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Highlights  Abstract  

Á Proposes adaptive subregion-based active 

Kriging (AS-AK) method. 

Á Enhances efficiency and accuracy in multi-

failure reliability assessment. 

Á Integrates active learning with adaptive 

subregion decomposition. 

Á Validated on four benchmarks and aeroengine 

rigid-flexible system. 

Á Outperforms traditional methods in accuracy 

and computational cost. 

 This paper proposes an adaptive subregion-based active Kriging (AS-

AK) surrogate modeling approach. Firstly, an adaptive subregion 

decomposition strategy is developed to partition the candidate sample 

space into multiple concentric subregions, significantly enhancing the 

efficiency and accuracy of sampling. Subsequently, an active Kriging 

surrogate model is constructed, where the surrogate model is 

sequentially updated by iteratively selecting critical samples within each 

subregion to precisely approximate the highly nonlinear limit state 

function. Moreover, a collaborative multi-output surrogate modeling 

framework is further established to systematically handle correlations 

among multiple failure modes. Four benchmark numerical examples and 

an engineering application involving an aeroengine rigid-flexible 

coupling system illustrate that the proposed AS-AK method significantly 

outperforms existing reliability methods in both computational 

efficiency and accuracy. 
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1. Introduction  

The reliability of aeroengine rigid-flexible coupling systems 

directly influences overall engine performance by maintaining 

stable operation through precise adjustments of stator blade 

angles. However, due to the complexity of their internal 

structures and harsh operating conditions [1-3], these systems 

often experience deviations between the actual rotation angles 

and designed values of stator blades, leading to insufficient 

motion accuracy. Over extended periods, such deviations 

significantly impact the reliability and safety of aeroengines, 

making motion accuracy failures a predominant concern. 

Furthermore, the uncertainties inherent in material properties 

[4-5], loading conditions [6-7], and dimensional tolerances [8-

9] contribute to high nonlinearity and complex correlations 

among multiple failure modes. Traditional reliability methods 

typically face considerable challenges in accurately modeling 

these nonlinear and correlated failure characteristics [10-12]. 

Therefore, there is an urgent need for efficient and precise 

reliability assessment methods that adequately consider 

uncertainties and correlations among multiple failure modes. 

Currently, reliability analysis methods mainly comprise 
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approximate analytical methods [13-15], numerical simulation 

approaches [16-18], and surrogate modeling techniques [19-21]. 

Among these, surrogate modeling has gained popularity due to 

its effectiveness in approximating the true limit state function 

(LSF) with mathematical surrogate models, particularly for 

simple structural reliability problems [22-24]. Active learning 

surrogate modeling techniques, which iteratively select critical 

samples based on specific learning criteria, have emerged as 

powerful approaches for significantly improving surrogate 

modeling accuracy [25-28]. Notably, the adaptive Kriging (AK) 

method, integrating active learning strategies with the Kriging 

surrogate model, has proven particularly advantageous in 

handling reliability problems characterized by small failure 

probability [29-31]. Meanwhile, the active learning Kriging 

method is also widely applied in reliability-based design 

optimization for complex structures. Meng et al. [32-34] 

proposed AK-based reliability analysis methods and developed 

them into uncertainty design optimization. 

However, traditional AK-based methods combined with 

Monte Carlo simulation (AK-MCS) often suffer from low 

computational efficiency, primarily due to the excessively large 

number of candidate samples required for accurate modeling of 

small-probability events [35-36]. To mitigate this computational 

burden while preserving accuracy, researchers have introduced 

various variance-reduction techniques, such as Line Sampling 

(LS) [37-39], Directional Sampling (DS) [40-42], Subset 

Simulation (SS) [43-45], and Importance Sampling (IS) [46-48], 

into AK-based reliability analysis framework. For instance, 

Tong et al. [49] enhanced active learning reliability methods by 

combining AK models with subset simulation-based importance 

sampling. Echard et al. [50] presented a practical AK-IS 

framework for efficiently assessing small failure probability. 

Similarly, Wang et al. [51] proposed integrating multi-loop 

importance sampling with adaptive Kriging to improve 

computational efficiency. Yang et al. [52] developed  

a concentric ring approximation strategy to estimate rare-event 

probability, and Yun et al. [53] combined adaptive radial 

importance sampling with AK for efficient failure boundary 

identification.  

Despite these advancements, the existing AK-based 

methods have not fully addressed the computational challenges 

posed by complex, nonlinear, multi-failure mode reliability 

analyses. In response, this paper proposes an adaptive 

subregion-based active Kriging (AS-AK) surrogate modeling 

method. The core idea is to adaptively partition the candidate 

sample space into multiple concentric subregions, significantly 

reducing sampling redundancy and enhancing computational 

efficiency. Critical samples are actively selected within each 

subregion to progressively update and refine the surrogate 

model, precisely capturing the nonlinear limit state functions. 

Furthermore, a collaborative multi-failure reliability analysis 

framework is established by integrating multiple AS-AK 

surrogate models, systematically accounting for correlations 

among different failure modes. The effectiveness and 

advantages of the proposed AS-AK method are demonstrated 

through four numerical benchmark cases and an engineering 

application involving an aeroengine rigid-flexible coupling 

system, validating its superior performance in computational 

efficiency and accuracy compared with state-of-the-art methods. 

Compared with the existing methods, the advantages of the 

proposed method mainly include three aspects: (1) adaptive 

subregion decomposition strategy reduces the number of 

candidate samples in the process of updating the surrogate 

model, thus accelerating the identification of critical training 

points and enhancing computational efficiency. (2) the linkage 

sampling technique ensures the accuracy of the multi-failure 

reliability model by considering the correlations among 

different failure modes. (3) collaborative multi-failure 

reliability analysis framework reduces the complexity and 

computational cost in multi-failure system reliability 

assessment, and improves the computational efficiency of 

aeroengine rigid-flexible coupling system.  

The rest of this paper is organized as follows. Section 2 

details the theoretical formulation of the AS-AK method, 

including the active Kriging model and adaptive subregion 

decomposition strategy. Section 3 describes the collaborative 

multi-failure reliability framework based on AS-AK surrogate 

model. Section 4 presents numerical examples to illustrate the 

methodôs performance, followed by an engineering case study 

on an aeroengine rigid-flexible coupling system in Section 5. 

Finally, conclusions and insights are summarized in Section 6. 

2. Theoretical formulations of AS-AK  

To efficiently evaluate the reliability of systems with multiple 
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correlated failure modes, high nonlinearity, and small failure 

probability, this section proposes the detailed theoretical 

formulation of the adaptive subregion-based active Kriging 

method. The AS-AK integrates two core innovations: an 

adaptive subregion decomposition strategy to optimize the 

sample distribution, and an active learning-based Kriging model 

to iteratively refine the surrogate model toward accurate 

approximations of complex limit state function. 

2.1. Active Kriging model (AK) 

Given an initial set of training samples x= [x1, x2, . . ., xs] and 

their corresponding responses y0(x), the initial Kriging 

surrogate model can be mathematically expressed as follows 

[54]: 

Ù Ø Æ Ø‍ ÚØ          ρ 

where f T(x) = [f1(x), f2(x), . . ., fd(x)] indicates the vector of 

regression basis function; ɓ = [ɓ1, ɓ2, . . ., ɓd] the vector of the 

unknown regression coefficient; z(x) the Gaussian random 

deviation with zero mean and variance ů2. 

To efficiently select the most informative samples and 

enhance surrogate model accuracy, an active learning criterion 

named improved reliability-based expected improvement 

function (REIF2) [55] is adopted. Initially, a large-scale set of 

candidate samples {x1, x2, . . ., xN} is generated using Latin 

Hypercube Sampling. Then, the optimal candidate sample xk is 

selected by maximizing the following REIF2 function [55]: 
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where‘ denotes the predicted mean function;„ the predicted 

standard deviation function; Ŭ the weight constant of the 

adjustment‘and„; fx(x) the joint probability density function. 

After identifying the most valuable sample 

xk=argmax{REIF2(x)}, the training dataset is updated, and the 

surrogate model yk(x) is refined as follows 
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This active-learning iterative process progressively 

enhances the surrogate model accuracy near critical regions 

associated with small failure probability. 

2.2. Adaptive subregion strategy (AS) 

To efficiently identify critical samples and enhance the 

surrogate modeling accuracy near failure boundaries, an 

adaptive subregion strategy (AS) is developed. The key idea 

behind AS is to partition the original candidate sample space 

into multiple concentric and non-overlapping subregions, 

allowing a more targeted and efficient exploration of regions 

near the limit state function. The schematic illustration of this 

adaptive decomposition is depicted in Fig. 1.

D1 D2 D3 Dm

R1

R2=R1+ȹR 

Rm=Rm-1+ȹR 

                                  

(a) Sample space decomposition (b) Sample point distribution 

Fig. 1. Schematic diagram of the adaptive subregion strategy. 

As shown in Fig. 1, in the standard normal space, the 

candidate sample space D=RN is adaptively decomposed into 

several concentric ring-shaped subregions DὭ. Each subregion 

DὭ is defined by its inner radius RὭī1 and outer radius RὭ, 

satisfying: 

Ὀ Ὗ Ὀ            τ 

ὈẔὈ ‰ȟὭ Ὦ           υ 

Ὀ ὼȿὙ ᴁØᴁ Ὑȟὼɴ Ὀ          φ 

where R0=0 and the radius sequence Ri is adaptively determined 

by the sample distribution and convergence criteria. 
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To generate candidate samples within each subregion Di, the 

following sampling formula is adopted: 

ὢ Ὑ Ὑ Ὑ ‚
ᴁᴁ

        χ 

where d denotes the dimensionality of the parameter space and 

ɝ is a random number uniformly distributed between 0 and 1. 

By independently controlling the candidate sample size in each 

subregion, the proposed AS strategy effectively reduces 

redundant sampling, thereby significantly improving the 

modeling efficiency. After applying the adaptive subregion 

decomposition, the overall failure probability Pf can be 

expressed as 

ὖ ᷿ ὍØὪØὨὼ В ᷿ ὍØὪØὨὼ       ψ 

where x is the input random variables; fx(x) the joint probability 

density function (PDF) of x; IF (x) is the indicator function of 

the failure domain, which can be expressed as 

Ὅὼ
ρȟ ὼɴ Ὂ
πȟÅÌÓÅ

           ω 

where F representing the failure domain where the limit state 

function g(x) Ò0. 

Considering the advantages of importance sampling in 

enhancing sampling efficiency and accelerating convergence, 

the failure probability within each subregion can be further 

estimated [56] by: 

ὖ ᷿ Ὅὼ Ὠὼ       ρπ 

ÈØ         ρρ 

where h(x) is the importance sampling probability density 

function. Typically, h(x) is chosen according to the volume of 

the m-dimensional hypersphere, given by Vm = 

(ˊm/2Rn)/ũ(m/2+1), with ũ(ẗ) representing the gamma function 

and R the radius of the sampling region. The adaptive subregion 

decomposition strategy combined with the importance sampling 

method ensures that more candidate samples surround the limit 

state function, which greatly reduces the search efficiency of the 

optimal training samples and improves the modeling accuracy 

of the surrogate model. 

During the iterative process, the surrogate model 

convergence is monitored using the following convergence 

criterion ‐  ,Once this criterion is satisfied . ‏

further expansion of the sampling subregion is halted, and the 

surrogate model approximation meets the required accuracy. 

Note that with the continuous update of the Kriging model, 

when the failure probability of subregion does not meet the 

convergence requirement, the subregion will be further 

expanded, thereby ensuring that the real LSF can be effectively 

approximated. 

2.3. Adaptive subregion strategy-based AK (AS-AK) 

To systematically leverage the advantages of active learning for 

precise sample selection and adaptive subregion decomposition 

for efficient candidate sample management, an integrated 

adaptive subregion-based active Kriging surrogate modeling 

method is proposed. The flowchart of the proposed AS-AK 

method is presented in Fig. 2, with detailed procedural steps 

outlined as follows: 

Step 1: Initial surrogate model construction. Initial 

training samples are generated using Latin hypercube sampling 

(LHS) [18], and the corresponding responses are computed by 

simulation or calling the real LSF. An initial Kriging surrogate 

model is established based on these samples. 

Step 2: Adaptive subregion parameter initialization. Set 

the initial parameters of the adaptive subregion decomposition 

strategy, including the initial inner radius, the initial outer radius, 

and the candidate sample size allocated within each subregion. 

Step 3: Active surrogate model updating. Candidate 

sample points are generated within the current subregion. The 

surrogate model is iteratively updated by selecting the most 

informative sample from this candidate set, guided by the 

REIF2 active learning criterion. These critical samples are 

subsequently incorporated into the existing training dataset to 

refine the surrogate model approximation. 

Step 4: Failure probability estimation and convergence 

checking. Using the updated surrogate model and the 

importance sampling technique, estimate the current failure 

probability. Evaluate the convergence criterion ‐

 based on the estimated failure probability. If convergence is ‏

achieved (i.e., the Ů falls below a predefined threshold), proceed 

to Step 5. Otherwise, expand the sampling region adaptively 

outward, return to Step 3, and repeat the sampling and updating 

process. Importantly, previously evaluated samples are fully 

retained to ensure computational efficiency and avoid redundant 
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simulations. 

Step 5: Output final results and terminate algorithm. 

Once the convergence criterion is satisfied, output the estimated 

failure probability as the final reliability assessment result, and 

terminate the AS-AK algorithm.

Generate initial samples  by  Latin 

hypercube sampling

Compute the corresponding response 

by calling the real LSF

Estimate the failure probability of the 

current Kriging model

ŮŮŭ 

ŮŮŭ 

Output failure probability

Create the initial Kriging model based 

initial samples and  corresponding 

response values

Initialize the sample space 

decomposition parameters

Generate MCS candidate samples in 

the initial subregion

Search the interested sample points in 

the subregion based on the REIF2 

learning function

Expand the  sampling subregion by 

through subregion decomposition 

strategy

Recalculate the failure probability by 

current updated surrogate model

Update the Kriging model by adding 

the interested samples into training 

sample set

Continue to update the Kriging model 

based on the learning function

No

Yes

 

Fig. 2. Flowchart of the proposed AS-AK method. 

Compared to conventional AK-MCS methods, the key 

advantage of the proposed AS-AK approach is the adaptive 

partitioning of the candidate sample space into concentric 

subregions. By separately managing the candidate sample size 

within each subregion, the AS-AK avoids the undesirable 

concentration of samples in certain areas, significantly 

enhancing both local approximation accuracy near critical 

failure boundaries and global convergence efficiency. 

3. Collaborative multi -failure reliability  framework with  

AS-AK  

To efficiently handle reliability assessment of complex systems 

with multiple correlated failure modes, this section further 

proposes a collaborative multi-failure reliability analysis 

framework by integrating multiple adaptive subregion-based 

active Kriging surrogate model. Specifically, the proposed 

framework leverages a hierarchical collaborative modeling 

strategy [57-59], a linkage sampling technique [60-62], and the 

AS-AK surrogate modeling approach to systematically address 

the coupling and correlations among different failure modes. 

The key idea behind the proposed framework is to first 

decompose a complex multi-failure system into multiple 

individual failure modes and establish independent AS-AK 

surrogate model for each mode. Then, the linkage sampling 

technique [63] is used to establish the accurate multi-failure 

reliability model by comprehensively considering the failure 

correlation among different failure modes. Therefore, the 

presented collaborative multi-failure reliability analysis 

framework can obtain the high-accuracy and high-efficiency in 

dealing with the multi-failure system reliability analysis. 

Consider a system composed of p correlated failure modes, 

where Y(p) denotes the response of the p-th failure mode and [Y(p)] 

represents its allowable threshold [28]. The limit state function 

(LSF) for the p-th failure mode, g(p)(x), can be formulated as: 

Ὣ Ø ὣ ὣ

 ὣ Æ Ø ‍

Ò Ø 2 9  

ρς 

where ‍  , Ὑ  , ὶ ὼ  , Ὢ ὼ  , ὣ  , represent the 

regression coefficients, correlation model, correlation vector, 

regression basis function, and the maximum response in the AS-

AK surrogate model of the p-th failure mode, respectively; E 
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indicates the unit column vector. 

For a system containing l correlated LSFs, the overall 

system failure probability Pfs can be expressed as:  

0 ὖẕ Ὣ Ø π В Ὅ Ø      ρσ 

where N is the total number of samples and the failure indicator 

function IFt(xi) is defined by: 

ὍØ
ρȟάὭὲ

ȟȢȢȟ
ȟȢȢȢȟ

Ὣ Ø π 

πȟ ὩὰίὩ

      ρτ 

The variance and coefficient of variation (C.O.V.) of the 

estimated failure probability can be computed as follows: 

ὠ0 В ὍØ 0        ρυ 

#Ȣ/Ȣ6Ȣ0         ρφ 

Generally, when the C.O.V. value is lower than 5%, the 

estimated failure probability is considered sufficiently accurate 

and stable. If the C.O.V. exceeds this threshold, additional 

candidate samples are adaptively generated, and the AS-AK 

surrogate model is updated iteratively until the convergence 

criterion (C.O.V. < 5%) is satisfied. 

In summary, the proposed collaborative reliability 

framework strategically integrates multiple AS-AK surrogate 

models via hierarchical collaboration and linkage sampling 

techniques. It effectively addresses the computational challenge 

of multi-component, correlated failure modeling and efficiently 

approximates the highly nonlinear limit state functions for 

complex engineering systems. Consequently, the presented 

collaborative AS-AK framework achieves a high level of 

accuracy and computational efficiency, making it suitable for 

practical engineering reliability analyses involving multiple 

correlated failure modes. 

4. Case studies 

In this section, four representative numerical examples are 

selected to verify the effectiveness and computational 

advantages of the proposed AS-AK method. Specifically, these 

examples include a highly nonlinear bivariate function [55, 64], 

a ternary nonlinear function, a nonlinear oscillator system [51, 

65], and a complex four-branch system [66-67]. To objectively 

evaluate the accuracy and efficiency of the proposed method, 

the reference failure probability obtained from a brute-force 

Monte Carlo simulation with 1Ĭ106 samples is adopted as 

benchmarks.  

4.1. Case I: a highly bivariate function 

In this first example, a highly nonlinear performance function 

and limit state surface involving two independent random 

variables is considered. The explicit limit state function (LSF) 

is defined as: 

 Ὃ ὼȟὼ ρȢς ὼ τ ὼ ρ ίὭὲυὼ      ρχ 

where x1, x2 follow independent standard normal distributions 

x1, x2 ~ N (0,1). The failure domain is defined by G1(x1, x2) < 0. 

The distributions of candidate samples generated by the 

MCS and the proposed AS-AK method are presented in Fig. 3. 

Clearly, the candidate samples from the AS-AK method are 

uniformly distributed across the entire adaptive subregion, 

demonstrating efficient and balanced sample exploration. The 

modeling and updating process of the surrogate model using the 

AS-AK method is illustrated in Fig. 4. Herein, Ncall denotes the 

total number of function calls; Pf represent the failure 

probability. 

Table 1 summarizes the reliability analysis results obtained 

from different methods. It can be observed from Fig. 4 and 

Table 1 that the proposed AS-AK combined with REIF2 

learning function method initially employed 14 Latin hypercube 

sampling samples to construct the initial Kriging model and 

subsequently iteratively selected 22 critical samples to refine 

the surrogate model. With only 36 total sample evaluations, the 

AS-AK achieved a failure probability estimation of 4.6Ĭ10-3, 

precisely matching the reference solution obtained from 1Ĭ106 

MCS samples. Compared to other learning functions (i.e., U, H, 

EFF), the REIF2 learning function demonstrates higher 

computational efficiency and accuracy. Compared with 

conventional Kriging and MCS methods, the AS-AK method 

significantly reduced computational efforts (fewer samples) 

while maintaining high accuracy. The convergence process 

curves of the failure probability and coefficient of variation 

shown in Fig. 5 further verify the stability of the proposed 

method. Moreover, the adaptive subregion strategy ensured 

sufficient sample coverage near critical failure boundaries, 

further confirming the high efficiency and robustness of the 

proposed AS-AK method. 
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Safety samples Failure samples True LSF
 

(a) MCS (106) (b) AS-AK (104) 

Fig. 3. Candidate pools generated with MCS, AS-AK for Case I. 

                          

Initial samples Add samples Safety samples

Failure samples True LSF Fitted LSF
 

(a) Fitted LSF (b) Sampling distribution 

Fig. 4. Modeling process for Case I. 

Reference

initial samples

updating samples

                             

initial samples

updating samples

Reference

 

(a) Failure probability (b) Coefficient of variation 

Fig. 5. The convergence process of failure analysis results for Case I. 
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Table 1. Results of failure probability for Case I. 

Methods Ncall Pf Computing error 

MCS 1Ĭ106 0.0046 - 

Kriging 70 0.0048 4.35% 

REIF2 31.7 0.0047 2.17% 

MCMC 33 0.0047 2.17% 

AK-MCS 37 0.0047 2.17% 

AS-AK+U 62 0.0046 0 

AS-AK+H 58 0.0046 0 

AS-AK+EFF 65 0.0046 0 

AS-AK+REIF2 36 0.0046 0 

Note that the PfMCS, Pf indicate the failure probability of 

MCS method and surrogate model methods, respectively. 

Computing error of each surrogate model method is calculated 

by: [(|PfMCS ī Pf |)/ PfMCS] Ĭ100%. 

4.2. Case II: a ternary example 

To further illustrate the effectiveness of the proposed AS-AK 

method in handling higher-dimensional nonlinear reliability 

problems, a three-dimensional nonlinear limit state function 

(LSF) is examined in this case study. The explicit form of the 

LSF is given by: 

Ὃ ὼȟὼȟὼ ίὭὲὼ χίὭὲὼ πȢρίὭὲὼ     ρψ 

where x1, x2, x3 are independent random variables with standard 

normal distribution, and the failure domain is defined by G2(x1, 

x2, x3) < 0. 

Table 2 summarizes the computational results obtained by 

different reliability analysis methods. For the AS-AK combined 

with REIF2 learning function method, 21 initial samples with 

x1, x2, x3~ N (0, 1) generated by Latin hypercube sampling and 

corresponding responses calculated by the real LSF are used to 

construct the initial Kriging surrogate model. Subsequently, 

only 34 additional critical samples are adaptively selected 

through the active learning strategy, resulting in a total of 55 

evaluations of the true performance function. The estimated 

failure probability by the AS-AK+REIF2 method closely 

matches the benchmark solution derived from the brute-force 

MCS with 1Ĭ106 samples.  

Compared with the traditional Kriging method and AK-

MCS method, which required significantly more samples to 

achieve comparable accuracy, the proposed AS-AK method 

demonstrates superior computational efficiency and accuracy. 

These results further validate that the AS-AK approach is highly 

suitable for efficiently and accurately addressing reliability 

assessment problems involving high dimensionality and strong 

nonlinearity. 

Table 2. Results of failure probability for Case II. 

Methods Ncall Pf Computing error 

MCS 1Ĭ106 0.1107 - 

Kriging 106 0.1110 0.27% 

AK-MCS 120 0.1108 0.09% 

AS-AK+U 60 0.1083 2.17% 

AS-AK+H 81 0.1115 0.72% 

AS-AK+EFF 99 0.1084 2.08% 

AS-AK+REIF2 55 0.1107 0 

4.3. Case III: a nonlinear oscillator system 

In this example, the reliability of a nonlinear spring oscillator 

subjected to rectangular pulse excitation is investigated to 

demonstrate the efficiency and accuracy of the proposed AS-

AK method in complex dynamic engineering systems. The 

schematic representation of the nonlinear oscillator system is 

illustrated in Fig. 6, and six normal distributed variables are 

considered. The corresponding statistical characteristics of the 

six independent random variables are summarized in Table 3. 

The explicit limit state function is defined as follows: 

Ὃ ὛȟὊȟὓȟὯȟὯȟὸ σὛ ίὭὲ ȟ‫    ρω 

The results of reliability analyses obtained from different 

methods are summarized in Table 4. For the proposed AS-AK 

combined with REIF2 learning function method, an initial 

surrogate model is constructed using 42 Latin hypercube 

samples, followed by the adaptive selection of 80 additional 

critical samples via active learning. Thus, only 122 evaluations 

of the original complex nonlinear performance function were 

required to achieve an accurate estimation of the failure 

probability (Pf=0.0586). Compared with other learning 

functions (i.e., U, H, EFF), this result closely aligns with the 

benchmark solution (Pf =0.0587) derived from the brute-force 

MCS approach using 1Ĭ106 samples. 

In contrast, the traditional Kriging surrogate model and AK-

MCS method require 256 and 165 performance function 

evaluations to achieve comparable accuracy (Pf=0.0583 and 

Pf=0.0609), respectively. Therefore, the AS-AK method clearly 
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demonstrates superior computational efficiency, significantly 

reducing the required number of function evaluations while 

maintaining high reliability estimation accuracy. This case 

further confirms that the proposed AS-AK approach is 

particularly suitable for solving complex reliability analysis 

problems characterized by dynamic and strongly nonlinear 

behaviors.

F(t)

F1

t1 t

F(t)M

Z(t)
k1

k2

 

Fig. 6. A nonlinear oscillator. 

Table 3. Parameter distribution characteristics of Case III. 

Variables Distribution type Mean Standard deviation 

S Normal distribution 0.5 0.1 

F1 Normal distribution 0.8 0.15 

M Normal distribution 1 0.05 

t1 Normal distribution 1 0.15 

k1 Normal distribution 1 0.1 

k2 Normal distribution 0.1 0.1 

 

Table 4. Results of failure probability for Case III. 

Methods Ncall Pf Computing error 

MCS 1Ĭ106 0.0587 - 

Kriging 256 0.0583 0.68% 

AK-MCS 165 0.0609 3.75% 

AS-AK+U 159 0.0621 5.79% 

AS-AK+H 202 0.0519 11.58% 

AS-AK+EFF 175 0.0628 6.98% 

AS-AK+REIF2 122 0.0586 0.17% 

4.4. Case IV: a four branches system 

The fourth numerical example involves a complex performance 

function characterized by four distinct nonlinear branches, 

representing typical challenges encountered in engineering 

system reliability analysis. It has four branches, and the explicit 

expression of this limit state function is given as: 

Ὃ ὼȟὼ

ừ
ỬỬ
Ừ

ỬỬ
ứτ πȢρὼ ὼ

Ѝ

τ πȢρὼ ὼ
Ѝ

Ѝ
ὼ ὼ

Ѝ
ὼ ὼ

      ςπ 

where x1 and x2 are independent standard Gaussian random 

variables. Failure domain is defined by G4(x1, x2)Ò0. 

Fig. 7 compares the distributions of candidate samples 

generated by the traditional MCS and the proposed AS-AK 

method. As clearly shown in Fig. 7, candidate samples from the 

AS-AK method exhibit a more uniform and effective 

distribution near the critical limit state boundaries, 

demonstrating the method's capability for efficient exploration 

and accurate approximation in critical regions with relatively 

fewer samples. Fig. 8 illustrates the iterative surrogate modeling 

and updating process employed by the AS-AK method. As 

revealed in Fig. 8, 14 samples are used to construct initial 

Kriging model, extra 15 samples are selected to update Kriging 

model. After 29 real LSF calls, the Kriging fitted LSF 

approximates the real LSF. Table 5 summarizes the reliability 

analysis results obtained using different methods. Remarkably, 

the proposed AS-AK combined with REIF2 learning function 

method achieves a highly accurate failure probability estimate 

(4.81Ĭ10ī4) using only 29 calls to the real limit state function, 

resulting in an extremely low relative error of only 0.21% 

compared with the benchmark MCS solution (based on 1Ĭ106 

samples). 

In contrast, other comparative methods such as traditional 
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Kriging, REIF2, Markov chain Monte Carlo (MCMC), and AK-

MCS require significantly more function evaluations to achieve 

comparable accuracy. This further validates the superior 

computational efficiency and high accuracy of the AS-AK 

method, particularly suitable for reliability analyses involving 

systems with highly nonlinear and multiple-branch limit state 

functions.
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(a) MCS (1Ĭ106) (b) AS-AK (2.6Ĭ104) 

Fig. 7. Candidate pools generated with MCS, AS-AK for Case IV. 
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(a) Fitted LSF (b) Sampling distribution 

Fig. 8. Modeling process for Case IV. 

Table 5. Results of failure probability for Case IV. 

Methods Ncall Pf Computing error 

MCS 1Ĭ106 4.8¦10-4 - 

Kriging 160 4.42¦10-4 7.92% 

REIF2 68.8 5.11¦10-4 6.46% 

MCMC 56.3 5.11¦10-4 6.46% 

MRIS 55.4 5.10¦10-4 6.25% 

AK-MCS 59 5.09¦10-4 6.04% 

AS-AK+U 43 4.89¦10-4 1.88% 

AS-AK+H 68 4.86¦10-4 1.25% 

AS-AK+EFF 66 4.87¦10-4 1.46% 

AS-AK+REIF2 29 4.81¦10-4 0.21% 

5. Engineering application: rigid -flexible coupling system 

In aeroengine rigid-flexible coupling systems, accurate 

adjustment and synchronization of stator blade rotation angles 

are crucial for ensuring stable and efficient compressor 

operation. However, due to inherent uncertainties such as 

variability in material properties, dimensional tolerances, 

loading conditions, and the flexible deformation effects in key 

components (e.g., rocker arms and linkage rings), the actual 

rotation angles of stator blades frequently deviate from their 

design targets. These deviations significantly compromise 

motion accuracy, posing substantial risks to the reliability and 

safety of aeroengines. To verify the effectiveness and practical 


