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Highlights  Abstract  

▪ Adaptation of the whale algorithm to multi-

objective and constrained optimization. 

▪ Optimal design of the brushless DC motor to 

the electric vehicle. 

▪ The performance reliability of two heuristic 

algorithm was compared, i.e. (a) WOA, (b) 

PSO. 

 This paper presents the algorithm and computer script for the multi-

objective and constrained optimization of the brushless DC motors for 

the propulsion of the electric vehicles. The optimization procedure was 

developed on the basis of the whale optimization algorithm and tested 

using the selected benchmark function. The universal analytical model 

of the brushless DC motor (BLDC) was developed. The designed motor 

is described by four design variables. The methodology of the two-stage 

adaptation of the whale optimization algorithm to multi-objective and 

constrained optimization of the electromagnetic devices are proposed. 

The developed adaptation improved the efficiency and reliability of the 

optimization procedure. The multi-objective compromise function 

contains two functional parameters of the designed motor: efficiency and 

total materials mass. In the case of the constrained optimization problem, 

the total mass of the designed motor was minimized and efficiency was 

maximized, whereas winding temperature was taken into account as  

a constraints. Selected results of the optimization calculation were 

presented and discussed.  
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1. Introduction 

Optimization algorithms are more and more commonly applied 

in electrical machines optimal design [1,2], just like in other 

fields requiring devices and systems with strictly and precisely 

defined properties [3]. If optimization algorithms do not 

determine an optimal solution, then they certainly indicate what 

affects the parameters of the designed device or system 

significantly [4]. 

Nowadays, many papers are devoted to the application of 

various metaheuristic optimization algorithms in the optimal 

design of electromagnetic devices [5]. Those papers are divided 

into two main groups: (a) application to optimization algorithms 

to improve various parameters of designed devices [6,7], and (b) 

development of new, more efficient, and reliable optimization 

algorithms [8]. The previous decade has brought enormous 

development of metaheuristic optimization algorithms that can 

successfully and powerfully support the design process of the 

electromagnetic devices [9]. 

The large number of available metaheuristic optimization 

algorithms and the diversity of their mathematical models and 

algorithm properties [10] allow that, before starting to solve the 

optimization problem, the researcher must select an appropriate 

algorithm [11]. After selecting a proper optimization algorithm, 
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it is necessary to select proper values of the characteristic 

coefficients of the optimization algorithm. The correct selection 

of the characteristic coefficients is named adaptation. Proper 

adaptation process is very important and ensures balance 

between exploration and exploitation, which guarantee the 

efficiency and convergence of the optimization algorithm, and 

reliability in escapes from local optima points [12].  

In the articles devoted on the optimization of brushless DC 

motors published in the last three years, analytical models and 

lumped parameter models are mostly used for optimization, and 

the finite element models are rarely used. In [13], an analytical 

model was used to optimize a BLDC motor. A simplified 

lumped parameter model was applied in [14], and the results of 

optimization calculations were verified after building  

a prototype of the BLDC motor. Articles [15,16] present an 

application of a simplified BLDC motor model to execute 

optimization the control system. 3D models are most often used 

to optimize complex motor structures that cannot be considered 

in 2D models [17]. 

The whale optimization algorithm (WOA) is an interesting 

approach among nature-inspired optimization algorithms. The 

optimization process is modelled on the whale hunting process 

[18]. This algorithm includes different mechanism such as: 

enveloping the prey phenomena, hunting by bubble strategy, 

and random search [19]. WOA includes the spiral motion of the 

hunting whales. Spiral searching of all individuals allows for 

finding a better solution, located around the best-adapted whale. 

The algorithm is resistant to getting stuck at local extremum 

points via a random search mechanism. The algorithm is also 

characterized by good convergence and reliability at searching 

global solution [20]. The whale optimization algorithm has 

often been used to solve various engineering problems [21,22].  

The actual literature lacks approaches to adapting the WOA 

algorithm for multi-objective optimization and constraint 

optimization in the design of electromagnetic devices. The 

paper presents the approach of two-stage adaptation of the 

WOA algorithm and its impact on the efficiency and reliability 

of optimization algorithm.  

The aim of this work is to develop an optimization procedure 

using WOA and an adaptation of this algorithm to multi-

objective and constrained optimization of the BLDC motor 

intended to the propulsion of electric vehicles. 

The main contributions of this paper are as follows: 

• An adaptation of the metaheuristic WOA to multi-

objective optimization of electromagnetic devices, 

especially permanent magnet motors, was proposed. The 

non-linear changes [23] of the characteristic coefficient 

optimization algorithm to obtain faster convergence. 

• The approach with a smooth increase of the penalty 

coefficient is proposed. In the developed method, the 

penalty coefficient is changed in each iteration of the 

optimization algorithm. The use of smooth changes in 

the coefficient increases the performance and reliability 

of the optimization algorithm. 

• An adaptation of the WOA algorithm was developed to 

take into account constraints in the optimal design of 

electromagnetic devices. This adaptation involves 

nonlinearly increasing the penalty coefficient in each 

iteration of the algorithm. Nonlinear changes of the 

penalty coefficient improve the performance of the 

optimization algorithm. 

• A methodology for two-stage adaptation of the WOA 

optimization algorithm is presented [24]. The first stage 

involves adapting the characteristic coefficients of the 

optimization algorithm. The second stage involves 

adapting the way of changes penalty coefficient. 

The social interactions in whale pod and mathematical 

model of optimization algorithm are presented in section 2. The 

correctness test of the optimization procedure using selected 

benmarch function is presented in section 3. Mathematical 

model of optimized BLDC motors is described in Section 4. 

Next the result of multi-objective and constrained optimization 

are presented in Section 5. The section 6 presents the finite 

method analysis and comparison the optimal results obtained 

for analytical model The summarizing conclusions are 

discussed in section 7. 

2. Whale optimization algorithm 

Whale optimization algorithm was proposed by S. Mirjalili and 

A. Lewis in 2016 [25]. The algorithm is based on the hunting 

behaviour of some whale species. Whales are one of the most 

intelligent animals in World [26], hence the idea of using the 

hunting mechanism to develop an optimization algorithm. The 

hunting is a very complex process [27]. Papers [28,29] describe 



Eksploatacja i Niezawodność – Maintenance and Reliability Vol. 28, No. 4, 2026 

 

two types of hunting behaviour which will affect the whale 

optimization algorithm. WOA is included in the group of swarm 

intelligence methods [30]. 

The whale optimization algorithm involves determining the 

positions of all individuals in the pod using the position of the 

best-adapted or random whale. In the first iteration (initiation) 

positions of all whales are generated randomly. In the next stage 

hunting method is selected. The probability of choosing  

a specific hunting method is equal. To do this, random p number 

is generated from range [0,1]. In the next step positions of all 

whales change according to equations [31]. If p<0.5 then the 

siege mechanism is used. In this mechanism, the first operation 

that needs to be done is to calculate the values of characteristic 

parameters, that will change at each iteration: 

A𝑖
𝑘 = 2 ⋅ 𝑎 ⋅ 𝑟1 − 𝑎, 𝐶𝑖

𝑘 = 2 ⋅ 𝑟2   (1) 

where: 𝑘  is the iteration number, 𝑟1, 𝑟2  are the randomly 

generated numbers from range [0,1] , 𝑎  non-linear decrease 

coefficient from 2 to 0 with the increasing number of iteration. 

In the next stage position of whales are calculated:  

𝑋𝑖
𝑘+1 = 𝑋𝑖

∗ − 𝐴𝑖
𝑘 ⋅ | 𝐶𝑖

𝑘 ⋅ 𝑋𝑖
∗ − 𝑋𝑖

𝑘|  (2) 

where: X𝑖
∗ is the possible position of prey and it depends on 

the value of |𝐴|. If |𝐴| < 1 then X𝑖
∗ = 𝑋𝑖

𝑏𝑒𝑠𝑡, where 𝑋𝑖
𝑏𝑒𝑠𝑡 is the 

position of best-adapted whale in pod. Otherwise ( |𝐴| ≥ 1 ) 

X𝑖
∗ = 𝑋𝑖

𝑟𝑎𝑛𝑑  , where 𝑋𝑖
𝑟𝑎𝑛𝑑  is the position of the randomly 

selected whale. 

As mentioned above, the hunting mechanism is chosen 

based on the value of the random number p. The spiral model is 

used when p≥0.5. In that case, calculating D' is necessary: 

𝐷𝑖
′𝑘 = | 𝑋𝑖

𝑏𝑒𝑠𝑡 −  𝑋𝑖
𝑘|            (3) 

Finally, position of all whales is calculated using formula: 

𝑋𝑖+1
𝑘 = 𝐷𝑖

′𝑘 ⋅ 𝑒𝑏𝑙 ⋅ 𝑐𝑜𝑠(2𝜋𝑙) +  𝑋𝑖
𝑏𝑒𝑠𝑡       (4) 

where: b is the constant number, l is the generated randomly 

from range [-1,1]. 

The flowchart of the elaborated optimization procedure is 

presented on Figure 1. 

3. Correctness test of the optimization procedure 

The optimization algorithm and procedure based on WOA were 

developed in a Python programming environment. Then the 

correctness of the optimization procedure was checked using 

the drop-wave benchmark function. 

The drop-wave benchmark function is described by formula: 

𝑓(𝑥1, 𝑥2) = −
1+cos(12√𝑥1

2+𝑥2
2)

0,5(𝑥1
2+𝑥2

2)+2
  (5) 

where: 𝑥1 is included the range (–2.0, 2.0), 𝑥2 is included in 

the range (–2.0, 2.0). 

 

Figure 1. The block diagram of the developed WOA algorithm. 

The drop-wave function is a multimodal function with one 

global minimum and multiple local optima. Global minimum is 

attained for 𝑥1 = 0  and 𝑥2 = 0  and it is equal to 𝑓(0,0) = −  1 

[32]. Figure 2 presents a 3D plot of drop-wave function when 

𝑥1, 𝑥2 ∈ [−1,1]. 

During testing computation, a population of 50 whales and 

a maximal number of iterations equal to 40 were adapted. The 

optimization software was run 25 times for random initial 

populations. The a coefficient are non-linearly decreased in 

successive iterations of optimization process and b coefficient 

equal 1.  

For a series of 25 starts of the optimization procedure, the 

statistical analysis was done. The best, worst results from the 
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series, average (AV) objective function and standard deviation 

(SD) were determined. 

 

Figure 2. 3D visualization of drop-wave function. 

Next, the series of optimization computations for the drop-

wave function using the particle swarm optimization (PSO) 

algorithm were executed. The PSO algorithm was chosen as the 

reference method because it is often applied as a comparison 

method for new optimization algorithms [33,34]. The PSO 

algorithm ensures high efficiency, good convergence and 

reliability in finding the global extremum point. The values of 

characteristic coefficients of the PSO are adopted: w1=0.2, 

c1=0.35, c2=0.45. 

Table 1 presents the statistical analysis results for a series of 

25 runs of the optimization procedures for both optimization 

algorithms. 

Table 1. Statistical analysis for drop-wave function for both 

algorithms. 

Algorithm  Best Worst AV SD 

WOA 

f(x1, 

x2) 
-1.00000000 -0.93624 

-

0.993624 

0.019160 

x1 0.000000017 0.01873 0.01874 0.059121 

x2 0.000000017 -0.48545 -0.04861 -0.04862 

PSO 

f(x1, 

x2) 

-

1.000000000 
-0.93624 

-0.98724 0.026881 

x1 
-

0.000000037 

-

0.018696 

-0.02643 0.152623 

x2 0.000000001 -0.48545 -0.07863 0.171318 

Based on Table 1, it can conclude that a similar objective 

function value for the best result was obtained for both tested 

algorithms. And, interestingly, both algorithms "get stuck" at the 

same local extremum point, they obtain the same values of the 

objective function and coordinates x1 and x2. The WOA 

algorithm obtained a lower value of the average objective 

function value from the analyzed series of optimization 

calculations. The most important parameter that allows to the 

rating of the quality of the optimization algorithm is the 

standard deviation. The SD determines how repeatable the 

results of the optimization procedure are and what is the 

probability of determining the global optimum with a single run 

of the algorithm. The WAO algorithm allows for obtaining 

better SD than PSO. The results confirmed that whale 

optimization algorithm is an interesting algorithm in the group 

of nature-inspired optimization algorithms. 

The authors did not analyzed of the number of call functions 

in this paper, because for both compared optimization 

algorithms, the number of call functions is the same. An analysis 

of the total optimization time will be discussed for the 

constrained optimization problem. 

Next, the convergence curves were compared for the 

processes ending with the best result. Figure 3 compares the 

convergence curve for WAO and PSO algorithms. 

 

Figure 3. Comparison the convergence curves for WOA and 

PSO algorithms. 

Based on the results presented in Fig. 3, it can be concluded 

that classical PSO is characterized by faster convergence than 

WOA. The faster convergence is due to the strong forces that 

concentrate the particles around the swarm leader (swarming 

behaviors). 

4. Mathematical model of outer-rotor brushless DC 

motor 

The mathematical model of the optimized BLDC motor was 

developed on non-linear equations describing phenomena 

occurring in electromagnetic devices, as well as in rotary 

electrical machines. The structure of the motor with marked 

structural dimensions is presented in Figure 4. 
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Figure 4. BLDC motor structure. 

During developing the model the phenomena describing the 

electromagnetic field, thermal field, and equation describing 

motion are taken into account [35,36]. Based on the 

electromechanical conversion law, the mechanical power 

produced by the BLDC motor can be determined [35]: 

𝑃𝑚(𝑡) = 𝑇(𝑡)𝜔(𝑡) = 𝑒𝐴(𝑡)𝑖𝐴(𝑡) + 𝑒𝐵(𝑡)𝑖𝐵(𝑡) + 𝑒𝐶(𝑡)𝑖𝐶(𝑡) (6) 

where: T is the value of electromagnetic torque, ω is the 

angular velocity, iA, iB, and iC are the phase currents, eA, eB, and 

eC are the back-electromotive forces induced in the stator 

winding.  

In steady-state operation equation (6) has form: 

𝑇𝜔 = 2𝐸𝐼   (7) 

The back-electromotive force (back-EMF) induced in the 

stator winding in the BLDC motor is calculated: 

𝐸 =
𝑛

4
𝐵𝛿𝐷𝑜𝐿𝑚𝜔         (8) 

in which: n is the number turns in single phase, Bδ is the 

maximum value of magnetic flux density in the air gap, DO is 

the outer rotor diameter, Lm is the stack length. 

Next, based on the assumed functional parameters and 

vector of design variables, all dimensions of the designed 

BLDC motor are determined [36]. Taking into consideration the 

shape of the BLDC structure and the adopted material properties 

for the ferromagnetic core, copper and permanent magnets, the 

total mass of the designed motor is determined: 

𝑚𝑡 = 𝑚𝑝𝑚 + 𝑚𝑐𝑢 + 𝑚𝑦 + 𝑚𝑟𝑠𝑟  (9) 

where: mpm is the mass of permanent magnets, mcu is the 

mass of the copper used to construct the winding, my is the mass 

stator and rotor yokes, mrsr is the mass of the stator teeth. 

The losses in an elaborated model are calculated as copper and 

iron losses. The cooper losses are determined: 

𝑃𝑐𝑢 = 2𝐼2𝑅𝑝   (10) 

where: Rp is the phase resistance, 𝑅𝑝 = 𝜌𝑐𝑢(1 +

𝛼𝑐𝑢𝜗𝑤)
𝑛

2
𝐿𝑤

𝐽𝑤

𝐼
 , ρcu is the copper resistivity, cu is the cooper 

thermal factors, w is the steady-state winding temperature, n is 

the number turns in one phase, Lw is the average length of 

winding wire.  

Losses in the ferromagnetic core are determined as follows: 

𝑃𝑓𝑒 = 𝑞𝑡 (
𝑓

𝑓𝑐
) [𝑚𝑠𝑦 (

𝐵𝑠𝑦

𝐵𝑐
)

2

+ 𝑚𝑡𝑠 (
𝐵𝑠

𝐵𝑡
)

2

] (11) 

where: qt is the catalog core losses for frequency fc and 

magnetic flux density Bc equal 50 Hz and 1.5 T respectively, msy 

is the stator yoke mass, Bsy is the value of magnetic flux density 

in stator yoke, mts is the stator teeth mass, Bs is the average 

magnetic flux density in stator teeth, 𝑓 =
𝑝𝜔

2𝜋
, p is the number of 

pole pairs.  

The efficiency of the BLDC motor describes the following 

equation: 

 =
𝑇𝜔−𝑃𝑚𝑒𝑐ℎ

𝑇𝜔+𝑃𝑐𝑢+𝑃𝑓𝑒
   (12) 

in which Pmech is the mechanical losses. 

In the proposed approach thermal model of the phenomena, 

it was assumed that the stator winding temperature is equal to 

the temperature of the permanent magnets w=pm, in steady-

state operation. The elaborated thermal model assumes that the 

heat is abandoned to the environment through the outer surface 

of the BLDC motor. The heat abandoned surface is determined 

by: 

𝑆 =
𝜋

2
𝐷𝑠𝑜

2 + 𝜋𝐿𝑡𝐷𝑠𝑜   (13) 

where: Dso is the outer stator diameter, Lt is the total axial 

length of the motor. 

Finally, the winding and permanent magnet temperature in 

steady-state operation is calculated: 

𝑤 = 𝑝𝑚 = 𝑎 +
𝑃𝑐𝑢+𝑃𝑓𝑒+𝑃𝑚𝑒𝑐ℎ

ℎ𝑆
   (14) 

where: a is the ambient temperature, h is the air convection 

coefficient. 

5. Results of optimization calculation 

5.1. Multi-objective optimization 

The designed outer-rotor BLDC motor is intended to be a drive 

motor for electric bikes. Based on the results of research 

concerning on the design of motors for bicycle propulsion, the 

following parameters of the motor have been assumed: rated 

value of torque TN=10 Nm, rated supply voltage UN=36 V, rated 
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velocity nN=280 rpm, and no-load velocity nmax=420 rpm 

[37,38].  

The aim of the optimization is determining the vector of 

design variables of the BLDC motor ensuring the maximum 

value of the multi-objective function or modified objective 

function. The objective function includes two important 

functional parameters: efficiency and total material mass of the 

motor. The outer-rotor BLDC motor is described by four design 

variables: DO – is the outer rotor diameter, Bδ – is the maximum 

value of magnetic flux density in the air gap, Jw – is the current 

density in the motor stator winding, Bs – is the average magnetic 

flux density in stator teeth.  

The developed mathematical model allows the calculation 

following functional parameters of the designed motor: (a) 

motor efficiency (), (b) total mass of constructional elements 

(mt), and (c) temperature of motor winding in steady-state 

operation (w). The adopted ranges of the design variables 

during the optimization process are presented in Table 2. 

Table 2. Ranges of design variables. 

Design variable Unit Upper Lower 

DO [mm] 75 180 

Bδ [T] 0.5 0.8 

Jw [A/mm2] 1.9 5.0 

Bs [T] 0.8 1.8 

During the design of permanent magnet motors for electric 

vehicle applications, the efficiency and economic parameters 

(total mass of materials used in the motor construction) are very 

important [39].  

Taking into account the above design assumptions, the 

authors proposed the following form of the multi-objective 

objective function for each whale: 

𝒇(𝑫𝒐,  𝑩𝜹,  𝑱𝒘, 𝑩𝒔)= (


𝟎

) + 𝜷 (
𝒎𝟎

𝒎𝒕
)      (15) 

in which: 0 and m0 are average reference values of 

efficiency and total mass of the constructional materials, 

respectively,  and β are the weighting coefficients.  

Using the analytical model of the BLDC motor, a large 

number of simulation tests were performed, the values of the 

characteristic parameters of the WOA were obtained to obtain 

the best convergence and reliability, i.e. b, and a the type of 

change and parameters were determined. The a coefficient are 

non-linearly decreased in successive iterations of optimization 

process (see Fig. 5). 

 

Figure 5. Changes in the coefficient a depending on the 

iteration number. 

The optimization calculations were performed for the 

following parameters of the whale optimization algorithm: 

population size 60 whales, b=0.96, and a parameter non-linear 

decreasing from 2.28 to 0.58. The maximum number of 

iterations equal to 50 was adopted as a stop criterion. The 

optimization process was repeated 25 times for a random initial 

population. 

The selection of equal values of the weighting coefficient 

caused the optimal motor with a small total mass, high winding 

temperature, and permanent magnets. The correct values of 

weighting factors were selected through many testing 

optimization processes for different values of weighting 

coefficients. Finally, the values of weighting coefficients were 

adopted: =0.92 and β=0.08. The reference values of functional 

parameters were calculated as an average from five starting 

populations selected randomly. The following values of 

reference parameters were adopted: 0=85.21 %, m0=8.370 kg. 

The statistical results for WOA are presented in Table 3. 

Based on a series of 25 starts of the optimization procedure, 

the best optimal values of design variables for the designed 

BLDC motor were determined: DO=120.10 mm, Bδ=0.758 T, Jw 

=2.01 A/mm2, Bs =1.197 T. The optimal motor structure had the 

following functional parameters: =89.21 %, mt =5.758kg, and 

w =80.755C. It is worth mentioning that the WOA algorithm 

allows for the attainment of very good values of standard 

deviation for the values of the objective function, efficiency, and 

three design variables. Worst values of standard deviations were 

noted for the winding temperature, total mass, and the average 

magnetic flux density in stator teeth. 
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The comparison of the convergence curve for the best and 

worst optimization processes (for first 30-th iterations) in the 

analyzed series is shown in Figure 6. 

Table 3. The statistical results for WOA. 

Parameter Best Worst AV SD 

DO [mm] 120.10 121.01 120.59 1.84766E-10 

Bδ [T] 0.758 0.698 0.745 0.016488644 

Jw [A/mm2] 2.01 2.01 2.01 2.84766E-9 

Bs [T] 1.197 0.91 1.146 0.244489862 

f(𝐷𝑜,  𝐵𝛿 ,  𝐽𝑤, 𝐵𝑠) 1.047492149 1.0326341 1.046842042 0.000199867 

 [%] 89.21 87.01 89.11 0.004170281 

mt [kg] 7.239 6.656 6.839 0.110242358 

w [C] 90.755 95.115 91.860 1.859228939 

 

Figure 6. Comparison the convergence curves for best and 

worst optimization process. 

From the comparison of convergence curves, it can be 

concluded that the convergence of the best optimization process 

is much better than the convergence of the worst optimization 

process. The worst optimization process is "stuck" at a local 

extremum point. 

Next, optimization calculations were performed for the PSO 

optimization algorithm. The number of particles and the 

maximum number of iterations were adopted the same as for 

WOA optimization procedure. The following characteristic 

parameters of the PSO optimization procedure were: w=0.1, 

c1=1.0 and c2=1.1. The following values of reference parameters 

were adopted: 0=85.21 % and m0=8.370 kg. The statistical 

results from for PSO are presented in Table 4. 

Table 4. The statistical results for PSO. 

Parameter Best Worst AV SD 

DO [mm] 120.01 122.15 120.35 0.1581907 

Bδ [T] 0.760 0.782 0.766 1.04741E-5 

Jw [A/mm2] 2.01 2.259 2.101 1.04766E-5 

Bs [T] 1.414 1.194 1.402 0.0836925 

h(𝐷𝑜,  𝐵𝛿 ,  𝐽𝑤, 𝐵𝑠) 1.0380762 1.0369038 1.0379914 0.00252802 

 [%] 89.22 87.63 88.99 0.00166176 

mt [kg] 7.239 6.773 6.939 0.4855378 

w [C] 91.851 96.392 93.489 3.978364 

Based on comparing the results for WOA and PSO 

algorithms, we noted that WAO allowed for determining  

a solution with a higher objective function value. The obtained 

values of design variables: Do, Jw and Bδ are similar to the best 

solution, while differs Bs by value by about 18% between the 

two algorithms. The WOA algorithm is characterized by  

a smaller SD than the PSO algorithm. 

Figure 7 presents a comparison of convergence for the best 

optimization process for PSO and WOA algorithms. 

Next, the comparison for optimal values of design variables 

and selected functional parameters of the designed motor was 

compared (see Fig. 8). 

 

Figure 7. Comparison of the convergence curves for the best 

optimization process for WOA and PSO. 
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Figure 8. Comparison of optimal solutions for both analyzed 

optimization algorithms. 

The optimal values of the design variables for both analyzed 

optimization algorithms are the same, with the exception of the 

stator tooth magnetic flux density. We also obtained similar 

values for the functional parameters of the optimized motor. 

Comparing the objective function values for both optimization 

algorithms, it can conclude that the WOA algorithm achieved  

a higher value of the multi-objective function. Moreover, 

analyzing the SD values, it can note that WOA is characterized 

by better reliability and efficiency. Better reliability and 

efficiency can be described as a greater probability of 

determining a global extremum point (variant of designed 

electromagnetic devices) for a single start of the optimization 

procedure.  

In order to rate of the quality of the optimization calculation 

results, we also analyzed the skewness coefficient for the values 

of all objective functions for the analyzed series of optimization 

processes. For WAO, the value of skewness is 0.669, while for 

PSO, the skewness is -1.450. 

In order to evaluate the algorithm's effectiveness and 

reliability in finding the optimal solution [39,40], the authors 

analyzed the results obtained during a series of 25 starts of the 

optimization procedure for a randomly selected initial 

population. Figure 9 and Figure 10 shows the frequency of 

occurrence of the final results of the optimization process for 

the WOA algorithm and PSO algorithm, respectively. 

Based on the above histograms obtained from a series of 25 

independent optimization processes, it can be observed that 

WOA achieved the best result for the maximized objective 

function. Furthermore, the best result was achieved 18 times out 

of 25 optimization runs. WOA is characterized by very good 

reliability in achieving the global maximum with a single run of 

the optimization procedure. In the case of PSO, the dispersion 

of the obtained results is larger, therefore, in order to obtain the 

optimal solution, the procedure should be run multiple times. 

The above research have shown that the WOA algorithm 

is a very interesting tool for multi-objective optimization. 

Before starting the optimization computation, the WOA 

algorithm must be adapted to the optimization of the 

electromagnetic device by appropriately selecting the a and 

b coefficients. 

 

Fig. 9. Comparison of optimal solutions for WOA.  

 

Fig. 10. Comparison of optimal solutions for PSO. 

5.2. Constrained optimization 

Then, the optimization problem was solved with imposed 

constraint concerning the selected functional parameter of 

the designed device. Very important designing parameters 

are also the mass of permanent magnets, the most expensive 

construction material, and the operating temperature of the 

machine [37]. Too high a temperature inside the machine can 

lead to thermal demagnetization of permanent magnets. 

Frequent start-ups of PM magnet motors can lead a large 
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over-currents, which can partially demagnetize the 

permanent magnets and irreversibly degrade the functional 

parameters of the designed motor and decrease reliability 

[38]. 

During solution a constrained optimization problem, an 

external penalty function method is applied. In elaborated 

approach a modified objective function h is constructed. The 

modified objective function is the sum of the primary 

objective function f and the penalty p representing the 

overstepping from the adopted constraints [11]. 

In the elaborated approach, the penalty was calculated as 

follows: 

𝒑(𝑫𝒐,  𝑩𝜹,  𝑱𝒘, 𝑩𝒔)=(𝑫𝒐,  𝑩𝜹,  𝑱𝒘, 𝑩𝒔)         (16) 

 

where:  is the penalty coefficient, Δ is the non-linear 

constraint function representing the overstepping from the 

adopted permissible values. 

The optimization problem took into account the constraint 

regarding the maximum winding temperature ϑw≤ϑz. Then the 

nonlinear constraint function is defined as follows: 

(𝑫𝒐,  𝑩𝜹,  𝑱𝒘, 𝑩𝒔)=(𝒘(𝑫𝒐,  𝑩𝜹,  𝑱𝒘, 𝑩𝒔) − 𝒛)/𝒛  (17) 

 

where: ϑz is the imposed permissible winding temperature. 

The elaborated approach assumes that the penalty 

coefficient will depend on the iteration number [21]. The value 

of the penalty will be updated in each iteration of the 

optimization algorithm. Considering the mathematical model of 

the adapted whale optimization algorithm and its good 

convergence, a series of optimization calculations was 

performed for the brushless DC motor model. 

After performing many simulation computations, the 

authors proposed the following changes to the penalty 

coefficient: 

 = 
(𝒌𝒎𝒂𝒙−𝒌)𝟐

𝒌𝒎𝒂𝒙
   (18) 

where:  is the constant number, kmax is maximum number 

of iterations.  

In the elaborated algorithm, the penalty coefficient changes 

in successive iterations of the optimization procedure. This 

approach ensures that the penalty changes smoothly, which 

ensures that individuals leave prohibited areas of the search 

space more quickly and ensures faster convergence of the 

optimization algorithm.  

The authors adapted the external penalty function method to 

the whale optimization algorithm and the developed BLDC 

motor model. Many optimization test computations were 

performed for various linear and nonlinear functions describing 

the nature of the change in the penalty coefficient (). Figure 11 

illustrates the changes of the penalty factor during optimization 

process. 

 

Figure 11. Changes to the penalty factor. 

Finally the modified objective function has form: 

𝒉(𝑫𝒐,  𝑩𝜹,  𝑱𝒘, 𝑩𝒔) = {
𝒇(𝑫𝒐,  𝑩𝜹,  𝑱𝒘, 𝑩𝒔) for      𝒘 ≤ 𝒛

𝒇(𝑫𝒐,  𝑩𝜹,  𝑱𝒘, 𝑩𝒔) − 𝒑(𝑫𝒐,  𝑩𝜹,  𝑱𝒘, 𝑩𝒔) for      𝒘 > 𝒛
   (19) 

After performing many test computations to evaluate the 

efficiency and reliability of the optimization algorithm the value 

of =0.65 was assigned.  

The reference values of functional parameters were 

calculated as an average from five starting populations selected 

randomly. The following values of reference parameters were 

adopted: 0=85.21 %, m0=8.370 kg. The imposed value of 

winding temperature z=84C was assigned. The optimization 

process was repeated 25 times to the random starting 

populations.  

The statistical results from for WOA are presented in Table 

5 and the statistical results from for PSO are presented in Table 

6.  

In the case of constrained optimization, the skewness 

coefficient was also analyzed. For the tested series of 

optimization processes, the skewness coefficients obtained for 

WOA and PSO were -1.610 and -2.115, respectively. 

The analysis of the series of optimization calculations 

performed is presented in the above tables. The maximum value 

of the modified objective function was achieved using the whale 
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algorithm. Also, mean values of the modified objective function 

are higher for a series of optimization computations obtained for 

WOA. The smallest modified objective function value achieved 

using the whale method is greater than the corresponding value 

achieved using the PSO. 

Table 5. The statistical results for constrained optimization and 

WOA. 

Parameter Best Worst AV SD 

DO [mm] 107.39 144.95 120.93 10.03542 

Bδ [T] 0.796 0.522 0.692 0.087924 

Jw [A/mm2] 1.908 1.903 1.986 0.068427 

Bs [T] 0.969 0.801 1.162 0.285358 

h(𝐷𝑜,  𝐵𝛿 ,  𝐽𝑤, 𝐵𝑠) 1.073157 1.041009 1.063422 0.009106 

 [%] 89.467 87.583 88.87 0.64557 

mt [kg] 5.575 5.990 5.681 0.27042 

w [C] 84.093 83.24482 83.973 0.66902 

Table 6. The statistical results for constrained optimization and 

PSO. 

Parameter Best Worst AV SD 

DO [mm] 110.23 142.22 122.024 13.2136 

Bδ [T] 0.768 0.616 0.693 0.07676 

Jw [A/mm2] 2.098 2.959 2.242 0.33312 

Bs [T] 0.942 0.997 1.123 0.19539 

h(𝐷𝑜,  𝐵𝛿 ,  𝐽𝑤, 𝐵𝑠) 1.064061 1.000467 1.044692 0.01023 

 [%] 88.685 85.72 87.91 1.393326 

mt [kg] 5.496 5.726 5.58 0.133874 

w [C] 88.868 90.391 89.101 1.83646 

Analysis of the obtained functional parameters for optimal 

solution showed that higher efficiency was achieved for the 

WOA algorithm, while lower mass was achieved for the PSO 

algorithm. Unfortunately, in the case of PSO, the imposed 

winding temperature has been exceeded. Based on the average 

winding temperature for a series of optimization calculations, it 

was observed to be very close to the imposed value of the z. 

Therefore, it can be concluded that the penalty function 

adaptation was performed correctly. The standard deviation is 

approximately 0.66C, which shows that despite the adaptation, 

the individual winding temperature values for each optimization 

process are different. 

In the case of the PSO algorithm, it can be concluded that 

the procedure achieves a better mass than the WOA algorithm, 

but the optimal result does not meet the imposed constraint. 

After carefully analyzing the average winding temperature 

value from all optimization processes, it can be observed that 

the PSO algorithm has difficulty meeting the imposed constraint. 

The PSO algorithm converges quickly and is characterized 

by a strong swarm effect consisting of the clustering of particles 

around leader position [4]. Therefore, in the case of this 

algorithm, the penalty must increase faster compared to the 

WOA algorithm, which, due to the sophisticated mathematical 

model, is characterized by resistance to getting “stuck” at the 

local extremum points and reliability in finding the global 

extremum when taking into account the constraints in the design 

process. 

Figures 12 and 13 show the histograms of the optimization 

results (modified objective function and efficiency) for the 

WOA algorithm. 

 

Fig. 12. Histogram of optimization results for modified 

objective function. 

 

Fig. 13. Histogram of optimization results for efficiency. 

Figures 14 and 15 presents the histograms of the 

optimization results (modified objective function and efficiency) 

for the PSO algorithm. 

Based on the presented histograms for the WOA algorithm, 

we can note that both the highest range of the modified objective 

function and the highest efficiency for the analyzed series of 

optimization computation were obtained 16 times. 

In the case of the PSO algorithm, the modified objective 

function values are obtained only 9 times, which is significantly 

less frequent than for the whale algorithm. Also for the second 
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tested algorithm, lower efficiency of the designed BLDC motor 

is usually obtained. 

 

Fig. 14. Histogram of optimization results for modified 

objective function and PSO. 

 

Fig. 15. Histogram of optimization results for efficiency and 

PSO. 

The authors compared the total calculation time of the single 

optimization process for a series of 25 runs of optimization 

software for both algorithms. As previously established, both 

compared optimization procedures execute the same number of 

call functions. The WOA algorithm executes more operations to 

determine new whale positions in each iteration. Additionally, 

in each iteration, it is necessary to determine the value of  

a coefficient (Fig. 5) and the  coefficient (Eq. 18). Based on 

the analysis of the total calculation time of the optimization 

procedure for WOA, we obtained a time increase of 1.36% in 

comparison to PSO for the analytical model. It should be noted 

that for the field model, the time difference will be negligible. 

6. Finite element analysis verification 

For the optimal structure of BLDC obtained as a result of 

optimization using the WOA algorithm, a mathematical model 

was developed using two-dimensional finite element analysis 

(FEA). FEA verification was made in Ansys Maxwell 

environment. 

In permanent magnet machines, especially in BLDC motors, 

the electromagnetic field is excited by two sources: the 

permanent magnets and the windings distributed in the stator. 

The main equations describing distribution of the 

electromagnetic field in BLDC motors have a form: 

curl (
𝟏

𝝁
curl𝐀) = 𝑱𝒘 + 𝑱𝑷𝑴      (20) 

 𝑱𝒘 = 𝜸 (grad𝑽𝒆 −
𝝏𝑨

𝝏𝒕
)         (21) 

where:  is the magnetic permeability, A is the magnetic 

vector potential, Jw is vector of current density winding, JPM is 

the vector of magnetizing current density in the permanent 

magnets region 𝐉𝑷𝑴 = curl 𝐌 [43],  is the electric conductivity, 

Ve is the scalar electrical potential. 

The electromagnetic devices are supplied by voltage sources. 

Due to the non-linearity of the ferromagnetic core and inducted 

back-electromotive forces in phase winding, the waveforms of 

current in the separated stator phases of the BLDC motor are 

not known in advance. The waveforms of the phase currents are 

necessary to solve equation (21). To determine the current 

waveforms it is necessary to take into consideration the 

Kirchhoff equations for electric circuits:  

𝒅𝜳

𝒅𝒕
+ 𝑹𝒊 = 𝒖   (22) 

where: u is vector of phases supply voltages,  is the matrix 

of flux linkage, R is the diagonal matrix of winding resistances, 

i is the vector of BLDC phase currents. 

During a change in loading torque, the transient operation 

state causes a change in rotational speed. Therefore, it is 

necessary to take into account the mechanical equation of rotary 

machines: 

𝑱𝒊
𝒅𝝎

𝒅𝒕
= 𝑻 − 𝑻𝒍𝒐 − 𝑩𝝎         (23) 

where Ji is the moment of inertia, ω is the angular velocity, 

T is the output torque, Tlo is the loading torque, B is the friction 

coefficient. 

The BLDC motor with main dimensions obtained using the 

WOA optimization algorithm was modelled in the Ansoft 

Maxwell. The 2D FEA model is developed. Next, the efficiency 

for different loading torques was analyzed. The results of the 

simulation computation are presented in the Figure 16.  
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Figure 16. The characteristic of the efficiency versus the 

loading torque. 

For the rated loading torque, the optimal motor structure 

obtained efficiency equal 88.4%. The highest efficiency was 

achieved for a load of 0.9 TN and was equal 88.9%. FEA 

calculations confirmed a good convergence between the BLDC 

motor analytical model and the FEA model. 

7. Conclusions 

This paper presents an adaptation of the external penalty 

function method to the whale optimization algorithm.  

A constrained optimization problem for a brushless DC motor 

was analyzed. The WOA algorithm was adapted by correctly 

selecting characteristic coefficients (a and b) for the 

optimization algorithm to optimize electromagnetic devices. In 

the second stage, the penalty function was adapted to solve the 

constrained optimization problem. This adaptation involved 

selecting the nature of the penalty factors changes. 

The paper proposes an approach in which the penalty 

coefficient and the penalty increase smoothly in each iteration 

of the optimization algorithm; such adaptation increases the 

efficiency and reliability of the optimization algorithm. The 

above analysis of statistical measures presents a better 

performance and reliability of the WOA. 

Analysis of the optimization results' histograms (Fig. 12 and 

Fig. 14) showed that the most effective approach for the 

considered task is the whale algorithm. Thus elaborated 

adaptation, the software user has the highest probability of 

obtaining the optimal result in a single run of the optimization 

algorithm. 

The optimization calculations performed showed that after 

selecting an optimization algorithm, it is necessary to proper 

select the characteristic coefficients of the optimization 

algorithm for the solved optimization problem (electromagnetic 

devices). After selecting the characteristic coefficients for the 

selected optimization algorithm, it is necessary to made 

adaptation the penalty function method by selecting the 

appropriate type of changing penalty factor. 

The developed algorithm and optimization software are 

universal. Software allows the connection of the master 

optimization module with different permanent magnet motor 

models. Analytical models, lumped parameter models and FEM 

models can be joined with optimization module. This is because 

the optimization module sends to the model only information 

about the current value of the decision variables vector. The 

presented algorithm can be applied to optimal design permanent 

magnet synchronous motors, synchronous reluctance motors 

(SynRM), line-start permanent magnets motors (LSPMSM) and 

also permanent magnet assisted (SynRM). It should be 

underlined that after changing the structure of the optimized 

device or mathematical model, the adaptation process by proper 

selecting characteristic coefficients and penalty coefficient 

should be executed.  

In future research, we plan to investigated method of 

adaptation the WOA to multi-objective optimization and 

constrained optimization. The optimization procedure will be 

coupled with a 2D FEM model of the BLDC motor. 
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