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1. Introduction

Abstract

The influencing factors of performance degradation play a crucial role
in accurately estimating the Remaining Useful Life (RUL) of equipment.
Based on a nonlinear Wiener degradation process, a stochastic
degradation model with coupled dual random effects is proposed to
capture the degradation process of equipment under complex working
conditions. The analytical expression of the Probability Density
Function (PDF) for the RUL of the model, considering asymmetric
distribution of drift and diffusion coefficients, is obtained by applying
total probability formula. Based on Bayesian theory and its posterior
distribution, an extended Expectation Maximization (EM) algorithm is
employed to estimate the hidden and other parameters of the degradation
model. Experimental investigations are carried out using the rolling
bearing dataset from XJTU-SY and the turbofan aero-engine dataset
from NASA. The effectiveness of the proposed model and approach is
compared with that of the existing models in previous studies. The
results show that the proposed model exhibits high RUL estimation
accuracy.

Keywords
remaining useful life, nonlinear Wiener degradation process, dual
random effects, expectation maximization algorithm

Efficient and accurate Prognostics and Health Management
(PHM) are essential for enhancing equipment safety, integrity,
and reducing maintenance costs[1]. This is particularly crutial
for long-life, highly reliable aero-engines and similar products.
The Remaining Useful Life (RUL) estimation within PHM
holds significant importance[2]. However, estimating RUL for

long-life, high-reliability products is challenging due to the
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scarcity and high cost of historical degradation information.
Typically, the performance tends to degrade during operation[3].
Many factors affect performance degradation, including
external environmental conditions, internal materials,
manufacturing processes, etc. Identifying the specific causes
and factors responsible for performance degradation is often

difficult. The use of data-driven approaches has become
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a promising route for RUL estimation[4-6]. These approaches
permit the direct utilization of equipment condition monitoring
data or historical data, without relying on physical models of
equipment performance degradation. However, achieving
higher estimation accuracy demands a substantial amount of
data, which may introduce errors when extrapolated over
extended intervals.

Currently, RUL is usually estimated based on regression[7,
8], similarity[9], and degradation models[10, 11]. The random
coefficient regression model has limitations in accurately
capturing the dynamic and time-varying nature of equipment
degradation, making it unsuitable for online RUL
estimation[12]. Additionally, RUL estimation based on
similarity requires multiple historical degradation records of the
same equipment type as samples. By integrating multiple
factors affecting performance degradation into a comprehensive
model, accurate and reliable RUL estimation can be
achieved[13].  Degradation models[13-15]  considering
trajectory, quantity distribution, cumulative damage, and
stochastic process have been established. The Wiener Process
(WP) model is a commonly used fundamental stochastic
process model among the existing performance degradation
models[16]. The degradation model of WP can describe both
monotonic degradation processes and continuous non-
monotonic nonlinear degradation processes with varying
tendencies[17]. Recently, many researches have been conducted
on understanding nonlinear WP models. For instance, the
degradation of the equipment was modeled using a nonlinear
drift WP model[18]. Additionally, a novel distributed model
fusion method was presented to estimate the RUL with
a nonlinear WP[19, 20]. Similarly, an online RUL estimation
method based on a generalized nonlinear degradation model
with deterministic and stochastic parameters was proposed[21].
To account for the dynamic environmental impacts and loading
conditions, a nonlinear WP model with a stochastic time-
varying covariate was proposed[22]. These studies have
focused on the specific nonlinear degradation models or
methods centered around nonlinear WP to address relevant
issues. However, in terms of constructing multi-parameter
coupling models and handling complex parameter interactions,
they lack model adaptability, accuracy and reliability in real

applications.

When estimating the RUL of equipment in a nonlinear
stochastic degradation process, it's necessary to obtain and solve
the analytical expressions of the RUL distribution function
corresponding to the failure threshold. Despite the complexity,
this approach is effective[23, 24]. Theoretical derivations can
yield a general procedure for acquiring these expressions.
Usually, the moment when the equipment firstly reaches the
failure threshold is referred to as the First Hitting Time (FHT),
representing the life of the equipment[25]. The preset failure
threshold is generally determined based on engineering
experience and technical standards. The degradation process
crossing a fixed threshold resembles the standard Brownian
Motion (BM) process crossing a time-varying threshold[26].
Corresponding degradation models with failure thresholds are
proposed for different equipment clusters[27].To cut calculation
costs, fixed thresholds are commonly used for RUL estimation
and reliability analysis. It's generally assumed that if the
degradation process reaches the threshold at a certain time, the
probability of crossing it earlier is negligible. For instance, one
RUL estimation method checks if the degradation amount of the
equipment exceeds a given threshold limit[28].

The estimation of the parameters in the probability density
function (PDF) is essential for RUL estimation. The commonly
used parameter estimation methods include moment
estimation[29], maximum likelihood estimation[30], least
squares estimation[31] and Bayesian estimation[32, 33]. Many
scholars have studied alternative parameter estimation methods
beyond these established methods[18, 34-36]. The Expectation
Maximization (EM) algorithm is commonly used for parameter
estimation in probabilistic models with hidden variables, where
it iteratively optimizes the model parameters to maximize the
likelihood function of the observed data[37, 38]. Although the
EM algorithm is sensitive to the initial value, the unknown
parameters in the stochastic process model have hidden
variables, making the EM algorithm a more suitable choice for
parameter estimation.

In summary, through precise parameter settings, this paper
considers the coupling relationship between individual and
external factors of the nonlinear WP model to capture the
degradation process of equipment under complex working
conditions. Next, by applying the concept of FHT, through

theoretical derivations and mathematical transformations, the
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derivation process of the analytical expression of the PDF for
the RUL is introduced. Based on Bayesian theory and posterior
distribution, an extended EM algorithm is employed to estimate
hidden parameters and other key parameters in the model. To
validate the accuracy and reliability of the proposed RUL
estimation approach, experimental investigations are provided
under different working conditions and equipment types.

Finally, the conclusions are drawn.
2. Degradation Model with Dual Random Effects

During the manufacturing process, batches of equipment of
the same type may show variability due to various factors,
including raw material, production processes, etc. These
individual differences is typically reflected as drift coefficient
in the degradation model. The external random factors can also
affect the degradation performance, which can be reflected in
the diffusion coefficient. Therefore, individual differences and
external factors can be taken into account in performance
degradation model is specifically manifested as drift and
diffusion coefficients. A nonlinear WP degradation model
simultaneously considers the coupling relationship between
individual differences and external factors is presented. The
initial degradation level is defined as X(0) =0, and the

degradation value at time t;, can be denoted by
X(ty) = X(0) +v [[“A(z,b) dz + oB(t;) 1)

Where v is the drift coefficient, o is the diffusion coefficient,

B(t;) is the standard Brownian motion (BM), and

fotk A(z,b)dz = u(t,;b) is the nonlinear  function,

representing the trend term of the degradation process.
Nonlinear functions can take various forms, including
polynomials, exponential functions, and power functions[21].
Let 0 =1/, and the parameter § follows a Gamma
distribution with shape parameter a and scale parameter [,
denoted as §~Gamma(ea, ). Under the given parameter &, the
drift coefficient v follows a normal distribution with mean
u,and variance o2, denoted as v|6~N (u,, 52). Let 62 = ¢/6,
where ¢ is the unknown parameter. Because of §, there is

a coupling relationship between drift and diffusion. The precise
parameter settings are established through the stochastic
distributions and coupling relationships of different parameters.

The reason for choosing the random distribution of §, v is from

Bayesian linear regression for computational convenience[39].
This model is denoted as M1.

To establish the relationship between the performance
degradation model and its life expectancy, it is conventionally
postulated that the performance degradation process of the
equipment adheres to a monotonically increasing tendency.
Once the degradation trajectory of the equipment surpasses the
preset failure threshold W, the equipment is regarded as being
in a failure state. Supposing that the degradation process exactly
reaches the threshold at a particular moment ¢t;,, the probability
of exceeding the threshold prior to time t; can be neglected. In
this context, the concept of FHT is employed to define the
lifespan of the equipment, which can be defined as

T =inf{t, > 0:X(t;) = W} (2)

Let the RUL of the equipment at time t; be L, which can
be expressed as L, = T — t;.. Then the RUL of the equipment at
time t; can be defined as

L =inf{l, > 0:X(t, + ;) = W|X(t;) < W} €))
Where [, denotes the time when the RUL is L, .

3. Distribution Function of RUL

To estimate the RUL, the analytical expression of the PDF
for the degradation model needs to be obtained. In order to
obtain the RUL distribution function, three lemmas are
introduced.

Lemma 1[40]. For a stochastic degradation process
{X(t),t = 0}, if u(t; 0) is a continuous function of time ¢. The
PDF of the FHT of the degradation process {X(t),t = 0} to a

fixed failure threshold W can be written as

fr(210) ~ = (22 4 KDY oy (- 5O

t oB 2t
4)

(W—fotu(r;ﬂ) d 1.')

9B

Where Sp(t) = , and 0 is the vector of unknown

parameters of the model.
Lemma 2[40]. If p follows a normal distribution with mean
pand variance o2, denoted as p~N(u,0?), w, Ky, K, € R, and

K3 € R*, then the following formula is true.

[~ Kipyexp (- “5220)]| = [ (o

K202w+,uK3) (_ (w—Kpp)? )
K Kp202+K3 X exp 2(K2202+K3) ®

According to Lemma 1, the PDF of the FHT for Model M1
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is obtained as

W—vy(t) ex [_ (W—vy(t))z] (6)

fTIv,a(tlvv o) = Y e 20 %t

Where x(t) = [, A(z,b)d T — tA(t,b).y(t) = [, A(z,b)dt.

The degradation value x;, of the PDF of the RUL for model M1

can be given by

1

fao el @) = LS == vl e -
21l

W —xi=vyL(L))?
20 %1,

™)
Where x, (L) = [ A(1,b) d T = LAl + 6, D) i (b) =

1

finls Uel8) = Eyys| frppws Ll v, 8)] = —
2ml* (dvi (W) +1k)

Considering the influence of external random factors on the
degradation process, assuming that the diffusion coefficient
follows a gamma distribution, the full probability formula with
respect to parameter § can be obtained as

frel) = J5 frigo(Lel&)dt = Es|fus (L8]

Lemma 3. If p follow a Gamma distribution with shape

(10)

parameter m and scale parameter s, denoted as
p~Gamma(n,m) . Then, for K;,K,,a € R, the following

equation can be obtained.

a _ _ Kn™T(a+m)
E,[Kip® exp(— Kaop)] = o e

1)

1

fr, () = Ea[ka|5(lk|5)] =
/ 2l ® (P¥E (L) +1)

4. Parameter Estimation

The maximum likelihood function of the parameters in the
statistical model is derived from the distribution of degradation
increments. The expectations in the E-step of the EM algorithm
are obtained by updating the posterior distribution. The vector
of unknown parameters @ = (u,, ¢, b, a, ) in the PDF of the
RUL for model M1 are estimated through the iterations of the
extended EM algorithm.

4.1. Likelihood Function

Let t;; denote the time of the jth inspection for the ith

equipment, and X (t;;) = x;; denote the measurement value for

1
53 (W

<W —x — X (b)) (W_xk)(p“(lk”#vlk)

[P A, by d .

tk
By considering the individual variability in the degradation
process, i.e. assuming the drift coefficient follows a normal
distribution, the general formula for the total probability
regarding the parameter v is given by
Fuado@el®) = [, fuuoWelv, 0) dt = By [fiuo (v, 0] (8)
According to the assumptions & = 1/0? , o2 = ¢/5 ,
v|6~N(uy, 02), Lemma 2, Egs. (6) and (7), when the parameter
§ is given, the PDF of the FHT can be expressed as

o W) P10+l _ Wiy i)?
Xk X(lk) ¢Yg(lk)+lk ) exp ( 2(¢Vf(lk)+lk)

5) ©

Proof of Lemma 3.

E,[Kip® exp(— K;p)]

+o0
- j Kyp® exp(— Kop)2(plm, ) d p
0

+o0 nm
= | Kip®exp(—Kp)=—<p™ texp(np)dp
.fo 1 2 I—v(m)
K T weme g~ (i, —myp) d p
r(m)J,

_ Kn"Tr(a+m)
- Ir(m)(K, + n)atm
According to lemma 3 and Eq. (10), the PDF of the RUL for

model M1 can be written as

BT (3+a)

T (12)
(W—Xk—HvVL(lk))2+ﬁ>2+a

2(pvi U +)

BYE L)+l
F(d)(

the jth inspection of the ith equipment. Here, i = 1,2,...,N, j =
0,1,2,..., M;, and M; represents the number of monitoring times
for the ith equipment, and N represents the total number of the
equipment. In model M1, when parameters v; and §; are given,
according to the properties of the WP, the degradation increment
for the ith observed sample follows a normal distribution and

can be represented as

Atij
Axij = xij - xi,j—1~N (V,:AT,:J',T)
i

(13)

Where At;; =t tij—1 is the time increment and A7;; =

i
ti; . . . .
ft"’_ A(z,b)dz is the nonlinear increment function.
ij—1

Based on the distribution of degradation increments, when

Eksploatacja i Niezawodno$¢ — Maintenance and Reliability Vol. 27, No. 4, 2025




parameters v; and §; are given, the likelihood function of the ith

sample can be expressed as

M;
P(xi0m; | Vir 8;) = nf(Axij | vi, 6;)
j=1

_— 5 exp ( (axij-visey)” o ) (14)

=1
J ZTEAtU ZAtl]

The likelihood function for v; and §; can be written as

Li(©) = f0+w fj;o P(xi0m; 1 vi,8:) P(vi | §)P(8,) d 6;dv =

P 18) = TTj%, fve 1 8) =TI, {\/%&é exp [—%&']}(15)

P =TT, £6) = T (L6 exp(ps))  (16)

Since v|6~N(,uV,§),5~Gamma(a, B), according to the

distribution of the degradation increment 4x;;, the likelihood
function of the ith sample represented by the degradation
increment Ax;; is

por(Gita)

2 2
M Llacim, u2 (Bdipd+uy)
. i AV Mi, Ha M '
F(a)\ AWL'MI'¢+1(2T[) 2 szl(AtU) < 2 29 2¢(Awi,Mi¢+1) 4

o (Ax? . Axijivy; After obtaining the likelihood function L.(0) =

Where Ac; y, = 217=1<A’i_" ), Ad;y, = Z;’Izl%’ AWy, = et c .
v H N . L; (O) of the complete data, the log-likelihood function

ZMi Az can be obtained by taking the logarithm on both sides as
j=1 Atij :
lnLC (G) = 121 1[2 —ln(27r)——ln(AtU) (AXUA+ATU) _:|+ZIIV:1 [ilnai_iln(zn)_élnq’) ('VL l‘v) 6]-}'
]

TXalalnf —nT (@) + (@ = 1) 1) - p3i] (18)

4.2. The Posterior Distribution Update

Based on v|6~N(uv,§),6~Gamma(a, B) and Bayesian

P(i 0.0, 10,81 )P (Vi 8)P(5)
P(Xi,o:Miﬁi)

P(vi | X 0m,, 6;) =

P(xi0m,18:)P(6))

(x ,0:M;

P(6 leOM)_

So the posterior distribution of parameters v; and §; can be

rewritten as

Adjp; P+ ¢ ) 1)

Vi | X o:m.r Oi~N
i i,0:Mp i AWi,Mi¢'+1 ’ (AWi,Mi¢+1)5i

2
Mo By |t (Adi 9 +um)
8; | X; 0., ~Gamma <a + >t 29 o Oy +p)(22)

According to Eqgs. (21) and (22), by using the variance

formula, the expectations of v;, &;, v and In §; are

Adyp Pt
E(v; | Xi,0:Mp &) = W (23)
M
a+di
E(6; | xi0.m,) = : z (24)

Beim 2 (Adip$tiv)
2 T4 2¢(Awi’Mi¢+1)T

E(WE | xi0.m,9;) = E*(vi | Xp0m,6:) + Var(v; |

[ ﬂ+ -1 Aci . 2
f_+oo P (x10.m, | Vi, 6;)P(v; | 8)dv;P(5;) 8, ¢ expy— [ﬂ‘FML_

formula, the posterior distribution of parameters v;, §; can be

expressed as

Adi,Mi¢'+#v z
Vi— Aw; pp.d+1

o P(xi0m, 1 Vi 8;) - P(vi 1 8) - P(8;) o exp |- ~——5——6; (19)

(Awi.Mi¢+1)

(Adgaptm)’

2 2¢ z¢(Awi,Mi¢+1)

+8a @)

Adi g, b+ 2
xi'0=Mi'5i) :< ” V) +( y - (25)

AWi,MidH'l AWi,Mi¢+1)§L
_ M; M; #v
E(ln 6; | xi,o:Mi) =9 (a t3 ) In [ T T

(Adim 9+iv)’
2¢(AwlM ¢+1

+ ﬁ] (26)

Where 1(e) is the digamma function. In order to obtain the
expectation of the log-likelihood function used in the EM
algorithm, Eqgs. (23) to (26) can be rewritten as

E1(0) = E(vi | X;0.m,, 6;)

E31(0) = E(6; | xi,0.m,)

The above expectations and related definitions can be used

N
E21(0) = (awin,p+1) 27)
E.(0) = E(ln 6; | Xi,O:Ml-)

to calculate the expectation function of the E-step in the EM
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algorithm.
4.3. EM Algorithm Parameter Estimation

E-step. The latent variable is estimated by calculating the
expected value at this step. The result of the kth iteration of the

denoted as 0® =
(1,0, 9™, b0, g, YY) The expectation of the log-

likelihood function of the complete data under the condition of

unknown parameter vector is

the measured equipment degradation data X,y ., and the

estimated value 01(1{) after the th iteration is

N M;
Ax;;A
Q(QIXlNOM'@( )) ZZ{ EM(@("))——ln(Zn)— ln(AtU) [ (k)) % 11(9(k))E (@(k))+
i=1 j= Y

Aty

i=1

om0 + 22 A rato] |+ Y (o) - g ncam - sin - [ 5 (000) - 22 By (09 (0)

L [5z.(0®) + 2 £, (o)} + Shalatng - InT (@) + (@ = DEG (W) - fE(69)]  (29)

M-step. The central goal in this step is to find the maximum
of function Q(O | Xy.y o.m,, @) with respect to 0. It can be

written as
O+ = grg max {0(0 1 X1.n 0, 09)} (29)

To obtain the parameter values after the k+1th iteration,
Eq.(28) is differentiated with respect to the parameters @ and
the five resulting expressions are set to zero. Eq.(28) can be

expressed as

(0NE.. ()
20— -3 [ (%) _M] _
6_Q_ N _ (k) W (k) Y _
ap i=1{ 20 [ 24,2531(9 )+ L E1(00)E5(0)
EZ(0M)E(0W)  Ey(0™)N _
2¢? YY) ]}_

9Q M; [AxijAti;
Z = ?’:12;:1 {AijfEli(Q(k))E3i(@(k)) - (30)

ab
ﬁ[Efi(Q(k))Ey(@(k)) + EZi(@(k))]H =0

9 _ N [InB - p(a) + Ex(09)] = 0

da
Z—Z =3, [5 - Ex(0®)] =0

In the third formula of Eq.(30), the derivative expression of

parameter b cannot be explicitly expressed, and it can be solved
by using the fsolve function in MATLAB. Then the results of
the parameters @ in Eq.(30) after the k+1th iteration can be

obtained as

(k+1) _ Z{V [E1L(Q(k))531(9(k))]
v ; Z L1 E3i(00) (31)

¢®+D =~ 431 BZ (0W)E5(0®) + XX, By (09)}(32)

g":lzyzil{wE (@(k))E3i(@(k)) ar? [Ez (Q(R))E (Q(’Q).}.

At 24t

EZ,-(@("))]}L =0 (33)
N{inN+ma— gL, E5; (00)] - () +
Ey(0®@)} =0 (34)

BU+D) = Na D (35)

A better estimation value can be obtained after a certain
number of iterations. By substituting the estimation results into
the PDFs of RUL, the exact expressions of the RUL can be
obtained. The flowchart of the EM algorithm is shown in Fig. 1.

5. Experimental Investigations

The model proposed in this paper is designated as model M1,
and the work of Si et al.[40] is denoted as Model M2, which
only takes into account the individual differences random effect
of the drift coefficient. The degradation model can be expressed

as
X(t) = X(0) +v [[* Az, b) dz+0B(t;) (36)

Where the drift coefficient v follows a normal distribution with

mean p, and variance o2, denoted as v~N(u,,02) . The
nonlinear function | Otk/l(z, b) dz = u(t; b) is the same as that

in M1, while the diffusion coefficient o is fixed in M2. Thus,
the unknown parameters of M2 can be denoted as 0, =
(uy,0,,b,0). By employing two performance metrics, the
proposed model is compared with the models existing in
previous studies to assess the performance of RUL estimation.
Meanwhile, the two performance metrics are Akaike

Information Criterion (AIC) criterion and the Total Mean
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Square Error (TMSE). The AIC is utilized to prevent over-
parameterization and achieve a balance between model
complexity and fitting accuracy. A smaller AIC value implies
better model performance[41].
AIC = —2max{€ + 2p 37)
Where max £ is the maximum log-likelihood function (Log-LF)
value, p is the total number of parameters. In addition, the Mean
Square Error (MSE) is defined as the expectation of the
difference between the actual RUL and the estimated RUL at
each monitoring point. A smaller MSE indicates a more accurate
estimate. The TMSE is the sum of the squared differences
between the estimated RUL and the actual RUL for all the
monitoring points, and can be expressed as
TMSE = Y-y E((Li — Li)?) (38)
Where Ly, L, is the actual RUL and the estimated RUL at t;,
and N is the number of all samples. In order to conduct a more

in-depth comparison, the following two data-sets are utilized for

experimental investigations.

5.1. XJTU-SY Rolling Bearing Accelerated Life Test
Dataset

The XJTU-SY rolling bearing dataset is acquired from the
testbed depicted in Fig. 1. The platform comprises an AC motor,
a motor speed controller, a rotating shaft, support bearings, and
other components. This platform is capable of performing
accelerated degradation tests on bearings to provide real
experimental data that characterize the degradation of bearings
throughout their entire operating lifespan. The tested bearing
type is LDK UER204, and three different operating conditions
are applied to 15 bearings. The DT9837 portable dynamic signal
collector is utilized to collect horizontal and vertical vibration

signals.

_______ 1

Likelihood function of degradation increment under
random parameters of the i-th sample

Posterior distribution of
random parameters

Log-likelihood function of random parameters with complete data

y
Distribution of random

| ¢

_______ J parameters

Given the initial value of the unknown parameters

Y

A

The expectation of the log-likelihood function for the given observed |
degradation data and current estimate of unknown parameters

The expectation and its
square of the random
parameter distribution

!

Simultaneous solution of first partial derivation equation with each
unknown parameters, obtain the value of next iteration

no

Whether the convergence
condition is met?

Figure 1. Flowchart of the extended EM algorithm.
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d controller|!

Accelerometers

‘ Digital force display ‘ ‘Motorspee

\

Hydraulic loading

Figure 2. Bearing testbed[42].

The information regarding the total number of samples,
basic rated life Ly, actual life under the first operating
condition is listed in Table 1. According to the national standard,
the basic rated life L, is the life that a group of bearings of the
same type can reach or exceed under identical conditions with
a reliability of 90%[42]. The operating conditions of the test
bearings are a rotational speed of 2100 r/min and a radial force
of 12 KN. For further details, refer to reference [42].

Table 1. Information of XJTU-SY rolling bearing dataset[42].

Total number of

Ly, actual life Data-set
samples
123 2h3min Bearing 1 1
161 2h41min  Bearing 1 2
158 5.6~9.7h 2h38min  Bearing 1 3
122 2h2min Bearing 1 4
52 52min Bearing 1 5

To represent the degradation process from the normal state

12
10 1
x L

6 F

Amplitude/g
[3v]

0 20 40 60 80 100 120
Time/min

Vibration amplitude of bearing 1 1

to the failure state, signal processing techniques are typically
employed to extract features from the time domain, frequency
domain, and time-frequency domain during the entire operating
life of a bearing. For instance, the typical horizontal vibration
signals throughout the operating life are selected to illustrate the
degradation process. Fig.3 displays the horizontal vibration
signal of bearing 1 1. To depict the performance degradation
process more intuitively, the Hilbert transform is applied to
calculate the envelope of the vibration amplitude. It is evident
that the amplitude increases with the running time, particularly
in the final stage of the operating period. The relative method is
utilized to determine the failure threshold of the bearing, i.e.
when the maximum value of the vibration signal exceeds
10 X Ap,, where 4, is the maximum value of the bearing during

the normal operation stage.

Amplitude/g

0 20 40 60 80 100 120
Time/min

(b) Vibration amplitude after Hilbert transform

Figure 3. Typical horizontal vibration signals.
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Interference signals and noise are commonly present in the
monitoring data and accumulate during the data collection
process. These signals and noise can affect the accuracy of the
estimation results. The moving average method is selected to
reduce the noise of the data-sets, due to its easy implementation
and wide usage. To obtain the development trend of the whole
data, the data are shifted backward one by one according to the
given filter window width and the existing time series. The
measurement values of adjacent times are added and averaged

as follows

n . .
pt — 21=1(xt2—‘rl;":7it+l)+xt (39)

Where p; is the filtering result, x,,, is the true degradation value

14
— Monitor data
12 - . o
Filtered monitoring data
10 -

Amplitude/g

Time/min
(a) Comparison of signal before and after filter

at time m, and n is the filter window width. The sliding window
is an important parameter in the moving average filtering. The
smaller the sliding window, the higher the sensitivity; while the
larger the sliding window, the more obvious the smoothing
effect, making the trend of data change more distinct.

Take bearing 1 3 as an example, the filtering result of the
vibration signal is shown in Fig. 4(a). After filtering, the quality
and reliability of the signals are improved, making the
degradation trends more intuitive. The processed results of the
monitoring data for the 5 test bearings of dataset bearing 1 are
shown in Fig. 4(b). The result shows that the life varies among
individuals. It further demonstrates the necessity of considering

individual differences in the model.

9
3L Bearing 1-1
Bearing 1-2
7L Bearing 1-3
Bearing 1-4
6+ Bearing 1-5
L0
D
ER
2L
E 4
«
3 -
2 -
1 -

0 20 40 60 80 100 120 140 160 180
Time/min
(b) The vibration signal of bearings 1-5 after filter

Figure 4. Filtering results of the vibration signal.

Due to individual differences, the test life of the bearings in
dataset 1 is significantly different. In order to verify the model
more clearly, the vibration signal data of the third bearing of
dataset 1 is taken as the verification data of the model. The
actual life of the third bearing is 158 minutes, and the failure
threshold of amplitude is 8, calculated by using the relative
method mentioned above. In addition, nonlinear functions can

take various forms, including polynomials, exponential

functions, and power functions. By observing the degradation
curve, the exponential function is selected as the nonlinear
function for calculations in the experimental studies of this
paper, ie. A(t;b) = bexpbt. The unknown parameters are
estimated by using the extended EM algorithm introduced
above. Table 2 shows the comparison of the estimated parameter
values and the performance evaluation index values of different

models.

Table 2. Comparisons of different Models with XJTU-SY rolling bearing data.

Model 1y o, ) b a B Log-LF AIC TMSE
Ml 2.1686E-11 - 1.4771E-14  1.0369 1.0862 4.0880 69 -128 6.2014
M2 1.1452E-13  7.4338 - 1.0218 - - 32 -56 8.0672

It can be seen from the estimated results in Table 2 that the
value of log-LF of M1 is greater than that of M2, and the AIC
of M1 is smaller than that of M2. Meanwhile, the value of

TMSE of M1 is smaller. The results of these three aspects show
that the performance of M1 is better than that of M2. In order to
further compare the performance of RUL estimation, the PDFs
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of different operating times are analyzed.

The estimated parameter results are used to calculate the
RULs of the PDFs for the models. The RUL PDFs curves for
different operating times are shown in Fig. 5. The figure depicts
the RUL PDFs curves for the third bearing of dataset bearing 1.
From the figure, it can be observed that as the operating time
increases, the RUL PDFs curves become narrower and taller,
indicating a more concentrated distribution of the RUL and
reduced uncertainty in the estimations. The true RUL values
consistently fall within the estimated RUL distributions,

validating the effectiveness of the proposed method.

—#— True RUL
0.4 | —+&— Estimated RUL of M1
- -+~-- Estimated RUL of M2

PDF

Monitor time /min 100 0 RUL /min

Figure 5. Comparison of the PDFs of the RULs under M1 and
M2 with rolling bearing dataset.

5.2. C-MAPSS Turbofan Aero-engine Degradation
Simulation Dataset

Aero-engines are one of the most critical components of an
aircraft and serve as a key guarantee for flight safety. The
overall condition of the engine is not only related to the health
status of its individual components but also influenced by
various factors such as the aircraft’s operating environment,
load, usage patterns, and maintenance quality. In this paper, an
aero-engine dataset provided by NASA is utilized. It is derived
from the Commercial Modular Aero-Propulsion System
Simulation (C-MAPSS) for a large-scale turbofan engine
simulation. The simulation primarily emulates the degradation
process of five significant rotating components, including the
fan, low-pressure turbine (LPT), low-pressure compressor
(LPC), high-pressure turbine (HPT), and high-pressure
compressor (HPC)®. The schematic diagram of the engine is

illustrated in Fig. 6.

Fan Ny Combuster LPT

: \ Nozzle
HPT
N,

HPC n

1) Lk
PC

L

Figure 6. Schematic diagram of an aero-engine[18].

The C-MAPSS dataset consists of four parts, i.e., FD0O1 to
FDO004, each comprising a training set and a test set. The initial
state of each dataset is randomized, and the testing stops when
an engine failure occurs. The dataset has a total of 26 columns,
and columns 6 to 26 record the measurements values of
monitored sensor with added noise. The descriptions of some

sensors are provided in Table 1 (See more details in [18]).

Table 3. Description of some aero-engine sensors[18].

Number Symbol [lustrate Unit
1 T2 Total fan inlet temperature °R
2 T24 LPC outlet temperature °R
3 T30 HPC outlet temperature °R
4 T50 LPT outlet temperature °R
5 P2 Fan inlet pressure psia
6 P15 Culvert pressure psia
7 P30 HPC outlet pressure psia
8 N Fan speed rpm

In the C-MAPSS dataset, different sensors exhibit different
degradation trends. Selecting sensors with obvious degradation
trends for the estimation of RUL is more conducive to model
validation and yields more reliable calculation results. In this
paper, the multi-dimensional monitoring values of the sensors
from 16 engine groups in the FDOO1 training set are converted
into one dimensional performance indicators to reflect the
health status of the aero-engine. The FD0O0O1 data-set consists of
monitoring results from 100 engines, comprising a total of
20,631 data entries. The engine operates in cycles, with
a minimum lifespan of 128 cycles and a maximum lifespan of
378 cycles.

As described before, the initial data has great random
characteristics, and a large number of random noises are added

to each monitoring data. In addition, interference signals are
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commonly present in the measurement data and accumulate
during the data collection process. It is necessary to pre-process

the initial data of the dataset.
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Monitor time/cycle Monitor time/cycle

Figure 7. Monitoring data from different sensors.

It is more beneficial and reliable to select the sensor with an

obvious degradation tendency for estimating the RUL. Sensors

1# to 4#, namely T2, T24, T30 and T50 were chosen for analysis.

The monitoring data of these four sensors is shown in Fig. 7. It
can be observed that the monitoring data of each sensor exhibits
different degradation trends. The value of the T2 sensor does
not change with the operation of the engine. The concept of the
Spearman Rank Correlation Coefficient (SRCC) [43] is
introduced to evaluate the magnitude of the degradation trend
of the remaining three sensors. The SRCC range is [-1,1], where

-1 indicates a complete negative correlation, 0 indicates no

1.2F —— Monitor data g
Filtered monitoring data ! ‘rf

o2 Yl V' I l

0.4f

0.6 . . . . .
0 50 100 150 200 250 300

Monitor time/cycle

(a) Filter results of the sensors

correlation, and 1 indicates a complete positive correlation. The
closer the SRCC is to 1 or -1, the stronger the degradation trend,
while the closer it is to 0, the weaker the no degradation trend.
The SRCC p' of sensor i is expressed as
i e T )|
ST Taa0? S R 02

Where X} is the kth monitoring value of the ith sensor, X!, is

(40)

the average monitoring value of the ith sensor from 1 to &, T}, is
the kth monitoring time, and T, is the average monitoring time
from 1 to k. The SRCC values of different sensors are listed in
Fig. 8. After analysis, the sensor with an SRCC greater than 0.8
can be used as the performance index of the aero-engines. The
measurement results from the T50 sensor of 16 aero-engines in

FDO0O01 dataset are selected as the performance monitoring index.

0.9 T
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Figure 8. The SRCC of different sensors.

50 100 150 200 250 300 350 400
Monitor time/cycle

(b) Degradation trend of engines No. 1-16

Figure 9. Filtering results of the sensors.

To reduce the order of magnitude of the whole life cycle

degradation data and facilitate the calculation, the mean value

of the first ten cycles is subtracted. Moreover, the multi-

dimensional measurement values are converted into one-

Eksploatacja i Niezawodno$¢ — Maintenance and Reliability Vol. 27, No. 4, 2025




dimensional performance indicators to reflect the health status.
The life of the aero-engines is defined as 200 cycles, and the
failure threshold is set at 1423.4 °R. In this paper, the filter
window width of the moving average method is set as 30, and
one of the data filtering results is shown in Fig. 9. After filtering,
noise and sharp signals are removed, making the degradation
trends more apparent.

The performance comparison of different models conducted

Table 4. Comparisons of different Models with C-MAPSS aero-

on aero-engines is shown in Table 4. A conclusion similar to that
of bearing dataset was obtained. The results of log-LF, AIC and
TMSE still indicate that the performance of M1 is better than
that of M2. In addition, it could be observed from the
comparison between Table 2 and Table 4 that the parameter
value of ¢ of the XJTU-SY rolling bearing data in Table 2 are
significantly smaller than that in Table 4.

engine data.

Model Wy, g, [0) b a B o Log-LF AIC TMSE
Ml 0.3922 - 0.9401 0.0206 93.5738 3.1101 - 767 -1524 0.7882
M2 0.2789 0.1464 - 0.3108 - - 0.3738 433 -958 1.0421

of M1 are closer to the true values. To further validate the
accuracy of M1, the fitting results of M1 are compared with the
0.08 - TreRUL actual degradation curves, as illustrated in Fig. 11. From the

——H&— Estimated RUL of M1
- -4 - - Estimated RUL of M2

250

100

Monitor time /cycle 0

RUL /cycle

Figure 10. Comparison of the PDFs of the RULs under M1
and M2 with aero-engine data.

This indicates that the range of operating conditions of the
samples in the XJTU-SY rolling bearing data is not extensive
enough to fully activate the optimization and adjustment
mechanisms of all parameters in M 1. The significant advantages
of M1, which considers individual differences, external random
effects and their coupling relationship, are further verified by C-
MAPSS aero-engine data. Fig. 10 depicts the RUL PDFs curves
for the aero-engines operating from 100 cycles to 180 cycles, as
well as the estimated RUL and true RUL for each operating
cycle. From the figure, it can be seen that the RUL PDF curve
of M1 is narrower and taller compared to that of M2. This
implies that the estimations of M1 are more concentrated and
have lower uncertainty, resulting in a better performance in
RUL estimation. By comparing the TMSE of the true and

estimated RUL values, it can be concluded that the estimations

figure, it can be seen that the fitting curve of M1 closely
approximates the true average degradation curve, thereby
attesting to the accuracy and effectiveness of the model

presented in this paper.
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Figure 11. Fitting curve of M1.
6. Conclusions

The nonlinear WP degradation model proposed in this paper
shows high RUL estimation accuracy, which proves its
effectiveness under various equipment degradation conditions.
The proposed model precisely captures individual differences,
external random factors and their coupling, providing a more
realistic portrayal of the degradation process. The
comprehensive RUL estimation method was verified using the

datasets of rolling bearings and aero- engines. This involves the

Eksploatacja i Niezawodnos$¢ — Maint

enance and Reliability Vol. 27, No. 4, 2025




detailed procedures of deriving the analytical expression of the
PDF of the model's RUL considering the FHT and conducting
parameter estimation using the extended EM algorithm. This
paper lays a foundation for the development of degradation
model addressing the coupling of multiple factors, thus

promoting the progress of PHM.

RUL estimation accuracy, which proves its effectiveness under
various equipment degradation conditions.

The development of degradation model addressing the
coupling of multiple factors

The comprehensive RUL estimation method was verified

using the datasets of rolling bearings and aero-engines.

The proposed nonlinear WP degradation model shows high
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