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Highlights  Abstract  

Á A remaining useful life prediction method 

based on mixed Copula functions is proposed. 

Á A stochastic degradation model considering 

multiple degradation modes is established. 

Á Comparative analysis shows that the proposed 

method results in smaller prediction errors. 

 To address the issue of distorted correlation characterization in existing 

multivariate correlation-based remaining useful life (RUL) prediction 

methods for degrading equipmentðcaused by relying solely on a single 

Copula function to model interdependencies among multiple 

degradation featuresðthis paper proposes an RUL prediction method 

based on mixed Copula functions. First, a stochastic degradation model 

incorporating multiple degradation modes is established based on the 

Wiener process. Second, a mixed Copula function composed of linear 

combinations of Gumbel, Clayton, and Frank Copulas is constructed to 

capture the complex correlations among degradation features, and a 

stepwise maximum likelihood method is employed to estimate the model 

parameters. Finally, validation through simulated degradation datasets, 

LED lighting system degradation data, and metal crack propagation data 

demonstrates that the proposed method achieves smaller prediction 

errors and higher accuracy compared to existing single Copula-based 

methods, confirming its superiority. 
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1. Introduction  

With the continuous development of high-tech, modern 

industrial equipment is evolving towards high automation and 

integration. Due to the comprehensive effects of factors such as 

vibration impacts, operating condition transitions, mechanical 

wear, chemical erosion, load variations, and energy 

consumption throughout their lifecycles, these types of 

equipment inevitably experience degradation in performance 

and health status, eventually leading to equipment failure and 

even causing irreparable loss of life and property. If the RUL of 

equipment can be predicted before failure, and appropriate 

maintenance strategies can be adopted accordingly, catastrophic 

accidents can be effectively avoided, thereby achieving the 

goals of cost reduction and property protection [1-3]. As a core 

technology of prognostics and health management, RUL 

prediction is the prerequisite and foundation for making 

scientifically informed maintenance decisions for equipment. 

Therefore, accurately predicting the RUL of equipment to 

reduce the risk of sudden failures holds significant theoretical 

significance and engineering practical value [4,5]. 

Existing literature categorizes methods for predicting 
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equipment lifetime into two main groups: physics-based 

methods and data-driven methods [6-8]. Physics-based methods 

utilize the knowledge of equipment's mechanical dynamics 

combined with monitoring data to predict lifetime, primarily 

relying on specific physical models of the equipment. However, 

due to unclear failure mechanisms and diverse failure modes of 

most equipment, it is challenging to establish accurate physical 

models, thereby limiting the applicability of physics-based 

methods in lifetime prediction [9-10]. Data-driven lifetime 

prediction methods do not require knowledge of the equipment's 

physical model, they directly utilize monitoring data or 

historical degradation data of similar equipment to estimate 

lifetime, thus attracting significant attention from scholars both 

domestically and internationally [11-13]. 

Due to the high randomness of the degradation failure 

process of the equipment, most existing studies adopt stochastic 

processes to describe the performance degradation process, 

believing that stochastic processes can more accurately depict 

the trajectory of equipment performance degradation. Among 

these, modeling methods based on Wiener processes have been 

used widely in degradation modeling and lifetime prediction 

due to their favorable mathematical properties [14-27]. The 

Wiener process is a stochastic process extensively used for 

features with increasing or decreasing non-monotonic 

characteristics. In practical applications, the non-monotonic 

characteristics of degradation data arise from differences in 

equipment loads and variations in internal and external 

environments, making Wiener processes suitable for 

degradation modeling and lifetime prediction of equipment.  

In response to the characteristic of equipment degradation 

trajectories exhibiting linear degradation, Kahle et al. [14] 

proposed a simple linear Wiener process degradation model, 

providing parameter estimation methods and definitions for 

equipment lifetime. Wang et al. [15] introduced a RUL 

prediction method for metallized film capacitors based on the 

linear Wiener process. Li et al. [16] addressed variations in 

performance among different units in the same batch of 

equipment due to factors such as processing techniques, design 

errors, and functional differences. They proposed a linear 

Wiener process that considers the randomness of drift 

parameters for predicting the lifetime of momentum wheels. Si 

et al. [17] considering measurement errors as a source of 

uncertainty, derived the PDF for RUL using Bayesian inference 

and the EM algorithm. Peng et al. [18] proposed a linear Wiener 

degradation model with a drift factor following a skew-normal 

distribution for predicting the RUL of equipment. In cases 

where the degradation trajectory of equipment displays linear 

segments, Zhang et al. [19] proposed a two-stage linear Wiener 

process, successfully applied to predicting the RUL of batteries. 

Guan et al. [20] introduced a two-stage linear Wiener process 

that accounts for measurement errors, aimed at predicting the 

RUL of bearings. 

The linear Wiener degradation model is only applicable to 

situations where the degradation trajectory has a linear trend, 

whereas the degradation trajectories of most equipment are 

characterized by nonlinearity. In order to improve the generality 

of Wiener process degradation models, many scholars have 

proposed nonlinear Wiener process degradation models. Si et al. 

[21] addressed nonlinear issues by presenting two common 

forms of nonlinear degradation modelsðexponential and power 

functionsðand derived analytical expressions for lifetime and 

remaining useful life PDFs. Tang et al. [22] developed  

a nonlinear model with measurement errors, building on 

existing nonlinear degradation models to address measurement 

error issues in degradation data. Peng et al. [23] proposed  

a novel nonlinear degradation model that combines power 

function degradation with linear degradation models for 

predicting the RUL of laser generators, based on existing linear 

and power function degradation model. Yu et al. [24] 

established a general nonlinear Wiener process model 

considering three sources of uncertainty, deriving the remaining 

useful life PDF and calculating estimates of RUL. Long et al. 

[25] created a state-space model for nonlinear Wiener processes 

and proposed a stochastic mixed system approach, improving 

the accuracy of RUL prediction. Lin et al. [26] proposed a two-

stage nonlinear Wiener process degradation modeling method, 

considering that the degradation rate of equipment may vary 

across different time periods, thereby enhancing the accuracy of 

lifetime prediction. Hu et al. [27] proposed a general form of the 

two-stage nonlinear Wiener process degradation modeling 

method and validated its effectiveness using data from high-

pressure pulse capacitors. 

In predicting the RUL of equipment, current research 

primarily focuses on utilizing a single performance indicator of 
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the equipment for such predictions. However, for most 

equipment, relying solely on a single performance indicator 

makes it difficult to fully and accurately reflect the state of 

health status and degradation process of the equipment. 

Therefore, in order to reflect the state of health of the equipment 

as fully as possible, it is essential to fully utilize multiple 

performance indicators of the equipment. Among them, 

utilizing two performance indicators for predicting the RUL 

forms the foundation for research on predicting the RUL of 

equipment on the basis of multiple performance indicators. 

Therefore, scholars have already investigated methods for 

predicting the RUL of equipment based on bivariate stochastic 

processes, assuming a certain correlation exists between the 

degradation processes of the two performance indicators of the 

equipment. They introduce Copula functions to describe the 

correlation characteristics between indicators and establish 

degradation models on the basis of bivariate stochastic 

processes. Copula functions are tools used to characterize the 

correlation between variables, known for their simplicity in 

modeling, flexible application, and wide range of uses [28-29].  

For multi-dimensional linear degradation equipment, Jin et 

al. [30] established a corresponding linear Wiener process 

degradation model for bearing's binary performance indicators 

and the marginal distribution of RUL. Then, using the Copula 

function, they combined the marginal distributions to obtain the 

joint distribution function of the equipment, achieving the 

prediction of the bearing's RUL. Similarly, Dai et al. [31] 

established a binary linear Wiener process degradation model 

based on the Copula function for the RUL prediction of nickel-

cadmium batteries. Qi et al. [32] proposed a binary linear 

Wiener degradation model with two correlated performance 

indicators based on the Copula function and applied Bayesian 

theory to implement the online prediction of the RUL of 

onboard transformer oil-paper insulation in high-speed trains. 

For multi-dimensional nonlinear degradation equipment, Dong 

et al. [33] proposed a nonlinear Wiener process based on binary 

time-scale transformations, using the Frank Copula function to 

combine the marginal distributions and obtain the joint failure 

distribution function, which was used for the failure prediction 

of dry-type hollow reactor encapsulation materials. Zhao et al. 

[34] proposed two common binary nonlinear Wiener random 

process models, one based on power function and the other on 

exponential function, for the RUL prediction of transformer oil-

paper insulation using the Copula function.  

Current research indicates that existing methods for 

predicting the RUL of multi-degradation equipment 

predominantly rely on single Copula functions to characterize 

correlations between different features. However, a single 

Copula function can only represent a single type of dependency 

(e.g., symmetric, upper-tail, or lower-tail correlation), while 

complex dependencies exist among degradation data of 

different performance metrics in practical equipment. The 

exclusive use of a single Copula function in real-world 

applications may lead to mischaracterization of the dependency 

structure between different performance degradations, thereby 

increasing RUL prediction errors. To address these limitations, 

this paper innovatively proposes a method employing mixed 

Copula functions to characterize dependencies among different 

equipment performance metrics. A Wiener process-based 

degradation model incorporating multiple degradation modes is 

established, where mixed Copula functions are utilized to 

describe inter-performance dependencies. Leveraging the 

properties of Wiener processes and the definition of first hitting 

time (FHT), analytical expressions for lifetime and RUL 

probability density functions are derived for joint distributions 

constructed with different mixed Copula functions. A two-step 

maximum likelihood estimation method is implemented to 

estimate the unknown parameters of the model. The 

effectiveness and practicality of the proposed methodology are 

validated through simulated degradation data, LED lighting 

system datasets, and metal crack degradation data. 

2. Degradation modeling  

2.1. Single-performance degradation model  

The Wiener process has been used widely in RUL prediction 

studies due to its incorporation of Brownian motion (BM) for 

effectively handling non-monotonic processes. Let ὢὸ denote 

the monitored degradation value at time t, the degradation 

process can be modeled as follows [35]: 

ὢὸ ὢπ ὥ‰ ὸȟὦ  ὄὸ        ρ‏

In this context, ὢπ represents the initial state of the 

degradation process, and for computational simplicity, it is 

commonly hypothesized that the initial stateὢπ

π.ὄὸdenotes the standard Brownian motion. ὥ‰ ὸȟὦstands 
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for the drift term of degradation, ὥ  represents the drift 

coefficient. Due to variations in usage environments and 

processing materials among similar equipment, there exist 

certain differences in the degradation trajectories of each 

equipment. Therefore, in modeling performance degradation, 

the drift coefficient  ὥ  is regarded as a random variable, 

satisfying ὥͯ ὔ‘ȟ‏  , to account for individual differences 

among equipment. ὦ  is a fixed parameter describing the 

commonalities among similar equipment. ‏ represents the 

diffusion coefficient, with the assumption that the parameters  

ὥ , ὦ and  ‏ are mutually independent to simplify analysis. 

Eq. (1) represents a common form based on the Wiener 

degradation model, and different degradation patterns can be 

described by different drift terms. For instance, if the drift term 

is represented as ‰ὸȟὦ ὸ , Eq. (1) becomes a linear 

degradation model, widely applied in RUL prediction studies 

[14-20]. In this paper, a RUL prediction method based on the 

Wiener process is proposed, which contains multiple 

degradation models, mainly including three typical degradation 

models, namely, linear functionὓ , power functionὓ  and 

exponential functionὓ  , i.e., ‰ ὸȟὦ

‰ ὸȟὦȟ‰ ὸȟὦȟ‰ ὸȟὦ ὸȟὸȟὩὼὴὦὸ .Specific 

Wiener process degradation models can be expressed 

as:ὓ :ὢὸ ὥὸ‏ὄὸ ,ὓ :ὢὸ ὥὸ

ὄὸ,ὓ:ὢὸ‏ ὥὩὼὴὦὸ  .ὄὸ‏

2.2. Copula function theory 

Copula functions are a class of functions that connect the 

distribution functions of multiple random variables with their 

respective marginal distribution functions, and are therefore 

also referred to as connection functions. Taking binary variables 

as an example, its practical significance lies in connecting the 

marginal distribution and joint distribution of two random 

variables, establishing a mapping relationship between marginal 

and joint distributions, and separating the study of marginal and 

joint distributions. Sklar's theorem is an existence theorem for 

Copula functions. Its basic content is: if Ὄὼȟώ is a bivariate 

joint distribution function with continuous marginal 

distributions Ὂὼ  and Ὃώ , then a unique Copula function 

ὅ   exists such that Ὄὼȟώ ὅὊὼȟὋώ  . Instead, if 

ὅ  is a Copula function ,Ὂὼ and Ὃώ are two arbitrary 

CDFs, then the function Ὄὼȟώdefined by the above equation 

must be a joint distribution function, and the corresponding 

marginal distributions are preciselyὊὼ andὋώ  [36]. 

Assuming random variablesὢ and ὣare correlated, let the joint 

distribution function of the two-dimensional random 

variableὢȟὣ be represented as Ὄὼȟώ , with marginal 

distributionsὊὼ andὋώ respectively. According to Sklar's 

theorem, a Copula function ὅ  exists such that  

Ὄὼȟώ ὅὊὼȟὋώ           ς 

IfὊὼ andὋώ are continuous, thenὅ  is uniquely 

determined. The PDFs of Ὄὼȟώobtained through the Copula 

function is given by:  

Ὤὼȟώ ὧὊὼȟὋώ ὪὼὫὼ         σ 

whereὧόȟὺ
ȟ
 ,ό Ὂὼ , ὺ Ὃώ . Here, 

ὧ  represents the PDF of the Copula function ὅ  , 

Ὢὼ andὫώ are the PDFs of the marginal distributions 

ὊὼandὋώ, respectively. The Archimedean Copula function 

family is an important component of many types of Copula 

functions. Due to its simple construction and strong variability, 

it has been widely used. Three common Archimedean binary 

Copula functions are shown in the following Table 1.

Table 1. Three common Archimedean binary Copula functions. 

Function name Probability density function ὧόȟὺȠ‌ Distribution function ὅόȟὺȠ‌ Parameter range 

Frank Copula 
‌ρ Ὡ Ὡ

Ὡ ρ Ὡ ρ ρ Ὡ
 

ρ

‌
ὰὲρ

Ὡ ρ Ὡ ρ

Ὡ ρ
 ‌ᶰὙ͵ π 

Clayton Copula ρ ‌ όὺ ό ὺ ρ  ό ὺ ρ  ‌ᶰ ρȟÐ  

Function name Probability density function ὧόȟὺȠ‌ Distribution function ὅόȟὺȠ‌ Parameter range 

Gumbel Copula 

Ὡὼὴ ὰὲό ὰὲὺ ὰὲόȢὰὲὺ

όὺ ὰὲό ὰὲὺ
 

ὰὲό ὰὲὺ ‌ ρ 

Ὡὼὴ ὰὲό ὰὲὺ  ‌ᶰρȟÐ  
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Among them, ‌ represents the parameter of the correlation 

dependence direction. When‌ π , it indicates that there is  

a positive correlation between variables; when‌ π, it means 

there is a negative correlation between variables; when ‌ᴼπ, 

it means the variables tend to be independent. In order to 

illustrate the difference between the three Archimedean binary 

Copula functions, the paper takes ‌ ς and plots the PDF of 

each of the three Copula functions as shown in Fig.1.

  
(a) Frank Copula's PDF (b) Clayton Copula's PDF 

 

(c) Gumbel Copula's PDF 

Fig.1. PDF graphs of three Copula functions. 

From the PDF graphs of the aforementioned Copula 

functions, it can be observed that different Copula functions 

depict correlation differently. The Frank Copula is suitable for 

modeling symmetric dependence structures between variables, 

while the Clayton Copula effectively characterizes asymmetric 

lower-tail dependence, and the Gumbel Copula excels in 

describing asymmetric upper-tail dependence. Therefore, 

relying solely on a single Copula function to integrate data in 

practical applications may lead to distorted or inaccurate 

representations of the true dependency structure, particularly 

when the data exhibit complex or multi-modal dependence 

patterns. To address this, considering a mixture of multiple 

Copula functions becomes necessary. Such a mixed Copula 

function can better describe the dependence in the data and fuse 

the data more effectively. 

The model of the binary mixed Copula function is as follows: 

ὅόȟό В ὯὅόȟόȠ‌           τ 

where ὅόȟόȠ‌   is a known Copula function, ‌  is the 

corresponding parameter, Ὧis the weight coefficient, and π

Ὧ ρ ,В Ὧ ρ . Research indicates that mixed Copula 

functions remain Copula functions [37]. 

3. Lifetime prediction  

3.1. Lifetime prediction of single performance 

degradation data  

This paper adopts the concept of FHT to define the equipment 

lifetime, which means that when the equipment's performance 

degradation process  ὢὸȟὸ π  first equals or exceeds the 

preset failure threshold the equipment is considered to have , ‫ 

failed [38,39], and the corresponding time is then considered as 

the equipment's lifetime. Based on the concept of FHT, lifetime  

T can be defined as  
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Ὕ ὭὲὪὸȡὢὸ ‫ȿὢπ ‫          υ 

Without loss of generality, let the failure threshold ‫ π . 

According to references [21] and [34], the lifetime PDF and 

distribution function of ὓ,ὓ,and ὓ are as follows: 

(1) The PDF and distribution function of the lifetime 

corresponding to the degradation model ὓ  are as 

follows: 

Ὢ ὸḙ Ὡὼὴ        φ 

Ὂ ὸ ɮ Ὡὼὴ ɮ  χ 

(2) The PDF and distribution function of the lifetime 

corresponding to the degradation model ὓ  are as 

follows:

Ὢ ὸḙ ‫ ὸ ὦὸ Ὡὼὴ            ψ 

Ὂ ὸ ρ   Ὡὼὴ              ω 

 

(3) The PDF and distribution function of the lifetime 

corresponding to the degradation model ὓ  are as 

follows:

Ὢ ὸḙ ‫ ‍ὸ Ὡὼὴ     ρπ 

with‍ὸ Ὡὼὴὦὸ ὦὸὩὼὴὦὸ ρ. 

Ὂ ὸ ρ   Ὡὼὴ     ρρ 

 

In the above equations,  Ȣ denotes the cumulative 

distribution function of the standard normal distribution. ‘and 

 , represent the mean and variance of the drift coefficient ὥ ‏

which follows a normal distribution. The proof process for Eqs. 

(7), (9), and (11) is shown in Appendix A. 

For the current time ὸ, according to the concept of FHT, the 

RUL of the equipment can be defined as 

ὒ ὭὲὪὰ πȡὢὰ ὸ ‫   ρς 

where ὰ represents the RUL of the equipment at time ὸ . 

Similarly, according to the literature [21], the remaining useful 

life PDFs of ὓ ,ὓ , andὓ can be obtained, and RUL 

probability distribution functions of the three models are also 

deduced as shown below: 

(1) The PDF and distribution function of the RUL 

corresponding to the degradation model ὓ  are as 

follows: 

Ὢὰ ḙ Ὡὼὴ    ρσ

Ὂὰ ρ   Ὡὼὴ          ρτ 

(2) The PDF and distribution function of the RUL 

corresponding to the degradation model ὓ  are as 

follows:

Ὢὰ ‫ ‎ὰ ὦὰ ὰ ὸ Ὡὼὴ  ρυ 

with‫ ‫ ὢὸ,‎ὰ ὰ ὸ ὸ. 
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Ὂὰ ρ   Ὡὼὴ    ρφ 

(3) The PDF and distribution function of the RUL 

corresponding to the degradation model ὓ  are as 

follows:

Ὢὰ ‫ ‍ὰ Ὡὼὴ     ρχ 

with ‫ ‫ ὢὸ,‎ὰ Ὡὼὴὦὰ ὸ Ὡὼὴὦὸ,‍ὰ ρ ὦὰ Ὡὼὴὦὰ ὸ Ὡὼὴὦὸ. 

Ὂὰ ρ   Ὡὼὴ

                                                                                                                                ρψ 

The method of proving the RUL probability distribution 

function for models ὓ,ὓ,and ὓ is shown in Appendix B. 

3.2. Lifetime prediction of dual performance degradation 

data  

This section focuses on equipment with two performance 

indicators and investigates methods for predicting equipment 

lifetime based on a bivariate Wiener process degradation model. 

It is initially required that the performance indicators of the 

equipment meet the following assumptions:  

Assumption 1: The degradation processes of the two 

performance indicators of the equipment can be modeled using 

Wiener processes with linear or nonlinear.  

Assumption 2: For the same equipment, the monitoring 

time and intervals of the two performance indicators remain 

synchronous.  

Assumption 3: There exists correlation in the degradation 

of the two performance indicators, and this correlation can be 

reasonably described using a certain bivariate Copula function. 

To predict the lifetime of equipment with dual performance 

degradation, let ὢὸ ὢ ὸȟὢ ὸ denote the degradation 

values of the two performance indicators of the equipment at 

time ὸ , and let the failure threshold be denoted by‫

‫ȟ‫  .When either of the performance indicators 

inὢὸ exceeds its corresponding failure threshold, the 

equipment is considered to have failed. Therefore, the lifetime 

of the equipment with two performance indicators can be 

defined as: 

Ὕ ὭὲὪὸȡὢ ὸ ‫έὶὢ ὸ ‫       ρω 

After obtaining the PDFs of lifetime for the two 

performance indicators of the equipment separately, according 

to Sklar's theorem, there must exist a Copula function that can 

be used to analyze the correlation between the two performance 

indicators. The joint PDF of the lifetime of the two performance 

indicators can be obtained through the following equation:  

Ὢ ὸ Ὢ ὸ Ὢ ὸ ὧὊ ὸȟὊ ὸȠ‌Ὢ ὸὪ ὸ  ςπ 

where Ὢ ὸ  and Ὢ ὸ  are the PDFs of lifetime of the two 

performance indicators.Ὂ ὸ andὊ ὸ are the distribution 

functions of lifetime of the two performance indicators, 

respectively. Ὢ ὸrepresents the joint PDF of lifetime, and 

ὧὊ ὸȟὊ ὸȠ‌ is the PDF of ὅὊ ὸȟὊ ὸȠ‌. 

Similarly, according to the concept of FHT, the RUL of 

equipment with two performance indicators can be defined as:  

ὒ ὭὲὪὰ πȡὢ ὰ ὸ ‫έὶὢ ὰ ὸ ‫ ςρ 

where  ὰ is the RUL of equipment at time ὸ , when the PDFs 

of RUL of the two performance indicators of equipment are 

obtained separately, the joint PDF of RUL of the two 

performance indicators can be obtained through the following 

equation: 

Ὢ ὰ Ὢ ὰ Ὢ ὰ ὧὊ ὰ ȟὊ ὰ Ƞ‌Ὢ ὰ Ὢ ὰ     ςς 

In the equation, Ὢ ὰ and Ὢ ὰ are the PDFs of the RUL 

of the two performance indicators. Ὂ ὰ  andὊ ὰ   are the 

distribution functions of CDFs of the RUL of the two 

performance indicators, respectively. Ὢ ὰ represents the 



Eksploatacja i NiezawodnoŜĺ ï Maintenance and Reliability Vol. 28, No. 1, 2026 

 

joint PDF of RUL. 

4. Parameter estimation  

Due to the large number of parameters to be estimated, the 

stepwise maximum likelihood estimation method has the 

advantages of simple calculation and clear process, so the 

stepwise maximum likelihood estimation method is used to 

estimate the parameters in the model [40]. From the 

aforementioned degradation model, it can be seen that the 

parameters to be estimated are two performance indicators 

corresponding to the parameters Ὸ ‘ȟ‏ȟ‏ȟὦ  in the 

degradation model and ‌ in the Copula function, respectively. 

It can be inferred that all parameters to be estimated can be 

divided into two parts for stepwise estimation. The first part 

consists of the drift coefficient ὥ and the diffusion coefficient 

 within the degradation model. The second part comprises the‏

parameter ‌within the Copula function. Ὸ ‘ȟ‏ȟ‏ȟὦ can 

be estimated by utilizing the measured values of their respective 

performance indicators combined with the maximum likelihood 

method. Suppose ὢ ὸrepresents the performance degradation 

value measured by equipment Ὥ  at time ὸ, then the degradation 

trajectory can be expressed as follows: 

ὢ ὸ ὥ‰ὸȟὦ ὄὸ‏        ςσ 

where ρ Ὥ ὲȟρ Ὦ ά , letὢ

ὢ ὸȟὢ ὸȟỄȟὢ ὸ , ὢ ὢȟὢȟỄȟὢ , and 

ὸ ὸȟὸȟỄȟὸ  .ὢ  follows a multivariate normal 

distribution, with its mean and variance being: 

‘ ‘ὸȟВ ὸὸ‏          ςτ 

with 

ɱ  ὗ      ςυ‏

ὗ

ụ
Ụ
Ụ
Ụ
ợ
ὸ ὸ ὸ Ễ ὸ

ὸ ὸ ὸ Ễ ὸ

ὸ ὸ ὸ Ễ ὸ

ể ể ể Ệ ể
ὸ ὸ ὸ Ễ ὸỨ

ủ
ủ
ủ
Ủ

      ςφ 

Estimation of the unknown parameters ‘ȟ‏ȟ‏ȟὦ in the 

degradation model using the maximum likelihood method, 

based on the assumption of independence between degradation 

measurements of different equipment, the log-likelihood 

function is: 

ὰὣ ὰὲȿ ȿ В ὢ ‘ὸ  ὢ ‘ὸ(27) 

with 

ỗɫỘ ỗɱỘρ ὸɱ‏ ὸȟɫ ɱ ɱ ὸὸɱ  (28) 

Taking the first-order partial derivatives of the above 

equation with respect to ‘ and ‏  respectively, and setting 

them equal to zero, we can obtain:  

‘
᷈ В

        ςω 

‏
᷈

В ὢ ‘
᷈
ὸ   ὸὸ ὢ ‘

᷈
ὸ  σπ 

Substituting Eqs. (29) and (30) into Eq. (27), we get:

ὰὦȟ‏ ὰὲȿ ȿ В ὢ ὢ
В

ὰὲ
В В

      σρ 

By maximizing Eq. (31), we can obtain estimates for ‏ and 

ὦ, and then substituting them into Eqs. (29) and (30) allows us 

to compute estimates for ‘ and ‏ .To estimate the 

parameters‌ in the Copula function, assuming there are N 

equipment, each undergoing M measurements. Let 

ὢ ὸ represent the measurement of the i-th equipment at time 

ὸ , where Ὥ ρȟςȟỄὔ̆Ὦ ρȟςȟỄὓ ,andὯ ρȟς .Then the 

experimental data for the k-th performance degradation value 

can be represented as: 

ὢ ὸ

ὢ ὸ ὢ ὸ Ễ ὢ ὸ

ὢ ὸ ὢ ὸ Ễ ὢ ὸ
ể ể ể ể

ὢ ὸ ὢ ὸ Ễ ὢ ὸ

     σς 

The increment of the k-th performance degradation value of 

the i-th equipment in the time interval ὸ ȟὸ  isῳὢ

ὢ ὸ ὢ ὸ  .ῳ‰ ὸ ῳ‰ ὸ ῳ‰ ὸ  , 

ῳὸ ῳὸ ῳὸ  ,ῳὼ ὼ ὸ ὼ ὸ  . By the 

nature of the Wiener process, it follows that ῳὢ Ḑ

ὔὥῳ‰ ὸ ȟ‏ ῳὸ  .Therefore, the PDF of the increment 

of the performance degradation value ῳὢ  is: 

Ὢῳὼȿὥ Ὡὼὴ      σσ 

When ὥis a random variable and followsὥ Ḑὔ‘ ȟ‏ , its 

corresponding PDF is 

Ὢὥ Ὡὼὴ       στ 

Using the law of total probability for continuous random 

variables, we can get: 
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Ὢῳὼ ᷿ Ὢῳὼȿὥ Ὢὥ Ὠὥ Ὡὼὴ         συ 

Meanwhile, the PDF of the degradation increment value 

ῳὢ can be represented by its cumulative distribution function 

Ὂῳὼ          σφ 

When considering two performance degradation characteristics 

of the equipment, according to Sklar's theorem, there exists a 

Copula function ὅȢsuch that:  

Ὄῳὢȟῳὢ ὅὊῳὼ ȟὊῳὼ       σχ 

Thus, the maximum likelihood function of the performance 

degradation data can be obtained as:

ὒ‌ ɩ ɩ ὧὊῳὼ ȟὊῳὼ ɩ Ὢῳὼ

ɩ ɩ ὧ  ȟ  ɩ Ὡὼὴ   σψ 

Taking the logarithm of Eq. (38) on both sides yields:

ὰέὫὒ‌ В В ὰέὫὧ  ȟ  В В В ὰέὫ‏ ῳὸ

‏                                                       ῳ‰ ὸ В В В ὰέὫ              σω 

The unknown parameter ‌  in the model is estimated by 

maximizing Eq. (39). In this paper, the ñFminsearchò function 

in Matlab, which is a multidimensional search method, is used 

to achieve this. 

5. Simulation experiment study 

This section will validate the practicality and effectiveness of 

the proposed method using simulated data, real LED lighting 

system data, and crack degradation data from metal equipment. 

Since different Copula functions used in modeling will yield 

different prediction results, selecting a Copula function with 

good goodness of fit is crucial based on practical scenarios. This 

paper employs the Akaike Information Criterion (AIC),  

a widely applicable standard for measuring the goodness of fit 

of statistical models, for Copula function selection. Thus, the 

AIC can be used to choose an appropriate Copula function [41]. 

ὃὍὅ ςὰὲὒ ςά        τπ 

where ὰὲὒ  is the logarithmic maximum likelihood function 

value corresponding to the model, m is the number of 

parameters in the model. A smaller AIC value indicates a better 

fit, meaning that the Copula function with the lowest AIC value 

is considered the best choice. 

In order to more intuitively demonstrate the predictive 

performance of the degradation model, the total mean square 

error (TMSE), root mean square error (RMSE) and mean 

absolute error (MAE) are further calculated for different 

degradation models using different prediction methods [26]. 

The TMSE can be calculated from the mean square error. 

ὓὛὉ ᷿ ὰ ὰ
Ð

Ὢỗ ȡ
ὒỗὢȡ Ὠὰ      τρ 

where ὰ and ὰ
ͯ

 represent the actual and predicted RUL of the 

equipment at time ὸ , respectively.Ὢȿ ȡ
ὒȿὢȡ  represents 

the PDF of RUL of the equipment . From this, we can calculate 

the TMSE. 

ὝὓὛὉ
В

         τς 

where ὲ is the total number of predicted points. N represents the 

total number of experimental samples. TMSE is widely used in 

the field of degradation modeling to evaluate the fitting 

accuracy of models. The minimum TMSE value corresponds to 

the best fitting accuracy and is therefore commonly used as  

a criterion for model selection [42]. RMSE is one of the 

common metrics used to assess the accuracy of predictive 

models. It measures the degree of deviation between the 

predicted value and the true value, and is calculated as the 

square root of the sum of the squares of the differences between 

the predicted value and the true value. The smaller the value of 

RMSE is, the smaller the prediction error of the model is, and 

the better the predictive ability of the model, which is calculated 

as follows: 
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ὙὓὛὉ В ὰ ὰ
Ḑ

       τσ 

MAE is a metric used to assess the accuracy of prediction 

models. It is the average of the absolute differences between 

predicted values and actual values. The specific calculation 

formula is: 

ὓὃὉ В ὰ ὰ
Ḑ

        ττ 

The smaller the MAE, the closer the predicted values are to 

the true values, indicating higher predictive accuracy of the 

model. 

5.1. Simulation experiment data 

To verify the RUL prediction effectiveness of the method 

proposed in this paper, we discretized model ὓ and simulated 

30 sets of degradation data. We assumed the parameters in the 

degradation model to be ‘ πȢρ ,‏ πȢπρ , and ‏

πȢυ .Each sample is observed 24 times, with observation 

intervals of 5 hours. The simulation data are shown in Fig.2. To 

illustrate that the equipment has two performance degradation 

characteristics, we divide the simulated degradation data into 

two groups, each representing one type of performance 

degradation data for the equipment.

 
 

(a) Degradation data of performance  (b) Degradation data of performance II 

Fig. 2. Simulation degradation data of M1. 

To compare the differences in RUL prediction between 

single-performance and dual-performance degradation data, 

this study also simulates and analyzes RUL prediction results 

using two single-performance degradation datasets, designated 

as Method I and Method II, respectively. The dual-performance 

degradation models constructed using a single Frank Copula 

function, Clayton Copula function, and Gumbel Copula 

function are labeled as Method III, Method IV, and Method V, 

respectively. For the mixed Copula function approaches: 

The model integrating Frank Copula function and Clayton 

Copula function is denoted as Method VI; 

The model combining Frank Copula function and Gumbel 

Copula function is designated as Method VII; 

The model merging Clayton Copula function and Gumbel 

Copula function is labeled as Method VIII; 

The mixed model incorporating Frank Copula function, 

Clayton Copula function, and Gumbel Copula function is 

identified as Method IX. 

By applying the degradation data to the aforementioned 

methods, the unknown parameters in each model are estimated 

using a two-step maximum likelihood estimation method, with 

results summarized in Table 2. 

 

Table 2. Parameter estimates for different Copula functions 

Copula ‌ k1 k2 k3 lnL AIC 

Frank  0.0001 1 - - -814.8203 1631.6410 

Clayton 1.0500e-05 - 1 - -814.8206 1631.6412 

Gumbel 1.09895 - - 1 -814.8330 1631.6660 

k1Frank+ k2Clayton 5.0000e-11 0.0200 0.9800 - -20.4287 46.8574 

k1Frank+ k3Gumbel 1.0000 3.9098e-04 - 0.9996 -493.1649 992.3298 

k2Clayton+ k3Gumbel  1.0000 - 2.1441e-16 1.0000 -783.9734 1573.9468 

k1Frank+ k2Clayton+ k3Gumbel 1.0000 8.9873e-05 0.0018 0.9981 -784.1568 1576.3136 



Eksploatacja i NiezawodnoŜĺ ï Maintenance and Reliability Vol. 28, No. 1, 2026 

 

Based on Table 2, it can be observed that the parameter 

values estimated using different Copula functions vary 

significantly. The log-likelihood values obtained from using  

a single Copula function are all lower than those derived from 

any mixed Copula function. Furthermore, the AIC values 

estimated with a single Copula function are greater than those 

estimated using any mixed Copula function. Therefore, the 

mixed Copula function model should be prioritized for 

predicting the RUL of equipment. The estimated parameters are 

substituted into their corresponding remaining useful life PDFs, 

and the resulting curves are plotted as shown below.

  
(a) PDF curves of RUL predicted by method  (b) PDF curves of RUL predicted by method II 

Fig.3. PDF curves of RUL predicted by the single performance degradation data. 

  
(a) PDF curves of RUL predicted by method  (b) PDF curves of RUL predicted by method  

 

(c) PDF curves of RUL predicted by method  

Fig. 4. PDF curves of RUL predicted by single Copula functions. 
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(a) PDF curves of RUL predicted by method  (b) PDF curves of RUL predicted by method  

  
(c) PDF curves of RUL predicted by method  (d) PDF curves of RUL predicted by method  

Fig.5. PDF curves of RUL predicted by mixed Copula functions. 

 

Fig.6. RUL curves predicted by different methods. 

As illustrated in Figs. 3, 4, and 5, the RUL of the equipment 

can be predicted using single performance degradation data, two 

performance degradation data based on a single Copula function, 

or a mixed Copula function, yet the outcomes vary distinctly, 

the PDF curves of RUL predicted by single Copula functions 

and mixed Copula functions (with two performance degradation 

datasets) are notably higher and sharper than those from single 

degradation data, reflecting reduced prediction uncertainty due 

to more comprehensive utilization of degradation information 

for enhanced accuracy. While the PDF curves from single and 

mixed Copula functions appear visually similar, their key 

divergence lies in the error between predicted and actual RUL. 

As can be seen from Fig. 6, compared to RUL prediction 

methods using single performance degradation data or a single 

Copula function, the hybrid Copula function-based method 

proposed in this paper yields predicted RUL values closer to the 

actual values. To quantitatively evaluate prediction errors, this 

study calculates TMSE, RMSE, and MAE values, as detailed in 

Table 3.


