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1. Introduction

The manufacturing system is central to enterprise operations,

Abstract

Manufacturing system degradation can damage its reliability, resulting
in decreased product quality and delayed deliveries. These challenges
are characteristic of imperfect manufacturing systems. Moreover, the
propagation of delay time across task periods may reduce the operational
availability in future periods. Condition-based maintenance is an
effective method for mitigating system degradation and enhancing
reliability. However, existing condition-based maintenance studies often
overlook the impact of delay propagation on operational availability. To
address this issue, this paper proposes a condition-based maintenance
model based on a Markov decision process. By introducing delay time
as a state variable to capture changes in operational availability and
incorporating it into the reward model, the proposed strategy aims to
maximize enterprise profit. A case study and comparative analysis using
data from a manufacturing enterprise validate the effectiveness and
superiority of the proposed model in improving economic performance.
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operational availability[1]. Such degradation and quality

and its reliability refers to the ability to complete specified tasks
under given conditions within a defined time frame[1]. Over
time, system health degrades, reducing reliability and
potentially leading to quality deterioration and production
delays[2]. In severe cases, degradation causes unexpected
shutdowns, which reduce the average proportion of time the

system operates effectively during a task period—referred to as
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variability reflect the characteristics of imperfect manufacturing
systems[3, 4], where issues arise from both machine
unreliability and the probability of producing nonconforming
products. As these imperfections threaten both operational
availability and product quality, it is essential to develop
maintenance strategies that ensure the reliability of imperfect

manufacturing systems.
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To preserve system reliability, effective maintenance
strategies are essential for mitigating degradation and sustaining
performance[5, 6]. Traditional strategies like Time-Based and
Failure-Based Maintenance[7, 8] are simple but may cause
unnecessary losses due to untimely or excessive
interventions[9].  Condition-Based Maintenance (CBM)
improves efficiency by using sensor data to model degradation
and schedule actions based on system health[10]. Advances in
sensing and artificial intelligence have further enhanced the
practicality of CBM[11]. Central to CBM is accurately
modeling degradation: recent CBM methods increasingly adopt
continuous-state stochastic processes rather than discrete-state
models, effectively capturing system dynamics[12, 13]. Among
these methods, Markov Decision Processes (MDP) stand out
due to their capability to model complex state transitions and
optimize long-term maintenance decisions[14].

Recent CBM studies have begun to jointly consider product
quality and production for imperfect manufacturing system.
However, most neglect operational availability, and even those
considering availability generally ignore the impact of delay
propagation, i.e., delays in one task period inevitably spilling
over into subsequent periods and further impairing
availability[15]. Given the complexity introduced by system
degradation, uncertain quality, and delay propagation, CBM is
particularly well-suited to be modeled using MDP.

Therefore, targeting imperfect manufacturing systems, this
paper proposes an MDP-based CBM strategy that introduces
delay time as a state variable to reflect variations in operational
availability. This approach enables the model to explicitly
capture delay propagation effects and optimize maintenance

decisions to maximize long-term enterprise profitability.
2. Literature review and contributions

This paper presents a review of the relevant literature in the
context of the problem to be addressed. In the first subsection,
current research on maintenance strategy for imperfect
manufacturing systems is reviewed. In the second subsection,
studies on maintenance strategies regarding availability are
discussed. In the third subsection, current research on solving
CBM problems for manufacturing systems using MDP is
presented. Finally, the technical contributions of this paper are

summarized.

2.1. Maintenance strategy for imperfect manufacturing

system

In imperfect manufacturing systems, the coexistence of
equipment degradation and quality uncertainty poses significant
challenges for maintenance strategy design. Unlike idealized
systems, these imperfections require maintenance policies to
jointly consider system reliability, product quality, and
production continuity. As a result, increasing attention has been
paid to integrated strategies that combine production,
maintenance, and quality control: Li et al.[16] proposed a CBM
strategy that incorporates the working schedule to balance
maintenance with production while maintaining product quality.
Shi et al.[17] developed a model for imperfect systems that
integrates decisions on production, maintenance, and quality
under inventory constraints. Ait-El-Cadi et al.[18] introduced
a joint control policy for production, maintenance, and dynamic
quality inspection in failure-prone systems. Zhang et al.[19]
used a digital twin to co-optimize predictive maintenance and
production scheduling. Guendouli et al. [20]proposed an
integrated policy considering production-related parameters
affecting degradation and final product quality.

Although these studies reflect the complexity of imperfect
manufacturing systems, they primarily focus on optimizing cost,
quality, and scheduling outcomes, while few explicitly
incorporate operational availability into the decision-making
process. As discussed in the introduction, availability is
essential for understanding how degradation and maintenance
affect system performance over time. Therefore, there remains
a gap in addressing availability within integrated CBM

strategies for imperfect systems.
2.2. Maintenance strategy regarding availability

As discussed in the introduction, availability characterizes the
proportion of time a system remains functionally operational
within a task period, thereby directly influencing production
output and timely order fulfillment. Some studies have explored
maintenance strategies with a focus on maintaining high
availability levels, highlighting its role as a critical indicator of
system performance over time. The following works represent
recent developments in this direction: Yin et al.[21] examined
how to optimize the periodic preventive maintenance rate to

maximize availability in Markov systems with multiple
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degraded states. Chalabi et al.[22] proposed a grouping strategy
for multi-unit systems to improve availability while reducing
preventive maintenance costs. Lotovskyi et al.[23] developed an
age-based maintenance model that evaluates the effect of
perfect and imperfect maintenance on the availability of
offshore oil production systems. Yang et al.[24] proposed an
availability-oriented maintenance strategy for automated
production lines that accounts for performance degradation. An
et al.[25] introduced a condition-based maintenance model that
minimizes cost risk under operational availability constraints.
However, these studies are generally not framed within the
context of imperfect manufacturing systems, nor do they
consider the propagation of delays across task periods—an
omission that hinders their ability to capture how current delays

reduce future operational availability.
2.3. Condition-based maintenance studies utilizing MDP

The degradation of manufacturing systems often exhibits
Markovian properties, making Markov Decision Processes
(MDP) a suitable framework for modeling CBM strategies
based on system state information. Numerous studies have
applied MDP or reinforcement learning to optimize
maintenance decisions[26-28]. For example, Zhang et al.[29]
proposed a semi-Markov decision model for a two-component
series system that adaptively determines optimal strategies
without a predefined structure. Zhou et al.[30] developed an
MDP-based method for series-parallel systems with
intermediate buffers to identify optimal maintenance actions.
Tang et al.[31] introduced a semi-MDP model that integrates
dynamic maintenance policies with mean residual life
estimation. Liu et al.[32] formulated a selective maintenance
strategy for missions under imperfect maintenance using Q-
learning within an MDP framework.

While these studies demonstrate the applicability of MDP-
based frameworks in maintenance optimization, few of them
explicitly incorporate operational availability or model the
cumulative effect of delay propagation—key factors in

imperfect manufacturing systems addressed in this study.
2.4. Contributions and outline

Targeting imperfect manufacturing systems characterized by
both equipment degradation and product quality uncertainty,

this paper addresses the overlooked issue of delay propagation

in operational availability. The main contributions are as
follows:

(1)A condition-based maintenance (CBM) strategy is
proposed for imperfect manufacturing systems, which explicitly
considers operational availability while ensuring product
quality. To capture the effect of delay propagation, delay time is
introduced as a state variable and combined with health state to
form a two-dimensional state space.

(2)The CBM strategy is formulated within a Markov
Decision Process (MDP) framework that models both
degradation-induced failures and quality deterioration.
A scenario-based value function is constructed to solve the
Bellman optimal equation and derive the optimal maintenance
policy.

The remainder of the paper is as follows: Section 3 presents
the problems and assumptions to be addressed by the model;
Section 4 models the maintenance strategy of manufacturing
systems through MDP; Section 5 represents the solution method
of the maintenance strategy model; Section 6 conducts
a numerical study and comparative analysis based on the
historical data of a commercial vehicle manufacturing company
to obtain the optimal maintenance strategy, demonstrating the
effectiveness and superiority of the proposed approach; Finally,

Section 7 concludes this paper.
3. Problem description and assumptions

In this section, an imperfect single-machine manufacturing
system that consistently produces a single product type is
considered as the study object. The flowchart of the
maintenance strategy is presented in Fig.1.

The duration of the task period for the single-machine
manufacturing system is denoted as J, starting with
a maintenance period. During this period, the maintainer
performs system inspections, which is assumed to require
negligible time and cost. Based on the observed health state s,
in the nth task period and the delay time T2t carried over from
the previous period, the manager selects a maintenance action
ap,: No Maintenance(Null, no action is taken), Imperfect
Maintenance(IM, imperfectly restores the system), or
Overhaul(restores the system to a "good as new" state). After
the maintenance action is executed, the system transitions to

a new health state s,,, and the corresponding maintenance time
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is denoted as Tnui, Tim or To. The associated costs are Cnui, Cim
and Co. The relationship between time and cost is described in
Eq.(1):

~

CO > CIM > CNull =0
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Fig.1. Maintenance strategy flowchart.

After the maintenance period concludes, the production
period begins, during which the operator runs the system at
a constant takt time 7. Customer demand is defined as a fixed
upper-bounded constant D, with the range specified in Eq.(2):
D < |=| @)

takt

where |-] denotes the floor function. This ensures that customer
demand D can be satisfied within the remaining time of the task
period, even if the most time-consuming maintenance action is
executed, without causing delays.

If a degradation failure occurs during the production period,
i.e., the system degrades to the threshold L, the maintainer
performs a Renew action. After Renew, the system returns to an
optimal state, and no further degradation failures are assumed
to occur within the current task period. Both Overhaul and
Renew restore the system to a "good as new" condition, with
their costs (Co and Cg) being identical. However, the time
required for Renew (7r) is longer than that for Overhaul (7o)
because maintenance conditions during the maintenance period
are more favorable. During the production period, the
probability of producing nonconforming products increases as
the system's health state deteriorates. These nonconforming
products eventually reach the customer, incurring a unit penalty
cost Cpena. The task period ends with the production period, and
the enterprise is expected to deliver products by the customer's
expected delivery time (before the end of the task period).

Therefore, the ideal maximum operational availability of the

system in the current period is given by the following equation:
Amaxs—rg';—ran

n 3)
where T, is the required time for maintenance action a,.

Each delivered product yields revenue 7 If production is not
completed on time, delayed delivery occurs, incurring a unit
delay cost Cq. Within a finite time horizon, the delay time T,°%,
generated in the current task period carries over to the next,
causing delay propagation and reduced the operational
availability in the subsequent period. Consequently, the nth task
period effectively begins with the delay time T,°¢ from the
previous task period (indexed as n for consistency). The
manager must account for both the health state s, and the delay

time when formulating the maintenance strategy to prevent

further delay propagation to future periods.
4. Optimal condition-based maintenance strategy model

To construct the proposed CBM strategy, this section formulates
the decision-making process within the MDP framework by
aligning it with the CBM execution logic described in Section
3. In this process, the system state is first diagnosed, followed
by maintenance decision-making, after which the system enters
a production cycle where degradation and nonconforming
products may occur due to system imperfections. Based on
these outcomes, corresponding rewards are computed and state
transitions occur.

Accordingly, Section 4.1 defines the state space and
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available maintenance actions, including delay time as a state
variable to reflect variations in operational availability. Section
4.2 details the imperfect manufacturing system, focusing on
degradation and quality-related uncertainties. Section 4.3
formulates the reward and state transition functions, capturing
the feedback and dynamics for policy optimization. This
structure ensures that all MDP elements—state, action, reward,
and transition—are coherently embedded into the CBM process,
highlighting the contribution of modeling delay propagation

and imperfect manufacturing characteristics.
4.1. State space and Action

Let the manufacturing system health state s,, and the delay
duration T,°¢ constitute the state of the system in the nth task
period, denoted by italicized S,. The state S, is an element of the
state space S», which is represented using italicized bold letters
(the state space and the action space involved in the following
are denoted by italicized bold letters).

The value of s, ranges from [0, L], where O represents the
optimal health state and L represents the worst state, which is
the threshold for system degradation failure. Based on the
system state s,, the corresponding maintenance action a, is
performed, leading to a transition in the system state to s,,. Since
T,°* remain unchanged, the state space of the system at the start
of production period is Sy, = {S;|S; = (s}, T2Y)}, where the
non-bold S,, represents an element of the state space, i.e., the
state of the system.

This section defines a generalized set a of maintenance
actions and explores the corresponding health state transition
functions:

(1) Null: No intervention is performed on the manufacturing
system.

(2) Overhaul or Renew: The manufacturing system is
restored to its optimal health state.

(3) Imperfect Maintenance (IM): Maintenance actions in
real manufacturing scenarios are influenced by various factors,
leading to inconsistent maintenance effects.

the probability mass function of the health state transition

when a, = Null is described by Eq.(4):
l,s, =s;,
0,otherwise

P(sp|Sp, an = Null) = { 4)

The health state transition probability mass function for @, =

Overhaul or Renew is given by Eq.(5):

1,5, =0
0,otherwise

)

P(s},|Spn, a, = Overhaul or Renew) = {

When a, = IM, the health state s after system maintenance is
assumed to follow a Beta distribution constrained to the interval
(0, s4), and the health state transition probability density

function is described by Eq.(6)[33]:
y(splsn an =1IM) =
1

1 T(u+v) (s,’l)“‘

$n TQT(W) \sp,

(1- i)v_1 51 € (0,5,) (6)
Sn
where u and v are positive parameters determined using
maximum likelihood estimation from historical data.
The manager's decision regarding a in any system state
forms the maintenance strategy presented in this paper, based

on the available state information.
4.2. Imperfect Manufacturing System

An imperfect manufacturing system is characterized by the
simultaneous presence of machine degradation and quality
variability, where both reliability loss and the production of
nonconforming products can occur during operation. In this
paper, we use the Gamma process to model the degradation of
the manufacturing system[34]. The system will enter the
production period with the health state s,,, and the degradation
of the system occurs only during the production period. For
clarity, this subsection will use s,, as the initial reference state
for discussion. Given that the state of the system entering the
production period of the nth work period is s, the probability
density function of the state at the next work period denoted as
Sn+1, 18 provided by Eq.(7):

!
at Iyat—1,—B(s. =S
(5n+]_sn) e B(sn+1-sn)

B
f(Snrn tlsi) = I ()

where a is the shape parameter, £ is the scale parameter, and

I'(+) represents the Gamma function, as defined in Eq.(8):
F(x) = [, u*'edu,x >0 (8)

The Bernoulli process is a discrete-time stochastic
process[35] consisting of an infinite number or a finite number
of mutually independent random variables, each taking on one
of two values: 0 or 1, where O represents "failure" and 1
represents "success". If the probability of a manufacturing
system producing nonconforming products is constant, the
system’s production process can be regarded as a Bernoulli
process with a stable parameter, where 0 stands for conforming

products and 1 for nonconformities. According to the
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literature[36], the probability of a manufacturing system
producing nonconformities is positively correlated with its state
s;,, increasing as s,, becomes larger. The probability at state s,
is described by Eq.(9):

p(sp) = po +1(1 = exp(=24(s1)")) ©)
where po is the probability of nonconforming product when the
system is in its optimal state, # denotes the quality degradation
boundary, and 4, and y, are constants determined from historical
data.

The Gamma process is a Lévy process, which, by definition,
continuous-time Markov processes[37, 38]. Consequently, the
production process of the single-machine manufacturing system
can be regarded as a special Bernoulli process, where the
probability of success varies according to the Markov chain.
This stochastic process is referred to as a Markov-modulated
Bernoulli process (MMBP)[39]. However, MMBP is
a Bernoulli process with non-smooth parameters, which is
difficult to analyze and compute. The literature[40] proposes
a smooth binomial approximation method for the discrete
Markov Modulated Bernoulli Process, allowing it to be
approximated as a smooth-parameter Bernoulli process. The

approximated probability of success is expressed by Eq.(10):
Pesyy =D i Z§=S;l Pa (sid)ps(i'_slii (10)
where pu(siz) represents the probability that the system will
produce a nonconforming product (probability of success) at
state siz, and s;z denotes the health state of the system after
producing the ith product.

In this paper, the health state of the manufacturing system is
a continuous random variable, and therefore the above equation
is transformed into a continuous form, as shown in Eq.(11):

5 ~1yD-1 (L f(siai-dlsh
Pispy =D 'Y fS;LPd(Sid)Md (11)

S.
L X id
fsh f(siai-dlsp)dsig

4.3. Reward and state transition function

In the nth task period, when the state of the system is S,, an
immediate reward 7(S,, a,) is obtained upon executing the action
an, as described in Eq.(12):
7(Sn @n) = —Cq, (12)
where C,, is the cost of the action a,.

The system begins production with a health state s,,, and as
described in Section 3, two scenarios may occur during the

production period. These scenarios are discussed in detail below:

Scenario 1 (w1): The system degrades to failure during the
production period, leading to downtime.

Assuming the system shuts down at time 7, the probability
density function of the system entering Scenario 1 at health state
s, is given by Eq.(13) :

P(wilsp) = f(L,T|sp) (13)
where f{-) is the Eq.(7).

Assuming that wl(l) denotes the number of nonconforming
products produced by the system before entering Scenario 1,
with its probability given by Eq.(14):

T
ooy o [l i
Jon) = |t

(14)
w®

o) _T

P(Wl( Py (= ﬁ(s,’l))[ta’“J

where Py represents the approximate smooth parameter

probability of producing a nonconforming product when the
health state of the system is s,,, obtained from Eq.(11).

Assuming that s;, denotes the system state upon entering

each scenario. Upon entering Scenario 1, the system is restored

to an "as good as new" condition, transitioning the health state

from the threshold L to s,, (for 0), as shown in Eq.(15):

1,sp =
P " — )y on s
(snlwy) {0,0therwme

(15)

After Renew is executed, the system resumes production
until customer demand is fulfilled. Assuming that Wl(z)
nonconforming products are produced in the remaining demand,

with its probability given by Eq.(16):

T
P~k Pyt (1= ﬁ<0))D'l?TmJ‘W'(2)(16)

2
pw®)0) =
w®
1

Once the remaining production is completed, the health state
s,, (which is 0) transitions to s,+1, as shown in Eq.(17) :
P(sn+1lsn) = f(Sn+1,D - take = Tlsp = 0) (17)
Based on the maintenance action a,, the delivery time upon
entering Scenario 1 can be determined using Eq.(18):
Th(w) =Ty, +D - tope + T + T, (18)
Therefore, the operational availability of the system in

Scenario 1 can be shown as Eq.(19):
8-T8 Ty, —min{6—-T3" T, —TTg}

; (19)

In summary, the total reward for the system in Scenario 1 is
expressed in Eq. (20):
R(wy) =71-D — Cg — Cg; - max(0, T, (wy) — 6) — Cpena '

w +w®) (20)
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Scenario 2 (w2): Smooth production until the end of the task
period.

In this scenario, the system operates smoothly until the end
of the task period. The probability of the system entering
Scenario 2 at health state s,, is given by Eq.(21):

P(walsy) = 1 — [ £(L,T|s)dT @1)

Assuming that w, denotes the number of nonconforming
products produced by the system under Scenario 2, with its

probability given by Eq.(22) :
, DY, R -
POl = () Bl = Bis)* ™™ 22)

Since no maintenance is performed during the production
period, the transition function of the system's health state from
sy, to s, is expressed as Eq.(23):

P(splwy) = {l'sn = Sn

0,otherwise (23)
According to Eq.(7), the health state transition function can

be further expressed as Eq.(24):

P(sps1lsn) = f(Sn+1,D - taxelsn = sp) 24
Based on the maintenance action a,, the delivery time after

entering Scenario 2 is calculated by Eq.(25) :

Tp(ws) =T, + D - tape + T3 (25)
Therefore, the operational availability of the system can

obtain the maximum, which is shown as Eq.(3).

In summary, the reward for the system upon entering

Scenario 2 is obtained as Eq.(26) :
R(w;) =7 +D — Cq¢ - max(0, T (wz) — &) — Cpena - W,(26)
Using Eqs.(18) and (25), the delay time T.2%, for the current
V(s.)

r (S” 2 a”

Q (S” > a”)

4 (S

V (S,”)

task period is determined by Eq.(27) :

Tisi = max(0,Ty(w;) — &) 27)
The transition function for the delay time is described in

Eq.(28) :

ot __ N
P(T‘)fl,)-f—l |T,ft) — {I'Tn+1 - max(O, Tn(wl) 6)

0,otherwise (28)
Summarizing the above, the state transition function of the
system during the task period is provided by Eq.(29):
P(Sn+11Sn, an) = P(Sn+11Sn) X P(Sp|Sn, @;)
X P(w;|Sp) X P(S3|Sn, an) (29)
Since T;Y* remain unchanged, the state space of the system
after entering Scenarios is S, = {S;|Sy = (sp, T,°)}, where the
non-bold S;, represents an element of the state space, i.e., the
state of the system. Thus, P(w;|Sy,) is equivalent to Eq.(13) and
Eq.(21), while P(S,|Sy;, w;) corresponds to Eq.(15) and
Eq.(23). Using Egs.(17), (24) and (28), the state transition
function P(S,,|S,) for the interval between the system's entry

into the scenario and the next task period is given by Eq.(30):
P(Sn+1157) = P(sps1lsn) - P(T741T7Y) (30)

5. Solving the model by value iteration

The Markov Decision Process (MDP) is typically solved by
formulating the Bellman equation, which links the state value
function with the action value function. Once the optimal action
for each state is identified, the optimal maintenance policy is

derived by evaluating all possible system states.

5.1. Bellman optimal equation

Null Overhual IM

V*(S,)= maxQ(S,,a,)

a,

e o o o o o o I = o - - -]

P(S,H|Sn9an)

Fig.2. Bellman backup diagram of the maintenance period.
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Based on the core components of the MDP, the Bellman
equation is illustrated in Fig. 2 as a backup diagram for the
maintenance period value function V(S,), leading to the
expression given in Eq.(31):
V(Sp) =
La, T(an|Sp) (1 (Sn, an) + ¥ Xsy, P(SnlSn, an)V(Sn)) (31)
Q(Sn,an)

where V(S,) represents the long-term expected reward during
the nth task period when the system is in state S,, while Q(S,,
a,) denotes the expected reward when action a, is performed in
state S,.

Accordingly, the Bellman optimality equation is derived, as
shown in Eq. (32):
Vi(Sn) = Tf}ltixQ(Sn, an) (32)

From this, the optimal maintenance strategy 7*(S,) can be

determined, as shown in Eq.(33):
T * (Sy) = argmaxQ * (S,, a,) (33)

an
Fig.3 presents a Bellman Backup Diagram of the value
function V(S;) during the production period. To further
describe the system's expected performance in different
scenario-based value function

operational scenarios, a

B(Bg|25) - B(Pp, Bg) ={°

[ (R, B125) (@(Ba) + B Loy, , B(Bos1125) - B(8541))B8,8 = 1

Q(S,,, ;) is introduced, as defined in Eq.(34):
V(Sp) = Eio P (@iIS)Q(Sy, ;) (34)
where Q(S;,, w;) represents the long-term expected reward of
the system when it enters scenario o; in state S,, as shown in Eq.
(35):

Q(Sn,w;) =
R(@) +V Zs,, Zsy P(SuISn @)PSns1 1S1)V (Sns1) (35)

where R (w;) denotes the expected reward in scenario w;, with
its specific forms under Scenarios 1 and 2 derived from the

expressions in Section 4.3, and given in Eqs.(36) and (37),

respectively:

R@) = 2y o E G pow100p oy ls)R (@)
(36)

R(w)) = X0,-0pWalsp)R(w,) (37)

Finally, by substituting Eq.(34) into Eq.(31), the specific
form of the action value function Q(S», a.) is obtained, as
expressed in Eq. (38):

Q(Sn,an) =
7(Sns an) + Xt P(ShISn, an) (Bizi P (@;i1S3)Q(Sp, @))(38)
where P(w;]S,)Q(S,, w;) as shown in Eq.(39)

(39)

B(2g|8z)(B(Be) + B Xa,,, B(@a+1|0r) - B(Bge1)), B = 2
V(s')

Q(S’naa)l) Q(S'na w2)

P(s,+1/0)

V(S/Hrl)

P(Sn+1 | S,n) v

Renew

i=1

V(S)= 3 P@]8): 0(Sm)|

ot
Sn+laTn+1

Fig.3. Bellman backup diagram of the production period.

5.2. Health state discretization

Reinforcement learning algorithms are commonly categorized

into model-based and model-free types, depending on whether

they rely on a model of the environment's dynamics[41] Model-
based methods, such as value iteration[42] and policy

iteration[43], use known or learned transition models for
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planning. In contrast, model-free methods like Q-learning[44]
and REINFORCE[45] directly learn from interactions without
modeling the environment. However, all the aforementioned
algorithms are tabular and require the system state space to be
enumerable[46]. in this paper, the system S, comprises two
components: the delay time T,%* from the previous task period
and the health state s,. While T,2* is a discrete variable measured
in units of time, while s, is a continuous variable governed by
a Gamma process, representing the system's health evolution
over time. Therefore, to apply standard reinforcement learning
algorithms, the continuous health state s, must be discretized.

Let the health state space of the system during the nth task
period be denoted as S,, = {s,|0 <s,, < L}. This interval is
discretized into N equal segments, where N is a positive integer.
The discretization step is defined as 4 = L/N, yielding the
discrete state space: SA = {sZ]0,4,24,..,L} , where the
superscript A denotes the discretized form of the state.

It is worth noting that Eq.(11), which defines the smooth
probabilistic relationship between the health state and the
production of nonconforming products, is derived based on the
continuous form of s,. Since the approximation is more accurate
in the continuous case, this equation is not discretized.

Based on the health state transition functions derived for
each maintenance action in Section 4.2, this subsection will
present their discretized forms. For the maintenance actions
Null and Overhaul (or Renew), the discretized transition

functions are expressed in Egs. (40) and (41), respectively:

1,s'y, = sb € SA
P(s'%|s2, a,, = Null) = {o (ftﬁerwf;e (40)

P (S'ﬁlsﬁ, a, = Overhaul or Renew) =

{1,s'ﬁ =0,s2esd
0,otherwise

(41)

{fo"'t“’“m TIs'R) R@) dT +7 Sga,, Jy * P(SRalS'n) - f(L,TIs'R) - V(SRhn)dT, i = 1
(1= WIS AT - R(@) +y s, PSRalSR) - V(Siia)), i =2

5.3. Value iteration

The wvalue iteration algorithm is a classical tabular
reinforcement learning algorithm that employs dynamic
programming principles to efficiently and rapidly converge to

the global optimal strategy. After discretizing the continuous

Since the health state transition function for the maintenance
action IM is represented by a probability density function, it is

converted into a discretized probability form by assigning the

probability values within the interval [s'y, — g,s’ﬁ + 2] to the

discrete point s'fl, as shown in Eq. (42):
P(s'ﬁ|s£, a, =IM)

_ f n+A/2

,A
A/Z Y(Slsre’an = IM) ds S n’ 51? € S% (42)

Similarly, the health state transition functions, represented
as probability density functions in Egs.(17) and (24) for
Scenarios 1 and 2, are discretized according to the different
scenarios that the system may enter during the production

period. These discretized forms are shown in Eqs.(43) and (44),

respectively:
nl
P(spils"n = 0)
B, +2
= [ 2 f(s,D - tage — T10) ds, spy; € Sy (43)

n+l" o
A
P(sn+1|5’

A

_fA”“_Zf(sD takels'n)ds, s'5,sh,, € SA (44)

Sn+1

After discretizing the health state, the system's state is
expressed as SA = {s2, T,°t}. Accordingly, the discretized form
of the value function defined in Section 5.1 is given by Eq.(45)

Q(Sél an) = T(S,?, an)
IA [A [A
+Xga P(S'nISR, an) (Bici P (@il SDQS n @) (45)

In turn, the discretized Bellman optimal equation is derived

and expressed in Eq.(46):
V*(Sp) = maxQ(S4, an) (46)
an

According to Eq. (39), the discrete form of
P(w; |S'ﬁ)Q(S 'fl, w;) is obtained and presented in Eq.(47):

(47)

and non-enumerable health states, the algorithm iteratively
evaluates all possible system states to determine the optimal
maintenance action for each one. This process constructs the
system's optimal condition-based maintenance strategy m *

(52, as detailed in Algorithm 1.
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Algorithm 1 Value Iteration Algorithm.

Inputs: state of the system S3; model parameters

Output: optimal condition-based maintenance strategy m = (S4) for the system in state S

Begin

Initialization: N-equalize S,,; for anyS2, ;, make V(S2,;) = 0;

Calculation: CalculateP(S'4|S2, a,) ,P(S2,,]S"4) and P(w;|S")Q(S"4, w;) for anyS2;

for anyS;
while [VY(S2) — VM=1(S2)]| = e do

Calculate Q(SZ, a,,) so that V*(S5) = maxQ(S2, a,)
an

end
end
T (S7) = argmax QY (S7, ay)

End

6. Numerical study

A commercial vehicle manufacturer utilizes a Mazak horizontal

machining center HCN6800 to machine reducer housings, as

(a) HCN 6800

illustrated in Fig. 4. To validate the proposed condition-based
maintenance model, a numerical case study and comparative
analysis are conducted using real-world data from this

machining center.

(b) Reducer housings

Fig.4. Horizontal Machining Center and Reducer Housing.

6.1. Optimal strategies under the base model

Based on the company's product quality report, daily
operational revenue data, and sensor-collected information, the
parameters for the condition-based maintenance strategy model

are determined, as shown in Table 1.

Table 1. model parameters.

parameters value  parameters value  parameters value

L 10 g 0.003  Cpena 8
D 30 Y 2.5 Cel 4

o 0.1 u 2 0 60
i 09 v 2 Tim 10
Takt 1 r 10 Tr 2To
Po 0.001 C[M 10 To 20
" 09  Ci/Co 30 N 50

Since the delay time T,°¢ is theoretically unbounded, which

poses computational challenges and lacks practical feasibility,
it is limited to the interval [0, 6/2] based on Table 1. The
discount factor y is set to 0.5, and the the iteration stopping
threshold ¢ = 10°. Substituting the parameters into the model,
all combinations of S2 are traversed, and the Bellman optimal
equation in Section 5.2 is solved using Algorithm 1. After 6
iterations, the action value function QM (S2,a,) for all state
combinations converges. Fig.5 shows the resulting optimal
CBM strategy 7 * (S2).

If the system is not properly maintained during the current
task period, the risk of system degradation failures during
production increases. Furthermore, a large T,°‘ raises the
likelihood of delay propagation, reducing the system’s

operational availability in subsequent periods and lowering the
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future state’s expected reward V(S4,,). While maintenance
actions such as IM and Overhaul improve V (S2,,) by restoring
system health. However, according to Eq.(12),Null yields a
higher immediate reward r(S,Null) compared to IM, and the
immediate reward r(S2,IM) of IM is higher than that of
Overhaul. Since maintenance durations are deterministic, a
large T,2* may cause the total maintenance and processing time
to exceed the task period, increasing delay costs and further
propagating delays. Consequently, a trade-off arises between
the immediate rewards and the future state values. This trade-
off is particularly evident in the following two specific state
combinations, where balancing short-term and long-term

benefits is critical.

Action Null M Overhaul

30 B ; ; ; ; -
sh=2.2,

251 To'=21 J

D//
20 F 4
s,,A:6,
T 151 To'=11/ |
n D/_/

10 | 1

50 sA=3.6 sA=8.2]

O ml 1 1 L 1 1 1 1 1 1 |

0 1 2 3 4 5 6 7 8 9

SA

Fig.5. Optimal Condition-Based Maintenance Strategy 7*(S2).

IM's first execution point:{s3 = 2.2, T,?* = 21}

As shown in Eq.(48), based on the model parameters, when
T2 = 21 and the Null action is executed, if a degradation
failure occurs in the system during processing, Renew will be
performed. This results in the delay being propagated precisely
to the (n+2)-th period, causing a further reduction in the
expected future reward associated with Scenario 1.

TP 4+ Tp+2D -t =21+404+60=121>2-6 =
120 (48)

The probability of a healthy system experiencing a
degradation failure (Scenario 1) during the processing period is
low. Consequently, the future expected reward of Scenario 1
represents only a small percentage of the total expected reward,
and changes in T,°® have minimal impact on the overall
expected reward. Therefore, the optimal maintenance strategy

7 * (S4) is to execute Null when s7 < 2.2, regardless of T,2".

However, when the system state reaches s2 = 2.2 and Null is
executed, the probability of the system entering Scenario 1
during the processing period increases. Based on this, at T,?* =
21, the future expected reward outweighs the immediate reward,
making this combination the first execution point of IM. When
Tt > 21, the additional time consumption caused by executing
IM further delays the current period, resulting in an immediate
delay cost. In this case, Null regains its advantage in the trade-
off between the immediate reward and the future expected
reward, becoming the optimal action again. When s > 2.2, the
advantage of IM gradually spreads around T,?* = 21. As the
health state degrades further to s# = 3.6, the execution range of
IM expands to cover all T,°¢, which is referred to as the full
execution point of IM. At this point, the system no longer selects
Null and consistently executes IM to prevent further
degradation, regardless of the delay time. This process
continues until the health state reaches s2 = 6. Fig.6(a)
illustrates the action value function curve for each maintenance
action with respect to delay time T;°¢ at a system health state
sd =2.2.

Overhaul's first execution point:{s3 = 6, T,°t = 11}

As shown in Eq.(49), based on the base model parameters,
when T%® =11 and IM is executed, if the system still
experiences a degradation failure during machining, the delay
propagates precisely to the (n+2)-th period, resulting in a further
reduction in the future expected reward associated with
Scenario 1.

Tm+ T+ Tp 42D - tope =
10+114+404+60=121>2-6 =120 (49)

Generally, the probability of a system that has executed IM
experiencing a degradation failure (Scenario 1) during the
production period is low. Consequently, the future expected
reward of Scenario 1 accounts for only a small portion of the
total expected reward, and changes in T,°* have a limited impact
on the overall expected reward. Therefore, when s2 € [3.6,6),
the optimal maintenance strategy 7 * (S2) is IM, regardless of
T,%t. However, when the system health state reaches s? = 6,the
probability of entering Scenario 1 during the processing period
increases, even if IM is performed. Based on this, at T,?* = 11,
the future expected reward outweighs the immediate reward,
making this combination the first execution point of Overhaul.

When T2* > 11, the time required for Overhaul further
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increases the delay in the current period, leading to an
immediate delay cost. In such cases, IM regains its advantage in
the trade-off between immediate and future rewards, becoming
the optimal action again. As s2 > 6, the execution region of

Overhaul gradually expands around T2 = 11 . When the

system health state degrades to s; = 8.2, Overhaul reaches its
full execution point. Specifically, for s2 € [8.2,10), the system
chooses Overhaul to restore its optimal health state, irrespective
of T,°t. Fig.6(b) illustrates the action value function curve for

each maintenance action with T,2" at s5 = 6.

Null —IM Overhaul - --Execution Point
| |
| |
2801 ! —
~ 240 '\
2 i 3 |
3 | = !
e 240 1 3s |
? H &~ ]
< S 160 -
S [} ~ [}
200 | ! < '
! 801 !
| |
1 1 1 11 1 1 1 1 [ 1 1 1 1

1
0 5 10 15 20 25 30
Ty

(a)s* =22

0 5 10 15 20 25 30
Ty

(b)s, =6

Fig.6. Action value function curves at the point of first execution.

6.2. Comparative analysis of maintenance strategies

This subsection compares the optimal condition-based
maintenance strategy proposed in this paper, denoted as
CBM delay, with several benchmark strategies, including
failure-based maintenance (FBM), time-based maintenance
(TBM), a baseline CBM strategy without considering delay
propagation (denoted as CBM), and an age-based strategy
(AGE). Under FBM, no preventive maintenance is performed.
The system operates continuously until a shutdown occurs, after
which a Renew action is executed. This approach is equivalent
to consistently selecting the Null action for all state
combinations. For TBM, preventive maintenance is performed
on the manufacturing system at fixed intervals. If a downtime
occurs during the production process, a Renew operation is
executed. For CBM, the strategy is designed following existing
studies that determine actions solely based on the system’s

health state[13, 16, 47]. Specifically, when the system health

Profit Trend over Episodes

Availability Trend over Episodes

state is within [0, 3.2], Null is performed; when it is within [3.4,
7.8], IM is applied; and when it exceeds 7.8, an Overhaul is
executed. For AGE, the strategy performs IM at fixed intervals
based on the system's age, following the widely adopted
industrial practice of applying preventive maintenance once a
machine's age exceeds a predetermined threshold[48]. Based on
the cost structure and degradation parameters defined in this
study, the optimal age threshold is estimated to be 50, which is
calculated using the formula proposed in [48]. Using the same
environment and parameters as in Section 6.1, a comparative
simulation test of 100 episodes was conducted for the
manufacturing system using the five aforementioned strategies,
with each episode consisting of 20 consecutive task periods.
The trends of profit, availability, and quality for each strategy
during operation are shown in Figure 7.To visually compare the
performance of the strategies in terms of Profit, Availability, and

Quality, Figure 8 presents the boxplots for the five strategies.

Quality Trend over Episodes

0.7
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°
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1
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Fig.7 Comparative Performance Trends Under Strategies
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Fig.8. Boxplots of Strategies on Profit, Availability, and Quality.

In the boxplots, the boxes represent the interquartile range
(Q1 to Q3), the center line indicates the median, and the
whiskers and outliers reflect the full range and rare cases. The
distributions across Profit, Availability, and Quality reveal
distinct differences among the five maintenance strategies.
CBM _delay achieves the best performance overall, with the
highest medians across all three metrics. Its boxplots show tight
interquartile ranges and minimal low-end outliers, indicating
strong and stable outcomes. CBM ranks second, with slightly
lower medians and more spread in availability and quality,
though it still maintains high overall effectiveness. TBM
follows in third place. While its medians are not as high as CBM
or CBM_delay, it maintains moderate performance across all
metrics, with relatively narrow ranges and few extreme values,
indicating consistent but less optimal outcomes. AGE, though a
structured policy, underperforms TBM in all three indicators. Its
distributions also show greater variability, especially in quality.
FBM performs the weakest, with the lowest medians in every
category and greater dispersion, particularly in profit and
availability, pointing to high risk and inconsistent returns. In
summary, CBM delay achieves higher profit, more stable
availability, and superior quality, confirming the superiority of

the proposed strategy.
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