

to −1, 1, and 1, respectively. The initial feedback gain matrix is 

chosen as 𝐾init = [0,0,0], which completes the configuration of 

the simulation environment. 

5.2. Results 

This subsection presents the results in Figs. 8–11, including the 

tracking performance and scaling evolution obtained for both 

the model-based and data-driven control architectures. 

The tracking performance of the model-based scheme after 

applying the learned control with diagonal scaling is illustrated 

in Fig. 8. Both the output 𝑦  and reference output 𝑦𝑑   remain 

bounded over the entire simulation horizon, indicating that the 

closed-loop system is stable at the origin. The evolution of the 

scaling factor 𝛼  and the closed-loop spectral radius 𝜌(𝐴̂𝛼𝑗
) 

during the 𝛼-iteration under the model-based implementation is 

shown in Fig. 9. The blue curve shows that 𝛼 decreases from its 

initial value to approximately 1  within about 20  iterations, 

driven by the proposed crossing-triggered reset mechanism and 

sign-based direction encoding. The orange curve represents 

𝜌(𝐴̂𝛼𝑗
), which consistently remains below the Schur stability 

boundary. The red dashed line marks the theoretical baseline 

𝜌(𝐴̂𝛼𝑗
) = 𝛼 = 1, serving as a reference for the desired stability 

condition. Notably, 𝜌(𝐴̂𝛼𝑗
)  follows a smooth, bounded 

trajectory free of oscillatory overshoot, confirming that the 

auxiliary damping parameter 𝜇𝑣  and the adaptive update rule 

effectively suppress repeated crossings in the vicinity of 𝛼 = 1. 

The steady descent of 𝛼 and the well-regulated spectral radius 

jointly demonstrate that the proposed iterative scaling 

mechanism reliably produces a well-conditioned initial 

stabilizing feedback gain matrix for the subsequent PI phase. 

The closed-loop spectral radius remains strictly below unity 

throughout the iteration, confirming that the system never 

experiences destabilizing transients. This property is essential 

for preventing mechanical stress accumulation and ensuring 

predictable wear, thereby facilitating condition-based 

maintenance. 

 

Figure 8. Model-based control: output 𝑦, reference 𝑦𝑑 , and 

tracking error 𝑦𝑒. 

The tracking performance of the data-driven control scheme 

after PI has converged is presented in Fig. 10. The upper subplot 

displays the reference output 𝑦𝑑  (red dashed line) and the actual 

plant output 𝑦  (blue solid line) over 100  time steps. The 

reference trajectory is a wave alternating between +5 and −5, 

generated by the autonomous exosystem in Eq. (60). The actual 

output 𝑦 rapidly converges to 𝑦𝑑  within the first few time steps 

and maintains accurate tracking thereafter, exhibiting no 

discernible steady-state error or phase lag. The lower subplot 

shows the tracking error 𝑦𝑒 = 𝑦 − 𝑦𝑑   (red solid line), which 

converges to zero and remains within a negligible band. These 

results confirm that the data-driven controller, designed without 

explicit model knowledge and relying solely on measured input-



Eksploatacja i Niezawodnosc – Maintenance and Reliability Vol. 29, No. 2, 2027 

 

output data, achieves asymptotic tracking of the reference signal 

while preserving robustness. The transient response further 

highlights the effectiveness of the 𝛼 -scaling mechanism in 

furnishing a well-initialized feedback gain matrix for the 

subsequent iteration. 

 

Figure 9. Model-based control: evolution of the scaling factor 

𝛼 and the closed-loop spectral radius 𝜌(𝐴̂𝛼𝑗
). 

Figure 10. Data-driven control: output 𝑦, reference 𝑦𝑑 , and 

tracking error 𝑦𝑒. 

The evolution of 𝛼 and 𝜌(𝐴̂𝛼𝑗
) during the 𝛼-iteration under 

the data-driven implementation is illustrated in Fig. 11. The blue 

circles represent 𝛼 , which decreases monotonically and 

smoothly from its initial value to approximately 1 within about 

30  iterations, confirming the effectiveness of the crossing-

triggered reset mechanism and sign-based direction encoding 

even in the absence of an explicit plant model. The red squares 

denote 𝜌(𝐴̂𝛼𝑗
), which remains strictly below the Schur stability 

boundary throughout the entire iterative process. The black 

dashed line indicates the baseline condition 𝜌(𝐴̂𝛼𝑗
) = 𝛼 = 1 

for reference. The inset provides a magnified view of the 

convergence phase (iterations 27  to 28 ), where both 𝛼  and 

𝜌(𝐴̂𝛼𝑗
)  stabilize near their nominal values without exhibiting 

repeated oscillations or overshoot. These results demonstrate 

that the proposed 𝛼-scaling strategy, when executed in a data-

driven fashion, reliably produces a well-conditioned initial 

stabilizing feedback gain for the subsequent PI phase. 

 

Figure 11. Data-driven control: evolution of the scaling factor 

𝛼 and the closed-loop spectral radius 𝜌(𝐴̂𝛼𝑗
). 

6. Conclusion 

This paper addresses robust tracking for linear DT systems via 

RL-based control with a diagonal scaling strategy. The 

contribution is the generalization of conventional scalar 

convergence-rate scaling to a diagonal matrix parametrization. 

This enriches the eigenvalue assignment space and enables fine-

grained spectral tuning without a nominal model. The resulting 

data-driven controller guarantees asymptotic tracking while 

preserving robustness against unmodeled dynamics without 

model knowledge or system identification. Simulations under 

both model-based and data-driven settings confirm that the 

diagonal-scaling mechanism reliably drives initial gains (even 

destabilizing) to a well-conditioned stabilizing solution, with 

the closed-loop spectral radius strictly inside the unit circle 

throughout adaptation. Tracking error vanishes upon PI 

convergence. Future work will explore extensions to fault-

tolerant control and integration with predictive maintenance 

frameworks, further strengthening the link between control 

design and system dependability. 
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