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1. Introduction

Abstract

In safety-critical fields like energy and aerospace, optimizing system
reliability is essential. This paper presents a novel Redundancy
Allocation Problem (RAP) approach under component lifetime
parameter uncertainties. By integrating Generalized Stochastic Petri
Nets (GSPN) with Monte Carlo Simulation (MCS), a reliability
evaluation framework is developed for k-out-of-n: G systems with
imperfect switching, supporting active, cold standby, and mixed
redundancy strategies. To jointly optimize component types, redundancy
quantities, and strategies, a Genetic Algorithm with fixed-random-seed
fitness evaluation eliminates Monte Carlo sampling variance,
maximizing system reliability subject to cost and weight constraints. The
proposed framework is validated through a case study on a natural gas
compressor pipeline system. This work provides a quantitative decision-
support tool enabling simultaneous selection of component types,
redundancy levels, and strategies while characterizing solution
reliability through confidence intervals under parameter uncertainty.

Keywords
redundancy allocation strategy, generalized stochastic petri nets, Monte
Carlo simulation, fuzzy numbers, genetic algorithm

Reliability is often the primary consideration in system
optimization design, particularly when ensuring the safe
operation of complex and costly equipment is essential [1,2].
Accordingly, reliability optimization design has become
increasingly critical in modern high-tech sectors such as energy
transmission, aerospace, and communications [3—5]. A central
challenge in reliability engineering is the Redundancy
Allocation Problem (RAP): determining the optimal number
and configuration of redundant components for each subsystem,
subject to cost and weight constraints, so as to maximize

system-level reliability. Each component in a system is
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characterized by attributes such as type, reliability, cost, volume,
and weight. Redundancy design involves selecting component
types, redundancy strategies, and redundancy levels according
to these attributes while considering system-level constraints
such as reliability, cost, and other performance indicators. RAP
represents a core challenge in reliability optimization. Since its
introduction, it has attracted substantial research interest [6].
Solving the RAP necessitates not only determining the quantity
of redundancy but also selecting the most appropriate type of
redundancy strategy for each subsystem, as the choice of

strategy profoundly influences system behavior and reliability.
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Numerous studies have since extended and adapted the RAP
formulation to accommodate diverse system architectures,
component types, and practical constraints. Specifically, RAP
seeks to identify the optimal redundancy numbers and strategies
for each subsystem under constraints—especially cost and
weight—so as to maximize overall system reliability [7]. To
address engineering demands and enhance system reliability,
researchers have extended the RAP model with respect to
system architecture [8]. For 1-out-of-n: G systems within the
RAP context, Guilani developed modeling and solution
approaches based on Continuous-Time Markov Chains (CTMC)
for mixed redundancy strategies [9]. Subsequent studies
generalized these efforts to more complex k-out-of-n: G systems.
Kim proposed a method for evaluating the reliability of k-out-
of-n: G subsystems [10]; Jiang et al. introduced a reliability
evaluation model using binary-addition [11]; and Zhang et al.
put forward a CTMC-based reliability analysis technique [12].
Li and colleagues further developed CTMC-based modeling
and computational methods for redundancy strategies across
different system topologies [13].

Significant advancements have also been made in the
development of redundancy strategies. Yeh et al. [14,15]
developed system reliability models based on active redundancy
strategies and applied corresponding methodologies to solve the
resulting optimization problems. Oszczypala et al. [16,17], and
Li et al. [18] constructed reliability models using cold standby
redundancy strategies and employed intelligent optimization
algorithms to address the redundancy optimization design
problem. Zhang et al. [19], Reihaneh et al. [20], Gholinezhad et
al. [21], and Peiravi et al. [22] incorporated redundancy
strategies as decision variables, building system reliability
models that incorporate active, mixed, and other redundancy
strategies, and solved these models using appropriate
optimization techniques. Peiravi et al. [7] further extended
mixed strategies to K-mixed redundancy and provided
corresponding model-solving methods. Ge et al. proposed a K-
mixed redundancy strategy within a novel structural framework
[23]. Long et al. proposed a Dynamic Mixed Heterogeneous
Redundancy Strategy (DMHRS), which supports the dynamic
adaptation of heterogeneous components and enables dynamic
updates of redundancy configurations by optimizing the

activation sequence of backup components and the switching

time [24].

After defining the system structure and redundancy strategy,
selecting a suitable reliability evaluation method is crucial. For
systems with exponentially distributed component lifetimes,
Zhang et al. [19], and Li et al. [25] developed reliability models
based on Markov methods. Li et al. also proposed reliability
models for systems with heterogeneous components under
active, cold standby, mixed, and K-mixed redundancy strategies,
employing CTMC for reliability assessment [26]. Additionally,
Najmi et al. extended the RAP objective to a bi-objective
optimization framework [27].

RAP has been established as an NP-hard problem [22].
Numerous studies have investigated various solution
approaches and exact algorithms, including integer
programming [28]. However, due to the computational
limitations of exact methods—especially for large-scale
problems—heuristic and metaheuristic algorithms have gained
broader adoption. Commonly used metaheuristics include
genetic algorithms [19], immune algorithms [29], particle
swarm optimization [12,18], and cuckoo search algorithms [15],
among others. Although substantial progress has been made in
system structures, redundancy strategies, and optimization
algorithms—including the design of diverse system topologies
and subsystem configurations, the proposal of numerous
redundancy strategies (from simple redundancy counts to
various extended strategy formulations), and the development
of methods ranging from approximate to exact and heuristic
solutions—most existing studies assume that component
attributes are deterministic. However, epistemic uncertainty
plays a crucial role in engineering practice. It arises from
incomplete knowledge, limited data, subjective expert judgment,
and model simplifications, and is particularly prominent in early
design stages or in safety-critical systems with insufficient data.
Neglecting this uncertainty may lead to biased reliability
estimates and overconfident decision-making.

Currently, only a few studies have attempted to incorporate
epistemic uncertainty, using fuzzy or interval methods to
characterize component parameters. Among these, Oszczypata
et al. explored multi-objective reliability-redundancy allocation
with active redundancy strategy [30]. Bakhtiari et al. extended
the analysis to cold-standby redundancy [31]; however, their

work still relies on the idealized assumption of perfectly reliable
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fault detection and switching, failing to adequately account for
the actual unreliability of switching mechanisms. This
limitation restricts a realistic characterization of epistemic
uncertainty in cold-standby and even mixed redundancy
strategies.

To bridge these gaps, this paper proposes an integrated
framework that combines GSPN, MCS, and a fixed-random-
seed Genetic Algorithm (FS-GA) to solve the redundancy

strategy selection problem for k-out-of-n: G systems under

imperfect switching with consideration of epistemic uncertainty.

The proposed framework is motivated by, and validated on,
industrial energy infrastructure—specifically natural gas
compressor pipelines—where reliable operation is mission-
critical, component lifetime data are inherently limited, and
redundancy decisions carry major safety and economic
consequences. The main innovations and contributions of this
paper are summarized as follows:

(1) To address the challenge of evaluating the reliability of
k-out-of-n: G subsystems under various redundancy
strategies in RAP, this paper proposes a novel reliability
evaluation model based on GSPN, coupled with a
solution approach using MCS.

(2) Given that the limited number of existing studies
considering epistemic uncertainty are confined to a
single redundancy strategy or rely on the idealized
assumption of perfect fault detection and switching, this
study incorporates uncertainty analysis into the
redundancy strategy selection for k-out-of-n: G series-
parallel systems with imperfect fault detection and
switching, thereby forming a wunified reliability
evaluation framework for uncertain environments.

(3) To tackle the problem of redundancy strategy
optimization under uncertainty, an FS-GA is developed
to mitigate errors introduced by uncertainty during the
GSPN-solving process with MCS, with the objective of
identifying the optimal redundancy allocation strategy
under uncertain conditions.

(4) To substantiate the engineering relevance of the
proposed approach, the framework is applied to a real-
world natural gas compressor pipeline system
comprising six heterogeneous subsystems (pipeline,

valves, filters, cooler, buffer tank, and liquid-gas

separator). The results demonstrate that, compared with
the deterministic benchmark approach, the proposed
framework can identify the optimal system configuration
under uncertainty in component lifetime parameters
while providing confidence intervals for system
reliability. This provides directly actionable support for
reliability-maximizing design under simultaneous cost
and weight constraints.

The remainder of this manuscript is structured as follows.
Section 2 presents the reliability assessment framework,
employing GSPN and MCS to characterize uncertainty in k-out-
of-n: G subsystems under various redundancy configurations.
Section 3 details the solution methodology for the optimization
problem, utilizing a customized GA. Section 4 demonstrates the
feasibility and accuracy of the proposed approach through
a comprehensive engineering case study and comparative
analysis. Finally, Section 5 concludes with key findings and
directions for future research.

To ensure transparency and reproducibility, the key
assumptions underlying the proposed framework are explicitly
stated below:

Assumption 1 - Exponential lifetime distribution.
Component lifetimes follow an exponential distribution
characterized by a constant hazard rate lambda. This assumption
is standard in system-level reliability studies for components.

Assumption 2 - Non-repairable system. The system is non-
repairable within the mission time Tyission. This is representative
of safety-critical systems such as aerospace or gas pipeline
infrastructure where corrective maintenance cannot be
performed during operation.

Assumption 3 - Independent component failures.
Component failures are statistically independent.

Assumption 4 - Imperfect, time-dependent switching. The
switching reliability is modelled as a time-dependent function
p(tn) rather than a constant, capturing the progressive
degradation of fault-detection mechanisms. Continuous
monitoring is adopted throughout.

Assumption 5 - Triangular fuzzy numbers for epistemic
uncertainty. The three vertices (6;, 0, 61) represent the lower
bound, most likely value, and upper bound of the MTTF as
assessed by domain experts or derived from sparse historical

data. The triangular form is widely used in engineering fuzzy
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reliability analysis.

2. Reliability evaluation model based on GSPN under
uncertainty

2.1. Redundancy strategies of k-out-of-n: G Systems

This study investigates optimal redundancy strategies for non-
repairable k-out-of-n: G systems under various constraints. In k-
out-of-n: G systems, operational integrity is maintained
provided that at least k components among n parallel units
remain functional. Figure 1 illustrates a representative series-

parallel configuration comprising m such subsystems.

k=1 k,=2 ks=2 km=3

A
[ ]
=

LI

i=1 i=2 i=3 i=m
The minimum number of operational
components required for subsystem i

o
=

Figure 1. Series-parallel system composed of k-out-of-n: G
subsystems.

For the i-th subsystem, n,; denotes the number of active units,
ng represents the number of standby units, and &; specifies the
minimum threshold of operational components required for
subsystem functionality. Table 1 presents four distinct

redundancy strategies categorized by their respective

LIIL
LIL
LIL
LIL
111

Statel State2

Active components
in operational status

combinations of (ki, 14, 1si).

Table 1. Different redundancy strategies.

Scenarios Nai Nsi Redundancy strategies
S1 =ki =0 No Redundancy (N)
S2 > ki =0 Active Redundancy (A)
S3 =ki >0 Cold Standby
Redundancy (S)
S4 > ki >0 Mixed Redundancy (M)

State3

Standby components in
non-operational status

To visualize the transition dynamics, Figure 2 demonstrates
a 2-out-of-4: G system under mixed redundancy. Initially, the
system operates with three active units and one standby unit.
The degradation process involves five states: starting from full
capacity (State 1), the system tolerates the first component
failure (State 2). Upon a second failure (State 3), the detection
mechanism triggers the standby unit to restore redundancy.
However, subsequent failures eventually deplete the resources
(State 4), leading to total system failure (State 5) when fewer
than two components remain functional.

Implementing mixed redundancy necessitates a fault
detection and switching system. Two primary operational logic
types exist for switching system:

Case 1: Continuous monitoring is employed. Standby units
are activated immediately when the number of active
components falls below k;. The switching reliability is modeled
as a time-dependent function, pi(t).

Case 2: Switching occurs only at critical thresholds, with a
constant success probability denoted by p;.

The subsequent analysis focuses exclusively on Case 1.

State4 State5

Standbycomponent' Failed
in operational status components

Figure 2. 2-out-of-4: G system with mixed redundancy strategy.

2.2. GSPN

Petri nets are a powerful graphical and mathematical modeling
tool widely employed for representing and analyzing diverse

systems [32]. A standard Petri net comprises four fundamental

elements: places, tokens, transitions, and directed arcs. In
reliability engineering, places—depicted as circles—represent
the states of the system or its components. Tokens, typically
represented as black dots, simulate the dynamic behavior of the

system. Transitions, illustrated as rectangles, denote events that
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cause the system to shift from one state to another. Directed arcs
define the relationships between places and transitions,
specifying the conditions and consequences of state changes.
The weights labeled on the arcs indicate the number of parallel
connections between nodes.

Traditional Petri nets are limited to modeling relatively
simple system behaviors and lack the expressiveness required
for complex systems. As a result, several extensions have been
developed to enhance their descriptive and analytical
capabilities. For instance, GSPN wused in this study can
effectively capture intricate dynamic behaviors and offers
a comprehensive framework for modeling discrete-event
dynamic systems. It has been extensively applied in reliability
engineering [33]. The graphical notations of GSPN modeling
elements are summarized in Table 2.

Table 2. Graphical elements of GSPN and their descriptions.

Graphical expressing Description

Place

Immediate transition

Timed transition

Token

Directed arc

L

Inhibitor arc

The fundamental mathematical form of GSPN is defined in

detail in reference [33].

To enhance the conciseness and flexibility of the GSPN
model, this study employs a predicate/assertion-based extension
of GSPN for system modeling. In this formalism, predicates—
composed of one or more mathematical variables—are used to
control the enabling conditions of transitions. When a transition
fires, assertions modify the current variable assignments
according to predefined rules, thereby updating the system state.
In a GSPN, predicates are used to determine the truth value of
conditions, and assertions are used to update variables, where,
Predicates (denoted by “??”) are arbitrary formulas that can
either be true or false. For example, “?? 1 == 2” is always false,
and “??x + 3 > 0”7 is true when the result of the formula is
positive, otherwise, it is false.

Assertions (denoted by “!!”) are used to update the value of
variables when transitions are triggered. For example, “ll a =
3” updates the value of a to 3, and “! M(p,) = M(p,) +1”

increases the number of tokens in place p, by 1.

To enhance the clarity of the enabling and firing mechanisms in
a predicate/assertion-extended GSPN model, an illustrative
example is provided in Figure 3. In this model, place x; is linked
to the immediate transition # via an inhibitor arc. Place x; is
connected to # through an input arc of weight 1, and place x3
via an input arc of weight 2. An output arc of weight 1 leads
from ¢ to place xs. The predicate of instantaneous transition fo
is??M(p,) == 1, and its assertion is ! M(x,) = M(x,) + 1.
Additionally, place po is connected to the timed transition # by
an input arc, while place p; is linked via an output arc. Place x4
remains isolated in this configuration.

At initial time, the number of tokens in the three input places of
transition # is 0, 1, and 3, respectively, and the predicate
evaluation results in false. The number of tokens in the input
place of transition #; is 1. According to Definition 3, transition
to is not enabled at this point, while transition ¢; is enabled.
After a time interval ¢, timed transition #; fires, and the number
of tokens in place pi becomes 1. This change in marking causes
the predicate of #, to become true, enabling the immediate
transition. Subsequently, # fires without delay, increasing the
token count in place xsto 1. Furthermore, the associated
assertion updates the token count in place x4 to 1.

X1 X1

Xs
22M(py)==1 l1'M(xs) = M(x)+
Xo (e ) X2

b

X5
22M(p1)==1 [M(xa) = M(xa)j@

After time t
X3 > X8

O——0

Po ty P1 Po t p1
O O,
X4 Xy

Figure 3. A simple example of GSPN.
2.3. Uncertainty

Aleatory uncertainty arises from inherent stochastic variations
throughout the operational lifecycle of a product. These
variations are primarily driven by environmental fluctuations,
material degradation processes (e.g., fatigue), and random
component failures [34,35]. In reliability engineering,
component lifetime is modeled as a random variable
characterized by specific probability distributions. Due to its
analytical tractability and broad applicability, the exponential

distribution serves as a foundational model for representing
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component lifetimes.

The essential characteristics of this model—including the
reliability function Rex(f), cumulative distribution function
Fexp(?), probability density function fixp(f), hazard rate Aexp(?),
and mean time to failure (MTTFcg)—are expressed

mathematically in Eqgs. (1)—(5):

Rexy () = exp(—=At)(t > 0) €Y)
Fexp(t) = 1 — exp(=At)(t > 0) )
fexp(t) = Aexp(=At)(t > 0) 3)
Aexp(t) = A (4)

MTTF,,, = ﬁp(t) =2 (5)

Epistemic uncertainty arises from subjective understanding,
subjective judgment, and incomplete information. Due to the
lack of data and insufficient understanding, the distribution
parameters of the failure probability of components or systems
are often not precise values. By introducing fuzzy numbers to
express the epistemic uncertainty of the distribution parameters,
reasoning and decision-making can be conducted based on
incomplete information.

Let X be the space of fuzzy data points, and the general
element of X is denoted by x, i.e., X = {x}. A fuzzy set 4 in X
can be represented by a membership functionuA:X - [0,1],

Table 3. Triangular fuzzy numbers.

where the value of uA(x) indicates the degree of membership
of X in the fuzzy set 4. A membership degree of u(x) = 1 or
u(x) = 0 indicates that x fully belongs to or does not belong
to A, respectively, while values between 0 and 1 represent
partial membership.

Fuzzy numbers can take various forms; this study employs
triangular fuzzy numbers. Let x, a, b, c € R. A triangular fuzzy
number 4 can be represented as A = (a, b, c), with its formula
and graphical illustration shown in Table 3. When x = a or x =
¢, the membership degree is u(x) =0; when x = b, the
membership degree isu(x) = 1. These two membership cases
represent the boundary values and the most probable value of x,
respectively.

Consider a complex system composed of n components. The
failure probability of the system can be expressed as:

P@) =Y(6;1) 6)

where 0 = [64, 605,05, ..., 0, ]is the vector of parameters for
the lifetime distributions of all components. For instance, 6;
represents the lifetime distribution parameter(s) for component
i. To address the challenges posed by uncertainty, this paper
represents the parameters of the component lifetime distribution

as triangular fuzzy numbers 6 = (6,, 0,,, 6;,).

Expression

Triangular
fuzzy numbers

tri(x; a, b, c) = max {min{

X—a c—x
b—a'c—»b

J.o}

2.4. Modeling of k-out-of-n: G systems with different

redundancy strategies under uncertainty using GSPN

Based on the failure modes and operational logic of k-out-of-n:
G subsystems, the performance of the fault detection and
switching mechanism is categorized into two distinct scenarios:
Scenario 1: Successful switching operation. When the number
of functional components falls below k;, the workload is
successfully transferred to a standby unit. Consequently,
subsystem i remains operational until the standby reserve is

exhausted, at which point the minimum requirement of k; active

units can no longer be maintained.

Scenario 2: Switching failure. When the number of
operational components drops below £;, the mechanism fails to
activate standby units. This switching failure results in
immediate subsystem 7 failure.

Taking a 2-out-of-4 system as an example, the applicable
redundancy strategies include: Active redundancy (4 active
components); Cold Standby redundancy (2 active components
and 2 cold standby components); Mixed redundancy (3 active

components and 1 cold standby component).
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Figure 4. GSPN model of 2-out-of-4 system with active redundancy strategy.

X,.St

. 22 ==
x.active | "MP-dn==1

22SUM(M(X;.UP)+M(X,. Up)+
(X3.active)+M(X4.active))<2

?2?2SUM(M(x.up)+M(x,.up)+
M(xz.up)+M(x,.active))<2

t1o

F.dn

Figure 6. GSPN model of 2-out-of-4 system with mixed redundancy strategy.

Figures 4—6 present the GSPN models for a 2-out-of-4: G
system under active, cold-standby, and mixed redundancy
strategies, respectively. In all three models, the place P.dn
accumulates tokens as components fail, and a token in F.dn
signals system failure (i.e., fewer than £ =2 components remain
operational). Under active redundancy (Figure 4), all four
components operate simultaneously. System failure is triggered

by immediate transition fg when Pdn reaches 3. Under cold-

standby redundancy (Figure 5), two components are active and
two are on standby. The predicates ?? M(P.dn) == 1 and
??M(P.dn) == 2 sequentially activate the standby units (x3,
x4) upon each failure, provided the switching system is
functional(S.up holds a token). If the switching system fails
(S.dn holds a token) and the number of operational components
falls below 2 — ie., the predicate SUM(M(xl.up) +
M (xy. up) + M(x3. active) + M(x,. active)) < 2evaluates to
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true — system failure is triggered immediately. Under mixed
redundancy (Figure 6), three components are active and one is
on standby. The first failure is tolerated without switching; the
predicate ?? M(P.dn) == 2 triggers activation of x4 upon the
second failure. The same switching-failure logic as in Figure 5
applies: if S.dn holds a token, the standby cannot be activated

and the system fails immediately.

2.5. Evaluating the reliability of k-out-of-n: G systems

under uncertainty

The two-layer sampling approach proposed in this section is
intended to hierarchically represent both fuzzy and stochastic
uncertainties. As depicted in Fig. 7, once a timed transition is
enabled, its firing time is determined through two sequential
sampling procedures, namely fuzzy parameter sampling and
failure-time sampling. The corresponding timer then starts, and
the transition fires only when the sampled firing time is reached.
In the first sampling layer, the fuzzy parameter is characterized
by a known membership function, whereas in the second layer,
the failure time is described by a known cumulative distribution
function. Accordingly, different sampling techniques are

employed at the two layers.

MCMC Sampling Sampling
0eh

e = Second-layer
Inverse Transform @
F(t;0) Sampling Sampling

t ~ F(t;0)

® | o | o

Figure 7. Schematic diagram of the two-layer sampling

u,(0)

approach.

(1) MCMC sampling:

The Metropolis—Hastings algorithm is a Markov chain
Monte Carlo (MCMC) technique designed to draw samples
from probability distributions for which direct sampling is
intractable. It constitutes a fundamental building block of many
MCMC methods and is extensively employed to construct
Monte Carlo samples that conform to a target distribution.

Detailed descriptions and theoretical analyses of the algorithm

are available in the literature [36,37].

The Metropolis-Hastings algorithm is as follows:

Algorithm: Metropolis-Hastings Sampling
Input: P(x): Target distribution;
Q(x"| x): proposal distribution, typically a Gaussian or another symmetric distribution;
N: Number of samples;
Xo: Initial sample, usually chosen as a representative point of P(x).
Output: {x}: Sample sequence, k from 1 to N.
Begin:
INnitialization:/
k < 0 // initialize the sample index k as 0.
lISampling://
Draw a candidate sample x’ from the proposal distribution Q(X' | X).
Draw a random number u from the uniform distribution U(0, 1).
IIAcceptance or Rejection/
Compute the acceptance probability:

P(X)Q(x,| x’)]
PO QT x) )

a(x', %)« min[l,

Ifu<a(x, x) Then
accept X' as the next sample and set {X1} =X’
Else
reject X" and set {Xw1} = Xy
k —k+1
[[Termination Condition//
Ifk>N Then
output the sample sequence {x};
Else
return to Sampling.
End

(2) Inverse transform sampling:

According to the probability integral transform theorem
from probability theory: if a random variable X has a cumulative
distribution function (CDF) of Fx(X), then the random variable
U = Fx(X) follows a uniform distribution U(0,1). The Inverse
Transform Sampling method utilizes this property. By finding
the inverse function of the CDF, Fy 1 (U) (if it exists), a random
sample x = Fy(u) from the target distribution can be obtained
directly from a random number u generated from U ~ U(0,1).
Thus, the algorithmic steps for the inverse transform method
can be written as:

(1) Generate a random number u = U ~ U(0,1);

(2) Return the random number from the target distribution,
x = Fyl(w).

For stochastic uncertainty characterized by the exponential
distribution, this study employs inverse transform sampling to
convert uniformly distributed random numbers into samples
following the target distribution, leveraging the fact that the
exponential cumulative distribution function (CDF) is
analytically invertible.

Under such uncertain conditions, the algorithm for
evaluating system reliability in GSPN using MCS proceeds as

follows:
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Algorithm: Solving GSPN System Reliability using MCS

Input: GSPN: The mathematical form of the GSPN=(P,T,1,0,H,W,M0);

T_mission: The mission time set for the system;
n: Total number of MCS.

Output: R: The reliability of the system within the mission time T_mission

Begin:
/IGlobal Initialization://

n_f « 0 // Initialize the failure counter n_f to 0. This variable counts the number of simulations that fail within the mission time.

/IMonte Carlo Main Loop://

For N =1 tondo//N is the index of the current simulation.

/Nnitialization for a Single Simulation Run//

M «— GSPN.MO //Reset the current system marking M to the model's initial marking MO.

T_current < 0

W — Sample_Delays(GSPN.W) // Perform random sampling for the delays of all timed transitions for the current simulation run.

/ISystem State Evolution and Time Step//

While T_current < T_mission and M(system_failure_place) = 0 do

/IStart the inner loop for a single simulation. The loop continues until the time exceeds the mission time or the system fails.
Enabled_Transitions « Find_Enabled_Transitions(M) // Find all enabled transitions under the current system state M.
If Enabled_Transitions is empty Then//Check if there are any enabled transitions.

Break
End If

t_i «Min_Time_Transition(Enabled_Transitions, W) // Select the one with the minimum firing time, t_i.

w_i < Get_Firing_Time(t_i) // Get the firing time w_i of the selected transition, which will serve as the time step.
T_current < T_current + w_i //Advance the current system time by the time step.

M « Update_Marking(M, t_i) // Update the system marking M according to the firing rule of transition t_i.

End While
/I Single Simulation Result Determination//

If M(system_failure_place) >0 and T_current < T_mission Then
/ICheck if the system entered a failure state within the mission time at the end of this run.
n_f« n_f+ 1 //1f the condition above is met, increment the failure counter n_f by 1.

End If
End For
//System Reliability Calculation and Return//

R « 1-(n_f/n)// Calculate the system's failure probability (n_f/ n), then subtract it from 1 to get the reliability R.

Return R
End

In this section, we evaluate the reliability of the 2-out-of-4
systems under the redundancy strategies outlined in Section 2.4,
incorporating both stochastic and epistemic uncertainties. The
MTTF for both the components and the switching system is
modeled as a triangular fuzzy number (515, 615, 715), and the
mission time is set to 100 hours. The system reliability under
uncertainty for each redundancy strategy is presented in Figures
8,9, and 10, respectively.

In the figures, the blue curve represents the system reliability
considering full uncertainty. The orange curve corresponds to
the reliability at a membership level of o=1, where the MTTF is
615. The two gray curves indicate the reliability at the o=0
membership level, representing the lower and upper bounds of
the fuzzy MTTF—515 and 715, respectively. As time
progresses, the system reliability decreases gradually. The two
a = 0 curves define the envelope of possible reliability values
under extreme parameter conditions, while the o = 1 curve lies
between them and reflects the scenario with the highest

confidence. It is observed that the system reliability curve under

full uncertainty (blue) closely aligns with the a = 1 reference
curve (orange). This experimental outcome confirms that the
proposed method provides consistent and accurate reliability
estimates under uncertainty, validating both the modeling

approach and the solution technique introduced in this study.

Active redundancy
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Figure 8. System reliability under active redundancy strategy

considering uncertainty.
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Standby redundancy
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Figure 9. System reliability under cold standby redundancy
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Figure 10. System reliability under mixed redundancy strategy

considering uncertainty.
3. Solving RAP model
3.1. Description of RAP under uncertainty

The objective of this study is to determine the optimal system
configuration by selecting appropriate component types,
redundancy levels, and redundancy strategies to maximize
overall system reliability under strict cost and weight
constraints, while accounting for uncertainty in component
lifetime parameters. The mathematical formulation of this

optimization problem is presented in Egs. (7)—(12):

max Ry = [I72; Ri (¢, ki, niy, iy, Fiz,) ™)
st 3R T, (0 )iy, < Conax (@)
5.6 Ty (fy, + N Wiz, < Winay 9)
Yoling, =k, Vi=1,,m (10)

Tizy = (rilzi'rigli'rigi (11)

ng,ni, €NVzy =1, ,u,i=1,,m (12)

izy

Where R, represents the system reliability; R; represents the
reliability of the i-th k-out-of-n: G subsystem; ¢ represents the
mission time; k; represents the minimum number of working
components required for the i-th k-out-of-n: G subsystem; n?zi
represents the type of active components z; in the i-th subsystem
and the number of active components a in the i-th subsystem;
niszi represents the type of standby components z; in the i-th
subsystem and the number of active components s in the i-th
subsystem; ¢;, represents the cost of a component of type in the
i-th subsystem; w;, represents the weight of a component of
type in the i-th subsystem; Cpa represents the maximum
allowable cost for the system; W, represents the maximum
allowable weight for the system; 7, represents the lifetime
distribution parameter for components of type z; in the i-th
subsystem, which is expressed as the triangular fuzzy

l m _.h
number (1, {7, Tiz,)-

3.2. Optimal solution of RAP under uncertainty using an
FS-GA

GA is a search and optimization technique inspired by the
principles of natural selection and genetics. As a heuristic
method for locating optimal solutions, it is extensively used in
reliability optimization [38]. This paper develops an FS-GA to
address the problem of selecting the optimal redundancy
strategy for k-out-of-n: G systems, as detailed below:

(1) Parameter configuration. The population size is set to
pop_size, the number of generations to evol_num, the crossover
rate to crossover_rate, and the mutation rate to mutation_rate.
The chromosome length is 3*m, where m is the number of
subsystems, and the number of elites preserved is elite_size.

(2) Chromosome encoding. To represent solutions for the
RAP, a structured chromosome is adopted, as illustrated in
Figure 11. In this structure, z; represents the component type for
the i-th subsystem, n, represents the number of active
components for the i-th subsystem, and ny represents the

number of standby components for the i-th subsystem.

The type of components The number of active components | The number of standby components

Figure 11. The structure of chromosome.
(3) Fitness calculation. For each chromosome, the values of
zi, Nai, and ng are used to construct a corresponding Petri net

model from which subsystem reliability is computed. The
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overall system reliability serves as the fitness value. Instead of
a penalty function, explicit checks on weight and cost
constraints for each subsystem are applied to ensure feasibility.
It is important to note that when using MCS to evaluate the
reliability of a GSPN model as part of the fitness function,
stochastic uncertainty introduces evaluation variance. Even
with identical chromosome encodings—within the same
generation or across generations—repeated MCS evaluations
may yield slightly different fitness values due to randomness.
Typically, a very large number of simulations would be required
to reduce this error. To mitigate this issue, this paper introduces
a random seed control technique. Since computer-generated
random numbers are pseudo-random—determined by an initial
seed and a deterministic algorithm—using the same seed across
all evaluations ensures that every individual is assessed using
the same sequence of random numbers. This method effectively
eliminates variability caused by the simulation process itself.
(4) Selection. Individuals are selected using the roulette wheel
selection method, where the probability of selection for each
individual is given by:
Prect = W (13)

where f; denotes the fitness value of the j-th individual within
the same population.

In particular, the purely random nature of the roulette wheel
selection may cause the loss of superior individuals from the
current generation, potentially leading to convergence at a local
optimum or resulting in a situation where the best individual in
the next generation is inferior to the best in the current one. To
minimize this issue as much as possible, the number of
individuals selected via the roulette wheel in each round is set
to be smaller than pop_size. Then, the best individual from the
current generation is placed into an experience pool to fill the
remaining slots until the population size reaches pop_size. The
newly filtered individuals are designated as new_pop.

(5) Crossover. A two-point crossover operator is applied
with probability p. exchanging segments between two parent
chromosomes.

(6) Mutation. Each gene in the population is mutated with
probability pm, introducing new genetic material to maintain

diversity.

Calculate system reliability

Determine the component
configuration

Nai=k; && ng=0

n,i>k; && ng>0
—Determine the optimal redundancy strateg
N>k && ngi=0 Nai=ki && ng>0

Figure 12. Flowchart for solving the optimal redundancy

strategy.

The key enhancement over a standard GA lies not in
modifying the selection, crossover, or mutation operators, but in
controlling the random seed used by MCS during fitness
evaluation. By fixing the seed, all individuals in the
population—and across generations—are evaluated using an
identical random number sequence, thereby eliminating Monte
Carlo sampling variance as a source of noise in fitness
comparison.

Figure 12 provides a flowchart of the proposed algorithm for
determining the optimal redundancy strategy. The main steps
are summarized as follows: First, subsystem reliability
evaluation models are developed based on GSPN for different
redundancy strategies—including active, cold standby, and
mixed redundancy—while accounting for uncertainty. An FS-
GA is then designed to compute system reliability under
uncertain conditions. Next, an initial population is formed by
randomly generating combinations of (zi, 7, ns), which
represent system component configurations across various
redundancy strategies. Subsequent generations are produced
through selection, crossover, and mutation operations. In each
generation, the system reliability of every individual is
evaluated. Finally, after the algorithm converges, all solutions
are compared to identify the maximum system reliability and
the corresponding optimal redundancy strategy for each

subsystem.
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4. Case Study
4.1. RAP for the natural gas compressor pipeline system

To demonstrate the effectiveness and practical applicability of
the proposed framework, a real-world engineering case
involving a natural gas compressor pipeline system is examined.
The schematic diagram of this series system is presented in
Figure 13. Structurally, the system comprises a sequence of
components: one pipe segment, three valves, two filters, one
cooling unit, one buffer tank, and one liquid-gas separator. The
natural gas compressor pipeline exemplifies safety-critical
energy infrastructure with three characteristics that motivate the
proposed framework: (a) the k-out-of-n: G architecture
naturally models its subsystems (e.g., valves require at least 3
of n units); (b) component lifetime parameters are inherently
uncertain due to sparse field data, typically estimated via expert
elicitation; (c) unplanned downtime carries severe safety and
economic consequences, making uncertainty-aware design
essential. The framework simultaneously addresses component-
type selection, redundancy level, and strategy choice for each of

the six subsystems under fuzzy parameter uncertainty.

Consequently, reliability optimization under parameter
uncertainty is critical. In this section, the GSPN-based
reliability assessment and FS-GA optimization approach are
applied to determine the optimal redundancy allocation strategy.
The objective is to maximize system reliability while satisfying
strict cost and weight constraints.

Each subsystem offers a choice of three component types,
each characterized by distinct values of MTTF, weight, and cost.
To achieve maximum system reliability under the given
constraints, it is necessary to determine the optimal component
type, quantity, and redundancy strategy for each subsystem. The
lifetimes of both the components and the switching system are
assumed to follow an exponential distribution. The reliability of
the switching system is p(#,,)=0.99, and the mission time is 100
hours. The specific parameters for each component type in the
subsystems are shown in Table 4, referenced from Zhang [19].
Using equations (1) to (5), the reliability values from the table
are converted into the MTTF corresponding to a membership
degree of a=1 in a triangular fuzzy number, which is also the

middle value of that triangular fuzzy number.

e 1
] ] —— ]
I .Pipe II .\vvalves III.Filters IV.Cooler V .Buffer VI.Liquid-gas
separator
Figure 13. The natural gas compressor pipeline system.
Table 4. Parameters of the natural gas compressor pipeline system.
i Subsystems ki MTTF, cil wil MTTF2 ci Wiz MTTF3 e wi3
1 Pipeline 1 (518,718,918) 6.85 10 (1000,1200,1400) 9.85 10 (1178,1378,1578) 10.85 12
2 Valves 3 (1750,1950,2150) 1275 8 (4750,4950,5150) 1435 9 (9750,9950,10150) 15.25 12
3 Filters 2 (1416,1616,1816) 10.85 8 (2250,2450,2650) 1295 8 (4750,4950,5150) 15.15 10
4 Cooler 1 (415,615,815) 6.05 5 (750,950,1150) 8.05 5 (1178,1378,1578) 8.15 6
5 Buffer 1 (463,663,863) 9.35 4 (1000,1200,1400) 1035 5 (1750,1950,2150) 10.85 7
6 separator 1 (415,615,815) 8.85 6 (1000,1200,1400) 1025 6 (1416,1616,1816) 11.05 9
Table 5. Optimal solution for redundancy allocation when Cs = 160 and Ws = 130.
) Subsystem s
Constraints parameters | ) 3 4 5 6 w C Reliability
zi 1 1 1 1 3 3 R(tn) 0.96919284
B Nai 1 3 2 2 1 1 R(tm)min 0.95310976
Vf/s _ 1163% nsi 1 1 1 1 1 1 159.2 123 R(tm) 0.96859370
§ Strategy S S S M S S R(tm)max 0.97543891
results from Zhang et al. [19] R*(tm) 0.96700728
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Table 6. Optimal solution for redundancy allocation when Cs= 180 and Ws = 150.

. Subsystem C
Constraints parameters | ) 3 4 5 6 w C Reliability
zZi 1 2 1 3 3 2 R(tm) 0.98936317
_ Nai 2 3 3 1 1 1 R(tm)min 0.98490728
VCVS; 1185% Nsi 1 1 1 1 1 1 179.85 136 R(ty) 0.98884068
§ Strategy M S M S S S R(tm)max 0.99145842
results from Zhang et al. [19] R'(tw) 0.99506284
Table 7. Optimal solution for redundancy allocation when CS = 200 and WS = 180.
. Subsystem C
Constraints parameters 1 ) 3 4 5 6 w C Reliability
zZi 1 3 1 1 3 3 R(tm) 0.99679359
B Hai 2 4 3 2 1 2 R(tm)min 0.99218906
Vch;ZI%(()) Nsi 1 0 1 1 1 1 197.95 166 R(tn) 0.99545811
Strategy M A M M S M R(tm)max 0.99707330
results from Zhang et al. [19] R'(tw) 0.99506284
Table 8. Optimal solution for redundancy allocation when Cs= 220 and Ws= 180.
. Subsystem C
Constraints parameters | ) 3 4 5 6 w C Reliability
zZi 1 3 1 3 3 2 R(tm) 0.99848273
B Hai 3 4 3 2 2 2 R(tm)min 0.99773800
Vcl;i_zzlé(()) Nsi 1 0 1 1 1 1 219.55 177 R(ty) 0.99846486
Strategy M A M M M M R(tm)max 0.99873056
results from Zhang et al. [1 R(tw) 0.99839539
Table 9. Comparison Table of Methods.
Zhang et al. [19] This work

Component Incorporating triangular fuzzy numbers to address epistemic
parameter Not considered P & g Y . P
. uncertainty.
uncertainty
Reliability . . . -
. Based on CTMC, limited by state space explosion. Based on GSPN, with excellent scalability.
modeling method
Reliabilit t . . N . . N o
e,la ity (?utpu Point estimate reliability Point estimate reliability + reliability bounds
information

Key advantages

Optimization of four redundancy strategies: N, 4, S, M

Optimization of four redundancy strategies under uncertainty:
N, A, S, M

The optimal redundancy allocation solutions for the natural
gas pipeline system under uncertainty are summarized in Tables
5 to 8. Each table presents the best redundancy strategy and
corresponding system reliability under a specific combination
of cost and weight constraints. Here, Cs and Wy represent the
upper limits for the total system cost and total system weight,
respectively; z; indicates the component type selected for the i-
th subsystem, with three available types for each subsystem; n,;
represents the number of active components in the i-th
subsystem; ny; represents the number of standby components in
the i-th subsystem; The strategy column indicates the
redundancy strategy adopted by each subsystem; R(#»)

represents the best-estimated value of the system reliability for

the optimal redundancy allocation solution under uncertainty;

R(tw)min and R(t)max represent the lower and upper bounds of
the system reliability for the optimal redundancy allocation
solution under uncertainty, respectively; R(t,,) represents the
system reliability of the optimal redundancy allocation solution
for the natural gas pipeline system under deterministic
conditions, which is also the maximum possible value of the
system reliability for the optimal solution under uncertainty.
R*(tw) represents the system reliability of the optimal
redundancy allocation solution for the natural gas pipeline
system under deterministic conditions as obtained by Zhang et
al. [19].

The optimal redundancy strategy obtained in this study
under deterministic conditions aligns with the results reported

by Zhang et al. [19]. Moreover, the system reliability R(t,,) of
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the optimal redundancy strategy selection under deterministic
conditions is very close to the system reliability R*(¢.) of the
optimal system redundancy allocation solution under
deterministic conditions obtained by Zhang et al. [19]. This is
sufficient to prove the accuracy and effectiveness of the method
proposed in this paper for solving the RAP under deterministic
conditions. Table 9 presents a multi-dimensional comparison
between the method proposed in this paper and the method
proposed by Zhang et al.

When uncertainty is incorporated, the best-estimated value
of the system reliability, R(x), lies between R(£:)min and R(fm)max
and remains very close to R(t,) , which aligns with
expectations. This is because the selected triangular fuzzy
numbers are completely symmetrical. These results demonstrate
that the proposed method can identify optimal redundancy
strategies not only under deterministic conditions but also when
uncertainty is considered.

From a reliability decision-making perspective, the results
in Tables 5-8 provide actionable guidance at three levels:

(1) Component selection. The framework -consistently
selects lower-cost component types for subsystems with lower
ki thresholds, reserving premium components for bottleneck
subsystems where redundancy alone is insufficient. This
enables efficient allocation of procurement budgets.

(2) Strategy selection under budget pressure. Under tight
constraints (Cs= 160, Ws=130), S strategy dominates for most
subsystems because it maximizes redundancy depth within the
permitted component count. As constraints relax, M strategy
and A strategies appear where higher intrinsic reliability
justifies additional active components.

(3) Uncertainty-aware risk assessment. The reliability
confidence interval [R(tn)min, R(fm)max] provides explicit best-
case and worst-case performance bounds. For safety-critical
certification, the lower bound R(#,)min should be used as the
conservative design criterion. The interval width directly
reflects the degree of epistemic uncertainty: a wide interval
signals that more precise lifetime data are needed before
finalizing the design.

As shown in Figures 14 and 15, relaxing the constraints on
total cost and total weight results in an increase in the total
number of system components. This, in turn, leads to higher

redundancy levels and a subsequent improvement in system

reliability.
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Figure 14. System reliability under different constraints.
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Figure 15. Total number of system components under different
constraints.

Beyond the natural gas compressor pipeline, the proposed
framework is directly applicable to other safety-critical k-out-
of-n: G systems in which component lifetime data are sparse,
such as aerospace actuator assemblies, nuclear instrumentation
systems, and offshore wind turbine subsystems — any domain
where conservative, uncertainty-aware redundancy design is

operationally essential.

4.2. Comparative analysis with traditional GA under

uncertainty

To further demonstrate the superiority of the proposed FS-GA
over a standard GA, comparative experiments were conducted
under the same uncertain environment. Figure 16 compares the
performance of a traditional GA and the FS-GA proposed in this
study (under the conditions of Cs = 160 and Ws = 130). As
shown in Fig. 16, the standard GA exhibits persistent fitness

fluctuations across all 200 generations due to Monte Carlo
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sampling variance in the fitness evaluation, making it
impossible to reliably identify the best individual in any given
generation. In contrast, the FS-GA incorporates a fixed random
seed to eliminate stochastic simulation variance, thereby
achieving stable and repeatable fitness evaluations, which is

critical for trustworthy decision-making.

0.98 T T T

e e
) &
Fe =3

System reliability
g

0.9 1
0.88 ——The FS-GA
— Traditional GA
0.86 : : .
0 50 100 150 200
Generation

Figure 16. System reliability results calculated using the FS-
GA and traditional GA.

4.3. Robustness analysis: symmetric vs. asymmetric fuzzy

numbers

A key advantage of the proposed method is its ability to handle

various forms of epistemic uncertainty. To test its robustness,
we conducted experiments using the asymmetric triangular
fuzzy numbers for MTTF and compared the results with those
derived under symmetric fuzzy assumptions, keeping all other
constraints identical (Cs= 160 and Ws=130). When asymmetric
fuzzy numbers are used, the defuzzification via the centroid
method may yield an equivalent mean failure time that deviates
from the most plausible value (the center of the fuzzy set). As
a result, the estimated system reliability may differ more
significantly from the maximum achievable value. To illustrate
this effect, we reconfigured the system parameters using the
asymmetric fuzzy numbers detailed in Table 10, while holding
all other conditions constant.

As shown in Table 11, the optimal redundancy strategy
under asymmetric uncertainty differs from that obtained under
symmetric assumptions. A further observation from Table 11 is
the best-estimated

that system

uncertainty  (0.97103)

reliability R(#,) under

asymmetric exceeds that under

symmetric assumptions (0.96919). The mechanism is as follows.

Table 10. System parameters with asymmetrical triangular fuzzy numbers.

MTTEF,

i  Subsystems ki cil Wil MTTF2 ci2 wi2 MTTF3 i Wi3
1 Pipeline 1 (618,718,918) 6.85 10 (1100,1200,1400) 9.85 10 (1278,1378,1578) 1085 12
2 Valves 3 (1850,1950,2150) 1275 8 (4850,4950,5150) 1435 9 (9850,9950,10150) 15.25 12
3 Filters 2 (1516,1616,1816) 1085 8 (2350,2450,2650) 1295 8 (4850,4950,5150) 1515 10
4 Cooler 1 (515,615,815) 6.05 5 (850,950,1150) 805 5 (1278,1378,1578) 8.15 6
5 Buffer 1 (563,663,863) 935 4 (1100,1200,1400) 1035 5 (1850,1950,2150) 10.85 7
6 separator 1 (515,615,815) 8.85 6 (1100,1200,1400) 1025 6 (1516,1616,1816) 11.05 9
Table 11. System optimal solution under asymmetric fuzzy numbers.
Constraints parameters | ) iubSySteT 5 6 w C Reliability
the result of this paper
zi 1 1 1 1 3 3 R(tm) 0.97102878
Cs=160 Nai 1 3 2 3 1 1 159.2 123 R_(tm)mm 0.96409378
Ws =130 Nsi 1 1 1 0 1 1 R(tm) 0.96907162
Strategy S S S A S S R(tm)max 0.97634959
results from Zhang et al. [19]
Zi 1 1 1 1 3 3
Cs=160 Nai 1 3 2 2 1 1 .
Ws = 130 . ) i ; i ) ) 159.2 123 R (tm) 0.96700728
Strategy S S S M S S

For a triangular fuzzy number (a, b, c), the centroid is (a +
b+ c¢) /3. In Table 10, the lower bound a of every component

type is raised by exactly 100 hours relative to Table 4, while

b and ¢ are unchanged. This uniformly shifts each centroid
upward by 100/3 = 33.3 hours. Therefore, the average failure

rate of each component, A = I/MTTF, will decrease, resulting in
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higher average reliability.

Because the MCMC sampling in the first layer draws
failure-rate values theta according to the membership function,
the average sampled lambda under asymmetric TFNs is
systematically lower than under symmetric TFNs. Through R(?)
= exp(-4-t), this lower average failure rate propagates to a higher
system-level best-estimate reliability.

In physical terms, the asymmetric TFNs encode an expert
belief that component lifetimes are unlikely to be as short as the
worst case assumed in the symmetric parameterization (i.e., the
lower bound is raised from 415 to 515 h for subsystem 4 type
1). This less pessimistic characterization of uncertainty
naturally produces a higher best-estimate system reliability. It
also changes the cost-benefit balance between redundancy
strategies, as explained above. Designers should therefore
carefully assess the shape—not only the central value—of their
uncertainty characterizations before selecting a redundancy
strategy.

5.  Conclusion
This paper proposes an integrated GSPN-MCS-FS-GA
framework for the Redundancy Allocation Problem of k-out-of-
n: G series-parallel systems under epistemic uncertainty in
component lifetime parameters. The GSPN model captures the
state-transition dynamics of subsystems across active, cold-
standby, and mixed redundancy strategies; MCS evaluates
system reliability under dual (aleatory + epistemic) uncertainty;
and the fixed-seed genetic algorithm eliminates Monte Carlo
sampling variance from fitness evaluation, enabling reliable
optimization. Compared with deterministic approaches such as
[19,22], the framework simultaneously identifies optimal
component types, redundancy quantities, and strategies while
providing reliability confidence intervals.

The core contribution of this work lies in the first-of-its-kind
integration of GSPN, MCS, and the FS-GA into a unified
framework for RAP under uncertainty. This integration provides
the following advantages:

(1) A more flexible and accurate reliability evaluation of
complex systems under various redundancy strategies (active,
cold standby, mixed), surpassing the limitations of traditional
analytical methods.

(2) The simultaneous optimization of component type,

redundancy level, and strategy under cost and weight

constraints, even when distribution parameters are imprecise.

(3) Demonstrated superior stability and convergence in
optimization compared to traditional GAs, which often fluctuate
under uncertainty.

The practical value of the proposed approach is validated
through a real-world case study on a natural gas compressor
pipeline system. The results are generally consistent with the
deterministic benchmark solution reported in [19], and in some
constraint settings the proposed framework yields competitive
or slightly improved reliability performance while additionally
providing uncertainty-aware reliability bounds. Concretely, the
framework delivers three levels of engineering decision support
for pipeline system designers: (i) component procurement
guidance, by identifying which component type offers the best
reliability-per-unit-cost ratio for each subsystem; (ii)
redundancy strategy selection under budget constraints,
showing that cold-standby strategies dominate under tight cost
limits while mixed strategies emerge as constraints relax; and
(ii1) uncertainty-aware risk quantification, where the reliability
confidence interval [R(fm)min, R(fm)max] reported in Tables 5-8
provides an actionable conservative bound for safety
certification purposes. The interval width also serves as a direct
diagnostic: a wide interval signals that more precise lifetime
data are needed before the design can be safely finalized. These
outputs are not available from classical deterministic RAP
solvers and represent a tangible advancement for safety-critical
infrastructure planning.

Future research will focus on addressing the following
important issues: (1) The Reliability-Redundancy Allocation
Problem (R-RAP) for complex systems with k-out-of-n:

G subsystems and heterogeneous components: Future
studies will extend the current model to accommodate systems
composed of components with varying performance
characteristics and lifetime distributions, improving the model’s
precision and applicability. (2) Integration of component
degradation and redundancy optimization: Given that
components may degrade over time in real applications, future
research will incorporate degradation models into redundancy
allocation to maintain long-term system reliability. (3) Joint
optimization of maintenance and redundancy resources: System
reliability relies not only on redundancy allocation but also on

maintenance strategies. Future work will explore the integrated
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optimization of maintenance and redundancy resources to
minimize lifecycle costs while ensuring high reliability under
uncertainty. (4) Comprehensive parametric sensitivity analysis.
The robustness analysis in Section 4.3 provides initial evidence
of the framework's sensitivity to the shape of the input

uncertainty characterization. Future work will extend this to
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Acronym
RAP Redundancy Allocation Problem
GSPN Generalized Stochastic Petri Nets
MCS Monte Carlo Simulation
GA Genetic Algorithm
FS-GA fixed-random-seed Genetic Algorithm
CTMC Continuous-Time Markov Chain
MCMC Markov Chain Monte Carlo
MTTF Mean Time To Failure
CDF Cumulative Distribution Function
TFN Triangular Fuzzy Number
N No Redundancy
A Active Redundancy
S Cold Standby Redundancy
M Mixed Redundancy
R-RAP Reliability-Redundancy Allocation Problem
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