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To overcome the prolonged test durations and large sample sizes inherent in conventional accelerated degradation testing
(ADT), this paper develops a novel reliability assessment framework based on Weibull pseudo-failure lifetimes. Uniquely,
the proposed method enables high-confidence reliability assessment using data from only two accelerated stress levels. First,
a mathematical relationship between the use-level reliable life and the Weibull distributional parameters at accelerated levels

is established. Subsequently, a joint confidence distribution for these parameters is constructed, facilitating an explicit formula
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for the exact one-sided lower confidence limit of the reliable life. Monte Carlo simulations and case studies demonstrate that
the proposed framework significantly reduces the sample size and duration, while enhancing theoretical rigor and assessment

precision compared to traditional multi-level asymptotic methods.
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Highlights
e Developed a small-sample ADT framework using Weibull
pseudo-failure lifetimes.

e Reduced testing to two stress levels, significantly cutting

sample size and costs.

e Derived an explicit formula for the exact confidence limit of

reliable life.

1. Introduction
In the field of aerospace, ensuring the high reliability and long
service life of critical components is essential for both system
safety and mission success. However, traditional reliability
testing becomes impractical, as obtaining sufficient degradation
or failure information within short development cycles is
increasingly difficult [1,2]. To circumvent these limitations,
accelerated degradation testing (ADT) has been widely adopted
as an efficient engineering solution [3—5]. By subjecting
products to elevated stress levels to accelerate performance
degradation, ADT utilizes degradation data and acceleration

models to extrapolate reliability metrics under normal operating

conditions.

Among various ADT analytical frameworks, the pseudo-
failure lifetime method based on degradation trajectories is
widely utilized due to its physical intuitiveness and
implementation simplicity. This approach characterizes the
reliability of individual units by defining their lifespan as the
first passage time when a parameterized trajectory crosses
a predefined failure threshold. Depending on the depth of
mechanistic understanding, these degradation trajectory models
are generally divided into physics-based and empirical models
[6]. When failure mechanisms are explicit, physics-based
approaches are preferred. For example, theories such as fracture
dynamics [7,8], stress relaxation [9], and generalized reaction-
diffusion [10] have been successfully applied to model the
degradation in composite materials, electromagnetic relays, and
MOSFETs, respectively. Conversely, for complex systems
where establishing precise physical relationships is challenging,
empirical function models provide a flexible and robust

alternative. Various functional forms have been explored in the
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literature, including three-parameter power functions for rubber
aging [11], double-exponential models for organic light-
emitting diodes brightness decay [12], and optimal elementary
function selection for Hall current sensors [13].

Although the pseudo-failure lifetime method effectively
shortens test duration, traditional ADT still requires testing
across multiple stress levels, frequently leading to large sample
sizes, long testing duration, and high costs [14-16].
Furthermore, when extrapolating results to the normal operating
conditions, it is difficult to simultaneously satisfy high
confidence requirements and ensure prediction accuracy for the
one-sided lower confidence limits (LCLs) of reliable life
[17,18]. Currently, maximum likelihood estimation (MLE) and
best linear unbiased estimation (BLUE) are the predominant
inference methods in ADT [19]. However, the MLE method
exhibits severe errors and instability under small sample sizes.
Moreover, its estimation of LCLs relies on the large-sample
asymptotic normality assumption, which often leads to
coverage probabilities (CPs) that fail to meet the nominal
confidence levels in small-sample scenarios [20,21]. This
renders the method non-conservative for high-reliability
applications. On the other hand, the BLUE method typically
requires testing at multiple stress levels to ensure precision,
imposing a heavy test burden. Furthermore, estimating LCLs
through BLUE requires complex distributional assumptions for
the estimators, which introduces additional errors [22].
Therefore, BLUE is often limited to point estimation [19].
Given these limitations, achieving high-confidence reliability
assessment under small-sample conditions remains a critical
challenge in ADT research.

To address small-sample constraints, prior studies have
established reliability assessment frameworks for ADT
assuming exponential or lognormal distributions [23-25].
While the Weibull distribution offers broader applicability for
modeling the life of electromechanical products, the
development of exact inference methods for it in small-sample
ADT scenarios remains inadequately addressed. To bridge this
gap, this paper develops a novel reliability assessment
framework for small-sample ADT under Weibull assumptions.
This method enables an exact evaluation of the one-sided LCL
for reliable life using data from only two accelerated stress

levels, thereby significantly reducing sample size and test

duration. The proposed method first establishes a mathematical
relationship between the reliable life at normal operating
conditions and the Weibull parameters under accelerated stress
levels. Subsequently, a joint confidence distribution for these
parameters is constructed using the pseudo-failure lifetimes.
Finally, explicit calculation formulas for the exact LCLs are
derived, providing a robust theoretical foundation for

reliability-based maintenance decisions.
2. Small-sample ADT scheme and data pre-processing

2.1. Two-level ADT design

Let S, denote the normal operating stress level. To address the
constraints of small-sample testing, this study employs a two-
level ADT scheme with accelerated stress levels S; and S,
where Sy < §; < S,. A total sample of size n is randomly
allocated into two groups of sizes n; and n,, such that n; +
n, =nandn; = 2 fori = 1,2. These groups are subjected to
accelerated stress levels S; and S, , respectively. The
degradation measurement of the j-th unit under stress level S; at
inspection time t;;; is denoted by x;j . The resulting ADT
dataset is defined as:
D ={(tijioxiji)|i = 1.2;j = 1,2, ,n3k = 1,2,+,my;} (1)
where m;; is the number of measurements for the j-th unit

under S;.
2.2. Pseudo-failure lifetime extraction

Assume that the performance degradation path of the product
over time t is described by the trajectory model:
x=f(t0) 2)
where x is the critical degradation performance, f(-)is a
monotonic function determined by the underlying failure
mechanism or data trends, 0 is the unknown parameter vector.
Typical functional forms include the power law model for
lithium battery capacity fade [26] and stress relaxation in
springs [27]:
x =0, +0,t% 3
and the exponential model for light-emitting diodes
brightness decay [28] and rubber aging [29]:
x =0, exp(92t93) 4
For the j-th unit under stress level S;, the parameter vector
0, ; can be estimated via non-linear least squares fitting. Given

a failure threshold xy,, the pseudo-failure lifetime ; ;j can be
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obtained via the inverse function:

A

tij = f_l(xth; eij) (5)
Consequently, a set of pseudo-failure lifetimes is obtained.
For statistical analysis, these values are arranged as order

statistics: tj; < tj; < -+ < by,
3. Statistical models

It is assumed that the product lifetime ¢t at any constant stress
level S; follows a Weibull distribution, with the reliability

function expressed as:
R ) = exp [~ (5) ] ©®

where a > 0 is the constant shape parameter, and §; > 0 is

the stress-dependent scale parameter.
3.1. Acceleration model

The relationship between the reliable life and the stress level

is typically described by a log-linear acceleration model [30,31]:

Intg; = a+ be(S;) @)
where t; = R'(R;a, ;) = ;(—In R)é represents the quantile of
the Weibull distribution corresponding to reliability R, a and b
are model parameters to be determined, and ¢(S;) is a known
function of the stress level S;. Depending on the type of stress,
@(S;) can be expressed by:
1

— Arrhenius model

P(S) =\ in S;, Inverse power law model ®)
Si, Exponential model

For example, the Arrhenius model is applicable when
thermal stress is used [32], while the inverse power law model
is suitable when voltage, humidity, or mechanical load is

applied as the accelerated stress [33,34].
3.2. Expression of the use-level reliable life

Let tp; and tg, denote the reliable lives at reliability R under
stress levels §; and S, , respectively. By applying the
acceleration model in Eq. (7) to these two levels, the model
parameters a and b can be obtained as:

_ 9(S2)Intri—¢(S1) Intrs

‘P(Sz)—<P(51) (9)

_ Intpy—Intrq
@(S2)-9(S1)

Subsequently, by introducing a stress weighting factor w:

 o(s)-9(50)
= oGo—eG L (10)

the logarithm of the reliable life at the normal operating

stress level can be expressed as a linear weighted combination
of the logarithms of the reliable lives under the two accelerated
stress levels:

Intpg =a+bp(Sy) =wlintpg, + (1 —w)inty, 1y
Finally, by substituting the quantile function intg = Ing; +

a tinln G), the explicit expression is derived as:
Intgg=wnp;+(1—-—w)inp, +atinin (%) (12)
Eq. (12) directly links the reliable life tgz, under normal
operating conditions to the distribution parameters («, ;, 8,) at
accelerated stress levels. This formulation provides the

theoretical foundation for the subsequent derivation of the exact

one-sided LCL of tg,.
4. Reliability assessment for small-sample ADT

Focusing on small-sample scenarios, this section proposes
a novel reliability assessment framework for ADT under the
Weibull distribution. Explicit formulas are derived to evaluate
the one-sided LCLs of both the reliable life and the reliability

function under normal operating stress level.
4.1. Exact LCL for reliable life

Theorem 1. Let {tu <tp << tmi} be a set of pseudo-
failure lifetimes obtained under accelerated stress level S; for
i=12. Given a nominal confidence level y and target
reliability R, the exact one-sided LCL of the reliable life tg,
under the normal operating stress level S, is given by tgg,:
troy = P 71() (13)

1,1 2Ty 4 (a(2)
W(taoy) = [ [1F |22 on ldydz  (14)
ﬁ(y,Z,tRLo,y)

which satisfies the exact coverage requirement:
P(trioy < tro) =¥ (15)
where ¥ ~1(y) is the inverse function of lP(tRLO,],), F(,v)
is the cumulative distribution function (CDF) of the y?
distribution with v degrees of freedom. The integrand

components a(z) and f (y, Z, tRLO,y) are defined as:

a(z) =W [x;(2n — 4] (16)
B(¥. 2 trioy) = exp [wal(z) [a(z) Intpr, +(1—w)in (;;;ZEZ;;)) —Inin (%)” (17)

Here, z and y are probability indices associated with the
confidence distribution of a and the conditional confidence
distribution of B, given a, respectively. Specifically, a(z)
represents the value of a corresponding to cumulative
probability level z under its confidence distribution. Meanwhile,

[)’(y,z, tRLO,y) represents the corresponding value of f;
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associated with tgyg, .

In these equations, W) =2%4, 30 [T‘"i(“)] is

T i(a)

a monotonically increasing function regarding «, and W~1(-)
denotes its inverse. T; j(a) = {;:1 i T (g — Pt xZ(v) and
Xi-y(v) are the z -th and (1 — y)-th lower quantiles of the x*
distribution with v degrees of freedom, respectively.

Since the tgy,, in Eq. (13) exhibits strict monotonicity with
respect to y, the value of tg g, can be efficiently determined
through numerical iteration. Specifically, an initial value for the
one-sided LCL, denoted as tppq, is first assigned. Then, its
corresponding confidence level y* can be calculated as:

N 1,1 2Ty, (2(2))
yr= F [72,27’1 ]d dz 18
fo fo ﬁ(y,Z,tRLO)a() 1|4y (18)

The numerical computation formula is given by:

1 2Ty, (@j)
=X T F[#;Zn ] 19
M2 &j=14k=1 (Bjk(f;uo))a] 1 (19)
where the components are defined as follows:
a =W [)(f_yj(Zn - 4)] (20)

Bir(trLo) = exp{ [aj Intio+ (1 —w)in (M) —Inln (%)]} (21)

2T2n, (‘7‘])

(1-0.5)

M ’ l= 1)2'...1M (22)

nn=1-

In the numerical implementation, a; in Eq. (20) denotes the
value of @ at the j -th integration node, while B (tz;,) in Eq.
(21) denotes the corresponding value of B, at the (j, k)-th grid
point for the current estimate tz; . Here, j and k are indices of
the numerical integration. M represents the number of
integration intervals. Simulation experiments indicate that when
M = 1000, the numerical error of Eq. (19) is negligible.

The solution is obtained through an iterative process by
adjusting the initial value tz;, until the calculated y* converges
to the nominal confidence level y within a specified tolerance.
Upon convergence, the final tg;, is determined as the exact
one-sided LCL, denoted as tgyg,, -

Proof. Let tg;, be an initial value for the one-sided LCL of

parameter f3,, this probability can be expanded using the law of

total probability:
fzjfj.:o (RLO— Ro‘a ﬂz) ‘ )g(a)d,ﬂzda
1, 24)
:jo.[op(tR'-UStRU )dH (ﬁz‘a)dG(a)

= [} 7o(@ Botins )M (B ) 6 (@)

2Ty nz(a)

where h(B,|a) and H(B,la)=1- F[ 2n2] are the

conditional probability density function (PDF) and CDF of the

confidence distribution for B, given « , derived from

2Ty,n, (@)

i ~x*(2n,) . Likewise, g(a) and G(a) =

F[W (a); 2n — 4]

denote the PDF and CDF of the confidence distribution for «,
constructed from the pivotal quantity W(a) ~ y2(2n — 4) [35].
The term y, (@, By, tio) represents the conditional probability

2Ty, nl(fl)

P(tiLo < trola, B2) . Based on the relationship ~x%(2n,)

and Eq. (12), this probability satisfies:

* _w 2T1,n1(0¢) _ 1
Intp =—In [1730(%62’%0)(%)] +(1-w)inp, + lnln( ) (25)
Therefore, yo(a, B2, tiLo) can be solved by:

2T1,n1 (a)

- :F[ ;Zn] 26
Yo(a, Bz, tgro) B(aBatiie)” " 0

where:
B(a, Bz thro) = exp {ﬁ [a Intho— (1—wainp, — Inin (%)]} 27
Substituting Eq. (26) into Eq. (24), it can be obtained as:

2T1n1(0l)
v = S [ an | aH ol d6 (@) (28)

To facilitate calculation, let z = G(a) and y = H(B,|a).

Then, a and S, can be expressed as functions of z and y:

a(z) =G (z) = W HxZ(2n — 4)] (29)
_ yg-1 _ 2T2,n2(0l(2)) ﬁ
B.(y,z) = H '(yla) = [m] (30)

Finally, substituting these transformed variables into Eq. (28)

yields the exact calculation formula for the actual confidence

level y*:
the reliable life under S,. The associated coverage probability . fl le 2Ty () o dvds 1)
y* is defined as: Y =y Jo B(y,z,t}‘;»m)a(z)' 1| &Y
y" = P(tzLo < tro) (23) where:
By conditioning on the shape parameter a and scale
. Xi-y(2n2) 1
B,z th) = exp {— a(z) Inth,+ (1 —w)in (zrl#(a(;))) — Inin (E)]} (32)

Consequently, as demonstrated in Eqs. (31) and (32), y* isa

strictly monotonically decreasing continuous function of tz;,

with a range of (0,1). There exists a unique tg;, such that the

confidence level y* equals the nominal confidence level y €
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(0,1). The value of tf;, at this convergence point corresponds
to the exact one-sided LCL of the reliable life, tgio,

By discretizing the integration domain into an M X M grid,
the confidence level y* can be approximated via numerical
quadrature, as detailed in Egs. (19)—(22). The detailed

numerical calculation procedure is presented in Algorithm 1.

Algorithm 1: Numerical solution procedure for one-sided LCL tgy o,
Input:

Pseudo-failure lifetimes {tn Stp << tini} for i = 1,2; Reliability R;
Confidence level y; Stress weighting factor w; Grid size M; Convergence
tolerance e.

Output:

The one-sided LCL of reliable life under Sy: tgo,, .

Initialize search boundaries [tpin, tmax]-

=09 por 1 = 1,2, -, M.
M

2. Generate gridnodesy; = 1 —
3. Pre-compute q; values using Eq. (20) for j = 1,2, -+, M.
4. While (t,0x — tmin > €) do

5. Update initial LCL: ty9 < (tmax + tmin)/2-

6. Update By (tmiq) values using Eq. (21) for all j, k.

7. Calculate current conﬁdence y* using Eq. (19):
Z Z _2Tuny (o)
;2ny
“uz
j=1k=1 ﬂ]k(tmld))

8. Ify" >y then tyi, < tmig €lse thax < tmia
9.  End While

10.  Return tg g, = tyg-

4.2. Exact LCL for reliability

By using the equivalence relationship between the confidence
limits for reliable life and reliability, the assessment method for
the reliable life LCL presented in Theorem 1 can be directly
extended to evaluate the LCL of the reliability.

Corollary 1. For a given confidence level y and a specified
mission time t under the normal operating stress level S,, the
one-sided LCL of the reliability Ry(t), denoted as Ry, (t), can
be determined by solving:

Rioy (&) =¥7'() (33)
where W (-) is defined by:

¥ (Ruoy(®) = Jy [ F [#”()Zn dydz (34)

yz RLO‘y(t)

In this formula, the term g (y, z, RLo_y(t)) is obtained by
substituting tgy,q, with the mission time ¢, and the reliability R
with the unknown variable Ry, (t) in Eq. (17), resulting in:

B (7.2, Ruoy (9) = exp{ = )[a(z) e+ (- w) in (2220

2Ty n, (@(2))

) e

The resulting LCL satisfies the exact confidence

requirements:
P (Ruoy(t) S Ro()) =¥ (36)

5. Numerical simulation and comparative analysis

To evaluate the performance of the proposed method in small-
sample scenarios, extensive Monte Carlo simulations were
conducted, comparing it against the traditional MLE and BLUE
methods in ADT.

5.1. Validation of coverage probabilities

The Weibull characteristic life 5; is assumed to follow the

Arrhenius model: Ing; = —10 + M The shape parameter « is set

to 0.5, 1.0, and 3.0, respectlvely. The normal operating stress is
defined at S, =293 K,
configured at S; = 343 Kand S, = 373 K. To simulate small-

with accelerated stress levels

sample scenarios, sample sizes are restricted to n; =n, €
{3,5,10} .

independent replications was executed. Given that BLUE is

A Monte Carlo simulation consisting of 10°

predominantly limited to point estimation because the
construction of LCLs requires pivotal quantities whose
distributions are not readily available, the comparative study
focuses on evaluating the proposed method against the
conventional MLE method. In each iteration, both methods are
employed to estimate the one-sided LCL of the reliable life at
a reliability level of 0.95 under S,.

Table 1 details the CPs for both methods under different
shape parameters and nominal confidence levels. The results
demonstrate that the proposed method exhibits superior
performance in small-sample scenarios. Across all considered
configurations, the CPs of the proposed method align
consistently with the nominal confidence levels, even in the
extreme small sample case. This confirms that the proposed
approach serves as an exact assessment method in the
frequentist sense.

In contrast, the MLE method shows a clear tendency
towards overestimation. Its CPs consistently fall below the
nominal levels, indicating that the estimated LCLs are biased
upwards, thereby severely underestimating the actual failure
risk. This deviation is particularly critical in the scenario with
a =1 and n; = n, = 3, where the actual coverage drops to
69.6% (against a 90% nominal target) and 75.6% (against a 95%

nominal target). Such severe under-coverage implies
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a dangerous underestimation of failure risk, rendering the MLE

method unsuitable for safety-critical applications in aerospace

Table 1. Comparison of CPs for the one-sided LCLs of reliable life.

where high-confidence assessment is essential.

a (nq4,my) Proposed method MLE method
y = 0.90 y = 0.95 y = 0.90 y = 0.95

0.5 (3,3) 0.900 0.950 0.699 0.758
(5,5) 0.900 0.949 0.771 0.832
(10,10) 0.901 0.951 0.832 0.887
1.0 (3.3) 0.900 0.951 0.696 0.756
(5,5) 0.900 0.950 0.766 0.829
(10,10) 0.899 0.949 0.820 0.881
3.0 (3,3) 0.900 0.950 0.698 0.760
(5,5) 0.900 0.950 0.760 0.824
(10,10) 0.899 0.950 0.816 0.878

5.2. Comparative analysis

As demonstrated in Section 5.1, the MLE method is unsuitable
for small-sample applications because it fails to meet
confidence requirements. Furthermore, since deriving LCLs for
the two-parameter Weibull distribution using the BLUE method
necessitates complex distributional approximations, this section
evaluates the proposed method against the BLUE method using
the exponential distribution which serves as a special case of the
Weibull distribution with shape parameter ¢ = 1.

In this comparative study, the product lifetime is assumed to
follow an exponential distribution, where the relationship
between mean life B; and stress level S; is governed by the
inverse power law: Inf; =21 —4.3InS; . Pseudo-failure
lifetimes across five accelerated stress levels were simulated,
with a sample size of 3 per level as detailed in Table 2. For the
normal operating stress level of S, = 10 V, the 90% one-sided
LCL of the mean life was evaluated using both methods and
compared against the true value of §, = 6.61 X 10* h.

Table 2. Simulated pseudo-failure times for the exponential

distribution case.

Stress level (V) Pseudo-failure lifetime (h)
20 3424 3737 4919
25 307 693 3577
30 48 365 721
35 78 370 494
40 36 54 91

As summarized in Table 3, the proposed method utilizes data
from only two stress levels (total sample size n = 6), whereas
the BLUE method employs the full dataset from five levels
(total sample size n = 15). Despite this difference in data usage,
the LCL estimated by the proposed method (5.79 X 10*h)
remains highly consistent with the BLUE result (5.84 X 10*h).
For this simulated dataset, both estimated LCLs fall below the

true mean life B, =6.61x 10*h . This comparison
demonstrates that the proposed methodology achieves precision
comparable to the traditional BLUE method while realizing a
60% reduction in sample size, thereby offering significant
effectiveness.

Table 3. Comparison of reliability assessment results for the

exponential distribution case.

.BLO,y (104 h)
Bo(10* h) Proposed method BLUE method
(2 levels, 6 units) (5 levels, 15 units)
6.61 5.79 5.84

In summary, the proposed method demonstrates superior
performance in small sample scenarios, where its CP
consistently aligns closely with the nominal confidence level. In
contrast, the MLE method fails to meet these confidence
requirements, rendering it unsuitable for practical engineering
applications. Furthermore, the BLUE method necessitates
complex assumptions when applied to the Weibull distribution.
Consequently, BLUE is typically confined to the point
estimation of reliable life and is inadequate for evaluating LCLs.
Most notably, the proposed method offers a substantial
reduction in experimental cost, saving approximately 60% of

test specimens compared to the BLUE method.
6. [Engineering case study

This section presents a case study on harmonic reducers to
demonstrate the proposed method. As critical precision
transmission elements in aerospace and robotics, harmonic
reducers are characterized by high precision, efficiency, and
longevity. Ensuring their reliability is essential for system safety
and mission success. However, constrained by prohibitive
manufacturing costs and limited development cycles, it is often

impractical to conduct long-term testing with large sample sizes.
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Consequently, ADT emerges as the dominant means for
assessing their reliability.
Figure 1 shows the measured degradation paths of

a harmonic reducer [36]. Torque is selected as the accelerated

100
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stress. Four accelerated torque stress levels of 10 N-m, 20 N-m,
30 N-m, and 40 N-m were chosen, with five specimens allocated
to each level. Transmission efficiency was recorded monthly

throughout the test for the four accelerated stress levels.
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Figure 1. Degradation paths of harmonic reducers under accelerated stress levels.

Table 4. Pseudo-failure lifetimes of harmonic reducers.

Stress level (N-m)

Pseudo-failure lifetime (h)

10 7935 8156
20 5744 5911
30 4058 4286
40 2838 3033

8338 8704 9609
6289 6856 7067
4497 4836 5179
3362 3526 3754

As observed from the degradation trajectories in Figure 1,
the transmission efficiency exhibits an approximately linear
decreasing trend over time at all accelerated stress levels.
Moreover, the applied torque is assumed to accelerate the
degradation rate without changing the dominant failure
mechanism, as the degradation paths under different torque
levels exhibit similar monotonic trends. Therefore, a linear
degradation model, x = 6, + 6,t, is adopted to describe the
performance evolution of each specimen. With the failure

threshold x, set as a 30% loss in transmission efficiency, the

pseudo-failure lifetime is determined as ¢;= ("‘%EJ“) . The
resulting pseudo-failure lifetimes are listed in Table 4.

Life data from the highest stress level S, = 40 N - m and the
lowest stress level S; = 10 N - m are selected as inputs. The
objective is to evaluate the one-sided LCL of the reliable life
under the normal operating stress level of S, = 5 N - m, with a
confidence level of y = 0.90 and a reliability of R = 0.95. The
detailed procedure is described as follows:

Step 1: Formulation of the use-level reliable life

relationship. Based on the inverse power law model, establish
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the mathematical relationship between the use-level reliable life
tro and the distribution parameters (a, 8;,8,) at accelerated

stress levels:

Intpo=wnp;+ 1-—w)np, +atinin (%) 37
where w is the stress weighting factor:

_ InS,—In Sy
T InS,—-Ins;

=15 (38)
Step 2: Initial LCL estimate and confidence level
calculation. An initial estimate for the LCL is assigned as
tro = 6,000 h. Based on Eq. (19), the corresponding exact
confidence level y* is calculated as:
y* =0.9986 >y (39)
Step 3: Iterative calibration and exact LCL
determination. Iteratively adjust the initial estimate until the
calculated y* converges to the nominal confidence level y.
Consequently, the exact one-sided LCL for the reliable life tgq
is obtained as:
trLoy = 9,135 h (40)
This LCL indicates that with 90% confidence, the true
lifetime at which 95% of the harmonic reducer population
survives is at least 9,135 h. From a maintenance perspective, the
estimated LCL is more informative than a point estimate when
conservative decision-making is required. Specifically, the
obtained value of 9,135 h can be treated as a reliability-
guaranteed maintenance threshold under the target reliability
level of 0.95 and the confidence level of 0.90. In practice, it can
provide a quantitative basis for arranging preventive
replacement or inspection actions before the accumulated
degradation risk becomes unacceptable.
To further validate the superiority of the proposed method,
a comparative analysis is conducted against the results obtained
using the BLUE method reported in reference [36]. Whereas
reference [36] utilized data from all 20 specimens across four
stress levels to obtain a characteristic life estimate of 14,918 h,
the proposed method achieves a comparable estimate of 14,107
h using only 10 specimens across two levels. This represents a
relative deviation of approximately 5.4%, demonstrating that
assessment accuracy comparable to the multi-level BLUE
method is maintained despite a 50% reduction in sample size.
Beyond point estimation, the proposed framework addresses

the inherent theoretical limitations of the traditional BLUE

method, which is typically restricted to point estimation for
Weibull distributions because the derivation of LCLs
necessitates complex distributional assumptions for the
estimators. Conversely, the proposed method not only achieves
high-precision point estimation but also directly evaluates the
exact one-sided LCL for the reliable life, thereby satisfying
high-confidence requirements.

Table 5 presents a comprehensive comparison of the
assessment results. It can be observed that while reducing the
sample size by 50%, the proposed method yields a point
estimate very close to that of the BLUE method. Moreover, it is
capable of providing a 90% lower confidence limit for the
reliable life that the traditional method cannot exactly derive.
Table 5. Comparison of reliability assessment results for

harmonic reducer.

Method Sample size B, (h) trroy (h)
Proposed method 2 leve}s, 10 14,107 9,135
units
BLUE method 4 1Ve1:20 14,918 Unable to
units estimate

7. Conclusion

To address the challenges of reliability evaluation for high-
reliability, long-lifespan products with small sample sizes, this
paper proposes a reliability assessment method for ADT based
on the Weibull pseudo-failure lifetimes. The main conclusions
are as follows:

(1) The proposed method enables high-confidence
reliability assessment using data from only two
accelerated stress levels. This capability significantly
reduces the experimental burden associated with
multiple stress levels and large sample sizes in
conventional ADT, thereby substantially improving
engineering feasibility for long-life products.

(2) Under small-sample constraints, the MLE method
suffers from pronounced instability and significant bias.
Furthermore, its reliance on the asymptotic normality
assumption for LCL estimation leads to CPs that fall
below nominal confidence levels, rendering it non-
conservative and potentially risky for safety-critical
applications.

(3) Unlike the BLUE method which is primarily restricted
to point estimation for Weibull distributions due to

complex distributional requirements, the proposed exact
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inference framework achieves exact evaluation of the (4) Extensive Monte Carlo simulations demonstrate that the

one-sided LCL. Under the same sample-size conditions, CPs of the proposed method align closely with nominal

the developed method yields superior assessment confidence levels. In contrast, the CPs of the MLE

accuracy; conversely, it achieves comparable precision method are significantly lower, further validating the

with a significantly smaller sample size than traditional superiority of the proposed method in small-sample

approaches. scenarios.
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