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Highlights  Abstract  

 Bounds of arcing Joule integral are derived by 

introducing critical phase angles. 

 Four arcing modes are identified based on the 

presence or absence of arcing. 

 Novel doubly truncated degradation model 

considering arcing mode transition is given. 

 Real and numerical cases are used to verify the 

efficacy of the proposed method. 

 

 Accurate remaining useful life (RUL) prediction of AC contactors is 

essential for efficient operation and maintenance of the manufacturing 

system. Existing methods cannot adequately capture the degradation of 

AC contactors due to their inability to depict the special characteristic of 

zero and bounded arcing Joule integrals (i.e., degradation increments). 

To tackle this problem, the physical model of arcing Joule integrals is 

first derived through arcing mechanism analysis. Bounds of arcing Joule 

integrals are obtained by introducing critical breaking phase angles to 

the physical model, and four arcing modes are identified. A method for 

measuring the similarity between arcing modes is proposed, and then an 

arcing mode similarity based discrete-time Markov chain is constructed 

to depict arcing mode transitions. Motivated by zero and bounded arcing 

Joule integrals, an increment process with zero and bounded increments 

is proposed to characterize the degradation of a single-phase contact pair. 

Finally, the superiority of the proposed method is illustrated by real and 

numerical cases. 
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1. Introduction 

AC contactors are widely utilized in manufacturing systems, 

where they play a crucial role in controlling a system to perform 

its intended functions or in protecting a system from accidents 

[1,2]. The failure of an AC contactor can endanger the system, 

potentially resulting in severe consequences such as production 

disruptions, casualties, and environmental damages [3,4]. 

Therefore, accurately predicting the remaining useful life (RUL) 

of AC contactors is imperative. This enables appropriate 

operation and maintenance decision-making, as well as efficient 

production planning, ensuring safe and stable operation of the 

system and contributing to both product quality and 

manufacturing efficiency [5,6]. 

The intricate failure mechanism of AC contactors leads to 

complex degradation processes, which exhibit characteristics 

such as competing failure and multiple arcing modes. The 

characteristic of competing failure can be analyzed as follows. 

An AC contactor has three pairs of contacts, corresponding to 

phases A, B, and C. The failure of an AC contactor is primarily 

caused by the electrical erosion that gradually accumulates on 

the surfaces of the contacts over time. This cumulative erosion 
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reduces the thickness of the contacts, eventually preventing 

them from closing properly. At this point, the AC contactor is 

considered failed. The electrical erosion mainly results from the 

arcing phenomenon between the contact pair, and its extent is 

typically quantified using the cumulative arcing Joule integral 

[7]. Hence, the cumulative arcing Joule integral between the 

contact pair of each phase is one of the most commonly used 

performance parameters, which reflects the health condition of 

an AC contactor [7–9]. When the cumulative arcing Joule 

integral between any pair of the three-phase contact pairs 

reaches a failure threshold, the AC contactor is considered to 

have failed [9]. 

The characteristic of multiple arcing modes can be explained 

in three aspects. Firstly, at the initial instant of a breaking 

process of an AC contactor, if the current flowing through a 

contact pair is sufficiently high, it creates the condition 

conducive to the thermal ionization between the contact pair. At 

this stage, an arc forms if the voltage is also high enough [10]. 

Thus, if the current and the voltage are sufficiently low at the 

initial instant of a breaking process, no arc will arise between 

the contact pair, leading to the arcing Joule integral being zero 

in the breaking process. Owing to the 120° phase difference 

between the currents/voltages of any two phases [7], there is at 

most one contact pair through which the current and voltage are 

close to zero at the initial moment of a breaking process. Hence, 

there can be at most one contact pair that does not experience 

arcing and has an arcing Joule integral being zero in the 

breaking process. Based on this, four arcing modes can be 

identified in a breaking process from the perspective of whether 

arcing is absent between any pair of contacts. In arcing modes 

I, II, and III, there is a single contact pair between which no arc 

arises. In arcing mode IV, all the three contact pairs suffer from 

the arcing phenomenon. Secondly, due to the arcing Joule 

integral being a nonlinear function of the phase angle of the 

current and the 120° phase difference between the currents of 

any two phases [7], the nonlinear correlation exists among the 

arcing Joule integrals of the phases experiencing arcing. Thirdly, 

since a sufficiently high current is a necessary condition for the 

arcing between a contact pair, and the arcing Joule integral is 

calculated based on the current, it can be deduced that the arcing 

Joule integral has a lower bound greater than zero. Furthermore, 

because an arc will extinguish when the current reaches zero [9], 

the duration of the arcing is limited, which implies that the 

arcing Joule integral also has an upper bound. Therefore, to 

accurately depict the degradation processes of AC contactors, it 

is essential to consider the characteristics of competing failure 

and multiple arcing modes. Notably, the characteristic of 

multiple arcing modes results in a complex degradation pattern, 

including zero degradation increments, bounded degradation 

increments, and nonlinear degradation correlation. 

The RUL prediction for AC contactors has received much 

attention, with recent literature identifying three representative 

state-of-the-art methods: the highest degradation level (HDL) 

method, the average degradation level (ADL) method, and the 

model regression (MR) method. In the HDL method [9], the 

degradation data of the contact pair exhibiting the highest 

degradation level at the current time are used to reflect the 

degradation process of an AC contactor. The Wiener process 

model is adopted to capture this degradation process, followed 

by predicting the RUL of the AC contactor. In the ADL method 

[7], the average degradation level of the three-phase contact 

pairs is employed to quantify the performance state of an AC 

contactor. The Wiener process model is applied to model the 

evolution of the average degradation level, and it is then used to 

predict the RUL. In the MR method [8,11], regression models, 

such as the conditional density estimation model and the unitary 

regression model, are employed to capture the relationship 

between the degradation levels of the three-phase contact pairs 

and the RULs of AC contactors. Then, the RUL of an AC 

contactor is predicted using these models, which are trained 

based on the degradation data and actual RULs from other AC 

contactors. 

The aforementioned methods present two issues. Firstly, 

both the HDL and ADL methods do not take into account 

multiple arcing modes, which means that they fail to consider 

zero degradation increments, bounded degradation increments, 

and nonlinear degradation correlation. As a result, these 

methods are unable to accurately capture the degradation of AC 

contactors, potentially compromising the precision of RUL 

prediction. Secondly, the MR method relies on prior data from 

other AC contactors. This could undermine the RUL prediction 

performance, as the discrepancy may exist between the 

degradation process of the AC contactor whose RUL needs to 

be predicted and the degradation processes of the ones 
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supplying the prior data. Such discrepancy can be caused by 

factors such as differing operating environments and inherent 

unit-to-unit variations [9]. 

Analyzing multiple dependent degradation processes is a hot 

topic in the reliability field. Existing studies primarily 

encompass machine learning methods and statistical modeling 

methods [12]. Machine learning methods leverage historical 

data to capture multiple dependent degradation processes. Such 

methods depend on an extensive amount of high-quality data to 

effectively train the model. However, in many real-world 

scenarios, acquiring sufficient degradation data is a challenging 

task, which limits the practical application of machine learning 

methods. Moreover, they lack the interpretability of degradation 

mechanism [13]. 

For statistical modeling methods, they can develop  

a degradation model by properly depicting degradation 

mechanism, and can be applied when the data size is not very 

large [14]. Statistical modeling methods typically involve two 

stages when modeling multiple dependent degradation 

processes. Firstly, each marginal degradation process is 

modeled using a stochastic process model, such as the Wiener 

process, gamma process, inverse Gaussian process, and 

Tweedie exponential dispersion process models [15,16]. Then, 

the correlation among the increments of the marginal 

degradation processes is captured using various correlation 

models, among which the multivariate normal distribution is 

usually employed due to its simplicity [17]. However, the 

multivariate normal distribution can only capture the linear 

correlation. To model the nonlinear correlation, models from the 

Archimedean copula family (e.g., Frank, Clayton, and Gumbel 

copulas) and the elliptical copula family (e.g., t and Gaussian 

copulas) are widely used [18,19]. Here, the Gaussian copula can 

be regarded as a special case of the t copula [20]. Notably, since 

a model from the Archimedean copula family has only  

a single model parameter, it may lack the flexibility to capture 

the nonlinear correlation among increments of more than two 

marginal degradation processes [21,22]. In comparison,  

a model from the elliptical copula family can more flexibly 

describe the nonlinear correlation among increments of any 

number of marginal degradation processes using the correlation 

matrix [23–25]. 

To the best of our knowledge, the existing methods of 

multiple dependent degradation processes modeling are 

unsuitable for AC contactors, as they fail to fully account for the 

unique degradation characteristics of AC contactors. These 

modeling methods are developed based on widely used 

degradation models, which typically assume that the 

degradation increments of each marginal degradation process 

range over the interval (−∞,+∞)  or (0, +∞) , without 

considering the occurrence of zero and bounded degradation 

increments. Therefore, it is necessary to propose a novel 

degradation modeling method considering zero and bounded 

increments to provide a foundation for accurately predicting the 

RUL of AC contactors. 

In this paper, we propose a novel RUL prediction method for 

AC contactors, considering multiple arcing modes with zero and 

bounded degradation increments, through a deep analysis of the 

arcing mechanism. The key contributions of this study are 

summarized as follows. 

1) To fully reveal the characteristics of arcing Joule 

integrals, i.e., degradation increments, the physical 

model of the arcing Joule integral is derived through an 

analysis of the arcing mechanism. Using this model, the 

bounds of arcing Joule integrals are obtained by 

introducing critical breaking phase angles. Moreover, 

four arcing modes are identified according to the absence 

of arcing between any pair of contacts. 

2) To effectively capture the evolution of the cumulative 

arcing Joule integral, the arcing mode similarity based 

discrete-time Markov chain model is first proposed to 

describe the transitions of the arcing modes. Then, the 

doubly truncated Tweedie exponential dispersion 

process model with zero increments is proposed to depict 

the degradation of a single-phase contact pair. 

Additionally, the t copula function is used to model the 

nonlinear degradation correlation among the three-phase 

contact pairs. 

3) To accurately predict the RUL of an AC contactor, an 

analytical likelihood function is first derived, based on 

which the model parameters are updated as degradation 

data accumulates. Moreover, the truncated normal 

distribution is employed to model the randomness of the 

failure threshold, and it is updated through conditional 

probability analysis given increasing size of degradation 
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data. Subsequently, a Monte Carlo simulation based 

RUL prediction method is provided. 

The rest of this paper is organized as follows. Section 2 

analyzes the arcing mechanism. Section 3 details the main 

modeling assumptions. Section 4 shows the RUL prediction 

method. Section 5 displays the case study. Finally, Section 6 

concludes the study. 

2. Mechanism analysis 

In this section, we theoretically derive the bounds of a nonzero 

arcing Joule integral. Then, we identify four arcing modes 

according to whether a pair of contacts exists between which no 

arc arises. 

2.1. Arcing joule integral 

An AC contactor has three pairs of contacts corresponding to 

phases A, B, and C, respectively. The contact pairs carry the 

three-phase current and voltage loads with a phase difference of 

120° between any two phases [26]. Without loss of generality, 

we assume that the current between the contact pair of phase 𝑗 

for 𝑗 = 𝐴, 𝐵, 𝐶  in an AC contactor at instant 𝜏  is expressed as 

𝑖𝑗(𝜏) = √2𝐼sin (𝜙̃𝑗(𝜏)) , where 𝐼  is the root-mean-square current, 

and 𝜙̃𝑗(𝜏) = 𝜔𝜏 + 𝜃𝑗  is the phase angle of 𝑖𝑗(𝜏)  with the 

angular frequency 𝜔 and the phase shift 𝜃𝑗. 

We define 𝜙𝑗(𝜏) ∈ [0, 𝜋) as the transformed phase angle of 

the current between the contact pair of phase 𝑗 by: 

𝜙𝑗(𝜏) = |𝜙̃𝑗(𝜏) − 𝜋⌊𝜙̃𝑗(𝜏)/𝜋⌋|        (1) 

where ⌊𝜙̃𝑗(𝜏)/𝜋⌋ is the closest integer of 𝜙̃𝑗(𝜏)/𝜋 towards 0. 

Then, we rewrite 𝑖𝑗(𝜏) as: 

𝑖𝑗(𝜏) = √2𝐼sin (𝜙̃𝑗(𝜏))

          = 𝛿 (sin (𝜙̃𝑗(𝜏)))√2𝐼sin (𝜙𝑗(𝜏))

          = 𝛿 (sin (𝜙̃𝑗(𝜏)))√2𝐼sin(|𝜙̃𝑗(𝜏) − 𝜋⌊𝜙̃𝑗(𝜏)/𝜋⌋|)

       (2) 

in which: 

𝛿 (sin (𝜙̃𝑗(𝜏))) = {
−1, sin (𝜙̃𝑗(𝜏)) < 0

1, sin (𝜙̃𝑗(𝜏)) ≥ 0
 (3) 

According to (1), the original phase angle 𝜙̃𝑗(𝜏) ∈

(−∞,+∞)  is transformed into 𝜙𝑗(𝜏) ∈ [0, 𝜋) . This 

transformation aims to simplify the calculation of the arcing 

Joule integral by utilizing the periodicity of 𝑖𝑗
2(𝜏) with a period 

length of 𝜋. Let 𝜙𝑗(𝜏𝑏) denote the transformed phase angle of 

the current between the contact pair of phase 𝑗  at the initial 

instant 𝜏𝑏  of a breaking process of an AC contactor. For 

simplicity, 𝜙𝑗(𝜏𝑏) is referred to as the breaking phase angle of 

phase 𝑗. A graphical representation of the current is given in Fig. 

1(a), where the normalized current is calculated by 𝑖𝑗(𝜏𝑏)/√2𝐼. 

 

Figure 1. (a) Normalized current and (b) normalized arcing 

Joule integral between the contact pair of phase 𝑗. 

Since a contact pair can be treated as a resistor, the phase 

difference between the current and voltage carried by the 

contact pair is zero. Thus, when 𝜙𝑗(𝜏𝑏) is close to 0 or 𝜋, both 

the current and voltage carried by the contact pair are very small, 

preventing the contact pair from suffering an arc, according to 

the arcing mechanism. To reflect the extent to which 𝜙𝑗(𝜏𝑏) is 

close to 0 or 𝜋, we introduce two critical breaking phase angles 

𝜙𝑗
𝐿 ∈ [0, 𝜋/2]  and 𝜙𝑗

𝑈 ∈ [𝜋/2, 𝜋) . We consider them as the 

lower and upper bounds of the arcing phase angle that is the 

breaking phase angle with which an arc can be generated. If 

𝜙𝑗(𝜏𝑏) ∈ [𝜙𝑗
𝐿 , 𝜙𝑗

𝑈], then the current and the voltage are assumed 

to be large enough to cause an arc. Otherwise, if 𝜙𝑗(𝜏𝑏) ∈

[0, 𝜙𝑗
𝐿) ∪ (𝜙𝑗

𝑈, 𝜋), then the current and the voltage are assumed 

to be sufficiently low such that no arc can arise. 

The cumulative arcing Joule integral is the most commonly 

used performance parameter for an AC contactor. An arcing 
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Joule integral equal to zero indicates that no arcing occurs [9]. 

The arcing Joule integral between the contact pair of phase 𝑗 for 

𝑗 = 𝐴,𝐵, 𝐶 in a breaking process is given by [7]: 

𝑥𝑗 = ∫ 𝑖𝑗
2(𝜏)

𝜏𝑏+𝜏𝑗,𝑎𝑟𝑐
𝜏𝑏

d𝜏                 (4) 

where 𝜏𝑗,𝑎𝑟𝑐 is the duration of arcing. 

If 𝜙𝑗(𝜏𝑏) ∈ [0, 𝜙𝑗
𝐿) ∪ (𝜙𝑗

𝑈, 𝜋), then there is no arc between 

the contact pair of phase 𝑗, leading to 𝜏𝑗,𝑎𝑟𝑐 = 0 and hence 𝑥𝑗 =

0. 

If 𝜙𝑗(𝜏𝑏) ∈ [𝜙𝑗
𝐿, 𝜙𝑗

𝑈], then an arc arises between the contact 

pair at 𝜏𝑏  and extinguishes at 𝜏𝑏 + 𝜏𝑗,𝑎𝑟𝑐 . By substituting (2) 

into (4), we have: 

𝑥𝑗 = ∫ [𝛿 (sin (𝜙̃𝑗(𝜏)))√2𝐼sin (𝜙𝑗(𝜏))]
2

𝜏𝑏+𝜏𝑗,𝑎𝑟𝑐
𝜏𝑏

d𝜏

     = 𝐼2 ∫ [1 − cos (2𝜙𝑗(𝜏))]
𝜏𝑏+𝜏𝑗,𝑎𝑟𝑐
𝜏𝑏

d𝜏

     =
𝐼2

𝜔
[𝜙𝑗(𝜏) −

1

2
sin (2𝜙𝑗(𝜏))]|

𝜏=𝜏𝑏

𝜏=𝜏𝑏+𝜏𝑗,𝑎𝑟𝑐

     =
𝐼2

𝜔
[𝜋 − 𝜙𝑗(𝜏𝑏) +

1

2
sin (2𝜙𝑗(𝜏𝑏))]

      (5) 

where the second equation is derived with the aid of the 

trigonometric identity, and 𝜙𝑗(𝜏𝑏 + 𝜏𝑗,𝑎𝑟𝑐) = 𝜋 holds in the last 

equation because an arc extinguishes when the current reaches 

zero [9]. 

In summary, we can express 𝑥𝑗 by: 

𝑥𝑗 = {
0, 𝜙𝑗(𝜏𝑏) ∈ [0,𝜙𝑗

𝐿) ∪ (𝜙𝑗
𝑈 , 𝜋),

𝐼2

𝜔
[𝜋 − 𝜙𝑗(𝜏𝑏) +

1

2
sin (2𝜙𝑗(𝜏𝑏))] , 𝜙𝑗(𝜏𝑏) ∈ [𝜙𝑗

𝐿 , 𝜙𝑗
𝑈]
   (6) 

where 𝑗 = 𝐴, 𝐵, 𝐶. 

The following two potential cases in a breaking process are 

illustrated by (6). Firstly, when 𝜙𝑗(𝜏𝑏) ∈ [0, 𝜙𝑗
𝐿) ∪ (𝜙𝑗

𝑈, 𝜋), the 

arcing Joule integral is zero. Secondly, when 𝜙𝑗(𝜏𝑏) ∈ [𝜙𝑗
𝐿 , 𝜙𝑗

𝑈], 

the arcing Joule integral between the contact pair of phase 𝑗 is a 

positive value, with the upper bound 𝑈(𝜙𝑗
𝐿)  and the lower 

bound 𝐿(𝜙𝑗
𝑈), given by: 

{
𝑈(𝜙𝑗

𝐿) = 𝜔−1𝐼2{𝜋 − 𝜙𝑗
𝐿 + 2−1sin(2𝜙𝑗

𝐿)}

𝐿(𝜙𝑗
𝑈) = 𝜔−1𝐼2{𝜋 − 𝜙𝑗

𝑈 + 2−1sin(2𝜙𝑗
𝑈)}

  (7) 

A graphical representation of the arcing Joule integral is 

given in Fig. 1(b), where the normalized arcing Joule integral is 

calculated by 𝑥𝑗𝜔/(𝜋𝐼
2). 

2.2. Four arcing modes 

Owing to the 120° phase difference between the 

currents/voltages of any two phases [7], there is at most one 

contact pair through which the current and voltage are close to 

zero at the initial moment of a breaking process. Hence, there 

can be at most one contact pair that does not experience arcing 

and has an arcing Joule integral being zero in the breaking 

process. Based on this, from the perspective of whether arcing 

is absent between any pair of contacts, we identify the following 

four potential arcing modes for an AC contactor in a breaking 

process. 

Arcing mode I: No arc arises between the contact pair of 

phase A, whereas arcs arise between the contact pair of phase B 

and between the contact pair of phase C. 

Arcing mode II: No arc arises between the contact pair of 

phase B, whereas arcs arise between the contact pair of phase A 

and between the contact pair of phase C. 

Arcing mode III: No arc arises between the contact pair of 

phase C, whereas arcs arise between the contact pair of phase A 

and between the contact pair of phase B. 

Arcing mode IV: Arcs arise between the contact pair of 

phase A, between the contact pair of phase B, and between the 

contact pair of phase C. 

Let 𝑀(𝑡) = 𝑚  for 𝑚 = I, II, III, IV  denote the arcing mode 

that an AC contactor is in during the breaking process of the 𝑡-

th operation cycle. Here, the 𝑡-th operation cycle includes the 𝑡-

th requested closing and subsequent 𝑡-th requested breaking of 

the AC contactor. 

3. Modeling assumptions 

3.1. Arcing mode evolution model 

We propose the arcing mode similarity based discrete-time 

Markov chain model, which depicts the transition characteristic 

of the four arcing modes. Specifically, we define the transition 

probability matrix from the 𝑡-th operation cycle to the (𝑡 + 1)-

th operation cycle as: 

𝑷𝑡 =

[
 
 
 
 
 
𝑃I,I 𝑃I,II 𝑃I,III 𝑃I,IV = 1 − ∑ 𝑃I,𝑚

III
𝑚=I

𝑃II,I 𝑃II,II 𝑃II,III 𝑃II,IV = 1 −∑ 𝑃II,𝑚
III
𝑚=I

𝑃III,I 𝑃III,II 𝑃III,III 𝑃III,IV = 1 −∑ 𝑃III,𝑚
III
𝑚=I

𝑃IV,I(𝑡) 𝑃IV,II(𝑡) 𝑃IV,III(𝑡) 𝑃IV,IV(𝑡) = 1 − ∑ 𝑃IV,𝑚(𝑡)
III
𝑚=I ]

 
 
 
 
 

       (8) 

where 𝑃𝑛,𝑚 is the transition probability from arcing mode 𝑛 

in the 𝑡-th operation cycle to arcing mode 𝑚 in the (𝑡 + 1)-th 

operation cycle, and it is a constant for 𝑛 = I, II, III  and 𝑚 =

I, II, III, IV. However, we assume that if the AC contactor is in 

arcing mode IV in the 𝑡 -th operation cycle, the transition 

probability 𝑃IV,𝑚(𝑡) for 𝑚 = I, II, III, IV is a function of 𝑡 that is 

determined according to the arcing mode similarity. We define 
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𝑃IV,𝑚(𝑡) as: 

𝑃𝐼𝑉,𝑚(𝑡) = ∑ 𝑊𝑛(𝑡)𝑃𝑛,𝑚
𝐼𝐼𝐼
𝑛=𝐼                   (9) 

where 𝑊𝑛(𝑡) is the proposed arcing mode similarity index. 

It aims to measure the similarity between the actual arcing Joule 

integrals of the three-phase contact pairs in the 𝑡-th operation 

cycle and the imaginary arcing Joule integrals of the three-phase 

contact pairs, which are obtained by imagining that the AC 

contactor is in arcing model 𝑛  in the 𝑡 -th operation cycle for 

𝑛 = I, II, III. 

We specify 𝑊𝑛(𝑡)  as follows. Let 𝑋𝑗,𝑛(𝑡)  be a random 

variable denoting the imaginary arcing Joule integral of phase 𝑗 

in arcing mode 𝑛  within the 𝑡 -th operation cycle. Let 𝑿I =

(0,𝑋𝐵,I(𝑡), 𝑋𝐶,I(𝑡))
′

 , 𝑿II = (𝑋𝐴,II(𝑡), 0, 𝑋𝐶,II(𝑡))
′

 , and 𝑿III =

(𝑋𝐴,III(𝑡), 𝑋𝐵,III(𝑡), 0)
′
  denote the random vectors of the 

imaginary arcing Joule integrals in arcing modes Ⅰ, Ⅱ, and Ⅲ, 

respectively. According to [27], the elastic probability model 

can flexibly measure the similarity between two vectors. 

Therefore, to construct 𝑊𝑛(𝑡) , we first define the conditional 

arcing mode similarity index 𝑊̃𝑛(𝑡|𝑿I, 𝑿II, 𝑿III) by: 

𝑊̃𝑛(𝑡|𝑿I, 𝑿II, 𝑿III) =
exp(−

𝐷𝑛(𝑡)

𝜀
)

∑ exp(−
𝐷𝑚(𝑡)

𝜀
)III

𝑚=I

     (10) 

where 𝜀  is the elastic factor, which is the parameter to be 

estimated, and 𝐷𝑛(𝑡)  is the Euclidean distance between the 

actual arcing Joule integrals and the imaginary arcing Joule 

integrals, expressed as: 

𝐷𝑛(𝑡) = ‖𝒙(𝑡) − 𝑿𝑛‖2                 (11) 

in which ‖∙‖2  is the Euclidean norm, and 𝒙(𝑡) =

(𝑥𝐴(𝑡), 𝑥𝐵(𝑡), 𝑥𝐶(𝑡))
′
  with 𝑥𝑗(𝑡)  being the actual arcing Joule 

integral observation of phase 𝑗 in the 𝑡-th operation cycle. 

Since there are three random vectors 𝑿I , 𝑿II , and 𝑿III  in 

𝑊̃𝑛(𝑡|𝑿I, 𝑿II, 𝑿III), we define the arcing mode similarity index 

𝑊𝑛(𝑡) as the expectation of 𝑊̃𝑛(𝑡|𝑿I, 𝑿II, 𝑿III), which yields: 

𝑊𝑛(𝑡) = 𝐸𝑿𝐼,𝑿𝐼𝐼,𝑿𝐼𝐼𝐼 (𝑊̃𝑛(𝑡|𝑿𝐼 , 𝑿𝐼𝐼 , 𝑿𝐼𝐼𝐼))

            = 𝐸𝑿𝐼,𝑿𝐼𝐼,𝑿𝐼𝐼𝐼 (
𝑒𝑥𝑝(−

‖𝒙(𝑡)−𝑿𝑛‖2
𝜀

)

∑ 𝑒𝑥𝑝(−
‖𝒙(𝑡)−𝑿𝑚‖2

𝜀
)𝐼𝐼𝐼

𝑚=𝐼

)
                (12) 

By substituting (9) into (8) and combining (12) with (8), the 

arcing mode similarity based transition probability matrix is 

finally expressed as: 

𝑷𝑡 =

[
 
 
 
 
 
𝑃I,I 𝑃I,II 𝑃I,III 1 − ∑ 𝑃I,𝑚

III
𝑚=I

𝑃II,I 𝑃II,II 𝑃II,III 1 − ∑ 𝑃II,𝑚
III
𝑚=I

𝑃III,I 𝑃III,II 𝑃III,III 1 − ∑ 𝑃III,𝑚
III
𝑚=I

∑ 𝑊𝑛(𝑡)𝑃𝑛,I
III
𝑛=I ∑ 𝑊𝑛(𝑡)𝑃𝑛,II

III
𝑛=I ∑ 𝑊𝑛(𝑡)𝑃𝑛,III

III
𝑛=I 1 − ∑ ∑ 𝑊𝑛(𝑡)𝑃𝑛,𝑚

III
𝑛=I

III
𝑚=I ]

 
 
 
 
 

(13) 

where: 

𝑊𝑛(𝑡) = ∫ ∫ ∫ ∫ ∫ ∫  
𝑈(𝜙𝐶

𝐿)

𝐿(𝜙𝐶
𝑈)

𝑈(𝜙𝐶
𝐿)

𝐿(𝜙𝐶
𝑈)

𝑈(𝜙𝐵
𝐿 )

𝐿(𝜙𝐵
𝑈)

𝑈(𝜙𝐵
𝐿 )

𝐿(𝜙𝐵
𝑈)

𝑈(𝜙𝐴
𝐿 )

𝐿(𝜙𝐴
𝑈)

𝑈(𝜙𝐴
𝐿 )

𝐿(𝜙𝐴
𝑈)

                   {
exp(−

‖𝒙(𝑡)−𝑿𝑛‖2
𝜀

)

∑ exp(−
‖𝒙(𝑡)−𝑿𝑚‖2

𝜀
)III

𝑚=I

𝑔𝐵,𝐶(𝑢𝐵,I, 𝑢𝐶,I)

                   × 𝑔𝐴,𝐶(𝑢𝐴,II, 𝑢𝐶,II)𝑔𝐴,𝐵(𝑢𝐴,III, 𝑢𝐵,III)}

                   × 𝑑𝑢𝐴,II𝑑𝑢𝐴,III𝑑𝑢𝐵,I𝑑𝑢𝐵,III𝑑𝑢𝐶,I𝑑𝑢𝐶,II,

 (14) 

in which 𝑿I = (0, 𝑢𝐵,I, 𝑢𝐶,I)
′
 , 𝑿II = (𝑢𝐴,II, 0, 𝑢𝐶,II)

′
 , and 𝑿III =

(𝑢𝐴,III, 𝑢𝐵,III, 0)
′
 . Furthermore, 𝑔𝐵,𝐶(𝑢𝐵,I, 𝑢𝐶,I) , 𝑔𝐴,𝐶(𝑢𝐴,II, 𝑢𝐶,II) , 

and 𝑔𝐴,𝐵(𝑢𝐴,III, 𝑢𝐵,III) are the joint probability density functions 

(PDFs) of (𝑋𝐵,I(𝑡), 𝑋𝐶,I(𝑡))
′

, (𝑋𝐴,II(𝑡), 𝑋𝐶,II(𝑡))
′

, and (𝑋𝐴,III(𝑡),𝑋𝐵,III(𝑡))
′

, 

respectively. These joint PDFs are specified later in Subsection 

3.3. 

Additionally, we assume that the initial probability 𝑃𝑚 of the 

AC contactor being in arcing mode 𝑚 within the first operation 

cycle is a constant for 𝑚 = I, II, III, IV. Then, we can specify the 

arcing mode similarity based discrete-time Markov chain model 

by combining the initial probability 𝑃𝑚  and the transition 

probability matrix 𝑷𝑡 in (13). 

3.2. Single-phase contact pair degradation model 

The Tweedie exponential dispersion process (TEDP) model is 

usually utilized in reliability research due to its flexibility in 

modeling various degradation processes, including Wiener, 

gamma, and inverse Gaussian process models as special cases 

[28,29]. Nevertheless, the TEDP model is unsuitable for 

depicting the degradation process of the cumulative arcing Joule 

integral between the contact pair of a phase in an AC contactor. 

As explained in Subsection 2.1, if no arcing occurs between the 

contact pair of phase 𝑗 for 𝑗 = 𝐴, 𝐵, 𝐶 in the 𝑡-th operation cycle, 

the arcing Joule integral 𝑋𝑗(𝑡)  is equal to 0; if arcing occurs, 

𝑋𝑗(𝑡) is bounded above by 𝑈(𝜙𝑗
𝐿) and below by 𝐿(𝜙𝑗

𝑈). Thus, 

a degradation model with zero and bounded increments is 

required. However, the increment of the TEDP model is  

a continuous random variable in the interval (0, +∞)  or 

(−∞,+∞) . As a result, the TEDP model cannot accurately 

capture the evolution process of the cumulative arcing Joule 

integral. 

To address the above issue, we propose the doubly truncated 

TEDP model with zero increments as the single-phase contact 

pair degradation model. For the degradation process of the 

cumulative arcing Joule integral 𝑌𝑗(𝑡) between the contact pair 

of phase 𝑗, we define the doubly truncated TEDP model with 
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zero increments as: 

𝑌𝑗(𝑡) = ∑ 𝑋𝑗(𝜉)
𝑡
𝜉=1                (15) 

where 𝑡  is the operation cycle number, and 𝑋𝑗(𝜉)  is the 

arcing Joule integral between the contact pair of phase 𝑗 for 𝑗 =

𝐴, 𝐵, 𝐶 in the 𝜉-th operation cycle, satisfying: 

{
  
 

  
 
Pr{𝑋𝑗(𝑡) = 0|𝑡 = 1} = 𝑃𝑚,

Pr{𝑋𝑗(𝑡) = 0|𝑀(𝑡 − 1) = 𝑛, 𝑡 > 1} = 𝑃𝑛,𝑚,

Pr{𝑋𝑗(𝑡) = 0|𝑀(𝑡 − 1) = IV, 𝑡 > 1}

= 𝑃IV,𝑚(𝑡 − 1) = ∑ 𝑊𝑛(𝑡 − 1)𝑃𝑛,𝑚
III
𝑛=I ,

Pr{𝑋𝑗(𝑡) ≤ 𝑥𝑗|𝑀(𝑡) ≠ 𝑚} = 𝐺𝑗(𝑥𝑗),

  (16) 

where 𝑀(𝑡) = 𝑚 denotes that the AC contactor is in arcing 

mode 𝑚  during the 𝑡 -th operation cycle, and 𝑛,𝑚 = I, II, III . 

Moreover, if 𝑚 = I , then 𝑗 = 𝐴 ; if 𝑚 = II , then 𝑗 = 𝐵 ; and if 

𝑚 = III , then 𝑗 = 𝐶 . The first three equations describe the 

randomness of whether no arc arises between the contact pair of 

phase 𝑗 in the 𝑡-th operation cycle. The last equation depicts the 

randomness in the magnitude of the arcing Joule integral when 

an arc arises. 𝐺𝑗(𝑥𝑗)  is the cumulative distribution function 

(CDF) of 𝑋𝑗(𝑡)|𝑀(𝑡) ≠ 𝑚, derived as: 

𝐺𝑗(𝑥𝑗) = ∫ 𝑔𝑖(𝑢𝑗)d𝑢𝑗
𝑥𝑗

𝐿(𝜙𝑗
𝑈)

            ≈ (∫ 𝑓𝑗(𝑢𝑗)d𝑢𝑗
𝑈(𝜙𝑗

𝐿)

𝐿(𝜙𝑗
𝑈)

)
−1

∫ 𝑓𝑗(𝑢𝑗)d𝑢𝑗
𝑥𝑗

𝐿(𝜙𝑗
𝑈)

            = (∫ √
𝜆𝑗

2𝜋(𝑡
𝛿𝑗−(𝑡−1)

𝛿𝑗)
1−𝜌𝑗

(𝑢𝑗)
𝜌𝑗

𝑈(𝜙𝑗
𝐿)

𝐿(𝜙𝑗
𝑈)

               × exp {−
𝜆𝑗(𝑡

𝛿𝑗−(𝑡−1)
𝛿𝑗)

2
𝑑𝑗(𝑢𝑗)} d𝑢𝑗)

−1

               × ∫ √
𝜆𝑗

2𝜋(𝑡
𝛿𝑗−(𝑡−1)

𝛿𝑗)
1−𝜌𝑗

(𝑢𝑗)
𝜌𝑗

𝑥𝑗

𝐿(𝜙𝑗
𝑈)

               × exp {−
𝜆𝑗(𝑡

𝛿𝑗−(𝑡−1)
𝛿𝑗)

2
𝑑𝑗(𝑢𝑗)} d𝑢𝑗 ,

 (17) 

where 𝑔𝑗(𝑢𝑗)  is the PDF of 𝑋𝑗(𝑡)|𝑀(𝑡) ≠ 𝑚 , 𝑓𝑗(𝑢𝑗)  is the 

approximated PDF of the increment of the TEDP model [30], 

𝜆𝑗 , 𝛿𝑗 , 𝜌𝑗 , and 𝜂𝑗  are the model parameters, and 𝑑𝑗(𝑢𝑗)  is 

written as: 

𝑑𝑗(𝑢𝑗) =

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 {

𝑢𝑗

[𝑡
𝛿𝑗−(𝑡−1)

𝛿𝑗]
− 𝜂𝑗}

2

, 𝜌𝑗 = 0,

2 {
𝑢𝑗

𝑡
𝛿𝑗−(𝑡−1)

𝛿𝑗
ln (

𝑢𝑗

𝜂𝑖[𝑡
𝛿𝑗−(𝑡−1)

𝛿𝑗]
)

−(
𝑢𝑗

𝑡
𝛿𝑗−(𝑡−1)

𝛿𝑗
− 𝜂𝑗)} ,

𝜌𝑗 = 1,

2 {ln (
𝜂𝑗[𝑡

𝛿𝑗−(𝑡−1)
𝛿𝑗]

𝑢𝑖
) +

𝑢𝑗

𝜂𝑗[𝑡
𝛿𝑗−(𝑡−1)

𝛿𝑗]
− 1} , 𝜌𝑗 = 2,

2 {[max(
𝑢𝑗

𝑡
𝛿𝑗−(𝑡−1)

𝛿𝑗
, 0)]

2−𝜌𝑗

(1 − 𝜌𝑗)
−1
(2 − 𝜌𝑗)

−1

−
𝜂
𝑗

1−𝜌𝑗
𝑢𝑗

(1−𝜌𝑗)[𝑡
𝛿𝑗−(𝑡−1)

𝛿𝑗]
+
𝜂
𝑗

2−𝜌𝑗

2−𝜌𝑗
} ,

𝜌𝑗 ≠ 0,1,2.

 (18) 

3.3. Three-phase contact pair degradation model 

Nonlinear correlation exists among the arcing Joule integrals of 

the contact pairs that suffer from arcs in a breaking process. This 

nonlinear correlation is explained as below. Under the three-

phase current condition, the original phase angles exhibit  

a phase difference of 120° between any two phases. These 

original phase angles are nonlinearly transformed into the 

breaking phase angles according to (1), resulting in the 

nonlinear correlation among the breaking phase angles. 

Meanwhile, it can be observed from (6) that the arcing Joule 

integral is a nonlinear function of the breaking phase angle. 

Based on the models proposed in Subsections 3.1 and 3.2, 

we further model the performance evolution process of an AC 

contactor by capturing the correlation among the arcing Joule 

integrals of the three-phase contact pairs using the t copula 

function. This copula function is widely employed to describe 

the nonlinear correlation among multiple random variables in 

reliability studies, and it can flexibly depict the nonlinear 

correlation between any two of all the random variables using 

the correlation matrix [23,24]. 

We define the three-phase contact pair degradation model as 

follows: 

𝑌𝐴(𝑡) = ∑ 𝑋𝐴(𝜉)
𝑡
𝜉=1 , 𝑌𝐵(𝑡) = ∑ 𝑋𝐵(𝜉)

𝑡
𝜉=1 , 𝑌𝐶(𝑡) = ∑ 𝑋𝐶(𝜉) 

𝑡
𝜉=1  (19) 

where the randomness and correlation characteristics of 

𝑋𝐴(𝑡), 𝑋𝐵(𝑡), and 𝑋𝐶(𝑡) are described by (20) and (23). 

For arcing mode 𝑚, 𝑚 = I, II, III, we assume that: 

{
 
 
 

 
 
 
Pr{𝑋𝑗(𝑡) = 0|𝑡 = 1} = 𝑃𝑚,

Pr{𝑋𝑗(𝑡) = 0|𝑀(𝑡 − 1) = 𝑛, 𝑡 > 1} = 𝑃𝑛,𝑚,

Pr{𝑋𝑗(𝑡) = 0|𝑀(𝑡 − 1) = IV, 𝑡 > 1}

= 𝑃IV,𝑚(𝑡 − 1) = ∑ 𝑊𝑛(𝑡 − 1)𝑃𝑛,𝑚
III
𝑛=I ,

Pr{𝑋𝑘(𝑡) ≤ 𝑥𝑘 , 𝑋𝑙(𝑡) ≤ 𝑥𝑙|𝑀(𝑡) = 𝑚}

= ∫ ∫ 𝑔𝑘,𝑙(𝑢𝑘, 𝑢𝑙)
𝑥𝑙
𝐿(𝜙𝑙

𝑈)
d𝑢𝑘d𝑢𝑙

𝑥𝑘
𝐿(𝜙𝑘

𝑈)
,

  (20) 

where 𝑛 = I, II, III. Moreover, if 𝑚 = Ⅰ, then 𝑗 = 𝐴, 𝑘 = 𝐵, 

and 𝑙 = 𝐶; if 𝑚 = Ⅱ, then 𝑗 = 𝐵, 𝑘 = 𝐴, and 𝑙 = 𝐶; if 𝑚 = Ⅲ, 

then 𝑗 = 𝐶, 𝑘 = 𝐴, and 𝑙 = 𝐵. The first three equations describe 

the randomness of whether no arc arises between the contact 

pair of phase 𝑗, with arcs arising for the contact pairs of the other 

two phases, in the 𝑡-th operation cycle. The last equation depicts 

the randomness in the magnitudes of the arcing Joule integrals 

for the two contact pairs when arcs arise in them. 𝑔𝑘,𝑙(𝑥𝑘 , 𝑥𝑙) is 

the joint PDF of 𝑋𝑘(𝑡), 𝑋𝑙(𝑡)|𝑀(𝑡) = 𝑚. 

Based on the t copula function, 𝑔𝑘,𝑙(𝑥𝑘 , 𝑥𝑙) is given by: 
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𝑔𝑘,𝑙(𝑥𝑘 , 𝑥𝑙) =
Γ(
𝜈+2

2
)

𝜈𝜋Γ(
𝜈

2
)|𝚺𝑘,𝑙|

1
2

(1 +
1

𝜈
𝐱𝑘,𝑙
′ 𝚺𝑘,𝑙

−1𝐱𝑘,𝑙)
−
𝜈+2

2

                          × {𝜁𝜈 (𝑡𝜈
−1(𝐺𝑘(𝑥𝑘))) 𝜁𝜈 (𝑡𝜈

−1(𝐺𝑙(𝑥𝑙)))}
−1

                          × 𝑔𝑘(𝑥𝑘)𝑔𝑙(𝑥𝑙),

 (21) 

where Γ(∙)  is the gamma function, 𝜈 > 2  is the degrees of 

freedom, 𝜁𝜈(∙) and 𝑡𝜈
−1(∙) are respectively the PDF and quantile 

function of the univariate standard t distribution with 𝜈 degrees 

of freedom, and 𝐱𝑘,𝑙 and 𝚺𝑘,𝑙 are expressed as: 

{
𝐱𝑘,𝑙 = [𝑡𝜈

−1(𝐺𝑘(𝑥𝑘)), 𝑡𝜈
−1(𝐺𝑙(𝑥𝑙))]

′

𝚺𝑘,𝑙 = [
1 𝜌𝑘,𝑙
𝜌𝑘,𝑙 1

]
  (22) 

in which 𝜌𝑘,𝑙  is the correlation coefficient and 𝚺𝑘,𝑙  is the 

correlation matrix. 

For arcing mode Ⅳ, we assume that: 

{
 
 
 

 
 
 
Pr{𝑋𝐴(𝑡) ≠ 0, 𝑋𝐵(𝑡) ≠ 0, 𝑋𝐶(𝑡) ≠ 0|𝑡 = 1} = 𝑃IV,

Pr{𝑋𝐴(𝑡) ≠ 0, 𝑋𝐵(𝑡) ≠ 0, 𝑋𝐶(𝑡) ≠ 0|𝑀(𝑡 − 1) = 𝑛, 𝑡 > 1}
= 𝑃𝑛,IV,

Pr{𝑋𝐴(𝑡) ≠ 0, 𝑋𝐵(𝑡) ≠ 0, 𝑋𝐶(𝑡) ≠ 0|𝑀(𝑡 − 1) = IV, 𝑡 > 1}

= 𝑃IV,IV(𝑡 − 1) = ∑ 𝑊𝑛(𝑡 − 1)𝑃𝑛,IV
III
𝑛=I ,

Pr{𝑋𝐴(𝑡) ≤ 𝑥𝐴, 𝑋𝐵(𝑡) ≤ 𝑥𝐵, 𝑋𝐶(𝑡) ≤ 𝑥𝐶(𝑡)|𝑀(𝑡) = IV}

= ∫ ∫ ∫ 𝑔𝐴,𝐵,𝐶(𝑢𝐴, 𝑢𝐵, 𝑢𝐶)
𝑥𝐶

𝐿(𝜙𝐶
𝑈)

𝑥𝐵

𝐿(𝜙𝐵
𝑈)

𝑑𝑢𝐴𝑑𝑢𝐵𝑑𝑢𝐶 ,
𝑥𝐴

𝐿(𝜙𝐴
𝑈)

  (23) 

where 𝑛 = I, II, III . The first three equations describe the 

randomness of whether arcs simultaneously arise for the three-

phase contact pairs in the 𝑡-th operation cycle. The last equation 

depicts the randomness in the magnitudes of the arcing Joule 

integrals of the three-phase contact pairs when arcs arise in them. 

𝑔𝐴,𝐵,𝐶(𝑥𝐴 , 𝑥𝐵 , 𝑥𝐶) is the joint PDF of 𝑋𝐴(𝑡), 𝑋𝐵(𝑡), 𝑋𝐶(𝑡)|𝑀(𝑡) =

IV . Based on the t copula function, 𝑔𝐴,𝐵,𝐶(𝑥𝐴, 𝑥𝐵 , 𝑥𝐶)  is 

represented by: 

𝑔𝐴,𝐵,𝐶(𝑥𝐴, 𝑥𝐵, 𝑥𝐶) =
Γ(
𝜈+3

2
)(1+

1

𝜈
𝐱𝐴,𝐵,𝐶
′ 𝚺𝐴,𝐵,𝐶

−1 𝐱𝐴,𝐵,𝐶)
−
𝜈+3
2

𝜈
3
2𝜋

3
2Γ(

𝜈

2
)|𝚺𝐴,𝐵,𝐶|

1
2

                                  × {𝜁𝜈 (𝑡𝜈
−1(𝐺𝐴(𝑥𝐴))) × 𝜁𝜈 (𝑡𝜈

−1(𝐺𝐵(𝑥𝐵)))    

                                  × 𝜁𝜈 (𝑡𝜈
−1(𝐺𝐶(𝑥𝐶)))}

−1

                                  × 𝑔𝐴(𝑥𝐴)𝑔𝐵(𝑥𝐵)𝑔𝐶(𝑥𝐶),

(24) 

in which 𝐱𝐴,𝐵,𝐶 and 𝚺𝐴,𝐵,𝐶  are given by: 

{
 
 

 
 𝐱𝐴,𝐵,𝐶 = [𝑡𝜈

−1(𝐺𝐴(𝑥𝐴)), 𝑡𝜈
−1(𝐺𝐵(𝑥𝐵)), 𝑡𝜈

−1(𝐺𝐶(𝑥𝐶))]
′

𝚺𝐴,𝐵,𝐶 = [

1 𝜌𝐴,𝐵 𝜌𝐴,𝐶
𝜌𝐴,𝐵 1 𝜌𝐵,𝐶
𝜌𝐴,𝐶 𝜌𝐵,𝐶 1

]
 (25) 

3.4. Failure threshold distribution 

The failure threshold of a contact pair can be considered to be 

the lowest cumulative arcing Joule integral with which poor 

connectivity or failure to close occurs for the contact pair. The 

failure thresholds for the contact pairs of different phases across 

different AC contactors may not be identical due to 

heterogeneity incurred by factors such as material 

inconsistencies and manufacturing process instabilities [9]. 

Let 𝐷𝑗   denote the failure threshold of the contact pair of 

phase 𝑗 in an AC contactor for 𝑗 = 𝐴, 𝐵, 𝐶. We assume that 𝐷𝑗  

independently and identically follows a normal distribution 

with mean 𝜇𝐷  and variance 𝜎𝐷
2 , referred to as 𝐷𝑗~𝑁(𝜇𝐷, 𝜎𝐷

2) . 

Furthermore, the model parameter vector 𝜽𝐷 = (𝜇𝐷, 𝜎𝐷
2)′  is 

estimated using the maximum likelihood estimation method 

detailed in Appendix-A. 

4. RUL Prediction 

The overall framework of the proposed RUL prediction method 

is illustrated in Fig. 2. This framework mainly consists of three 

parts. 

a) Degradation modeling based on arcing mechanism 

analysis and the degradation characteristics of AC 

contactors, as detailed in Section 3. 

b) Model updating for the degradation model and the failure 

threshold distribution, as presented in Subsection 4.1. 

c) Monte Carlo simulation based RUL prediction, as 

described in Subsection 4.2. 

4.1. Model updating 

1) Degradation Model Parameter Estimates Updating: In 

this section, we derive the likelihood function to update the 

parameter estimates in the proposed three-phase contact pair 

degradation model as the accumulation of degradation data. 

Arcing mode evolution model

Failure threshold distributions updating

Output: Predicted RUL

Degradation model parameter estimates 

updating

Model 

updating

Monte Carlo simulation based RUL 

point estimation 

Characteristic

 Arcing mode transition

Three-phase contact pair degradation 

model

Failure definition and initial failure 

threshold distributions

Degradation 

modeling

Characteristics

 Nonlinear correlation

 Zero and bounded increments

Characteristics

 Stochastic failure threshold

 Competing failure

Input: Degradation data up 

to the current operation cycle

 

Figure 2. Flowchart of the proposed RUL prediction method. 



 

Eksploatacja i Niezawodność – Maintenance and Reliability Vol. 28, No. 4, 2026 

 

Consider that the current operation cycle is the 𝑡𝑘-th one. Let 

𝑥𝑗(𝑡)  and 𝑦𝑗(𝑡) = ∑ 𝑥𝑗(𝜉)
𝑡
𝜉=1   for 𝑗 = 𝐴, 𝐵, 𝐶  represent the 

respective observations of the arcing Joule integral and 

cumulative arcing Joule integral between the contact pair of 

phase 𝑗 in the 𝑡-th operation cycle. Moreover, let 𝑡𝑙
𝑛,𝑚

 represent 

the operation cycle in which the AC contactor is in arcing mode 

𝑛  and after which the AC contactor is in arcing mode 𝑚 . 

Additionally, the superscript 𝑙 indicates the 𝑙-th such operation 

cycle for 𝑙 = 1,2,⋯ , 𝑘𝑛,𝑚 , where 𝑘𝑛,𝑚  is the total number 

satisfying ∑ ∑ 𝑘𝑛,𝑚
IV
𝑚=I

IV
𝑛=I = 𝑡𝑘 − 1 . Then, the relationship 

between 𝑥𝑗(𝑡) and 𝑥𝑗(𝑡𝑙
𝑛,𝑚) can be expressed as: 

{𝑥𝑗(𝑡), 𝑡 = 1,2,⋯ , 𝑡𝑘} = ⋃ ⋃ {𝑥𝑗(𝑡𝑙
𝑛,𝑚), 𝑙 = 1,2,⋯ , 𝑘𝑛,𝑚}

IV
𝑚=I

IV
𝑛=I⏟                        

𝑆𝑗,1

                                               ⋃ {𝑥𝑗(𝑡𝑘)}⏟    
𝑆𝑗,2

= 𝑆𝑗,1⋃𝑆𝑗,2
 (26) 

where 𝑗 = 𝐴, 𝐵, 𝐶. 

The realization of the arcing mode evolution process can be 

obtained based on all the observed data 𝑆𝑗,1  and 𝑆𝑗,2  for 𝑗 =

𝐴, 𝐵, 𝐶, according to the identification of the four arcing modes 

in Subsection 2.2. Using (13), the probability of this realization 

is derived by: 

𝑙1(𝜽) = ∏ {(1 − ∑ 𝑃𝑛,𝑚
III
𝑚=I )

𝑘𝑛,IV ∏ 𝑃𝑛,𝑚
𝑘𝑛,𝑚III

𝑚=I }III
𝑛=I

                × ∏ {1 − ∑ ∑ 𝑊𝑛(𝑡𝑙
IV,IV)𝑃𝑛,𝑚

III
𝑛=I

III
𝑚=I }

𝑘IV,IV
𝑙=1

                × ∏ {∏ ∑ 𝑊𝑛(𝑡𝑙
IV,𝑚)𝑃𝑛,𝑚

III
𝑛=I

𝑘IV,𝑚
𝑙=1 }III

𝑚=I

     (27) 

where 𝜽 is the vector of all the parameters in the proposed 

three-phase contact pair degradation model. 

Based on the observed data 𝑆𝑗,1  for 𝑗 = 𝐴, 𝐵, 𝐶 , four 

conditional likelihood functions are derived as below. 

Conditional on the realization of the arcing mode evolution 

process, the conditional likelihood functions given the arcing 

Joule integrals in all the operation cycles with the AC contactor 

being in arcing modes I, II, III, and IV are respectively 

expressed as: 

{
  
 

  
 𝑙2(𝜽) = ∏ {∏ 𝑔𝐵,𝐶 (𝑥𝐵(𝑡𝑙

I,𝑚), 𝑥𝐶(𝑡𝑙
I,𝑚))

𝑘I,𝑚
𝑙=1 }IV

𝑚=I

𝑙3(𝜽) = ∏ {∏ 𝑔𝐴,𝐶 (𝑥𝐴(𝑡𝑙
II,𝑚), 𝑥𝐶(𝑡𝑙

II,𝑚))
𝑘II,𝑚
𝑙=1 }IV

𝑚=I

𝑙4(𝜽) = ∏ {∏ 𝑔𝐴,𝐵 (𝑥𝐴(𝑡𝑙
III,𝑚), 𝑥𝐵(𝑡𝑙

III,𝑚))
𝑘III,𝑚
𝑙=1 }IV

𝑚=I

𝑙5(𝜽) = ∏ {∏ 𝑔𝐴,𝐵,𝐶 (𝑥𝐴(𝑡𝑙
IV,𝑚), 𝑥𝐵(𝑡𝑙

IV,𝑚), 𝑥𝐶(𝑡𝑙
IV,𝑚))

𝑘IV,𝑚
𝑙=1 }IV

𝑚=I

(28) 

Based on the observed data 𝑆𝑗,2 for 𝑗 = 𝐴, 𝐵, 𝐶, a conditional 

likelihood function is derived as below. Conditional on the 

realization of the arcing mode evolution process, the conditional 

likelihood function given the arcing Joule integrals in the 𝑡𝑘-th 

operation cycle is expressed as: 

𝑙6(𝜽) = ℎ(𝑥𝐴(𝑡𝑘), 𝑥𝐵(𝑡𝑘), 𝑥𝐶(𝑡𝑘))

           =

{
 
 

 
 
𝑔𝐵,𝐶(𝑥𝐵(𝑡𝑘), 𝑥𝐶(𝑡𝑘)), 𝑀(𝑡𝑘) = I

𝑔𝐴,𝐶(𝑥𝐴(𝑡𝑘), 𝑥𝐶(𝑡𝑘)), 𝑀(𝑡𝑘) = II

𝑔𝐴,𝐵(𝑥𝐴(𝑡𝑘), 𝑥𝐵(𝑡𝑘)), 𝑀(𝑡𝑘) = III

𝑔𝐴,𝐵,𝐶(𝑥𝐴(𝑡𝑘), 𝑥𝐵(𝑡𝑘), 𝑥𝐶(𝑡𝑘)), 𝑀(𝑡𝑘) = IV

   (29) 

Finally, by combining 𝑙𝑖(𝜽) , 𝑖 = 1,2, … ,6 , the following 

complete likelihood function is constructed to update the vector 

𝜽̂ of all the model parameter estimates. 

𝐿(𝜽) = 𝑙1(𝜽)𝑙2(𝜽)𝑙3(𝜽)𝑙4(𝜽)𝑙5(𝜽)𝑙6(𝜽)         (30) 

Because of the complexity of 𝐿(𝜽), there is no closed-form 

estimator of 𝜽. Thus, we formulate an optimization problem as 

max𝜽𝐿(𝜽). We solve this optimization problem to determine the 

estimate of 𝜽 by the genetic algorithm, which has been proven 

to be an efficient method for solving optimization problems in 

many studies [31]. Additionally, to ensure the effectiveness and 

efficiency of parameter estimation, we first obtain rough 

estimate of 𝜽, which is then used as the initial solution for the 

genetic algorithm. This rough estimate is obtained through the 

following method. The rough estimate of 𝑃𝑛,𝑚  for 𝑛,𝑚 =

I, II, III is determined by calculating the proportion of transitions 

from arcing mode 𝑛 to arcing mode 𝑚. The rough estimate of 𝜀 

is set to 1. The rough estimates of 𝜂𝑗 , 𝛿𝑗, 𝜌𝑗, 𝜆𝑗 , 𝜙𝑗
𝑈, 𝜙𝑗

𝐿 for 𝑗 =

𝐴, 𝐵, 𝐶  are obtained by conducting parameter estimation for 

each marginal degradation process, with the neglect of the 

correlation among the arcing Joule integrals of the three-phase 

contact pairs. Next, the rough estimates of 𝜌𝐴,𝐵 , 𝜌𝐴,𝐶 , 𝜌𝐵,𝐶 , 𝑣 are 

determined by two steps. Firstly, for simplification, 

𝜌𝐴,𝐵 , 𝜌𝐴,𝐶 , 𝜌𝐵,𝐶   are assumed to be equal for the purpose of 

calculating the rough estimates. Secondly, by substituting the 

rough estimates of all the parameters, excluding 𝜌𝐴,𝐵, 𝜌𝐴,𝐶 , 𝜌𝐵,𝐶 , 𝑣, 

into (30), the rough estimates of 𝜌𝐴,𝐵, 𝜌𝐴,𝐶 , 𝜌𝐵,𝐶 , 𝑣 are determined 

though the maximization of (30). 

2) Failure Threshold Distributions Updating: Due to the 

competing failure relationship among the three contact pairs, the 

failure threshold of the contact pair of phase 𝑗 must exceed the 

cumulative arcing Joule integral 𝑦𝑗(𝑡𝑘) between the contact pair 

for all 𝑗 = 𝐴, 𝐵, 𝐶, when the AC contactor operates normally up 

to the current operation cycle 𝑡𝑘 . This implies that 𝐷𝑗|𝑦𝑗(𝑡𝑘) 

follows the truncated normal distribution in the interval 

(𝑦𝑗(𝑡𝑘), +∞), deviating from the initial distribution 𝑁(𝜇𝐷 , 𝜎𝐷
2). 
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Based on the analysis of conditional probability and given 

the current operation cycle 𝑡𝑘, the updated CDF of the failure 

threshold is derived by: 

𝐹𝑗,𝑡𝑘(𝑑) = 𝑃𝑟{𝐷𝑗 ≤ 𝑑|𝑦𝑗(𝑡𝑘) < 𝐷𝑗 < ∞}

               =
𝑃𝑟{𝑦𝑗(𝑡𝑘)<𝐷𝑗≤𝑑}

𝑃𝑟{𝑦𝑗(𝑡𝑘)<𝐷𝑗<∞}

               =
𝛷(

𝑑−𝜇𝐷
𝜎𝐷

)−𝛷(
𝑦𝑗(𝑡𝑘)−𝜇𝐷

𝜎𝐷
)

1−𝛷(
𝑦𝑗(𝑡𝑘)−𝜇𝐷

𝜎𝐷
)

         (31) 

where 𝑗 = 𝐴, 𝐵, 𝐶  and Φ(∙)  is the CDF of the standard 

normal distribution. According to (31), the failure threshold 

distributions of all the three contact pairs can be updated. 

4.2. Monte Carlo simulation based RUL prediction 

For the contact pair of a phase, failure occurs when the 

cumulative arcing Joule integral between this contact pair 

reaches its failure threshold. Moreover, the contact pairs of 

phases A, B, and C exhibit a competing failure relationship, 

meaning that the failure of the contact pair of any phase can 

result in the failure of the AC contactor. Therefore, when the 

current operation cycle number is 𝑡𝑘, we define the RUL 𝑇 as: 

𝑇 = inf{𝜏|⋃ {𝑌𝑗(𝑡𝑘 + 𝜏) ≥ 𝐷𝑗|𝑦𝑗(𝑡𝑘)}𝑗=𝐴,𝐵,𝐶 }         (32) 

The expected value of RUL typically serves as the point 

estimate of RUL [32, 33]. Given the complexity of the proposed 

model, obtaining the closed-form expression for the RUL 

expectation is difficult. To address this problem, a Monte Carlo 

simulation based algorithm, Algorithm 1, is provided to 

approximate the RUL expectation. 

Algorithm 1: Computation of the RUL prediction 𝑇̂. 

 

Input: The parameters 𝜽 of the proposed three-phase contact 

pair degradation model, and the parameters 𝜽𝐷  of the initial 

distribution of the failure threshold. 

 Output: The RUL prediction 𝑇̂. 

 

Initialization: Let 𝑝 be the number of simulations, and 𝜏𝑝 be 

the 𝑝 -th simulated RUL. Let 𝑑𝑗  , 𝑥𝑗(𝑡) , and 𝑦𝑗(𝑡)  be the 

realizations of 𝐷𝑗, 𝑋𝑗(𝑡), and 𝑌𝑗(𝑡), respectively. 

1: for 𝑝 in 1 to 𝑁 do 

2: 

 

Generate 𝑑𝐴, 𝑑𝐵, and 𝑑𝐶  from (31) and set 𝜏𝑝 = 0. 

3: while 𝑦𝑗(𝑡𝑘 + 𝜏𝑝) < 𝑑𝑗  for 𝑗 = 𝐴,𝐵, 𝐶 do 

4:  𝜏𝑝 = 𝜏𝑝 + 1. 

5:  Generate 𝑥𝑗(𝑡𝑘 + 𝜏𝑝) from (19) for 𝑗 = 𝐴, 𝐵, 𝐶. 

6: 
 

Set 𝑦𝑗(𝑡𝑘 + 𝜏𝑝) = 𝑦𝑗(𝑡𝑘 + 𝜏𝑝 − 1) + 𝑥𝑗(𝑡𝑘 + 𝜏𝑝)  for 

𝑗 = 𝐴, 𝐵, 𝐶.  

7: end while 

8: end for 

9: Compute the RUL prediction by 𝑇̂ = 𝑁−1∑ 𝜏𝑝
𝑁
𝑝=1 . 

5. Case study 

This section validates the rationality and advantages of the 

proposed method through a real case and a numerical case. In 

each case, the RUL of each AC contactor at a current operation 

cycle is predicted based on degradation data from the 

corresponding AC contactor. These data consist of the 

cumulative arcing Joule integrals of the three-phase contact 

pairs, collected from the first operation cycle up to the current 

one. 

Recent representative state-of-the-art methods for predicting 

the RUL of an AC contactor include three kinds, namely, the 

highest degradation level (HDL) method [9], the average 

degradation level (ADL) method [7], and the model regression 

(MR) method [8,11]. Moreover, to demonstrate the necessity of 

accounting for zero and bounded degradation increments, the t 

copula method is considered [24,30]. Thus, the comparative 

analysis of these four methods, along with the proposed method, 

is conducted in each case. The outlines of these methods are as 

follows. 

In the HDL method [9], the degradation data of the contact 

pair exhibiting the highest degradation level at the current 

operation cycle are used to reflect the degradation process of an 

AC contactor. The Wiener process model is adopted to capture 

this degradation process, followed by predicting the RUL of the 

AC contactor using a fixed failure threshold. This threshold is 

prespecified through averaging the failure thresholds of the 

failed contact pairs in other AC contactors of the same type. 

In the ADL method [7], the average degradation level of the 

three-phase contact pairs is employed to quantify the 

performance state of an AC contactor. The Wiener process 

model is applied to model the evolution of the average 

degradation level, and it is then used to predict the RUL given  

a fixed failure threshold. The determination process of this 

threshold is consistent with the HDL method. 

In the MR method [8], the unitary regression model is 

employed to capture the relationship between the degradation 

levels of the three-phase contact pairs and the RULs of AC 

contactors. Then, the RUL of an AC contactor is predicted using 

this model, which is trained based on the degradation data and 

actual RULs from other AC contactors. 

In the t copula method, the cumulative arcing Joule integrals 

of the three-phase contact pairs are employed to reflect the 

degradation of an AC contactor. The TEDP model is applied to 

capture each marginal degradation process [30], and the 
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correlation among the increments of the three marginal 

degradation processes is then described using the t copula [24]. 

The RUL is predicted by considering random failure thresholds, 

which are modeled and updated in the same way as the proposed 

method. Notably, the t copula method can be viewed as  

a simplified version of the proposed model by omitting the 

consideration of arcing mode transitions. 

The average absolute error AE and the average relative error 

RE are employed to compare the prediction accuracy of the five 

methods. The relative superiority index [34] is used to measure 

the difference among different methods. Let ARE_i for 

i=1,2,3,4,5 denote the average absolute or relative error for the 

i-th method. Then, the relative superiority index of the i-th 

method is expressed as: 

𝑅𝑆𝑖 =
𝐴𝑅𝐸𝑖

min
1≤𝑗≤5

{𝐴𝑅𝐸𝑗} 
                                       (33) 

Moreover, in the case study, the total number of simulations 

𝑁 in Algorithm 1 is set to 8,000. This value is determined by 

analyzing the convergence behavior of the predicted RUL with 

respect to 𝑁  using degradation data from the real case. The 

predicted RUL stabilizes when 𝑁 reaches approximately 8,000, 

meaning that further increasing 𝑁 leads to negligible changes. 

Specifically, the difference between the predicted RULs at 𝑁 =

8,000  and 𝑁 = 8,001  is less than 20 cycles, which is far 

smaller than the lifespans of AC contactors. Therefore, 𝑁 =

8,000 is adopted. 

5.1. Real case 

The rationality for considering multiple arcing modes and 

competing failure in the proposed method is demonstrated in 

Subsection 5.1-1. The superiority of the proposed method is 

then presented in Subsection 5.1-2. The real degradation data of 

cumulative arcing Joule integrals used in Subsections 5.1-1 and 

5.1-2 were obtained from three CJX2-32 AC contactors during 

the AC-4 electrical life test, the configuration of which is shown 

in Table 1 [9]. The AC contactors were tested under the AC-4 

condition, which aligns with the operation condition of AC 

contactors widely used in common assembly lines. This 

configuration is implemented for AC contactors to control 

motors for standard functions, including starting, braking, and 

reversing operations [26]. 

 

 

Table 1. Configuration of the AC-4 electrical life test. 

Parameter Configuration 

Rated voltage 380 V 

Rated current 32 A 

Test voltage 380 V 

Test current 192 A 

Power factor 0.65 

Electricity frequency 50 Hz 

Voltage on the coil 380 V 

1) Rationality Analysis of the Proposed Model: Fig. 3 

presents the degradation data of the cumulative arcing Joule 

integrals over the entire lifespans of the three CJX2-32 AC 

contactors (labeled as Contactor #1 to Contactor #3). The test 

result showed that, for Contactor #1, the waveform of the 

current carried by the contact pair of phase B ultimately 

demonstrated instability, signifying poor connectivity and 

failure of this contact pair, which caused the failure of Contactor 

#1. It was also observed that the contact pairs of phase A were 

failed for Contactor #2 and Contactor #3. Moreover, Fig. 3 

illustrates that the cumulative arcing Joule integral of the failed 

contact pair is higher than those of the two non-failed contact 

pairs at the end of the lifespan of each AC contactor. This 

implies that the contact pair ultimately suffering the most severe 

accumulative electrical erosion among the three contact pairs is 

the failed one. Additionally, for each AC contactor, the 

cumulative arcing Joule integrals of the three-phase contact 

pairs lead alternately during operation. This suggests that the 

degrees of the accumulative electrical erosions of the three 

contact pairs may lead alternately, owing to the randomness in 

the accumulation process of electrical erosion. This 

phenomenon creates difficulty in determining which pair of 

contacts will ultimately fail when an AC contactor does not fail. 

Therefore, it is rational to account for the competing failure 

relationship among the three-phase contact pairs in the proposed 

method. 

Fig. 4 illustrates the arcing mode in each operation cycle for 

Contactors #1 to #3. Meanwhile, based on the degradation data 

of Contactors #1 to #3, the statistical result of the percentage of 

operation cycles in which no arcing occurs between a contact 

pair (that is, the AC contactor is in arcing mode I, II, or III) 

relative to the entire lifespan is 5.3956%. This result shows that 

an AC contactor operates in arcing mode I, II, or III within many 

operation cycles. In other words, the phenomenon of zero arcing 
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Joule integrals (i.e., zero degradation increments) between  

a contact pair occurs in many operation cycles. Thus, 

considering zero degradation increments in the proposed 

method is rational. 

 

Figure 3. (a) Cumulative arcing Joule integrals of Contactor #1, (b) cumulative arcing Joule integrals of Contactor #2, and (c) 

cumulative arcing Joule integrals of Contactor #3. 

 

Figure 4. (a) Arcing modes of Contactor #1, (b) arcing modes of Contactor #2, and (c) arcing modes of Contactor #3. 

Table 2. Minimum and maximum arcing joule integral values. 

 Phase 
Contactor 

#1 

Contactor 

#2 

Contactor 

#3 

Experimental 

result 

Phase 

A 

[9.7000, 

263.7300] 

[9.5700, 

271.7700] 

[10.2600, 

260.3700] 

Phase 

B 

[8.8600, 

276.5100] 

[8.3800, 

259.2000] 

[9.6800, 

256.8500] 

Phase 

C 

[7.8200, 

274.8100] 

[10.5800, 

262.6400] 

[7.9200, 

263.7800] 

Estimated 

theoretical 

result 

Phase 

A 

[5.6312, 

279.2341] 

[7.9771, 

275.9890] 

[6.3752, 

273.6860] 

Phase 

B 

[8.2572, 

286.4671] 

[8.3465, 

292.3729] 

[8.9334, 

282.2393] 

Phase 

C 

[4.7412, 

283.0681] 

[6.9515, 

279.2758] 

[4.2453, 

280.2048] 

Table 2 presents the minimum and maximum values of the 

arcing Joule integrals, based on the degradation data from the 

entire lifespans of Contactors #1 to #3. Firstly, the minimum and 

maximum values are recorded from the degradation data of 

Contactors #1 to #3, as shown in the row labeled “Experimental 

result” in Table 2. Since the minimum value is clearly larger 

than zero and the maximum value is not excessively high, the 

experimental result supports that the arcing Joule integral has 

both lower and upper bounds. Secondly, the minimum and 

maximum values are estimated using (30), as shown in the row 

labeled “Estimated theoretical result” in Table 2. Given the 

supportive experimental and reasonable estimated theoretical 

results, considering bounded degradation increments in the 

proposed method is rational. 

Table 3. Critical breaking phase angles. 

 Phase 
Contactor 

#1 

Contactor 

#2 

Contactor 

#3 

Experimental 

result 

Phase 

A 

[0.1006, 

3.0307] 

[0.0851, 

3.0324] 

[0.1020, 

3.0271] 

Phase 

B 

[0.0790, 

3.0361] 

[0.1133, 

3.0433] 

[0.1286, 

3.0312] 

Phase 

C 

[0.0851, 

3.0586] 

[0.1014, 

3.0248] 

[0.0856, 

3.0441] 

Estimated 

theoretical 

result 

Phase 

A 

[0.0682, 

3.0839] 

[0.0686, 

3.0719] 

[0.0699, 

3.0813] 

Phase 

B 

[0.0517, 

3.0679] 

[0.0490, 

3.0670] 

[0.0615, 

3.0407] 

Phase 

C 

[0.0584, 

3.0963] 

[0.0680, 

3.0797] 

[0.0668, 

3.1113] 
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Table 3 shows the critical breaking phase angles 𝜙𝑗
𝐿 and 𝜙𝑗

𝑈 

for phase 𝑗, 𝑗 = 𝐴, 𝐵, 𝐶, based on the degradation data from the 

entire lifespans of Contactors #1 to #3. Here, 𝜙𝑗
𝐿 and 𝜙𝑗

𝑈 are the 

lower and upper bounds of the arcing phase angle, which is the 

breaking phase angle with which an arc can be generated. As 

exhibited in the row labeled “Experimental result” in Table 3, 

the experimental values of 𝜙𝑗
𝐿  and 𝜙𝑗

𝑈  are calculated by (7) 

based on the degradation data from Contactors #1 to #3. Since 

the experimental lower and upper bounds are not much close to 

0 and 𝜋, respectively, the result supports the existence of the 

critical breaking phase angles. Then, the theoretical values of 

𝜙𝑗
𝐿  and 𝜙𝑗

𝑈  are estimated using (30), as exhibited in the row 

labeled “Estimated theoretical result” in Table 3. Due to the 

supportive experimental result and the reasonable estimated 

theoretical result, it is rational to introduce the critical breaking 

phase angles. 

Based on the degradation data from the entire lifespans of 

Contactors #1 to #3, the Kendall rank correlation coefficients 

are calculated as 𝛾𝐴,𝐵 = −0.4953, 𝛾𝐴,𝐶 = −0.5132, and 𝛾𝐵,𝐶 =

−0.5079 . The coefficient 𝛾𝑘,𝑙  measures the nonlinear 

correlation between the arcing Joule integrals of phases 𝑘 and 𝑙. 

The Kendall rank correlation coefficient is a widely used metric 

for assessing nonlinear correlation in statistical analysis, with 

its computational formula given by [18]: 

𝛾𝑘,𝑙 =
2

𝜋
arcsin(𝜌𝑘,𝑙)                                  (34) 

where 𝜌𝑘,𝑙  is the correlation coefficient in (22). The 

calculated Kendall rank correlation coefficients, all 

approximately -0.5, confirm the nonlinear correlation between 

the arcing Joule integrals of any two phases in which arcing 

occur. Statistically, a Kendall coefficient of -0.5 corresponds to 

a probability of 0.75 that the arcing Joule integrals of two phases 

will move in opposite directions [35]. Hence, neglecting this 

correlation would discard valuable degradation information and 

lead to an inaccurate description of the degradation processes of 

AC contactors. Thus, it is essential to consider nonlinear 

degradation correlation. 

In conclusion, the rationality for considering multiple arcing 

modes and competing failure, along with the introduction of the 

critical breaking phase angles, has been validated. Here, the 

characteristic of multiple arcing modes is represented in three 

aspects, including zero degradation increments, bounded 

degradation increments, and nonlinear degradation correlation. 

2) Prediction Accuracy Analysis of the Proposed Method: To 

validate the advantages of the proposed method, we apply the 

five methods mentioned at the beginning of Section 5 to predict 

the RULs of Contactors #1 to #3 over multiple current operation 

cycles, using the degradation data shown in Fig. 3. When 

predicting the RUL of an AC contactor, it is assumed that the 

degradation data from the other two AC contactors are known, 

which allows for the determination of the initial failure 

threshold distribution, as detailed in Subsection 3.4. Figs. 5 to 7 

display the RUL predictions for Contactors #1 to #3 and their 

corresponding prediction errors. Tables 4 to 6 present the 

average prediction errors for Contactors #1 to #3 and their 

corresponding relative superiority indices. 

 

Figure 5. (a) RUL predictions, (b) absolute errors, and (c) relative errors for Contactor #1. 
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Figure 6. (a) RUL predictions, (b) absolute errors, and (c) relative errors for Contactor #2. 

 

Figure 7. (a) RUL predictions, (b) absolute errors, and (c) relative errors for Contactor #3. 

Table 4. Average errors and their corresponding relative 

superiority indices for Contactor #1. 

 Average error Relative superiority 

index Error 𝐴𝐸(103) 𝑅𝐸(%) 𝐴𝐸 𝑅𝐸 

Proposed 

method 
0.6012 3.2924 1.0000 1.0000 

t copula method 1.6490 9.1008 2.7430 2.7642 

HDL method 2.6552 14.4481 4.4168 4.3883 

ADL method 1.5880 8.6812 2.6416 2.6367 

MR method 1.8725 10.2402 3.1148 3.1102 

Table 5. Average errors and their corresponding relative 

superiority indices for Contactor #2. 

 Average error Relative superiority 

index Error 𝐴𝐸(103) 𝑅𝐸(%) 𝐴𝐸 𝑅𝐸 

Proposed 

method 
0.6330 3.8304 1.0000 1.0000 

t copula method 1.5214 9.1749 2.4033 2.3953 

HDL method 2.2803 13.7034 3.6021 3.5776 

ADL method 2.4017 14.4301 3.7939 3.7673 

MR method 1.6956 10.2417 2.6785 2.6738 

 

 

Table 6. Average errors and their corresponding relative 

superiority indices for Contactor #3. 

 Average error Relative superiority 

index Error 𝐴𝐸(103) 𝑅𝐸(%) 𝐴𝐸 𝑅𝐸 

Proposed 

method 
0.6629 2.6916 1.0000 1.0000 

t copula method 2.4202 12.1321 3.6509 4.5075 

HDL method 1.7939 9.5007 2.7061 3.5298 

ADL method 2.7764 14.7842 4.1882 5.4928 

MR method 3.2736 17.1423 4.9383 6.3689 

For illustration, consider Contactor #1 as an example. Fig. 5 

demonstrates that for Contactor #1, the relative errors of the 

proposed method do not exhibit a clear variation trend, which 

may be because the true RULs also decrease over the current 

operation cycle. It is also observed from Fig. 5 that the absolute 

errors of the proposed method generally decrease as the current 

operation cycle progresses. This phenomenon is explained as 

follows. As the size of degradation data increases, the 

degradation characteristics, such as competing failure and 

multiple arcing modes, may gradually sufficiently emerge, and 
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the corresponding statistical laws may tend to be stable. Then, 

the estimates of the model parameters may tend to converge, 

which is supported by the estimation result in Fig. 8. Here, Fig. 

8 shows the evolution of the estimates for the model parameters 

𝜙𝑗
𝐿 and 𝜙𝑗

𝑈 (i.e., the lower and upper bounds of the arcing phase 

angle) for 𝑗 = 𝐴, 𝐵, 𝐶. Since the proposed model contains many 

parameters and the others exhibit similar convergence trends, 

their estimates at the current operation cycle of 40,000 are 

shown in Table 7. Additionally, the model parameters are 

estimated using the method described at the end of Subsection 

4.1-1. Since the estimates tend to converge with the increase of 

data as shown in Fig. 8, it can be deduced that the proposed 

estimation method can ensure stable estimates, which indicates 

its effectiveness. Furthermore, owing to the increasingly stable 

statistical laws of the degradation characteristics and the 

gradually convergent estimates of the model parameters, the 

discrepancy between the obtained degradation model and the 

real degradation process may reduce. This further leads to the 

decrease of the absolute error. As shown in Figs. 6 and 7, similar 

variation laws of the errors can be observed for Contactor #2 

and Contactor #3. 

 

Figure 8. (a) Estimated lower bound and (b) upper bound of the arcing phase angle. 

 

Table 7. Parameter estimates of the proposed model. 

Parameter Estimate 

(𝑃I,I, 𝑃I,II, 𝑃I,III, 𝑃II,I, 𝑃II,II)
′
 (0.0407, 0.012, 0.0060, 0.0222, 0.0202)′ 

(𝑃II,III, 𝑃III,I, 𝑃III,II, 𝑃III,III, 𝜀)
′
 (0.0242, 0.0072, 0.0058, 0.0420, 1.6461)′ 

(𝜂𝐴, 𝛿𝐴, 𝜌𝐴, 𝜆𝐴)
′ (71.8580, 1.0245, 1.3450, 0.0679)′ 

(𝜂𝐵 , 𝛿𝐵, 𝜌𝐵, 𝜆𝐵)
′ (17.6324, 1.1647, 1.6242, 0.0478)′ 

(𝜂𝐶 , 𝛿𝐶 , 𝜌𝐶 , 𝜆𝐶)
′ (126.4956, 0.9718, 1.5063, 0.1752)′ 

(𝜌𝐴,𝐵, 𝜌𝐴,𝐶 , 𝜌𝐵,𝐶 , 𝑣)
′
 (−0.6961, − 0.7439, − 0.7199, 56.7096)′ 

Fig. 5 and Table 4 show that for Contactor #1, the proposed 

method consistently exhibits the smallest prediction errors at all 

the current operation cycles. This indicates that the proposed 

method consistently outperforms the other methods in terms of 

the prediction accuracy across all the current operation cycles. 

Additionally, according to the prediction results for Contactors 

#2 and #3 presented in Figs. 6 and 7, as well as Tables 5 and 6, 

a similar outcome can be observed, showing that the proposed 

method outperforms the other methods in terms of the 

prediction accuracy. 

Subsection 5.1-1 illustrates that the degradation of AC 

contactors is characterized by competing failure and multiple 

arcing modes. Here, the characteristic of multiple arcing modes 

is represented by zero degradation increments, bounded 

degradation increments, and nonlinear degradation correlation. 

Although the t copula method accounts for competing failure 

and nonlinear degradation correlation, it fails to consider zero 

and bounded degradation increments because each marginal 
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degradation process is captured by the TEDP model. In contrast, 

the proposed method captures zero and bounded degradation 

increments through the modeling of arcing mode transitions. 

Thus, the superior prediction accuracy of the proposed method 

over the t copula method demonstrates that incorporating arcing 

mode transitions effectively improves RUL prediction 

performance. 

For the HDL and ADL methods, they treat the three-phase 

contact pairs as a whole, failing to separately describe the 

degradation process of each individual contact pair. In other 

words, these methods depict the degradation of an AC contactor 

as a single degradation process, overlooking the effects of 

competing failure and multiple arcing modes. This potentially 

leads to an inaccurate description of the degradation of AC 

contactors. Moreover, both the HDL and ADL methods use a 

fixed prespecified failure threshold, neglecting its randomness. 

To explain the reason that the failure threshold cannot be 

considered as a fixed value, the parameters in the failure 

threshold distribution are estimated using the method given in 

Appendix-A, based on the degradation data from the entire 

lifespans of Contactors #1 to #3. The estimate is: 

𝜽̂𝐷 = (𝜇̂𝐷, 𝜎̂𝐷
2)′ = (4.0723 × 106, 6.8766 × 107)′  (35) 

which suggests the significant randomness of the failure 

threshold due to the considerably large variance 𝜎̂𝐷
2 = 6.8766 ×

107. Therefore, resulting from the inaccurate description of the 

degradation characteristics and the neglect of the randomness of 

the failure threshold, these methods cannot ensure a high 

accuracy of RUL prediction. 

The MR method depends on prior data from other AC 

contactors. Nevertheless, there may be differences between the 

AC contactor whose RUL needs to be predicted and the ones 

providing the prior data. These differences could stem from 

factors such as inherent unit-to-unit variations, potentially 

reducing the accuracy of RUL prediction. Such differences can 

be reflected by the degradation processes and failure thresholds 

of different AC contactors. Firstly, it can be observed from Fig. 

3 that different contact pairs of different AC contactors have 

distinct degradation processes. According to the proposed 

degradation model, the overall degradation trend of the contact 

pair for phase 𝑗, 𝑗 = 𝐴, 𝐵, 𝐶  is described by 𝜂𝑗𝑡
𝛿𝑗 . Table 8 

displays the estimated overall degradation trend of each contact 

pair in each AC contactor, based on all the degradation data 

shown in Fig. 3. From Table 8, the overall degradation trends of 

the contact pairs of phase A are estimated as 𝜂̂𝐴𝑡
𝛿̂𝐴 =

71.8580𝑡1.0245 , 𝜂̂𝐴𝑡
𝛿̂𝐴 = 33.1908𝑡1.1152 , and 𝜂̂𝐴𝑡

𝛿̂𝐴 =

90.6669𝑡1.0133 for Contactors #1 to #3, respectively. Although 

the estimates of 𝛿𝐴  for Contactors #1 to #3 are close, the 

estimate of 𝜂𝐴  for Contactor #3 is 26.1751% higher and 

173.1690% higher than those for Contactors #1 and #2, 

respectively. This indicates that the overall degradation trend for 

the contact pair of phase A differs across different AC contactors. 

Similarly, the overall degradation trends for the contact pairs of 

phases B and C also show variations across different AC 

contactors. Additionally, the large variance 𝜎̂𝐷
2 = 6.8766 × 107 

of the failure threshold also demonstrates the differences among 

different AC contactors. Therefore, resulting from the 

differences reflected by the degradation processes and the 

failure thresholds, the MR method may be unable to achieve  

a reliable RUL prediction performance. 

Table 8. Estimated overall degradation trend of each contact pair 

in each AC Contactor. 

 Contactor #1 Contactor #2 Contactor #3 

Phase A 

(𝜂̂𝐴𝑡
𝛿̂𝐴) 

71.8580𝑡1.0245 33.1908𝑡1.1152 90.6669𝑡1.0133 

Phase B 

(𝜂̂𝐵𝑡
𝛿̂𝐵) 

17.6324𝑡1.1647 72.2293𝑡1.0208 104.3593𝑡0.9922 

Phase C 

(𝜂̂𝑐𝑡
𝛿̂𝑐) 

126.4956𝑡0.9718 125.0924𝑡0.9634 44.6363𝑡1.0688 

The proposed method presents several advantages over the 

other methods. In terms of degradation modeling, it 

comprehensively considers competing failure and multiple 

arcing modes. Specifically, the transition among the arcing 

modes is captured by the proposed arcing mode evolution model, 

which is constructed by measuring the similarity between the 

actual and imaginary arcing Joule integrals of the three-phase 

contact pairs. Both zero and bounded degradation increments 

are captured by the proposed doubly truncated TEDP model 

with zero increments, derived from the analysis of the arcing 

mechanism. Nonlinear degradation correlation is captured by 

the t copula. In terms of RUL prediction, an analytical 

likelihood function is derived, based on which the model 

parameters are updated as degradation data accumulates. The 

truncated normal distribution is used to model the randomness 

of the failure threshold, and it is updated using conditional 

probability analysis as the size of degradation data increases. 
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Moreover, the proposed method updates the model parameters 

without the degradation data from other AC contactors. 

Therefore, the proposed method can achieve superior prediction 

accuracy compared to the other methods. 

Fig. 9(a) presents boxplots of the absolute errors of the RUL 

predictions for all methods, based on the entire lifespan 

degradation data of Contactors #1 to #3. As shown, the proposed 

method achieves the lowest median and the narrowest 

interquartile range, indicating both high accuracy and stable 

prediction performance. Fig. 9(b) presents boxplots based on 

the first third of the degradation data of Contactors #1 to #3, 

which are relatively small compared to the entire lifespan 

degradation data. In this small-sample condition, the proposed 

method again exhibits the lowest median and the narrowest 

interquartile range. This indicates that even under the small-

sample condition, where parameter estimates may not yet be 

stable, the proposed method still maintains the highest 

prediction accuracy, demonstrating its effectiveness in 

mitigating overfitting risk. This advantage stems from the fact 

that the degradation model is constructed based on arcing 

mechanism analysis and the degradation characteristics of AC 

contactors, rather than relying solely on data fitting. 

 

Figure 9. Boxplots of absolute errors for Contactors #1 to #3 based on (a) the entire lifespan degradation data and (b) the first third  of 

the degradation data. 

 

Figure 10. (a) RUL predictions, (b) absolute errors, and (c) relative errors for Sample #1. 
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5.2. Numerical case 

A numerical case is provided to further demonstrate the 

advantages of the proposed method over the other methods. 

Using the Monte Carlo simulation algorithm detailed in 

Appendix-B, we generate the degradation data of 1,000 AC 

contactors, labeled as Samples #1 to #1,000. 

For illustration, the degradation data of Sample #1 are used 

to display the prediction performances of the five methods. Fig. 

9 shows the RUL predictions of Sample #1 and their 

corresponding prediction errors. Table 9 displays the average 

prediction errors of Sample #1 and their corresponding relative 

superiority indices. 

Table 9. Average errors and their corresponding relative 

superiority indices for sample #1. 

 Average error Relative superiority 

index Error 𝐴𝐸(103) 𝑅𝐸(%) 𝐴𝐸 𝑅𝐸 

Proposed 

method 
0.4469 2.4265 1.0000 1.0000 

t copula method 1.3351 7.2487 2.9878 2.9873 

HDL method 2.1009 11.3344 4.7015 4.6710 

ADL method 1.6604 8.1188 3.7158 3.3458 

MR method 1.4578 7.8053 3.2624 3.2166 

Fig. 9 illustrates that for Sample #1, the absolute errors 

across all the methods generally decrease as the current 

operation cycle progresses, and the relative errors do not exhibit 

a clear trend. Fig. 9 and Table 9 show that for Sample #1, the 

proposed method consistently exhibits the smallest prediction 

errors at all the current operation cycles. This indicates that the 

proposed method consistently outperforms the other methods in 

terms of the prediction accuracy across all the current operation 

cycles. 

Both the HDL and ADL methods neglect the influences of 

competing failure and multiple arcing modes. The MR method 

fails to address the distinction between the degradation process 

of the AC contactor whose RUL needs to be predicted and the 

degradation processes of the ones supplying the prior data. The 

t copula method does not consider zero and bounded 

degradation increments. In contrast, the proposed method 

constructs the models that fully capture the degradation 

characteristics of AC contactors. Simultaneously, it updates the 

models using only the degradation data from the AC contactor 

whose RUL needs to be predicted, without degradation data 

from other AC contactors. 

 

Figure 11. Boxplots of absolute errors for all simulated 

samples based on (a) the entire lifespan degradation data and 

(b) the first third of the degradation data. 

Fig. 11 presents boxplots of the absolute errors of the RUL 

predictions for all methods, with Fig. 11(a) based on the entire 

lifespan degradation data of all simulated samples and Fig. 11(b) 

based on the first third of the degradation data. In Fig. 11(a), the 

proposed method exhibits the lowest median and the narrowest 

interquartile range, demonstrating superior and stable 

prediction accuracy. Fig. 11(b) shows similar patterns under 

small-sample conditions, reflecting the effectiveness of the 

proposed method in mitigating overfitting risk. 

6. Conclusion 

In this paper, a RUL prediction method was proposed for AC 

contactors based on a novel Doubly Truncated Degradation 

Model Considering Arcing Mode Transitions. Specifically, the 

physical model of the arcing Joule integral was derived, based 

on which the characteristics of zero and bounded degradation 

increments were theoretically validated, and four arcing modes 

were identified. The degradation process was properly modeled 

by comprehensively considering competing failure and multiple 

arcing modes. Then, a Monte Carlo simulation based RUL 

prediction algorithm that incorporates model updating was 

provided. Through the real case, it was illustrated that the 

degradation of AC contactors is characterized by competing 

failure, as well as multiple arcing modes represented by zero 

degradation increments, bounded degradation increments, and 
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nonlinear degradation correlation. Furthermore, both the real 

and numerical cases demonstrated that the proposed method can 

achieve a favorable accuracy of RUL prediction. 

In the proposed method, RUL is approximated using Monte 

Carlo simulation. To improve computational efficiency, a more 

efficient sampling method, such as the Metropolis-Hastings 

algorithm, can be employed in a future work. Moreover, 

predictive maintenance strategies for AC contactors and 

production planning considering the reliability of AC contactors 

can be investigated based on the proposed RUL prediction 

method. Additionally, the proposed degradation model can be 

extended for other products that have characteristics such as 

mode transition and bounded degradation increments. 
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Apendix A: Parameter estimation of the failure threshold distribution 

The following maximum likelihood estimation method is provided to estimate 𝜽𝐷 = (𝜇𝐷, 𝜎𝐷
2)′. 

Consider that there are 𝑘 failed AC contactors of the same type. Let 𝑑𝑙  for 𝑙 = 1,2,⋯ , 𝑘 denote the cumulative arcing Joule integral of the failed 
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contact pair in the 𝑙 -th AC contactor. Let 𝑑𝑘+𝑙  and 𝑑2𝑘+𝑙  for 𝑙 = 1,2,⋯ , 𝑘  denote the respective cumulative arcing Joule integrals of the two 

functional contact pairs in the 𝑙-th AC contactor. Then, the likelihood function of 𝜽𝐷 is written as 

𝐿𝐷(𝜽𝐷) = ∏ 𝜑 (
𝑑𝑙−𝜇𝐷

𝜎𝐷
)∏ (1 − Φ(

𝑑𝑙−𝜇𝐷

𝜎𝐷
))3𝑘

𝑙=𝑘+1
𝑘
𝑙=1                                                                         (A-1) 

 

where 𝜑(∙) and Φ(∙) are respectively the PDF and CDF of the standard normal distribution. Furthermore, the estimate of 𝜽𝐷 is obtained by the genetic 

algorithm following the procedure as detailed in Subsection 4.1-1. 

 

Apendix B: Algorithm for Generating the degradation data of an AC contactor 

Algorithm 2: Generation of the degradation data for an AC contactor. 

 Input: The assumptions presented at the beginning of Appendix-B. 

 Output: The cumulative arcing Joule integrals {𝑦𝑗(𝑡), 𝑡 = 0,1,2,⋯ } for 𝑗 = 𝐴, 𝐵, 𝐶. 

 Initialization: Let 𝑑𝑗 , 𝑥𝑗(𝑡), and 𝑦𝑗(𝑡) be the realizations of 𝐷𝑗, 𝑋𝑗(𝑡), and 𝑌𝑗(𝑡), respectively. Let Δ𝜏1 and Δ𝜏2 be the realizations of 

Δ𝛵1 and Δ𝛵2, respectively. 

1: Set 𝜏𝑏 = 0, 𝑡 = 0, and 𝑦𝑗(0) = 0, and generate 𝑑𝑗  from 𝑁(4 081 942.3718, 6 770.84312) for 𝑗 = 𝐴, 𝐵, 𝐶. 

2: while 𝑦𝑗(𝑡) < 𝑑𝑗  for 𝑗 = 𝐴, 𝐵, 𝐶 do 

3:  Set 𝑡 = 𝑡 + 1. 

4: 

 

Generate Δ𝜏1 and Δ𝜏2 from 𝐸𝑥𝑝(0.05) and 𝐸𝑥𝑝(11.95), respectively. 

5: Update 𝜏𝑏 = 𝜏𝑏 + Δ𝜏1 + Δ𝜏2. Then, compute 𝜙𝑗(𝜏𝑏) for 𝑗 = 𝐴, 𝐵, 𝐶 according to (1). 

6: Compute 𝑥𝑗(𝑡) for 𝑗 = 𝐴, 𝐵, 𝐶 by substituting 𝜙𝑗(𝜏𝑏) into (6). 

7: Compute 𝑦𝑗(𝑡) for 𝑗 = 𝐴, 𝐵, 𝐶 using 𝑦𝑗(𝑡) = 𝑦𝑗(𝑡 − 1) + 𝑥𝑗(𝑡). 

8: end while 

Assume that the closing and breaking states of an AC contactor change over time following a two-state discrete-time Markov chain. Based on 

engineering experience, the durations of the closing and breaking states, denoted as Δ𝛵1 and Δ𝛵2, follow the exponential distributions with expected 

values of 0.05 and 11.95, referred to as 𝐸𝑥𝑝(0.05) and 𝐸𝑥𝑝(11.95), respectively. The current between the contact pair of phase 𝑗 at instant 𝜏𝑏 is 

given by 𝑖𝑗(𝜏𝑏) = √2𝐼sin (𝜙̃𝑗(𝜏𝑏)), where 𝜙̃𝑗(𝜏𝑏) = 𝜔𝜏𝑏 + 𝜃𝑗  with 𝜔 = 100𝜋 rad/s, 𝜃𝐴 = 0 rad, 𝜃𝐵 = −2𝜋/3 rad, and 𝜃𝐶 = 2𝜋/3 rad. Additionally, 

𝐼 is set to 192 A, which is consistent with the AC-4 condition. Moreover, the following settings are formulated according to the parameter estimation 

based on the degradation data collected throughout the entire lifespans of Contactors #1 to #3 in Subsection 5.1. Assume that the failure thresholds 

𝐷𝑗, 𝑗 = 𝐴,𝐵, 𝐶 of the three-phase contact pairs follow the normal distribution 𝑁(4.0723 × 106, 6.8766 × 107). The two critical breaking phase 

angles of phase 𝑗 are set as 𝜙𝑗
𝐿 = 0.6152 rad and 𝜙𝑗

𝑈 = 3.0742 rad for 𝑗 = 𝐴, 𝐵, 𝐶. 

Based on these assumptions, a Monte Carlo simulation algorithm, Algorithm 2, is proposed to generate the degradation data for an AC contactor. 

 

Apendix C: Symbol explanation 

Symbol Description 

Arcing Mechanism analysis 

𝑖𝑗(𝜏) Instantaneous current of phase 𝑗 at time 𝜏 

𝜙̃𝑗(𝜏) Original phase angle of phase 𝑗 at time 𝜏 

𝜙𝑗(𝜏) Transformed phase angle of phase 𝑗 at time 𝜏 

𝜏𝑏 Initial instant of a breaking process 

𝜙𝑗
𝐿, 𝜙𝑗

𝑈 Lower and upper critical breaking phase angles of phase 𝑗 (parameters to be estimated) 

𝜏𝑗,𝑎𝑟𝑐 Arcing duration of phase 𝑗 

𝑥𝑗  Arcing Joule integral of phase 𝑗 in an operation cycle 

𝐿(𝜙𝑗
𝑈), 𝑈(𝜙𝑗

𝐿) Lower and upper bounds of arcing Joule integral for phase 𝑗 

Arcing mode evolution model 

𝑀(𝑡) Arcing mode in the 𝑡-th operation cycle (𝑀(𝑡) = I, II, III, IV) 

𝑷𝑡 Transition probability matrix from operation cycle 𝑡 to 𝑡 + 1 

𝑃𝑛,𝑚 Transition probability from arcing mode 𝑛 to mode 𝑚 (parameters to be estimated) 

𝑃IV,𝑚(𝑡) Transition probability from arcing mode IV to mode 𝑚 in the 𝑡-th operation cycle 

𝑊𝑛(𝑡) Arcing mode similarity index between the imaginary mode 𝑛 and the actual mode in the 

𝑡-th operation cycle 

𝑿I, 𝑿II, 𝑿III Random vectors of imaginary arcing Joule integrals in arcing modes I, II, and III 
𝜀 Elastic factor in the arcing mode similarity index (a parameter to be estimated) 

Degradation Model 
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𝑌𝑗(𝑡) Cumulative arcing Joule integral of phase 𝑗 up to the 𝑡-th operation cycle 

𝑋𝑗(𝑡) Arcing Joule integral of phase 𝑗 in the 𝑡-th operation cycle 

𝑥𝑗(𝑡), 𝑦𝑗(𝑡) Observed values of 𝑋𝑗(𝑡) and 𝑌𝑗(𝑡), respectively 

𝑔𝑗(∗), 𝐺𝑗(∗) PDF and CDF of arcing Joule integral for phase 𝑗 when arcing occurs 

𝑔𝑘,𝑙(∗,∗) Joint PDF of arcing Joule integrals of phases 𝑘 and 𝑙 

𝑔𝐴,𝐵,𝐶(∗,∗,∗) Joint PDF of arcing Joule integrals of phases A, B, and C 

𝜂𝑗 , 𝛿𝑗 , 𝜌𝑗 , 𝜆𝑗 , 𝜌𝑘,𝑙, 𝜈 Parameters to be estimated in 𝑔𝑘,𝑙(∗,∗) 

𝑡𝑘 Current operation cycle number 

𝑡𝑙
𝑛,𝑚

 Operation cycle marking the 𝑙-th transition from arcing mode 𝑛 to mode 𝑚 

𝑆𝑗,1 Set of observed arcing Joule integrals of phase 𝑗 prior to the current operation cycle 

𝑆𝑗,2 Observed arcing Joule integral of phase 𝑗 at the current operation cycle 

Failure Threshold 

𝐷𝑗 Failure threshold of the contact pair of phase 𝑗 

𝜽𝐷 = (𝜇𝐷 , 𝜎𝐷
2)′ Vector of parameters to be estimated in the failure threshold distribution 

 


