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Abstract  

Traditional software system reliability models typically assume that failures between subsystems are independent of each 
other, ignoring the potential fault dependencies that may exist in the actual system, this results in a biased assessment of the 

overall reliability of the system. In response to this issue, this paper proposes a dependent system reliability modeling method 

based on the Copula function and multi-index fusion. Firstly, by fitting the subsystem failure interval time with multiple life 
distribution models, and integrating multi-dimensional evaluation indicators by combining the rank-sum method, the optimal 

life distribution for each subsystem is determined. Secondly, the maximum information coefficient is introduced to quantify 

the fault dependency strength between subsystems, and identify pairs of subsystems that exhibit significant dependencies. On 
this basis, the Archimedean Copula function family is employed to model the dependence structure, parameters are obtained 

through maximum likelihood estimation, and the optimal Copula function is selected based on a comprehensive comparison 

of fitting evaluation indices. Empirical research based on real software system failure data shows that, compared to traditional 
independent assumption models, the proposed method improves the accuracy of system reliability assessment throughout the 

entire observation period, confirming that fault dependency modeling has a positive corrective effect on reliability assessment. 

Based on actual data, this study has constructed a comprehensive reliability evaluation framework encompassing life 
distribution fitting, dependency identification, and optimal Copula model selection. This framework provides a more practical 

reliability analysis tool for software systems exhibiting fault dependency characteristics, it has reference value for system 

maintenance decision-making and risk control. 
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Highlights 

• A dependent software system reliability modeling based on 

Copula function and multi-index fusion. 

• Optimal marginal lifetime distributions for each subsystem 

are determined using the rank-sum method. 

• The optimal Copula function is selected via multiple 

goodness-of-fit criteria. 

• The maximal information coefficient is employed to quantify 

the strength of failure dependence among subsystems. 

 

1. Introduction 

With the acceleration of global digital transformation and the 

comprehensive penetration of information technology, software 

systems have become an indispensable core pillar for social 

infrastructure operations and industrial iteration and upgrading. 

Their quality and reliability not only affect enterprise 

operational efficiency and service quality, but also directly 

relate to key infrastructure security, people’s livelihood security, 

and even national security strategies. Software reliability, as  

a key quality attribute for evaluating the ability of software to 

consistently and correctly perform its intended functions under 

specific time and environmental conditions, is a core indicator 

for measuring software maturity and stability. Especially in 

safety-critical fields such as finance [1], communications [2], 

aerospace [3], and intelligent connected vehicles [4,5], software 

failures can lead to catastrophic consequences, causing huge 

economic losses and even casualties [6]. Against this backdrop, 

employing scientific methods to model, analyze, and predict 

software reliability has become a cutting-edge topic in the field 

of software engineering. By constructing precise mathematical 

models, not only can resource allocation be optimized and 
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potential defects be identified [4] during the development and 

testing stages, but also system behavior can be predicted and 

preventive maintenance can be guided during the operation and 

maintenance stages [7,8]. Thereby systematically enhancing the 

credibility and lifecycle value of software products, which holds 

profound theoretical significance and meets urgent practical 

demands. 

Software reliability modeling research has evolved over 

decades, forming a rich ecosystem [3] centered on statistical 

models and data-driven methods. Early models primarily 

viewed software systems as a whole and established macro 

reliability growth curves based on their failure time data. 

Among these, Non-Homogeneous Poisson Process (NHPP) 

models and their numerous variants [9], such as the Goel-

Okumoto model and the S-shaped growth model [6], are widely 

used due to their concise form and ease of interpretation, they 

describe the stochastic yet trending characteristics exhibited by 

the software fault detection process as testing and debugging 

proceed. To more accurately reflect the imperfections in the 

debugging process (such as the introduction of new defects), to 

further extend the NHPP model, scholars have proposed  

a reliability growth model that considers imperfect debugging 

[10,11].With the dramatic increase in system complexity, to 

depict the dynamic evolutionary process under uncertain 

environments, the modeling method based on stochastic 

differential equations (SDE) has been introduced, a framework 

for handling the effects of random fluctuations and external 

noise is provided [12]. Meanwhile, non-parametric methods, 

represented by local polynomial regression, it exhibits good 

adaptability due to not presupposing a specific function form 

[13]. In recent years, with the rise of big data and artificial 

intelligence technology, machine learning and deep learning 

models have also been attempted to learn from historical failure 

data and predict reliability trends [14]. However, such holistic 

models generally suffer from a fundamental limitation: they 

treat software as a “black box” and ignore the architectural 

characteristics of the system, which are composed of multiple 

cooperating components or subsystems. Therefore, researchers 

have proposed the idea of component-level reliability modeling, 

which involves first modeling the failure data of each subsystem 

separately and then integrating the reliability based on the 

system architecture, in order to obtain more refined evaluation 

results [15,16]. Regrettably, in order to reduce model 

complexity and computational difficulty, the vast majority of 

existing component-level models [17,18] are built upon the 

idealized assumption that “component failures are mutually 

independent”, this is severely inconsistent with the reality of 

inter-component interactions and dependencies that are 

prevalent in modern complex software systems [7,19−21]. 

In fact, in modern software systems where modularization, 

servitization, and microservices architecture are increasingly 

prevalent, components or subsystems are tightly coupled 

through complex interface call chains, shared data states, 

concurrent resource competition, common runtime platforms, 

and other means. This coupling relationship may cause the 

failure of one component to trigger or accelerate the failure of 

other components, implying a propagation and correlation 

effect among faults. Ignoring such interdependence may lead to 

significant deviations in the estimation of overall system 

reliability (either underestimating risks or overestimating 

capabilities), thereby misleading testing strategies and 

maintenance decisions [7,22,23].To scientifically characterize 

this complex dependency, Copula theory is introduced into the 

field of system reliability engineering. The core advantage of 

the Copula function lies in its ability to separate the marginal 

distributions of multiple random variables from their rich joint 

dependence structure for modeling, thereby enabling it to 

flexibly describe various dependence patterns such as nonlinear, 

asymmetric, and tail correlations among variables. This tool has 

been successfully validated and applied in the reliability 

analysis of numerous engineering systems, for example: 

describing the correlation among multiple failure modes in 

mechanical systems [4,5,8,24−26]; Characterize the interaction 

between hardware faults and software faults in embedded 

systems with software and hardware cooperation [22]; In 

vehicle systems, correlate the degradation across the two 

dimensions of mileage and service time [27]; In civil structures, 

deal with the combined effects of multiple failure modes and 

loads [7,28−30]; In power systems, encompassing critical stages 

from power generation and transmission to distribution 

[23,26,31], and in manufacturing systems, analyzing the 

interdependent performance between different production 

stages [5]. In addition, the research has also extended to the 

following areas: by utilizing the survival feature analysis 
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method based on Copula functions, extending the theory of 

survival characteristics to systems with component 

interdependencies [32,33]; In specific fields such as battery 

safety [3], maritime safety [1], bridge engineering [29], the 

transitional Markov chain Monte Carlo algorithm [34], and 

building risk [35], Bayesian networks and Copula functions 

have significantly enhanced the quantification level of 

uncertainty in complex systems and the accuracy of risk 

prediction; Handling masked data [36]; Multivariate control 

charts [1]; Redundancy allocation optimization [37] and 

dynamic reliability assessment [8], among other more complex 

scenarios. The fruitful achievements in these fields have fully 

demonstrated the powerful capability and value of Copula 

functions in capturing and quantifying the internal dependence 

within complex systems [38−40]. 

Although the Copula approach has demonstrated great 

potential in general systems engineering, within the specific 

context of software system reliability modeling, existing 

research still has several gaps to be filled. Firstly, from  

a modeling perspective, a large body of reliability research on 

software systems still follows or defaults to the component 

independence assumption, lacking a standardized, operable, and 

data-driven complete analysis framework to systematically 

identify, quantify, and ultimately assess the actual extent of the 

impact of dependence on the overall reliability of the software 

system. Secondly, from the perspective of methodological 

application depth, the few existing software reliability studies 

that incorporate Copulas have primarily focused on 

demonstrating that introducing a dependence structure into the 

model can improve goodness-of-fit. However, the basis for 

selecting among different types of dependence structures (such 

as the Clayton, Gumbel, and Frank Copula families), as well as 

the mechanistic analysis of how varying dependence strength 

parameters quantitatively propagate and affect system-level 

reliability indicators, has not been sufficiently explored. This 

leads to insufficient model interpretability, making it difficult 

for engineers to select the most suitable dependence model 

according to the specific system architecture and failure 

characteristics.  

Therefore, this paper aims to systematically address the 

aforementioned limitations by constructing a reliability 

assessment framework for software systems that starts from real 

failure data, features clear steps, and is applicable to software 

systems, the core objective is to quantitatively analyze the 

specific impact of failure dependence on system reliability. This 

paper will based on historical failure data from a real-world 

software system comprising multiple interacting subsystems as 

an empirical foundation, follow a logically rigorous four-stage 

analytical process to conduct the research: Phase 1 conducts 

optimal selection of component-level life distributions, 

determining the best-fitting marginal distribution for each 

subsystem; Phase 2 is dedicated to identifying and measuring 

dependencies, employing statistical methods to test and 

quantify the correlations among component failures; Phase 3 

undertakes Copula function screening and comparison, 

selecting from mainstream Copula families the function that 

best characterizes the system’s dependence structure and 

estimating its parameters; Ultimately, Phase 4 conducts  

a comprehensive assessment of system reliability and 

quantification of impact, comparing the differences in the 

overall system reliability function under the independence 

assumption versus the dependence model, and analyzing the 

influence of dependence on reliability. This study not only for 

processing software systems with dependent characteristics 

provides a set of from data to decision-making complete 

methodology, but also reveals, through empirical analysis, the 

specific mechanism by which dependence influences software 

system failures. Thereby providing more precise theoretical 

foundations and practical guidance for the architectural design 

of high-reliability software systems, determining the focus of 

integration testing, and risk management and control of 

operation and maintenance. 

2. The review of Copula model 

Traditional software reliability growth models are typically 

based on a core assumption: the failure processes of individual 

components or modules within a system are independent of each 

other. Under this assumption, the overall reliability of the 

system can be obtained by simple accumulation or 

superposition failure data of each independent component or 

reliability function. However, there is a significant gap between 

this idealized independence assumption and the operational 

mechanisms of most real-world software systems. In real-world 

complex systems, subsystems or components often interact by 
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sharing hardware resources, invoking common service libraries, 

coexisting in the same operating environment, or exhibiting 

tight logical and data coupling. This creates a situation where 

the failure of one component may trigger, accelerate, or expose 

defects in other components, thereby forming complex failure 

dependencies. Ignoring this inherent dependence will lead to 

systematic bias in the assessment of overall system reliability, 

underestimating the risk of cascading failures under stress; It 

may also result in misjudging reliability growth trends, thereby 

affecting the optimal allocation of testing resources and the 

accuracy of software release decisions. 

To overcome the fundamental limitation imposed by the 

independence assumption, there is an urgent need for  

a mathematical tool capable of rigorously quantifying and 

modeling failure dependencies. Therefore, the introduction of 

Copula functions to handle fault dependencies among 

subsystems becomes critical. 

2.1. Copula function 

Copula function [41] is a model that connects one-dimensional 

marginal distribution functions with a multivariate joint 

distribution function to describe the correlation between 

variables. That is, for an 𝑛 dimensional random vector 𝑥 =

(𝑥1, 𝑥2, ⋯ , 𝑥𝑛), its 𝑛 dimensional joint distribution function is 

denoted as: 

𝐹(𝑥1, 𝑥2, ⋯ , 𝑥𝑛) = 𝐶(𝐹1(𝑥1), 𝐹2(𝑥2), ⋯ , 𝐹𝑛(𝑥𝑛))    (1)                  

where, 𝐹1(𝑥1), 𝐹2(𝑥2), ⋯ , 𝐹𝑛(𝑥𝑛) are the marginal 

distribution functions,𝐶is the Copula function corresponding to 

𝐹. 

Let 𝑢1 = 𝐹1(𝑥1), 𝑢2 = 𝐹2(𝑥2), ⋯ , 𝑢𝑛 = 𝐹𝑛(𝑥𝑛) , differentiating 

both sides of equation (1) yields the probability density function 

of the random vector 𝑥: 

𝑓(𝑥1, 𝑥2, ⋯ , 𝑥𝑛) = 𝑐(𝐹1(𝑥1), 𝐹2(𝑥2), ⋯ , 𝐹𝑛(𝑥𝑛)) ∏ 𝑓𝑖(𝑥𝑖)𝑛
𝑖=1  (2) 

where, 𝑐  is the probability density function of the copula 

function 𝐶: 

𝑐(𝑢1, 𝑢2, ⋯ , 𝑢𝑛) =
𝜕𝑛𝐶(𝑢1,𝑢2,⋯,𝑢𝑛)

𝜕𝑢1𝜕𝑢2⋯𝜕𝑢𝑛
       (3) 

2.2. Commonly used Copula functions 

In the reliability analysis of software systems, the copula 

function is an important mathematical tool for quantifying and 

modeling the failure dependence among subsystems. In 

complex software systems, in particular, the failure processes of 

subsystems or components are often not independent but exhibit 

complex dependence structures, due to shared resources,  

a common operating environment, or logical invocation 

relationships. Among the various copula functions, the 

Archimedean copula has become a powerful choice for 

analyzing reliability problems in such software systems due to 

its clear construction principles, concise mathematical form, 

and flexibility in characterizing various dependence patterns. 

The three commonly used Archimedean copula functions are 

given as follows (Table 1). 

Table 1. Some common Archimedean Copula functions. 

Archimedean Copula 𝑪(𝒖, 𝒗; 𝜽) Parameter 𝜽 

Clayton Copula (𝑢−𝜃 + 𝑣−𝜃 − 1)
−1
𝜃  𝜃 ∈ (0, +∞) 

Gumbel Copula 𝑒𝑥𝑝 {−[(− 𝑙𝑛 𝑢)𝜃 + (− 𝑙𝑛 𝑣)𝜃]
1
𝜃} 𝜃 ∈ [1, +∞) 

Frank Copula −
1

𝜃
𝑙𝑛 [1 +

(𝑒−𝜃𝑢 − 1)(𝑒−𝜃𝑣 − 1)

𝑒−𝜃 − 1
] 𝜃 ∈ (−∞, +∞)\{0} 

To facilitate a more intuitive identification of the 

characteristics of different types of Copula functions, the 

definition of the tail dependence coefficient is provided as 

follows. 

Let the marginal distribution functions of two random 

variables 𝑋 and 𝑌 be 𝐹(⋅) and 𝐺(⋅), respectively. The upper-tail 

dependence coefficient 𝜆𝑈  and lower-tail dependence 

coefficient 𝜆𝐿 are then defined as follows: 

𝜆𝑈 = 𝑙𝑖𝑚
𝑢→1−

𝑃[𝑌 > 𝐺−1(𝑢)|𝑋 > 𝐹−1(𝑢)]，𝜆𝑈 ∈ [0,1]     (4) 

 𝜆𝐿 = 𝑙𝑖𝑚
𝑢→0+

𝑃[𝑌 ≤ 𝐺−1(𝑢)|𝑋 ≤ 𝐹−1(𝑢)]，𝜆𝐿 ∈ [0,1]     (5) 

Based on the tail dependence coefficient, the commonly 

used Archimedean Copula functions and elliptical Copula 

functions can be distinguished as follows: 

Copula functions with equal upper- and lower-tail 

dependence coefficients: the Gaussian and t Copulas from the 

elliptical family, as well as the Frank Copula from the 
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Archimedean family. Among them, the Gaussian Copula and 

the Frank Copula have upper- and lower-tail dependence 

coefficients equal to 0, while the t Copula has equal upper- and 

lower-tail dependence coefficients. 

Copula functions with unequal upper- and lower-tail 

dependence coefficients: the Gumbel and Clayton Copulas from 

the Archimedean family. Among them, the Gumbel Copula 

captures upper-tail dependence with its lower-tail dependence 

coefficient equal to 0, while the Clayton Copula captures lower-

tail dependence with its upper-tail dependence coefficient equal 

to 0. 

3. Software system reliability modeling with component 

dependence based on Copula functions 

The proposed system reliability evaluation framework is 

illustrated in Figure 1, which consists of four core stages. First, 

marginal distribution fitting is performed for each subsystem 

individually, and goodness-of-fit metrics including AIC, BIC, 

the KS test, and its p-value are calculated. Distributions that do 

not meet the criteria are excluded based on the p-value, and the 

remaining candidate distributions are then comprehensively 

compared using the rank-sum method. Finally, the optimal 

distribution for each subsystem is selected. Second, the MIC 

method is employed to identify the fault dependencies among 

subsystems, and the candidate Copula models are determined 

based on the tail dependence characteristics of the dependent 

subsystem pairs. Then, the parameters of the candidate Copulas 

are estimated using maximum likelihood estimation, and the 

optimal Copula model is selected based on the AIC and BIC 

criteria. Finally, the joint reliability of the system is calculated 

and compared against the independent assumption as a baseline. 

The model is then validated by means of MAE, RMSE, and 

Bootstrap confidence bands. 

 

Figure 1. Flowchart of the system reliability evaluation. 

The software system studied in this paper is composed of 𝑛 

subsystems, and each subsystem and the whole system obey the 

following basic assumptions. 

Basic assumptions: 

A. There are only two states for each subsystem and the 

entire software system: normal and failure. 

B. Subsystems 𝑖  and 𝑗 , which are highly correlated in the 

software system, have failure dependence ( 𝑖 ≠ 𝑗 , 𝑖, 𝑗 =

1,2, ⋯ , 𝑛), while the failures of the remaining subsystems are 

independent of each other and do not affect one another. 

C. The failure dependence between subsystems can be 

described using copula functions. 

3.1. Software reliability modeling with failure dependence 

Assume that system X consists of n subsystems connected in 

series, the failure-dependent subsystem is denoted as subsystem 
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X1, the remaining subsystems, which are independent of each 

other, are considered as subsystem X2, the lifetime of subsystem 

X2 is denoted by 𝑇 , 𝑇1, 𝑇2, ⋯ , 𝑇𝑛 are the lifetimes of the n 

subsystems, respectively, 𝐹1, 𝐹2, ⋯ , 𝐹𝑛  are the distribution 

functions of 𝑇1, 𝑇2, ⋯ , 𝑇𝑛, respectively. 

When subsystems 𝑖  and 𝑗  in a software system exhibit 

failure dependence and the failures of the remaining subsystems 

are independent of each other, the reliability function of the 

failure-dependent subsystem 𝑋1 is denoted by 𝑅𝑖,𝑗(𝑡): 

𝑅𝑖,𝑗(𝑡) = 𝑃(𝑋𝑖 > 𝑡, 𝑋𝑗 > 𝑡)  = 1 − 𝑃(𝑋𝑖 ≤ 𝑡) − 𝑃(𝑋𝑗 ≤ 𝑡) + 𝑃(𝑋𝑖 ≤ 𝑡, 𝑋𝑗 ≤ 𝑡)           (6) 

The above expression can be expressed using a copula 

function as: 

𝑅𝑖,𝑗(𝑡) = 1 − 𝐹𝑖 − 𝐹𝑗 + 𝐶(𝐹𝑖 , 𝐹𝑗)         (7) 

while the failure processes of the remaining subsystems 

𝐹𝑙(𝑙 = 1, ⋯ , 𝑛, 𝑙 ≠ 𝑖, 𝑗)  are independent of each other, and its 

reliability function can be expressed as 𝑅𝑙(𝑡): 

𝑅𝑙(𝑡) = 𝑃(𝑇 > 𝑡) = 𝑃(𝑇1 > 𝑡, 𝑇2 > 𝑡, ⋯ , 𝑇𝑛 > 𝑡) = ∏ 𝑃(𝑇𝑙 > 𝑡)𝑛
𝑙=1,𝑙≠𝑖,𝑗 = ∏ (1 − 𝐹𝑙)

𝑛
𝑙=1,𝑙≠𝑖,𝑗         (8) 

In summary, the system reliability function of the software 

system with a dependent structure, which consisting of 𝑛 

subsystems connected in series, can be expressed as: 

𝑅(𝑡) = 𝑅𝑖,𝑗(𝑡) × 𝑅𝑙(𝑡)             (9) 

3.2. Subsystem correlation evaluation with multi-index 

fusion 

The reliability analysis of software system with multiple 

subsystems in this paper is based on the real failure data of 

software system, which belongs to the reliability evaluation 

driven by empirical research. The real fault data can effectively 

characterize the behavior of the system under complex working 

conditions, coupling logic and hidden fault conduction, the 

failure dependencies between components often present 

nonlinear, non-monotonic and even non-functional complex 

correlations. The failure dependence among components 

manifests directly as the correlation between their failure data, 

the strength of this correlation can be calculated based on the 

metrics in Table 2. 

Commonly used metrics for correlation analysis include 

Pearson, Spearman, Kendall, and MIC. As shown in the 

following table (Table 2). 

Table 2. Metrics for correlation analysis. 

Metrics Relationship Type Data Requirements Main Advantages Main Limitations 

Pearson Linear relationship 
Continuous, normally 

distributed data 

Standard measure for linear 

relationships; intuitive 

interpretation. 

Detects only linear 

relationships; 

sensitive to outliers. 

Spearman Monotonic relationship Ordered data 
Robust, normal distribution is 

not required. 

Detects only monotonic 

relationships. 

Kendall Monotonic relationship Ordered data 

Better interpretation for small 

samples; intuitive measure of 

concordance. 

Detects only monotonic 

relationships. 

MIC 
Wide range of functional 

relationships 

No specific distributional 

requirements 

Capable of detecting complex 

relationships. 

Potentially prone to 

overfitting. 

 

Figure 2. Criteria for determining correlation strength based on MIC values. 
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To accurately characterize the potentially complex nonlinear 

or non-monotonic failure dependence among subsystems in 

software system reliability analysis, traditional linear or 

monotonic correlation metrics (such as Pearson, Spearman, and 

Kendall) have limitations. The Maximum Information 

Coefficient (MIC) [42], due to its ability to capture a wide range 

of functional relationships (including both linear and nonlinear) 

and its flexible requirements regarding data distribution, has 

become a more suitable measure for such contexts. 

Therefore, this paper selects MIC as the core metric for 

quantifying failure dependence. The calculation is implemented 

using R, and the resulting values serve as a key basis for 

determining whether subsystems are mutually independent or 

exhibit interdependence. If the failure dependence among 

software subsystems has been explicitly specified, it can also be 

mutually validated with the results of the MIC-based data-

driven analysis, jointly supporting the subsequent copula-based 

dependence modeling. 

The Maximum Information Coefficient (MIC) [43] is  

a statistical measure widely applied across various fields, with 

its core concept rooted in mutual information. Unlike traditional 

correlation coefficients, MIC is committed to detecting and 

quantifying a wide range of functional correlations between 

variables (including linear, nonlinear, non-monotonic, etc.), and 

providing a standardized correlation strength measure. 

4. Parameter estimation methods and model evaluation 

criteria 

In the modeling of interdependence, The parameter estimation 

of Copula function is a key step to quantify the failure 

correlation strength between components. Maximum 

Likelihood Estimation (MLE) is one of the most commonly 

used methods for this type of problem, which obtains the 

optimal parameter values by maximizing the joint likelihood 

function of the sample. For bivariate copula models, due to the 

relatively low dimensionality of the parameters, maximum 

likelihood estimation generally exhibits good feasibility and 

statistical efficiency. Therefore, this paper employs maximum 

likelihood estimation to estimate the parameters of the bivariate 

copula function that characterizes the failure dependence 

between subsystems, aiming to accurately capture the 

underlying dependence pattern. 

4.1. Parameter estimation 

4.1.1. Parameter estimation for marginal distributions 

For independent identically distributed samples𝑥1, 𝑥2, ⋯ , 𝑥𝑛, its 

probability density function is𝑓(𝑥; 𝜃), where 𝜃 is an unknown 

parameter. 

Construct the likelihood function: 

𝐿(𝜃; 𝑥1, 𝑥2, ⋯ , 𝑥𝑛) = ∏ 𝑓(𝑥𝑖; 𝜃)𝑛
𝑖=1      (10) 

Take the logarithm: 

𝑙(𝜃) = 𝑙𝑛 𝐿 (𝜃) = ∑ 𝑙𝑛 𝑓 (𝑥𝑖 ; 𝜃) 𝑛
𝑖=1        (11) 

Differentiate the above expression to obtain the derivative 

of the log-likelihood function: 

𝑢(𝜃) =
𝜕𝑙(𝜃)

𝜕𝜃
    (12) 

By setting 𝑢(𝜃) = 0, 𝜃̂ can be obtained. 

4.1.2. Parameter estimation of Copula functions 

Let the joint distribution function of random variables (𝑋, 𝑌) be 

𝐹(𝑥, 𝑦) , with the corresponding joint probability density 

function 𝑓(𝑥, 𝑦) . Let 𝐹1(𝑋)  and 𝐹2(𝑌)  be the marginal 

distribution functions of 𝑋  and 𝑌 , respectively, with 

corresponding marginal density functions 𝑓1(𝑥)  and 𝑓2(𝑦) . If 

the copula function is denoted by 𝐶(𝑢, 𝑣), its density function 

is 𝑐(𝑢, 𝑣). 

The joint probability density function can be obtained as: 

𝑓(𝑥, 𝑦) = 𝑐(𝐹1(𝑋), 𝐹2(𝑌))𝑓1(𝑥)𝑓2(𝑦)   (13) 

where, 𝑐(𝑢, 𝑣) =
𝜕2𝐶(𝑢,𝑣)

𝜕𝑢𝜕𝑣
. 

Let the sample of random variables (𝑋, 𝑌) be {(𝑋𝑖 , 𝑌𝑖), 𝑖 =

1,2, ⋯ , 𝑛}, then, the likelihood function can be expressed as: 

𝐿(𝜃) = ∏ 𝑐(𝐹1(𝑋𝑖), 𝐹2(𝑌𝑖))𝑛
𝑖=1 𝑓1(𝑥𝑖)𝑓2(𝑦𝑖)           (14) 

where 𝑛 is the sample size. 

Taking the logarithm of Equation (12), the log-likelihood 

function is obtained as: 

( ) ( ) ( )( ) ( ) ( )1 2 1 2

1 1 1

ln ln , ln ln
n n n

i i i i

i i i

L θ c F X F Y f x f y
= = =

= + +   (15) 

Taking the partial derivative of the log-likelihood function 

in Equation (13) with respect to 𝜃 and setting it equal to zero: 

𝜕 𝑙𝑛 𝐿(𝜃)

𝜕𝜃
= 0   (16) 

Solving this equation finally yields the maximum likelihood 

estimate of the unknown parameter 𝜃: 

𝜃̂ = 𝑎𝑟𝑔𝑚𝑎𝑥 𝐿 (𝜃)         (17) 
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4.2. Model evaluation metrics 

A. 𝐴𝐼𝐶（Akaike Information Criterion） 

Its formula is given by: 

𝐴𝐼𝐶 = 2𝐾 − 2 𝑙𝑛(𝐿)           (18) 

where 𝐾 is the number of parameters in the model; 𝐿 is the 

maximum likelihood value of the model.  

A smaller 𝐴𝐼𝐶  value indicates a better balance between 

goodness-of-fit and model complexity. When fitting copula 

functions, the model with the smallest 𝐴𝐼𝐶 value is selected, as 

it is considered the best for capturing the underlying dependence 

structure in the data. 

B. 𝐵𝐼𝐶（Bayesian Information Criterion） 

Its formula is given by: 

𝐵𝐼𝐶 = 𝐾 𝑙𝑛(𝑛) − 2 𝑙𝑛(𝐿)          (19) 

where 𝐾 is the number of parameters in the model, 𝑛 is the 

sample size, and 𝐿 is the maximum likelihood value. 

In the selection of copula functions, a smaller 𝐵𝐼𝐶  value 

indicates a better model. The model with the smallest 𝐵𝐼𝐶  is 

chosen as the optimal one. 

C. KS Test（Kolmogorov–Smirnov Test） 

The formula for the 𝐾𝑆 test is given by: 

𝐷𝑛 = 𝑠𝑢𝑝
𝑥

|𝐹𝑛(𝑥) − 𝐹(𝑥)|          (20) 

where 𝐹𝑛(𝑥)  is the empirical distribution function of the 

sample, 𝐹(𝑥)  is the cumulative distribution function of the 

theoretical distribution, and 𝑠𝑢𝑝 denotes the supremum. 

The closer the value of 𝐷𝑛 is to 0, the closer the empirical 

distribution is to the theoretical distribution; The larger the 

value of 𝐷𝑛, the greater the discrepancy between them. 

4.3. Rank-sum method for lifetime distribution selection 

Assume that the software system has 𝑛 subsystems denoted by 

𝐹1, 𝐹2, ⋯ , 𝐹𝑛, with candidate lifetime distributions to be fitted 

given by 𝐴1, 𝐴2, ⋯ , 𝐴𝑘 , and the evaluation metrics for fitting 

denoted by 𝐵1, 𝐵2 , ⋯ , 𝐵𝑚. 

To fit the lifetime distributions 𝐴1, 𝐴2, ⋯ , 𝐴𝑘  to each 

subsystem 𝐹1, 𝐹2, ⋯ , 𝐹𝑛, and to obtain their values under the 𝑚 

evaluation metrics 𝐵1, 𝐵2, ⋯ , 𝐵𝑚, the procedure is as follows. 

For each subsystem 𝐹𝑖(𝑖 = 1, ⋯ , 𝑛)  and each candidate 

lifetime distribution 𝐴𝑗(𝑗 = 1, ⋯ , 𝑘), calculate the rankings for 

every metric 𝐵𝑞(𝑞 = 1, ⋯ , 𝑚) sequentially. The best-performing 

distribution under a given metric receives a rank of 1, the 

second-best receives a rank of 2, and so on, until the worst-

performing distribution receives a rank of 𝑗. The ranks of each 

lifetime distribution across all 𝑚  metrics are then summed to 

obtain its comprehensive rank sum: 

𝑆𝑟𝑎𝑛𝑘 = 𝑅𝐵1
+ 𝑅𝐵2

+ ⋯ + 𝑅𝐵𝑚
           (21) 

where 𝑅𝐵1
、 𝑅𝐵2

、…、 𝑅𝐵𝑚
  represent the ranks of the 

lifetime distribution under the corresponding metrics, 

respectively. 

Therefore, for each metric 𝐵𝑞(𝑞 = 1, ⋯ , 𝑚) , a rank is 

assigned to each lifetime distribution 𝐴𝑗(𝑗 = 1, ⋯ , 𝑘) . The 

ranks of each distribution across all 𝑚 metrics are then summed, 

yielding the rank sum 𝑆𝑟𝑎𝑛𝑘 = ∑ 𝑅𝑝
𝑚
𝑝=1  . The lifetime 

distribution with the smallest rank sum is selected as the optimal 

choice. 

5. Case study 

5.1. Real software failure data 

This paper utilizes real-world failure data from a software 

system consisting of multiple components. The data were 

obtained from Apache Tomcat, an open-source software project. 

Tomcat is a core project within the “Jakarta” project of the 

Apache Software Foundation and serves as a free, open-source 

web application server. The data are sourced from 

https://bz.apache.org/bugzilla/query.cgi; Specifically, failure 

data were collected from the Tomcat 7 software system, 

spanning from February 2010 to September 2020 (recorded on 

a daily basis). Tomcat 7 contains three subsystems, denoted as 

𝐹1  for the Documentation subsystem, 𝐹2  for the Packaging 

subsystem, and 𝐹3  for the Manager subsystem. Among them, 

subsystem 𝐹1  has 73 failure records, subsystem 𝐹2  has 51 

failure records, and subsystem 𝐹3 has 59 failure records. 

5.2. Fitting results of subsystem lifetime distributions 

For each of the subsystems-Documentation, Packaging, and 

Manager-this paper calculates the values of three evaluation 

metrics, namely AIC, BIC, and the KS test, obtained by fitting 

five candidate lifetime distributions: the Log-normal 

distribution, Weibull distribution, Gamma distribution, 

exponential distribution, and Normal distribution. 

For each metric, a rank is assigned to every fitted lifetime 

distribution. The ranks of each distribution across all three 

metrics are then summed, yielding the rank sum 𝑆𝑟𝑎𝑛𝑘 =

∑ 𝑅𝑖
3
𝑖=1 . The lifetime distribution with the smallest rank sum is 
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selected as the optimal choice. 

Table 3. Failure data of subsystem documentation. 

NO. Time between failures NO. Time between failures NO. Time between failures NO. Time between failures 

1 71.36 19 4.47 37 6.62 55 20.71 

2 8.68 20 17.18 38 7.00 56 5.52 
3 86.86 21 3.93 39 28.80 57 45.61 

4 42.79 22 62.52 40 1.98 58 52.48 

5 16.68 23 11.57 41 106.76 59 11.93 
6 23.66 24 42.05 42 21.92 60 3.92 

7 17.21 25 1.94 43 22.26 61 25.76 

8 13.02 26 13.00 44 14.15 62 437.80 
9 7.99 27 23.38 45 19.68 63 33.29 

10 47.86 28 42.88 46 0.92 64 194.13 

11 1.43 29 9.82 47 2.19 65 4.17 
12 8.73 30 5.60 48 65.72 66 48.09 

13 55.89 31 7.03 49 23.22 67 88.18 

14 20.37 32 14.80 50 12.85 68 4.29 
15 48.61 33 4.54 51 23.20 69 318.99 

16 2.15 34 12.00 52 11.29 70 673.46 

17 13.84 35 1.18 53 36.99 71 521.92 
18 41.54 36 1.46 54 82.72 72 220.63 

Table 4. Failure data of subsystem packaging. 

NO. Time between failures NO. Time between failures NO. Time between failures NO. Time between failures 

1 140.10 14 64.04 27 16.19 40 6.81 
2 127.06 15 14.26 28 31.40 41 203.89 

3 20.33 16 8.60 29 89.91 42 39.02 
4 15.12 17 53.25 30 57.20 43 192.08 

5 38.75 18 2.77 31 42.11 44 939.34 

6 162.07 19 5.81 32 174.90 45 84.66 
7 17.95 20 2.49 33 36.02 46 103.05 

8 18.84 21 0.95 34 1.28 47 0.66 

9 2.19 22 25.93 35 89.54 48 149.96 
10 25.92 23 6.99 36 69.22 49 329.52 

11 94.43 24 19.85 37 10.92 50 58.85 

12 23.52 25 6.33 38 5.10   
13 20.27 26 55.94 39 12.11   

Table 5. Failure data of subsystem manager. 

NO. Time between failures NO. Time between failures NO. Time between failures NO. Time between failures 

1 36.70 16 30.60 31 13.10 46 12.12 
2 6.04 17 32.19 32 21.37 47 56.25 

3 1.29 18 170.05 33 39.08 48 144.81 

4 53.07 19 44.01 34 9.71 49 61.93 
5 53.99 20 2.02 35 21.25 50 184.20 

6 15.83 21 7.53 36 46.51 51 269.98 

7 10.23 22 87.51 37 43.26 52 133.90 
8 10.57 23 49.76 38 11.94 53 329.96 

9 1.26 24 65.08 39 6.24 54 1.33 

10 70.83 25 152.64 40 17.63 55 62.59 
11 13.99 26 22.23 41 15.30 56 182.23 

12 42.20 27 67.91 42 9.90 57 124.44 

13 49.82 28 29.02 43 175.15 58 536.13 
14 5.28 29 8.87 44 40.10   

15 10.26 30 41.94 45 0.49   

Table 6. Fitting of lifetime distributions for subsystem documentation. 

Distribution Type Parameters Log-likelihood AIC BIC KS 
P-value

（KS） 

Log-normal 𝜇 =2.9181,𝜎 = 1.4457 -338.8102 681.6204 686.1737 0.0575 0.9601 

Weibull 𝑘 = 0.6701,𝜆 = 38.7038 -346.5348 697.0695 701.6229 0.1122 0.3022 

Gamma 𝛼 = 0.5660,𝛽 = 0.0102 -351.5227 707.0453 711.5986 0.1641 0.0367 

Exponential 𝜆 = 0.0180 -361.3814 724.7629 727.0396 0.2787 0 

Normal 𝜇 = 55.6558,𝜎 = 115.6640 -444.2132 892.4265 896.9798 0.3187 0 

5.2.1. Fitting results of lifetime distributions 

From the table below, the fitting results of lifetime distributions 

for subsystem Documentation can be obtained. It can be 

observed from the p-values of the KS test that only the log-

normal distribution and the Weibull distribution have p-values 

greater than 0.05. Therefore, these distributions can be 

considered to fit the failure interval data of subsystem 

Documentation well, indicating no significant difference 

between the data and the distributional assumptions, and thus 
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the fitting performance is satisfactory. 

In the following analysis, only the log-normal distribution 

and the Weibull distribution are evaluated using the rank-sum 

method. 

According to the ranking results in the table below, the log-

normal distribution has a comprehensive rank of 4, and the 

Weibull distribution has a comprehensive rank of 5. The log-

normal distribution has the smallest comprehensive rank, 

therefore, it is ultimately selected as the lifetime distribution for 

subsystem Documentation, with parameters 𝜇  =2.9181, 𝜎  = 

1.4457. 

Table 7. Rank sum for subsystem documentation. 

Distribution 

Type 
𝑹𝑨𝑰𝑪 𝑹𝑩𝑰𝑪 𝑹𝑲𝑺 𝑺𝒓𝒂𝒏𝒌 

Log-normal 2 1 1 4 

Weibull  1 2 2 5 

From the table below, the fitting results of lifetime 

distributions for subsystem Packaging can be obtained. It can be 

observed from the p-values of the KS test that only the log-

normal distribution, Weibull distribution, and Gamma 

distribution have p-values greater than 0.05. Therefore, these 

distributions can be considered to fit the failure interval data of 

subsystem Packaging well, indicating no significant difference 

between the data and the distributional assumptions, and thus 

the fitting performance is satisfactory. 

In the following analysis, only the log-normal distribution, 

Weibull distribution, and Gamma distribution are evaluated 

using the rank-sum method. 

According to the ranking results in the table below, the log-

normal distribution has a comprehensive rank of 4, the Weibull 

distribution has a comprehensive rank of 5, and the Gamma 

distribution has a comprehensive rank of 9. The log-normal 

distribution has the smallest comprehensive rank, therefore, it is 

ultimately selected as the lifetime distribution for subsystem 

Packaging, with parameters 𝜇 =3.2956, 𝜎 =1.5508. 

Table 8. Fitting of lifetime distributions for subsystem packaging. 

Distribution Type Parameters Log-likelihood AIC BIC KS 
P-value

（KS） 

Log-normal 𝜇 =3.2956,𝜎 =1.5508
 

-257.6641 519.3282 523.1522 0.0694 0.9561 

Weibull  𝑘 =0.7077,𝜆 =57.0940
 

-258.5809 521.1618 524.9858 0.0644 0.9770 

Gamma  𝛼 =0.6086,𝛽 =0.0082
 

-260.4079 524.8185 528.6398 0.0976 0.6909 

Exponential 𝜆 = 0.0134
 

-265.4389 532.8778 534.7898 0.2056 0.0249 

Normal 𝜇 =74.3495,𝜎 =140.3320
 

-318.1475 640.2949 644.1190 0.2997 0.0002 

Table 9. Rank sum for subsystem packaging. 

Distribution Type 𝑹𝑨𝑰𝑪 𝑹𝑩𝑰𝑪 𝑹𝑲𝑺 𝑺𝒓𝒂𝒏𝒌 

Log-normal 1 1 2 4 
Weibull 2 2 1 5 

Gamma 3 3 3 9 

Table 10. Fitting of lifetime distributions for subsystem manager. 

Distribution Type Parameters Log-likelihood AIC BIC KS 
P-value

（KS） 

Log-normal 𝜇 =3.3278,𝜎 = 1.4561 -297.1041 598.2082 602.3291 0.0922 0.6737 

Weibull  𝑘 =0.7856,𝜆 = 55.7736 -296.6131 597.2262 601.3471 0.0923 0.6716 

Gamma  𝛼 =0.7137,𝛽 = 0.0110 -297.5149 599.0387 603.1596 0.1114 0.4362 

Exponential 𝜆 = 0.0154 -300.0168 602.0335 604.0940 0.1455 0.1550 

Normal 𝜇 =64.8906,𝜎 =92.1903 -344.6820 693.3640 697.4849 0.2674 0.0004 

From the table below, the fitting results of lifetime 

distributions for subsystem Manager can be obtained. It can be 

observed from the p-values of the KS test that the log-normal 

distribution, Weibull distribution, Gamma distribution, and 

exponential distribution all have p-values greater than 0.05. 

Therefore, these distributions can be considered to fit the failure 

interval data of subsystem Manager well, indicating no 

significant difference between the data and the distributional 

assumptions, and thus the fitting performance is satisfactory. 

In the following analysis, only the log-normal distribution, 

Weibull distribution, Gamma distribution, and exponential 

distribution are evaluated using the rank-sum method. 

According to the ranking results in the table below, the log-

normal distribution has a comprehensive rank of 5, the Weibull 

distribution has a comprehensive rank of 4, the Gamma 

distribution has a comprehensive rank of 9, and the exponential 

distribution has a comprehensive rank of 12. The Weibull 

distribution has the smallest comprehensive rank, therefore, it is 

ultimately selected as the lifetime distribution for subsystem 

Manager, with parameters𝑘 =0.7856, 𝜆 = 55.7736. 
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Table 11. Rank sum for subsystem manager. 

Distribution 

Type 
𝑹𝑨𝑰𝑪 𝑹𝑩𝑰𝑪 𝑹𝑲𝑺 𝑺𝒓𝒂𝒏𝒌 

Log-normal 2 2 1 5 

Weibull 1 1 2 4 

Gamma 3 3 3 9 

Exponential 4 4 4 12 

5.3. Correlation analysis and optimal Copula function 

Using R software, the MIC values between each pair of 

subsystems in Table 12 are calculated. The MIC value ranges 

from 0 to 1, with larger values indicating stronger failure 

dependence (see Figure 1). From the MIC results, it can be 

found that 𝐹1 and 𝐹2 exhibit a relatively high correlation, with 

an MIC value above 0.5. The correlation between 𝐹2 and 𝐹3 is 

moderate, while that between 𝐹1 and 𝐹3 is the lowest, with MIC 

values around 0.33 for both 𝐹3 with 𝐹1 and 𝐹2. Therefore, it can 

be preliminarily concluded that, in this failure dataset, 

subsystem 𝐹1  (Documentation) and subsystem 𝐹2  (Packaging) 

exhibit failure dependence. Based on this judgment, the failure 

dataset can be further modeled and analyzed for reliability using 

a corresponding failure-dependent software reliability model. 

Table 12. MIC value for each pair of subsystems. 

pair of subsystems MIC Value 

(𝐹1, 𝐹2) 0.5060 
(𝐹1, 𝐹3) 0.3371 
(𝐹2, 𝐹3) 0.3397 

After calculating the MIC values for each pair of subsystems 

and preliminarily determining the failure dependence between 

subsystems, this study further calculates the tail dependence 

coefficient between the dependent subsystem pair, 

Documentation and Packaging. The results show that the upper-

tail dependence coefficient is 0.2, while the lower-tail 

dependence coefficient approaches 0, indicating a significant 

asymmetric tail dependence structure. 

Based on this characteristic, elliptical Copulas such as the 

Gaussian Copula (with no tail dependence) and the t-Copula 

(with symmetric tail dependence) are theoretically incapable of 

capturing asymmetric tail dependence structures. Therefore, 

Copula functions with symmetric tail dependence are excluded, 

and Copulas with asymmetric tail dependence characteristics 

are selected as candidate models. However, although the Frank 

Copula has both upper- and lower-tail dependence coefficients 

equal to 0, as a member of the Archimedean family, it is capable 

of capturing the overall correlation between variables. In this 

study, it is retained as a reference for the case with no tail 

dependence tendency, so as to more comprehensively compare 

the effects of different dependence structures on system 

reliability. 

Accordingly, this paper selects three types of Copula 

functions (Clayton, Gumbel, and Frank) based on the 

characteristics of the data to determine the optimal Copula 

function for the dependent subsystems. First, the maximum 

likelihood estimation method is used to fit these three Copula 

functions, obtaining the corresponding parameter estimates 𝜃. 

Subsequently, a multi-dimensional evaluation system is 

employed to comprehensively assess the performance of the 

models: the AIC and BIC values are calculated to measure the 

balance between goodness-of-fit and model parsimony. 

From the Copula fitting results in the table below, it can be 

seen that the Gumbel Copula function has the smallest AIC and 

BIC values among the three Copulas. Therefore, the Gumbel 

Copula function is selected as the optimal Copula model for 

subsystems Documentation and Packaging. 

Table 13. Copula Fitting Results for (𝐹1, 𝐹2). 

Copula 

Type 
Parameter𝜽 

Log-

likelihood 
AIC BIC 

Gumbel 1.1617 0.7812 0.4376 2.3496 

Frank 1.1030 0.6950 0.6100 2.5220 

Clayton 0.2812 0.6481 0.7037 2.6158 

5.4. System reliability analysis 

5.4.1. System reliability function 

From Equation (5), the reliability of the dependent subsystems 

is given by 𝑅(1,2)(𝑡) = 1 − 𝐹1 − 𝐹2 + 𝐶(𝐹1, 𝐹2) . Then, as 

indicated by Equation (7), when subsystem 𝐹1 and subsystem 

𝐹2  exhibit failure dependence, the reliability function of the 

overall system 𝑅𝑠𝑦𝑠𝑡𝑒𝑚(𝑡) is:  

𝑅𝑠𝑦𝑠𝑡𝑒𝑚(𝑡) = 𝑅(1,2)(𝑡) × 𝑅3(𝑡) = {1 − 𝐹1 − 𝐹2 + 𝐶(𝐹1, 𝐹2)} ×

𝑅3(𝑡) = {1 − (1 − 𝑅1(𝑡)) − (1 − 𝑅2(𝑡)) + 𝐶(1 − 𝑅1(𝑡), 1 −

𝑅2(𝑡))} × 𝑅3(𝑡) = {𝑅1(𝑡) + 𝑅2(𝑡) − 1 + 𝐶(1 − 𝑅1(𝑡), 1 −

𝑅2(𝑡))} × 𝑅3(𝑡)   (22) 

When the failures of the subsystems are considered to be 

independent of each other, the system reliability function is 

given by:  

𝑅(𝑡) = 𝑅1(𝑡)𝑅2(𝑡)𝑅3(𝑡)            (23) 

where: 

𝐹1(𝑡) = 𝛷 (
𝑙𝑛(𝑡)−𝜇1

𝜎1
),𝑅1(𝑡) = 1 − 𝐹1(𝑡) = 1 − 𝛷 (

𝑙𝑛(𝑡)−𝜇1

𝜎1
),𝜇1=2.9181,𝜎1=1.4457. 
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𝐹2(𝑡) = 𝛷 (
𝑙𝑛(𝑡)−𝜇2

𝜎2
),𝑅2(𝑡) = 1 − 𝐹2(𝑡) = 1 − 𝛷 (

𝑙𝑛(𝑡)−𝜇2

𝜎2
),𝜇2=3.2956,𝜎2=1.5508. 

𝐹3(𝑡) = 1 − 𝑒𝑥𝑝 [− (
𝑡

𝜆
)

𝑘
],𝑅3(𝑡) = 𝑒𝑥𝑝 [− (

𝑡

𝜆
)

𝑘
],𝑘 =0.7856,𝜆 =55.7736. 

The copula function is given by:  

𝐶(𝑢, 𝑣; 𝜃) = 𝑒𝑥𝑝 {−[(− 𝑙𝑛 𝑢)𝜃 + (− 𝑙𝑛 𝑣)𝜃]
1

𝜃},𝜃 =1.1617. 

5.4.2. Analysis of results 

Based on the reliability function model constructed in Section 

5.4.1, this section presents a comparative analysis of the 

software system’s reliability evaluation results under two 

different assumptions. Through calculation and visualization, 

the reliability functions of the overall system and its individual 

subsystems over time under the Gumbel Copula model（𝜃  = 

1.1617）are obtained, as shown in Figure 3.  

As can be observed from Figure 3, by comparing the 

subsystems, it is evident that the reliability of 𝐹1 and 𝐹2 are the 

clear weak points of the system. Moreover, their combined 

reliability decays more rapidly due to the failure dependence 

between them, which directly dominates the overall system 

failure. Therefore, the weak points of the system are mainly 

concentrated in 𝐹1  and 𝐹2  . When conducting preventive 

maintenance, redundancy design, or quality improvement, 

resources should be allocated preferentially to 𝐹1 and 𝐹2, as the 

benefits will be far greater than optimizing 𝐹3, whose reliability 

is already high. A differentiated maintenance strategy should be 

adopted, implementing high-frequency, preventive monitoring 

and maintenance for 𝐹1  and 𝐹2 , while for 𝐹3 , condition-based 

maintenance or a longer inspection cycle can be applied, 

thereby allocating operational and maintenance resources more 

effectively.  

 

Figure 3. Reliability function curves of the system and its components. 

 

Figure 4. Comparison of system reliability under different Copula assumptions and the independence assumption.  
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The overall system reliability drops below 0.25 by day 40, 

indicating that after a very short “useful life period”, the system 

quickly enters a wear-out phase with a high failure rate. The 

design of this system may not be suitable for production 

environments requiring long-term continuous operation. The 

expected service life of the system should be clearly defined 

(e.g., 30 days), and mandatory version updates, service restarts, 

or system replacement processes should be planned around this 

cycle, rather than attempting to maintain its operation 

indefinitely. For example, by day 10, the reliability of the 

software system has already dropped below 0.9, suggesting that 

software engineers should promptly repair system faults; 

otherwise, the software may fail and become unavailable. 

Figure. 4 intuitively presents the differences in system 

reliability evaluation under four assumptions. Among them, the 

orange solid line represents the system reliability curve based 

on the Gumbel Copula considering the upper-tail dependence 

among subsystems, the blue solid line represents the reliability 

curve under the Frank Copula assumption, the green solid line 

represents the reliability curve under the Clayton Copula 

assumption, and the black dashed line represents the system 

reliability curve under the assumption that all subsystem 

failures are completely independent of each other. 

As shown in Figure. 4, throughout the entire observed time 

domain, the ranking of the four curves remains stable: the 

Gumbel Copula curve is always at the top, followed by the 

Frank Copula curve, the Clayton Copula curve lies below the 

first two, and the independence assumption curve is always at 

the bottom. Among them, the differences between Gumbel, 

Frank, Clayton and the independence assumption decrease 

successively, indicating that the selection of Copula functions 

has a significant impact on the system reliability evaluation 

results. 

It is particularly noteworthy that the difference between the 

Gumbel Copula and the independence assumption is the most 

significant, and the area enclosed between them clearly 

characterizes the deviation in reliability evaluation results 

between the two extreme scenarios of “considering upper-tail 

dependence” and “completely ignoring dependence”. This 

graphical relationship strongly demonstrates that, in this case, 

when the Gumbel Copula model is introduced to characterize 

the failure dependence among subsystems, the evaluated overall 

system reliability is not lower than that obtained under the 

traditional independence assumption at any time, and is 

significantly higher than the latter during most of the time 

period. 

The reason for this result is that the Gumbel Copula can 

accurately capture the dependence and upper-tail dependence 

among subsystems. Although the Frank Copula can describe the 

overall correlation, its tail dependence coefficient is 0, making 

it unable to capture extreme tail co-movement. The Clayton 

Copula, despite having tail dependence, exhibits lower-tail 

dependence, which is inconsistent with the upper-tail 

dependence characteristics of the present data. The ranking of 

the goodness-of-fit of the three Copulas is completely consistent 

with the ranking of the reliability curves, further verifying the 

rationality of the Copula selection. 

To quantitatively verify the necessity of considering 

dependence, this paper calculates the mean absolute error (MAE) 

and root mean square error (RMSE) of the Gumbel Copula 

model and the traditional independent model in predicting the 

cumulative number of failures. As shown in Table 14, the MAE 

and RMSE of the Gumbel Copula model are 2.9608 and 3.3693, 

respectively, both significantly lower than those of the 

independent model (3.0275 and 3.4473). This result indicates 

that considering the failure dependence among subsystems can 

effectively improve the fitting accuracy of system reliability 

evaluation, quantitatively verifying the superiority of the 

proposed dependence model. 

This dependence structure reflects a common scenario in 

real-world engineering: due to shared operating environments, 

common loads, or potential common-cause failure modes, the 

health status of one component has a positive influence on that 

of another. The traditional independence assumption completely 

ignores the inherent statistical associations among subsystems, 

which may lead to an overly pessimistic estimation of the 

system state when computing the joint system reliability. In 

contrast, the Gumbel Copula incorporates this positive 

correlation into the model through its mathematical structure, 

thereby yielding a more optimistic and generally more realistic 

reliability evaluation that closely reflects the actual operational 

mechanisms of complex systems. 
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Table 14. Comparison of prediction accuracy for the cumulative 

number of system failures under different models. 

Model MAE RMSE 

Gumbel Copula 2.9608 3.3693 

Independence Model 3.0275 3.4473 

6. Conclusion 

This study establishes a reliability assessment framework for 

software systems based on actual failure data. To address the 

limitations of the traditional independence assumption,  

a reliability analysis method integrating optimal lifetime 

distribution selection via multiple metrics and Copula-based 

failure dependence modeling is proposed. Empirical results 

indicate that, for the software system analyzed in this study, the 

optimal lifetime distributions for the failure behavior of 

subsystem are the Weibull distribution and the log-normal 

distribution, which better capture the time-varying 

characteristics of their failure rates. When characterizing the 

failure dependence between subsystems, the optimal Copula 

function is identified as the Gumbel Copula, with its parameter  

=1.1617 effectively quantifying the “upper-tail dependence” 

risk between the two subsystems. Compared to the traditional 

independence model, the advantage of the established failure 

dependence model lies in its ability to significantly correct the 

overoptimistic estimation of system reliability by the 

independent assumption model, thereby providing early 

warnings of more credible failure risks. It is recommended that 

preventive maintenance or inspections be implemented for this 

software system with a cycle shorter than 30 days to effectively 

control the risks. 

This study provides a comprehensive analytical framework 

for the case of binary failure dependence, yet there remains 

room for further extension and refinement. First, high-

dimensional dependence modeling represents an important 

direction for future research. This paper only addresses the 

dependence between two subsystems; For complex software 

systems involving multiple interrelated subsystems, it is 

necessary to introduce structures such as multivariate copulas 

or vine copulas to finely characterize the multivariate failure 

dependence network. Second, the dynamic adaptability of 

model parameters and maintenance strategies needs to be 

enhanced. Future work could explore the integration of time-

varying copulas with methods such as reinforcement learning, 

enabling the model to adaptively adjust based on online 

monitoring data and dynamically optimize maintenance 

scheduling, thereby striking a precise balance between 

reliability assurance and operational cost.
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