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Highlights  Abstract  

▪ Bridge resistance deteriorates non-stationarily 

over time, affecting safety. 

▪ Load frequency and intensity growth impact 

time-dependent reliability. 

▪ Gamma process models non-stationary 

degradation, validated by FE experiment. 

▪ Two reliability equations developed based on 

Gamma process and load growth. 

▪ Load intensity and non-stationary degradation 

are primary contributors to safety decline. 

 Bridge resistance deteriorates over time, impacting safety and time-

dependent reliability due to non-stationary degradation and increasing 

load frequency and intensity. This paper investigates the reliability of 

reinforced concrete structures, focusing on these factors. A Gamma 

process models the non-stationary degradation of bridge resistance, 

validated through a finite element experiment with a simply supported 

RC beam, where tensile steel reinforcements were reduced to simulate 

deterioration. Two time-dependent reliability equations were derived 

from the Gamma process and verified via Monte Carlo Simulation. 

Results show that the sensitivity of load intensity growth, frequency 

growth, non-stationarity degradation of resistance and environmental 

affection occupies 56.1%, 0.03%, 40.5% and 3.37%, respectively. Load 

intensity growth declines the safety of aging structures most, while the 

non-stationarity of resistance degradation should be given extra 

attention, as the analysis did not set expectations for its growth. 
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1. Introduction 

Over time, due to factors such as rebar corrosion, concrete 

deterioration caused by harsh environmental conditions, 

increased expected loads, and revisions to design guidelines, 

many RC structures fail to meet safety and usability 

requirements. [1].  

In particular, bridges constructed during the 1980s and 

1990s have experienced widespread issues related to aging, 

reinforcement corrosion, fatigue, and concrete cracking. These 

problems are exacerbated by the fact that designers during that 

period did not adequately account for the rapid increase in load 

intensity and frequency. Consequently, the service life of these 

bridges has been consumed at a much faster rate than 

anticipated, leading to numerous maintenance and repair 

challenges that have become an increasingly significant concern 

for engineers [2,3]. Modern engineering theory generally holds 

that addressing the problems of aging infrastructure requires not 
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only targeted maintenance and retrofitting efforts but also  

a forward-looking design and construction approach that 

considers current and future conditions. As a result, the 

scientific management of such systems has become a key focus 

for engineers and policymakers alike, aiming to extend the 

service life of these structures while ensuring their safety and 

reliability [4]. 

As infrastructure continues to age, the degradation of 

performance and safety of existing structures has become an 

increasingly significant concern for engineers. Various factors, 

including material aging, adverse environmental conditions, 

and complex loading scenarios, contribute to the gradual decline 

in structural safety over time. For example, in the United States, 

approximately 56,000 bridges, or 9.1% of the total, were 

identified as structurally deficient as of 2017. Addressing the 

safety concerns of such aging structures necessitates substantial 

financial and material resources [5]. 

During the service life of reinforced concrete (RC) bridges, 

steel reinforcements are subjected to environmental erosion and 

live load effects, which, when combined with inadequate 

management and improper maintenance, lead to a gradual 

decline in resistance and durability. The corrosion of tensile 

steel reinforcements is the primary cause of functional 

deterioration in RC beams [6]. Corrosion reduces the effective 

cross-sectional area of the steel, and the resulting corrosion 

products cause spalling of the bonding layer in the reinforced 

concrete. This spalling weakens the bonding mechanism, 

diminishing the synergistic performance of the beam [7]. 

Furthermore, reinforcements that are subjected to frequent 

load effects are more susceptible to fatigue-induced bending 

and fracture, which compromises the stability and safety of the 

entire bridge structure. The impact of steel corrosion and fatigue 

on the bearing capacity of flexural RC components is 

significantly greater than on other structural capacities, 

underscoring the critical importance of addressing these issues 

to maintain the integrity and safety of RC bridges [8]. 

In response to these challenges, the reliability of civil-

engineering structures is receiving more attention, as it helps 

decrease in-service uncertainties and serves as the economic 

basis for maintenance and repair. The safety assessment of aging 

structures is increasingly guided by structural reliability, which 

considers both the resistance of the structure and the loads it 

must bear. By continuously monitoring the condition of 

structures and evaluating their ability to withstand various loads, 

engineers can implement targeted maintenance strategies based 

on these assessments [2,9,10]. 

Structural resistance prediction plays a crucial role in 

reliability assessment, enabling engineers to forecast how  

a structure will perform under different conditions. This 

proactive approach helps anticipate potential failures, optimize 

maintenance efforts, and ultimately enhance safety while 

reducing costs and minimizing environmental impacts [11]. 

Impact of fatigue damage accumulation on prestressed concrete 

(PC) bridges and structures, emphasizing the combined effects 

of cyclic vehicle loading and environmental corrosion has been 

studied by numerous researchers [12–16]. As the literature 

review indicates, simply supported reinforced concrete (RC) 

bridges have been widely analyzed in reliability studies due to 

their direct stress-strain relationship, aging-induced degradation, 

and widespread application. These bridges are a common focus 

in reliability assessments because their straightforward 

structural behavior allows for more precise modeling of 

deterioration processes and performance under various 

conditions. This focus has made them a key area of study in 

addressing the reliability and maintenance challenges 

associated with aging infrastructure [17,18].Probabilistic-based 

reliability analysis is valuable because it explicitly accounts for 

uncertainty and provides a quantitative framework to assess 

whether a structure can withstand significant load processes 

during its remaining service life. This approach allows 

engineers to better predict the likelihood of structural failure and 

make informed decisions about maintenance, repair, and 

resource allocation, ultimately enhancing the safety and 

longevity of the infrastructure [19]. 

Matteo et al. [20] explored the reliability of the reinforced 

concrete (RC) Reactor Building (RB), which serves as the 

ultimate barrier against radioactive contamination from  

a Nuclear Power Plant (NPP). Traditional Probabilistic Risk 

Assessment (PRA)-Level 2 models do not account for the aging 

and degradation of the RB. In this study, the authors adopted  

a time-dependent reliability approach that explicitly models the 

effects of aging and degradation on the RB's resistance to 

accidental stresses and its failure probability. They developed  

a Finite Element Model (FEM) of the RC coupled with  
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a degradation model to update risk measures such as the Large 

Early Release Frequency (LERF) over time. A case study 

involving an internal overpressure due to a hydrogen explosion 

was used to demonstrate the methodology.Capacci and Biondini 

[21] presented a probabilistic framework for assessing the life-

cycle seismic resilience of aging bridges and road networks, 

considering infrastructure upgrades. The framework accounts 

for uncertainties in bridge damage due to deterioration and the 

restoration speed of the overall system. It evaluates time-variant 

bridge fragilities and damage probabilities across different 

earthquake scenarios, incorporating traffic analyses to assess 

network functionality and resilience. The study also explored 

the impact of structural deterioration, seismic damage, and 

repair actions on traffic restrictions. Applied to reinforced 

concrete bridges and simple road networks, the framework 

demonstrated its effectiveness in quantifying deterioration's 

negative effects and the positive impact of infrastructure 

upgrades, such as adding road segments to improve network 

connectivity and resilience.Guo et al. developed a novel 

computational framework to assess the time-dependent 

reliability of reinforced concrete (RC) beams under marine 

atmospheric environments. This framework incorporates a 

comprehensive life-cycle performance assessment model that 

accounts for climate change, two-dimensional chloride 

transport, coupling effects, corrosion non-uniformity, and the 

nonlinear behavior of RC beams. Validated by experimental 

studies, the framework establishes performance functions for 

different failure modes and captures time-dependent 

probabilistic information using the probability density function-

informed method (PDFM). The method's accuracy and 

efficiency were demonstrated through illustrative cases and 

validated by traditional Monte Carlo Simulation (MCS), 

showing its feasibility for the life-cycle design and maintenance 

of RC structures.Ben Seghier et al. [22] explored the use of an 

improved structural reliability method, specifically the three-

term conjugate map (TCM) based on the first-order reliability 

method (FORM), for assessing the multi-state failure of 

corroded reinforced concrete (RC) beams. The study focused on 

the impact of uniform and pitting corrosion on the reliability of 

RC beams, considering brittle fracture due to pit-to-crack 

transition probability. The TCM method was validated against 

other well-known FORM formulations. Time-dependent 

reliability analyses were performed to evaluate the influence of 

parameters such as nominal bar diameter, corrosion initiation 

rate, and external loads on the failure probability of corroded 

beams. The results demonstrated that the TCM method 

outperformed other reliability-based methods in predicting the 

safety of RC beams under corrosion-induced deterioration. 

When the state of the studied system depends on its health 

condition at any given time, the concept of time-dependent 

reliability emerges. It considers allows for a more dynamic and 

realistic assessment of a system's performance throughout its 

service life, enabling better prediction of potential failures and 

more effective maintenance planning [23]. Earlier attempts by 

Mori and Ellingwood laid the foundation for the fundamental 

framework of time-dependent reliability, where the failure 

criterion for time-aging structures is defined as the first 

outcrossing occurrence. This concept identifies failure as the 

moment when the system's response first exceeds a critical 

threshold, considering the cumulative effects of aging and other 

time-related factors. Their work provided a basis for 

understanding and analyzing the reliability of structures over 

time, emphasizing the importance of tracking the progressive 

degradation of structural capacity and its impact on overall 

performance [24–26]. In their framework, Mori and Ellingwood 

also addressed the uncertainty associated with the stochastic 

degradation process in reliability analysis. By incorporating the 

randomness inherent in material degradation and environmental 

influences, their approach provides a more comprehensive 

understanding of how these uncertainties affect the time-

dependent reliability of aging structures. This allows for more 

accurate predictions of structural performance and failure, 

ultimately leading to better-informed decisions regarding 

maintenance and risk management throughout the structure's 

life cycle. and the uncertainty associated with the stochastic 

degradation process has been addressed in the reliability 

analysis [27].  

Among the various uncertainty modeling tools, the Gamma 

process is particularly useful when system degradation follows 

a continuous monotonic trend. The Gamma process is  

a stochastic process with independent, non-negative increments 

that follow a gamma distribution with a consistent scale 

parameter, which is considered one of the most appropriate 

processes for modeling the damage associated with the 
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cumulative degradation of a system and predicting the 

deterioration of structures, such as reinforcement corrosion and 

concrete cracking [28-30]. Unlike the Compound Poisson 

process, which has a finite number of jumps in finite time 

intervals, the Gamma process allows for an infinite number of 

small jumps, making it ideal for modeling gradual, continuous 

damage or degradation over time [31]. This process is favored 

for its ability to model gradual, irreversible deterioration over 

time, and its mathematical computations are relatively tractable, 

making it a practical choice for reliability analysis. It allows for 

the prediction of future degradation levels and the assessment 

of a structure's remaining useful life, enabling engineers to 

make informed decisions about maintenance and repair 

strategies [32-34]Noortwijk and Pandey [35] present a 

stochastic gamma process model to address both population 

(sampling) and temporal variability in degradation processes, 

which generally increase the probability of failure as structures 

age. Li [36] described the non-stationary degradation of 

structural resistance using the Gamma process. Jia and Wu [37] 

proposed an analyzing method for structures under non-

stationary random seismic excitations, considering the 

combined effects of extreme values, where the extreme value 

distribution is established using the Gamma mixture model. D. 

Kuizo et al. [30] used the Gompertz cumulative hazard function 

instead of the linear function to propose a modification of the 

gamma process to predict system remaining useful life (RUL) 

with time-dependent degradation process and non-Gaussian 

random variables. Others [38,39] combined the non-monotonic 

characteristic of Gamma process with the memoryless property 

of Markov processes to develop mathematical models for 

capturing dynamic characteristics or assessing RUL of the 

structural systems. The previous works provide sufficient 

valuable references for this paper's use of the Gamma process 

to establish the cumulative damage of bridge resistance, because 

it can capture the temporal variability in the evolution of 

degradation. Therefore, the paper outlines two methods for 

estimating the parameters of the gamma process, making it 

more applicable to practical engineering scenarios. 

Due to the inevitable discrepancies between the actual state 

of engineering structures and subjective measurements, the non-

stationarity of structural resistance degradation with a non-

monotonic trend has become a significant concern. This non-

stationary degradation characteristic can have underestimated 

effects on structural reliability, making it essential to model and 

verify these behaviors through experimentation. 

Additionally, when both the frequency and intensity of loads 

contribute to structural reliability concerns, it is crucial to 

determine which factor primarily drives the increase in 

structural failure probability through sensitivity analysis. This 

analysis helps to assess the relative impact of these factors, 

allowing for a more informed discussion on the degree of threat 

posed by congestion or the growth of vehicle axle loads to 

bridge safety. Understanding these dynamics is vital for 

developing effective strategies to mitigate risks and enhance the 

reliability of aging infrastructure. 

1.1. Research gaps in the literature 

The research gaps identified in the literature are: 

1. Rapid Load Increases: Lack of strategies to address 

the unanticipated load increases on aging bridges. 

2. Time-Dependent Reliability: Need for models that 

account for material degradation and varying 

conditions over time. 

3. Non-Stationary Degradation: Insufficient modeling 

and verification of non-monotonic degradation in 

structural assessments. 

4. Sensitivity Analysis: Need to determine whether load 

frequency or intensity is the main driver of failure. 

5. Experimental Validation: Limited empirical data to 

support theoretical models, particularly for non-

monotonic degradation. 

1.2. Contributions of research 

The contributions of this work are as follows: 

1. Development of a Non-Stationary Degradation 

Model: This work establishes a non-stationary 

degradation model for bridge resistance that accounts 

for a non-monotonic trend in structural degradation. 

The model is thoroughly explained and validated 

through a carefully designed experiment, ensuring its 

accuracy and relevance to real-world scenarios. 

2. Formulation of Time-Dependent Reliability 

Equations: Two time-dependent reliability equations 

are proposed based on the Gamma process. These 

equations incorporate the effects of non-stationary 



Eksploatacja i Niezawodność – Maintenance and Reliability Vol. 27, No. 3, 2025 

 

resistance degradation, as well as variations in vehicle 

load intensity and frequency, providing a more 

comprehensive framework for assessing the reliability 

of aging bridges. 

3. Sensitivity Analysis for Safety Performance: A 

sensitivity analysis is conducted to quantitatively 

evaluate the impact of different factors on bridge safety 

performance. This analysis helps identify the primary 

contributors to structural failure probability, 

facilitating a deeper understanding of the threats posed 

by congestion and increased vehicle axle loads to 

bridge safety. 

2. Resistance degradation analysis of RC bridge 

RC bridges face corrosion from environmental erosion and live 

loads, leading to reduced resistance and durability. Corrosion 

diminishes the steel's cross-sectional area, weakens the bond, 

and increases fatigue, compromising the bridge's stability and 

safety, particularly in flexural components. The corrosion of 

steel reinforcement in RC structures is complex. Initially, the 

concrete's protective layer mitigates damage, with iron oxide 

friction compensating for performance loss. Over time, rust 

expansion cracks the protective layer, accelerating corrosion, 

especially with chloride exposure. As corrosion progresses, 

internal force redistribution offers temporary ductility, delaying 

bearing capacity loss. However, ongoing corrosion ultimately 

compromises the structure's long-term durability and safety [40]. 

Bai et al. [1] conducted an analysis of ultimate bearing 

capacity of simply supported RC rectangular beams reinforced 

with U-shaped CFRP strips wrapped at both ends and FRP 

reinforcing in the tensile zone. The results indicated that there 

are small periods during the irreversible degradation process of 

the RC beams where the resistance does not decrease but rather 

increases since the decreases of deflection and reinforcement 

strain of the beam with the increase of loading were observed. 

The coexistence of accelerating corrosion and decelerating 

ductility leads to a non-stationary resistance degradation 

process in RC components, characterized by a "drop-balance-

drop" trajectory. This non-stationary behavior results in 

fluctuations when compared to the standard degradation model 

𝑅0 ⋅ 𝑔(𝑡), as illustrated in Fig. 1. In this figure, the blue broken 

line represents the widely accepted monotonically irreversible 

degradation path, where structural resistance either remains 

constant or decreases over time but never increases. On the 

other hand, the red broken line suggests a non-monotonic 

degradation path, which may initially seem improbable unless 

subjective factors, such as measurement and evaluation errors, 

are considered. 

If this non-monotonic degradation path, depicted by the red 

broken line, can be validated through experimental methods, it 

would support the theoretical feasibility of modeling a Gamma 

process that incorporates non-monotonic resistance degradation 

to describe the non-stationarity of the system. This approach 

would offer a more accurate representation of the complex 

degradation behavior observed in RC components, accounting 

for both the accelerating and decelerating phases of the process. 
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Fig. 1. Schematic illustration of non-stationary resistance 

degradation paths in reinforced concrete structures, comparing 

monotonic and non-monotonic degradation models. 

Gamma process and time-dependent reliability equations are 

first introduced in Section 2.1 and 2.2, respectively. Then the 

verification based on an FE model experiment is done in Section 

3. 

2.1. Modelling of Gamma Degradation Process 

As shown in Fig. 2, the inspected time interval (0, 𝑇 > 0]  is 

divided into n sub time intervals: (t0, t1],(t1, t2],…,(tn−1, tn], 

where t0 = 0 , tn = 𝑇, and n is a positive integer. R(t) and S(t) 

represent continuous resistance and loading processes. For each 

sub time intervals, Ri is the instant resistance at the end 

timepoint ti for 𝑖 = 1, 2, . . . , 𝑛 , and Si correspondents to the 

instant maximum load intensity of the i-th sub-interval (ti−1, ti] 

with its occurrence time subjected to the uniform distribution. 
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The average deterioration increment of structural resistance, 

ΔRi, is calculated as follows [36]: 

ΔRi = R0 ⋅ αi ⋅ t
ξ ⋅ Δti (1) 
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Fig. 2. Diagram of resistance degradation. 

where αi  and ξ are parameters, and Δti = ti − ti−1 . The 

form of Eq. (1) is derived by substituting the exponential 

degradation function of R(t), which is expressed as follows [41]: 

𝑅(𝑡) = {
𝑅0, 𝑡 ≤ 𝑇ini
𝑅0 ⋅ 𝛼(𝑡 − 𝑇ini)

𝜉 , 𝑡 > 𝑇ini
 (2) 

where 𝛼  is the parameter indicating corrosion rate, 𝑅0  is the 

initial resistance, and 𝑇ini is the initial occurrence time of steel 

corrosion. If 𝑇ini = 0, EqS. (1) and (2) become identical. The 

structural resistance deteriorates over time, i.e. 𝛥𝑅𝑖 ≥ 0, so 𝛥𝑅𝑖 

can be directly modeled as a Gamma-distributed random 

variable with shape parameter 𝛼𝑖  and scale parameter ξ [42]. 

This allows 𝛥𝑅𝑖  to fluctuate with different scale and shape 

parameters, which introduces non-stationarity in resistance 

degradation and enables a Gamma process to simulate the 

gradual accumulation of small increments [43,44] .  

Assume 𝛥𝑅  follows a Gamma distribution, denoted as 

𝛥𝑅~Ga(𝑥, 𝛼, 𝜉). The probability density function (PDF) of 𝛥𝑅 

is given by： 

𝑓𝛥𝑅(𝑥) =
(
𝑥
𝜉
)
𝛼−1

𝜉 ⋅ 𝛤(𝛼)
⋅ 𝑒

(−
𝑥
𝜉
)
, 𝑥 ≥ 0 

(3) 

where  𝛤(𝑧)  represents for the Gamma function, defined as 

𝛤(𝑧) = ∫ 𝜏𝑧−1𝑒−𝜏𝑑𝜏
∞

0
(𝜏 > 0). The mean 𝜇 and variance 𝜎2 of 

𝛥𝑅 have the following relationship with the parameters α and ξ, 

respectively: 

{
𝜇 = 𝛼 ⋅ 𝜉

𝜎2 = 𝛼 ⋅ 𝜉2
 (4) 

Form Eq. (4) it is evident that 𝜇 is the product of α and ξ. To 

align the Gamma process with kga times of the stationary process, 

by assuming kga as the amplification factor. Let  𝛼 = 𝜇  and 

𝛥𝑅 ∼ Ga (𝑥,
𝑘ga⋅𝜇

𝜉
, 𝜉). 

Suppose 𝜇 = 100 and the coefficient of variation is Cov. =

𝜎

𝜇
= 0.19 , Fig.3 shows multiple PDFs of 𝛥𝑅  for different kga 

values when 𝜉 = 1, and Figs.4(a) and 4(b) illustrate the PDFs 

for different scale parameters when 𝑘ga = 1. 
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Fig. 3. PDFs of 𝛥𝑅 for different kga s when 𝜉 = 1
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Fig. 4. PDFs of 𝛥𝑅 for different ξs when 𝑘ga = 1 

From Fig.3, it is observed that 𝛥𝑅  has the highest probability density near kga times 𝜇 . Fig. 4 shows that as the 
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scale parameter ξ decreases, the probability density of 𝛥𝑅 

becomes more concentrated near 𝜇, with a narrower fluctuation 

range. Conversely, as ξ increases, the probability density of 𝛥𝑅 

spreads over a wider range. When 𝜉 = 100, the density of 𝛥𝑅 

peaks at 𝑥 = 0 . However, when ξ becomes very small, 𝛥𝑅 

nearly degenerates into a constant, with the highest probability 

at 𝜇, effectively transforming the non-stationary process into a 

stationary one. As ξ increases, the fluctuation range of 𝛥𝑅 also 

increases, making the non-stationarity of the process more 

pronounced. 

By adjusting the amplification factor kga, the degree of the 

non-stationary process can be controlled, and the fluctuation 

range of 𝛥𝑅 can be further regulated by setting different scale 

parameters. This provides the theoretical basis for using the 

Gamma process to describe the non-stationary degradation of 

bridge resistance. 

As shown in Fig.5, for any 𝑖 = 1,2, … , 𝑛 − 1 , the 

degradation increment 𝛥𝑖 for 𝑔(𝑡) (5(a)), or 𝛥𝑅𝑖 for 𝑅(𝑡) (5(b)) 

at the ith sub interval (𝑡𝑖−1, 𝑡𝑖]  is suggested to be a random 

variable that follows a Gamma distribution. Taking the 

degradation function 𝑔(𝑡)  as an example, 𝛥𝑖 ∼ Ga (𝑥, 𝛼𝑖 =

𝑘ga⋅𝛥𝑔𝑖

𝜉
, 𝜉) where 𝑥 > 0. The probability density function (PDF) 

of 𝛥𝑖 is: 

𝑓𝛥𝑖(𝑥) =
(
𝑥
𝜉
)

𝑘ga⋅𝛥𝑔𝑖
𝜉

−1

𝜉 ⋅ 𝛤 (𝑘ga ⋅
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𝑥

𝜉
) , 𝑥 ≥ 0 (5) 
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Fig. 5. Sketch of Gamma random variable (Blue) and mean (Red) 

where 𝛥𝑔𝑖 = 𝑔(𝑡𝑖−1) − 𝑔(𝑡𝑖). 

For a monotonic Gamma process, the degrading value 𝑔(𝑡𝑖) 

at any instant point 𝑡𝑖  can be expressed as the difference 

between𝑔(𝑡0) and the sum of previous i th random numbers 

𝛿1, 𝛿2,⋯ , 𝛿𝑖  which are generated by the corresponding 

degradation increments 𝛥𝑔1, 𝛥𝑔2, ⋯ , 𝛥𝑔𝑖 : 𝑔(𝑡𝑖) = 𝑔(𝑡0) −

∑ 𝛿𝑗
𝑖
𝑗=1  [45].  

For a non-monotonic Gamma process, assume that the 

degradation at each sub-interval is independent. According to 

the additivity property of the Gamma distribution, if 𝛥𝑖 ∼

Ga (𝑥, 𝛼𝑖 =
𝑘ga⋅𝛥𝑔𝑖

𝜉
, 𝜉), then the cumulative degrading random 

variable 𝛺𝑖 in the previous i th total sub interval(0, 𝑡𝑖] follows 

𝛺𝑖 ∼ Ga (𝜔,
𝑔(𝑡0)−𝑘ga⋅∑ 𝛥𝑔𝑗

𝑖
𝑗=1

𝜉
, 𝜉), where 𝜔 ≥ 0.  

Given this, the degradation function 𝑔(𝑡𝑖)  can be directly 

expressed as: 𝑔(𝑡𝑖) = 𝑔(𝑡0) − 𝜔𝑖 . 

The process of resistance degradation is similar that 𝛥𝑅𝑖 ∼

Ga (𝑦,
𝑘ga⋅𝜇𝑖

𝜉
, 𝜉),  where 𝑦 ≥ 0 . The cumulative resistance 

degradation variable 𝛹𝑖   in the previous i-th total sub-interval 

𝛹𝑖 ∼ Ga (𝜓,
𝑅0−𝑘ga ∑ 𝜇𝑗

𝑖
𝑗=1

𝜉
, 𝜉), where  𝜓 ≥ 0. 

An example of the function 𝑔(𝑡)  is provided here to 

illustrate the difference between reversible and irreversible 

Gamma processes. Assume that 𝑔(𝑡𝑖) = 1 − 0.01𝑡𝑖, where 𝑡𝑖 =

𝑖 for 𝑖 = 1, 2, . . . ,25. Data with fluctuation range close to 𝑔(𝑡) 

is selected for different values of ξ. The simulation process is 

shown in Fig. 6. 

The result of 𝑘ga = 1 are shown for both the irreversible and 
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reversible Gamma processes in Fig. 7(a) and Fig. 7(b), 

respectively. These figures demonstrate how the degradation 

paths differ between the reversible and irreversible processes 

under the same parameter settings, emphasizing the impact of 

process assumptions on the simulation outcomes.

Start

Generate ωi by the distribution 

of Ωi where Δgi=0.01 and 

calculate g(ti)=1-ωi

i=1

Monotonic?No

Generate δi by the distribution 

of Δi where Δgi=0.01 

Yes

i=i+1

Calculate g(ti)=1- i
j=1 δi 

i>25?No

End
 

Fig. 6. Simulation procedure of Gamma process. 
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(a)                                   (b) 

Fig. 7. Monotonic (a) and non-monotonic (b) Gamma process 

The non-stationary degradations shown in Fig. 6 and Fig. 7 

demonstrate the feasibility of the model presented in Fig. 1. The 

sensitivity of the non-monotonic process is higher than that of 

the monotonic process concerning changes in the scale 

parameter, as the shape parameter of the non-monotonic process 

is larger. 

Fig. 8 illustrates both the monotonic and non-monotonic 

Gamma processes when the amplification factor kga = 1, 2 , 

and 3, respectively. The scale parameters for the non-monotonic 

and monotonic processes are set to 0.001 and 1, respectively. As 

kga, increases, both processes degrade proportionally, 

approaching the product of kga and g(t) (represented by the 

dashed line in the figure). This further validates the theoretical 

correctness of the model depicted in Fig. 1. 
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Fig. 8. Monotonic and non-monotonic Gamma processes with 

multiple kgas. 

2.2. Time-dependent reliability analysis based on non-

stationary resistance degradation 

Time-dependent reliability refers to the probability that  

a structure remains in a safe state over a specific time interval 

of interest [26]. As illustrated in Fig. 2, the time interval of 

interest, or the inspected time interval, is (0, 𝑇], and is divided 

by n sub intervals. The maximum load effect of each sub 

interval is 𝑆1,𝑆2,…,𝑆𝑛, with the occurrence time of each load 

effect uniformly distributed within the corresponding sub-

interval [25]. Note that the inspected time interval does not 

include the initial moment t=0, since 𝑅0 greater than the initial 

load, or the designed load 𝑆0  at t=0 is considered to be an 

independent event and calculated saparetely as 𝑃(𝑅0 > 𝑆0) , 

thereby avoiding the issue of each endpoint of the n sub 

intervals being included twice when dividing them. 

It is assumed that the resistance value within each sub-

interval equals the value at the right endpoint, resulting in  

a degradation pattern that appears as a 'stepped shape,' 

represented by the blue-dashed broken lines. If n is sufficiently 

large, the structural resistance within each sub-interval (which 

degenerates into an instant process) can be considered 

approximately constant 

[11]. This approach simplifies the modeling of resistance 

degradation over time while still capturing the key elements of 

the process. 

The time-dependent reliability in the i-th sub interval 

(𝑡𝑖−1, 𝑡𝑖] is denoted by 𝑃𝑙(𝑡𝑖−1, 𝑡𝑖), where: 

𝑃𝑙(𝑡𝑖−1, 𝑡𝑖) = 𝑃(𝑅𝑖 > 𝑆𝑖) (6) 

Stipulate that when the initial point of the time interval 

(including sub interval) is 0, the time-dependent reliability 

𝑃𝑙(0, 𝑡) over the interval (0, 𝑡] is simplified as 𝑃𝑙(𝑡). Besides, t0 

and tn represent 0 and T, respectively. 

Denote the cumulative distribution function (CDF) of Si is 

𝐹𝑆𝑖, and the accumulated increment of 𝑔(𝑡) within (0, 𝑡𝑖] as Ωi. 

The structural resistance at time ti can then be expressed as 𝑅0 ⋅

(1 − 𝛺𝑖) where 𝑅0 is the initial resistance. 

Given this, Eq. (6) can be expressed as: 

𝑃𝑙(𝑡𝑖−1, 𝑡𝑖) = 𝐹𝑆𝑖(𝑅𝑖) = 𝐹𝑆𝑖[𝑅0 ⋅ 𝑔(𝑡𝑖)]

= 𝐹𝑆𝑖[𝑅0 ⋅ (1 − 𝛺𝑖)] 
(7) 

where 𝑔(𝑡0) = 1. 

Li et al. [36] assume that the structure remains reliable 

during its service life (0, 𝑡] for any 𝑡 > 0 and fails at 𝑇𝑓 shortly 

after t, within (𝑡, 𝑡 + 𝛥𝑡] . Based on this assumption, they 

propose the structural hazard function ℎ(𝑡) as: 

ℎ(𝑡) =
𝑃(𝑡 < 𝑇𝑓 ≤ 𝑡 + 𝑑𝑡)

𝑃(𝑇𝑓 > 𝑡)𝑑𝑡
= −

dln[𝑃𝑙(𝑡)]

𝑑𝑡
 (8) 

Once the hazard function is obtained, Eq. (8) can be 

transferred as [36,46,47]: 

𝑃𝑙(𝑡) = 𝑒𝑥𝑝 {−∫ ℎ(𝑡)𝑑𝑡
𝑡

0

} (9) 

If the initial resistance R0 and degradation function 𝑔(𝑡) are 

known, the hazard function ℎ(𝑡)  can be expressed as the 

product of the frequency of load occurrence 𝜆(𝑡) , and the 

probability of maximum live load failure [1 − 𝐹(𝑅0 ⋅

𝑔(𝑡))
𝑆𝑚𝑎𝑥

]]. This represents the probability that the degraded 

resistance 𝑅0 ⋅ 𝑔(𝑡)  is smaller than the maximum load effect 

Smax within the time interval [0, 𝑡]: 

ℎ(𝑡) = 𝜆(𝑡) [1 − 𝐹(𝑅0 ⋅ 𝑔(𝑡))𝑆𝑚𝑎𝑥
] (10) 

where F( )Smaxrepresents the cumulative distribution function 

(CDF) of Smax. Now, substituting this expression from Eq. (10) 

into Eq. (9) gives: 

Pl(t) = exp {−∫ λ(t) [1 − F(R0g(t))Smax
] dt

t

0

} 
(11) 

Considering the reliability within the i-th time interval 

(ti−1, ti]and accounting for the variability of Ωi and R0,let their 

probability density functions (PDFs) be fΩi(ω)  and fR0(r) , 

respectively. The term [1 − F(R0 ⋅ g(t))Smax
]  is transferred 

into the variable form as 1 − FSi[r(1 − ω)]. 
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Substituting this into Eq. (11), the time-dependent reliability 

Pl(ti−1, ti) within the interval (𝑡𝑖−1, 𝑡𝑖] becomes: 

Pl(ti−1, ti) = ∫ ∫ exp {−∫ λi(t){1
ti

ti−1

∞

0

∞

0

− FSi[r(1 − ω)]}dt} ⋅ fΩi(ω)

⋅ fR0(r)drdω 

(12) 

where: 

fΩi(ω) =
(
ω
ξ
)

kga⋅∑ Δgj
i
j=1

ξ
−1

ξ ⋅ Γ(
kga ⋅ ∑ Δgj

i
j=1

ξ
)

⋅ e
−
ω
ξ , ω ≥ 0 (13) 

Let λi(t) denote the frequency of load occurrence of the i-th 

sub interval. Since the reliability events at any i-th sub interval 

is independent, the time-dependent reliability Pl,T within [0, T] 

can be expressed as the product of P(R0 > S0)  and the 

reliabilities of the previous n sub- intervals, 𝑃𝑙(T) =

∏ P(Ri > Si)
𝑛
i=1 , as follows: 

Pl,T = P(R0 > S0) ⋅ 𝑃𝑙(T) 

= FS0(μR0) ⋅∏∫ ∫ exp {−∫ λi(t){1
ti

ti−1

∞

0

∞

0

𝑛

i=1

− FSi[r(1 − ω)]}dt} ⋅ fΩi(ω)

⋅ fR0(r)drdω 

(14) 

If n sub intervals are not equally divided by time, the load 

occurrence time of the i-th sub interval is ∫ λi(t)d𝑡
𝑡𝑖
𝑡𝑖−1

, rather 

than 
∫ 𝜆(𝑡)
𝑇
0 d𝑡

𝑛
. Assume the number of total load occurrences is N. 

In this way N will probability not be equal to n, which is 

calculated as:  

                        𝑁 = [∑∫ λi(t)d𝑡
𝑡𝑖

𝑡𝑖−1

𝑛

𝑖=1

] (15) 

To make N a natural integer, Eq. (14) can be transferred in 

the form of N sub intervals with unequal time length and a 

slightly different end time point 𝑡𝑁 . As shown in Fig. 9, the 

black and blue part represent the dividing approaches of equal 

and unequal time length, respectively. For j = 1,2, … , N , it 

guarantees that only one load 𝑆𝑗  occurs within the j th sub 

interval (𝑡𝑗−1, 𝑡𝑖]  with a time length of 
1

∫ λi(t)d𝑡
𝑡𝑗
𝑡𝑗−1

 , and a 

uniformly distributed occurrence time within (𝑡𝑗−1, 𝑡𝑖]. Eq. (14) 

becomes:

L
o

a
d

 e
ff

e
c
t

¡¤¡¤¡¤ ¡¤¡¤¡¤

t(0) 1 t2 ti-1
tn-1¡¤¡¤¡¤ (T)
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Fig. 9. Dividing approaches of equal and unequal time length. 

Pl,𝑡𝑁 = P(R0 > S0) ⋅ 𝑃𝑙(𝑡𝑁)

= FS0(μR0)

⋅∏∫ ∫ exp {− {1
∞

0

∞

0

𝑁

j=1

− FSj[r(1 − ω)]}} ⋅ fΩj(ω)

⋅ fR0(r)drdω 

(16) 

where ∫ λi(t)d𝑡
𝑡𝑗
𝑡𝑗−1

= 1.  

The procedure of determining 𝑡𝑁 and N is shown in Fig. 10: 
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Fig. 10. Procedure of determining tN and N. 

For example, the inspected time interval is (0,10] , the 

frequency of load occurrence is λ(t) = 1  for (0,1]  and λ(t) =

1 + 0.11𝑡 for (1,9], N is calculated as 15.5, rounding to 16, and 

the sub time interval of load 𝑆16 is (9.94,10.42]. Thus, tN and N 

are taken as 9.94 and 15 instead of 10 and 16, respectively, as 

shown in Fig. 11.  

0 1 2 3 4 5 6 7 8 9 10

...t3          t4 

Sertice time

time point

abandoned time point

1          1.90      2.73     3.50    4.22   4.90   5.55  6.17  6.77  7.34 7.89  8.43 8.95 9.45 9.94 10.42

t0         t1            t2     tN=t15  t16 

0

 

Fig. 11. Example of calculating time schedule with different 

frequencies of load occurrence. 

There is another expression of Eq. (16) that directly 

incorporates resistance degradation 𝛹𝑗  within previous j th sub 

intervals (0, 𝑡𝑗] . The average resistance within the interval 

(𝑡𝑗−1, 𝑡𝑗]  is expressed as: 𝑅𝑗 = 𝑅0 − 𝛹𝑗  , where the shape and 

scale parameters of the Gamma variable 𝛹𝑗  are 
𝑘ga⋅∑ 𝜇𝑘

𝑗
𝑘=1

𝜉
 and 𝜉, 

respectively. Let 𝑓𝛹𝑗(𝜓)  be the PDF of 𝛹𝑗  . According to Eq. 

(16), the structural time-dependent reliability within the interval 

[0, 𝑡𝑁] can be written as: 

𝑃𝑙,𝑡𝑁 = P(R0 > S0) ⋅ 𝑃𝑙(𝑡𝑁) = 𝐹𝑆0(𝜇𝑅0) ⋅ 

             ∏∫ ∫ 𝑒𝑥𝑝 {− [1 − 𝐹𝑆𝑗(𝑟 − 𝜓)]}
∞

0

∞

0

𝑁

𝑗=1

⋅ 𝑓𝛹𝑗(𝜓) ⋅ 𝑓𝑅0(𝑟)𝑑𝑟𝑑𝜓 

(17) 

Accordingly, the PDF of 𝛹𝑗  for (𝑗 = 1,2, … , 𝑁) is expressed 

as: 

𝑓𝛹𝑗(𝜓) =
(
𝜓
𝜉
)

𝑘ga⋅∑ 𝜇𝑘
𝑗
𝑘=1
𝜉

−1

𝜉 ⋅ 𝛤 (
𝑘ga ⋅ ∑ 𝜇𝑘

𝑗
𝑘=1

𝜉
)

⋅ 𝑒
−
𝜓
𝜉 , 𝜓 ≥ 0 (18) 

Eq. (16) and Eq. (17) are the time-dependent reliability 

equations that account for non-stationary resistance degradation 

based on the Gamma process. For 𝑗 = 1,2, … , 𝑖 , the shape 

parameter of any j th increment is associated with 𝜇𝑗 or 𝛥𝑔𝑗 and 

they are inconsistent with each other. The intensity of the 

maximum load Sj in the corresponding sub-interval (𝑡𝑗−1, 𝑡𝑗] 

can vary concerning its CDF 𝐹𝑆𝑗( ), and the variation in the 

frequency of load occurrence of Si is also concerned, as N and 

tN need to be calculated and determined first according to the 

process shown in Fig. 10. 

Theoretically, Eqs. (16) and (17) are equivalent. However, 

since 𝜇𝑖  is significantly larger than 𝛥𝑔𝑖 , substituting them 

separately into the gamma function 𝛤( )  can result in 

substantial deviations with the same scale parameter ξ, as 

indicated in Fig. 7. To eliminate the deviation caused by the 

scale parameter, the authors will only use Eq. (16) and Eq. (13), 

the corresponding PDF of Ω, to calculate and discuss the 

affections of variations of load intensity and frequency of 

occurrence, as well as non-stationarity of resistance degradation 

on the time-dependent reliability of RC bridge. 

Additionally, the modeling of the Gamma distribution does 

not alter the properties of the RC beam, meaning that the 

distribution of time-variant bridge resistance remains consistent 

with its physical performance, associated with statistical data. 

Based on the first outcrossing occurrence [12,13], the time-

dependent failure probability 𝑃𝑓(𝑡𝑁)  is used as the failure 

criterion in (0, 𝑡𝑁], denoting the structure fails if 𝑅𝑗 ≤ 𝑆𝑗 occurs 

for any 𝑗 = 1,2, . . . , 𝑁. The probability 𝑃𝑓(𝑡𝑗−1, 𝑡𝑗) denotes the 

failure of the structure within j-th sub interval (𝑡𝑗−1, 𝑡𝑗]. They 

are shown as: 

{
𝑃𝑓(𝑡𝑁) = 1 − 𝑃𝑙(𝑡𝑁)

𝑃𝑓(𝑡𝑗−1, 𝑡𝑗) = 1 − 𝑃𝑙(𝑡𝑗−1, 𝑡𝑗)
 (19) 

This formulation provides a framework for assessing the 

failure probability over time as influenced by the stochastic 

nature of loads and resistance degradation. 

2.3. Distribution of load effects 

Among all live load effects acting on reinforced concrete (RC) 

Calculate
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bridges, vehicle load significantly impacts bridge service life by 

contributing to resistance deterioration. Researchers collect 

accurate and comprehensive vehicle load data using tools such 

as the Weight-In-Motion (WIM) system, and establish extreme 

value extrapolation methods such as the Generalized Extreme 

Value (GEV) distribution, Pareto distribution, or Rice cross-

threshold approach, to refine the probability density function 

(PDF) or cumulative distribution function (CDF) of vehicle 

loads [48]. 

Among the various types of extreme distributions, the GEV 

dist ribution is recommended for rationally modeling the 

maximum vehicle load within an inspected time interval [45,46]. 

The CDF of 𝐹𝑆𝑖(𝑠) in the form of GEV distribution of maximum 

load Si at the i-th sub interval [𝑡𝑖−1, 𝑡𝑖] is written as:

FSi(s) =

{
 
 

 
 
exp [−(1 + ξSi ⋅ (

s − ui
αSi

))

−
1
ξSi
] , ξSi ≠ 0 and ξSi ⋅

s − ui
αi

> −1

exp [− exp (−
s − ui
αSi

)] , ξSi = 0

 (20) 

 

where uSi , αSi  and ξSi  represent the location, scale and shape 

parameters of Si, respectively. When ξSi = 0, ξSi < 0 and ξSi >

0, Eq. (20) converts to the CDF of Extreme type I (Gumbel) 

distribution, the Weibull distribution and Fréchet distribution, 

respectively [49].  

Although the Extreme Type I distribution is not a perfectly 

accurate CDF for simulating load variables—since it tends to 

overestimate load intensity slightly and does not fully capture 

the sensitivity in the tail of the cumulative distribution [50], it 

is still a widely used probabilistic model for random load effects 

[11]. This is primarily because it simplifies the analysis by 

reducing the dimensionality of the parameter space and making 

it easier to obtain closed-form solutions. Therefore, this study 

adopts the Extreme Type I distribution to model vehicle load 

effects. 

The location parameter 𝑢𝑆𝑖  and scale parameter 𝛼𝑆𝑖  of Si 

have the following relationship with its mean 𝜇𝑆𝑖  and standard 

deviation 𝜎𝑆𝑖: 

                           {𝛼𝑆𝑖 =
√6 ⋅ 𝜎𝑆𝑖
𝜋

𝑢𝑆𝑖 = 𝜇𝑆𝑖 − 𝐸𝑢 ⋅ 𝛼𝑆𝑖

 (21) 

where Euler constant is 𝐸𝑢 ≈ 0.577216. 

3. Verification of the Gamma process 

3.1. Model description 

This chapter verifies the proposed Gamma process. Fig. 12 

illustrates the structure diagram of a simply supported RC beam. 

The beam has a span of 2.1 meters, a height of 0.2 meters, and 

a width of 0.12 meters, with the concrete strength classified as 

C30. The longitudinal tensile reinforcement consists of two 

HRB335 steel bars, each with a diameter of 12 mm, while the 

upper compression reinforcement uses two HPB235 steel bars 

with a diameter of 8 mm. 
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Fig. 12. Diagram of the RC beam (mm). 
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Additionally, 21 HPB235 steel bars, each with a diameter of 6 

mm, are used as stirrups, spaced 100 mm apart on both sides 

and 160 mm in the middle. The thickness of the concrete 

protective layer is 30 mm. The loading points are positioned at 

0.8 meters and 1.44 meters along the beam's length. The 

mechanical parameters of the steel reinforcements and concrete 

are provided in Tables 1 and 2, respectively. The slenderness 

ratio, shear span ratio, tensile reinforcement ratio, and stirrup 

reinforcement ratio of the beam are 17.5, 5.06, 0.97%, and 

0.45%, respectively. This is designed for appropriately 

reinforced diagonal shear failure, allowing for the effective 

measurement of the maximum stress in the tensile 

reinforcement.

Table 1. Mechanical Property Parameters of Reinforcement. 

Material 
Tensile 

Strength/MPa 

Modulus of 

Elasticity/GPa 

Density 

kg/m3 

Poisson’s 

Ratio 

HPB235 316.5 200 7850 0.3 

HRB335 455.0 210 7850 0.3 

Table 2. Mechanical Property Parameters of Concrete C30. 

Modulus of 

Elasticity/MPa 

Axial 

compressive 

strength/MPa 

Axial tensile 

strength/MPa 

Co. of Crack shear trans. 

Density kg/m3 Poisson’s Ratio 
Open Close 

24000 25 2.56 0.35 0.75 2500 0.2 

 

3.2. Modelling of the FE beam with different corrosion 

schemes 

ANSYS is utilized to establish the finite element (FE) model of 

the simply supported beam. Earlier corrosion-cracking theories 

of reinforced concrete (RC) structures assumed that corrosion 

products were uniformly distributed around the surface of the 

steel reinforcement. Despite the occurrence of pitting corrosion, 

this assumption was made to simplify the analysis, leading to 

the development of the uniform corrosion theory [51,52]. Based 

on accelerated corrosion, Kashani et al. [53] employed optical 

surface measurement techniques to create a three-dimensional 

surface map of uncoated corroded steel reinforcements. The 

results revealed that the average depth of pitting corrosion was 

greater in the middle section of the steel bar than at both ends. 

Since the uniform corrosion assumption may overestimate the 

overall durability of steel reinforcement [54], two experimental 

schemes—one considering uniform corrosion and the other 

pitting corrosion—were designed. 

As shown in Fig. 13, Scheme 1 uniformly reduces the 

overall cross-sectional area of the steel reinforcements, 

independent of the cracking locations; in contrast, Scheme 2 

generates higher sectional loss at the mid-span and lower loss at 

the beam ends, dividing the reinforcement into several sections 

according to the relative positions of the stirrups, as shown in 

Fig. 12. For Scheme 2, the degree of corrosion in each section 

is assigned to a different amplification coefficient, kga, which 

adjusts the corrosion rate across different sections. The 

remaining cross-sectional area of each section is calculated 

separately, with the section loss 𝛥𝐴  at each section i due to 

corrosion is calculated as: 𝛥𝐴 = 𝐴0 ⋅ 𝛥𝑔𝑖 ⋅ 𝑘ga, where 𝐴0 is the 

initial cross-section of the tensile reinforcements. The corrosion 

of stirrups and compressing reinforcements are not considered. 

Scheme 1: uniform corrosion

Remaining steel bar

Reinforcement loss

Stirrup Position

Scheme 2: sectional corrosion  

Fig. 13. Diagram of corrosion schemes. 

The amplification coefficients for each section of 

reinforcement, kga_i,j (where 𝑗 = 1,2) in Scheme 1 and Scheme 

2 are presented in Table 3. It is also essential to ensure that the 

sums of the products of the length of each section of steel 

reinforcement Δli and the correspondent amplification 

coefficient kga_i in both schemes are equal. This condition 

ensures that the total theoretical degradation values for the two 
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schemes are identical.

Table 3. Amplification coefficients of Reinforcement at Each Section. 

Num. of Rein. i 1st. Sch.kga_i1 2nd. Sch. kga_i2 Δli /100mm 1 st. Scheme /(0.01⋅Δli⋅kga_i1) 2 nd. Scheme /(0.01⋅Δli⋅kga_i2) 

1 1 0.6 1 1 0.6 

2 1 0.7 1 1 0.7 

3 1 0.8 1 1 0.8 

4 1 0.9 1 1 0.9 

5 1 1 1 1 1 

6 1 1 1 1 1 

7 1 1.1 1 1 1.1 

8 1 1.1 1 1 1.1 

9 1 1.2 1.6 1.6 1.92 

10 1 1.3 1.6 1.6 2.08 

𝛴 — — 11.2 11.2 11.2 

 

 

Fig. 14. FE Model of the RC beam (loaded). 

The FE model of the solid beam and its reinforcement 

skeleton are shown in Figs. 14 and 15, respectively. Two rigid 

element pads simulated by Solid 185 with a density of 0 are 

added above the loading position to minimize the effects of 

stress concentration, converting the concentrated forces into 

pressures on the surfaces. Bonding element between the 

concrete and reinforcement are ignored. 

The number of substeps is set to 40, with a convergence 

criterion of 10%. Gravitational acceleration is set at 9.8 kN ⋅ 𝑚 ⋅

𝑠−2, and the minimum load increment is 0.01 kN. 

 

 

 

Fig. 15. Skeleton of the steel reinforcement. 

For t=0 and each sub time interval (ti-1,ti] , the ultimate load 

R0 and 𝑅𝑖  at ti are obtained by increasing or decreasing the 

minimum load increment based on the principle of bracketing, 

respectively. The analytical approach of gathering time-variant 

resistance is shown in Fig. 16.

Calculate the cross 

section of tensile 

reinforcement at ti

i=1

Try setting a closed 

load intensity and run 

the ANSYS program

TIME=1?

Yes

Ultimate tensile 

strength?

Yes

Monotonic Gamma 

process?

Yes

No

Gather Ri for the sub 

time interval (ti-1,ti]

i<n

End

No

Gather R0 for the 

initial resistance

Start

Establish the FE RC 

beam

i=0

Try setting a closed 

load intensity and run 

the ANSYS program

TIME=1?

Yes

Ultimate tensile 

strength?

Yes

Yes

Add 

Load

No

Reduce 

Load
No

Add 

Load

Reduce 

Load
No

No

Ri>Ri-1?

Yes

Yes

No

i=i+1

Yes

Procedure of determining the 

analytical initial resistance

Procedure of analytical non-

stationary resistance degradation  

Fig. 16. Approach for gathering time-variant resistance. 
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3.3. Result of the Resistance Degradation 

The results of the FE-model-based resistance degradation paths 

are displayed in Fig. 17 (a) and Fig. 17 (b). It is important to 

note that only one trial of each Ri for each experiment is 

conducted to avoid disorder. As seen in Fig. 17 (a), the 

resistance simulated by Scheme 1 is slightly higher than that of 

Scheme 2 in most years, indicating that the uniform corrosion 

assumption tends to overestimate the remaining resistance. 

However, neither scheme deviates significantly from the 

theoretical degradation route 𝑅0 ⋅ 𝑔(𝑡) . Both schemes exhibit 

characteristics of the Gamma process. 

In Fig. 17 (b), even without enforcing the monotonic 

condition that Ri+1 must be less than Ri, the degradation still 

resembles a stepped, irreversible degradation path. However, 

there are instances where Ri+1>Ri in the simulation results, 

which confirms the presence of a non-monotonic Gamma 

process. Consequently, the assumption illustrated in Fig. 1 and 

the two proposed equations are experimentally validated.
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(a)                                                                                                      (b) 

Fig. 17. Time-variant resistances based on the two schemes (a) Monotonic; (b) Non-monotonic. 

4. Case study 

4.1. Bridge description, statistical information and 

parameter settings 

As shown in Fig. 18, a multi-span simply supported RC beam 

bridge in a county road of Sichuan, China has been in normal 

service for several years. 

 

Fig. 18. Overview of the RC bridge. 

Each span has 5 T-shaped girders with the unique length of 

20m. The strength of concrete, the longitudinal reinforcement 

and stirrups of the girders are C40, HRB335 and HPB300, 

respectively. The bridge overview is shown in Fig. 18; the cross-

sectional dimension and mode of load application to the bridge 

are shown in Fig. 19 (a) to 19 (c), respectively. 
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+

Vehicle at mid-span

S- Bending moment of live (vehicle) load  

(c) 

Fig. 19. Diagram of the bridge and mode of load effects (a) girder dimension; (b) cross-section and the cracked girder; (c) mode of 

vehicle load. 

According to the Chinese standards ‘General specifications 

for design of highway bridges and culverts (JTG D60-2015)’ 

[55] and the ‘Standards for technical condition evaluation of 

highway bridges (JTG/T H21-2011)’ [56], the natural potential 

detection of the bridge indicates that all girders are functioning 

normally. All epoxy resin coatings on the reinforcements of 

girders are intact and undamaged, except for the 4th girder of 

the 2nd span, denoted by the red box in Fig. 18, which has some 

shallow, thin cracks with width less than 5mm in the tensile zone 

at the bottom, indicating that the corrosion has begun to happen, 

and the resistance of this girder will soon decline. If the first 

passage of vehicle load larger than resistance in this girder 

occurs, it brings failure to the whole bridge. On such, the time-

dependent reliability of this bridge within the next 30 years is 

calculated using the proposed equation. 

According to the ‘Unified standard for reliability design of 

highway engineering structures (JTG 2120-2020)’ [57] and 

‘JTG D60-2015’ [55], the girder’s initial resistance excluding 

its own weight and constant loads is calculated as 𝑅0 =

5800kN ∙ m, which follows Log-normal distribution in terms of 

mid-span bending moment with a coefficient of variation (CoV.) 

0.15 [4]. Historical load information of a nearby national 

highway from 2013 to 2022 indicates that the yearly maximum 

vehicle load, if acting on this bridge, will be 2000 kN ∙ m  in 

terms of mid-span bending moment subjected to Gumbel 

distribution, with an estimated CoV. 0.2, and approximate 

growth rate less than 3%, as well as a frequency growth rate 

about 3%. Enright [58] recommended an empirical degradation 

function as 𝑔(𝑡) = 1 − 𝑎(𝑡 − 𝑇𝑖𝑛𝑖) where a is the environment 

corrosion parameter. Table 4 exhibits the parameter settings 

with respect to scale parameter ξ of non-stationary degradation, 

annual load intensity growth rate ε1, annual frequency growth 

rate ε2, and the environment corrosion parameter a. The vehicle 

load effects are assumed to be independent, and the 

amplification coefficient kga is set 1. The MCS method is used 

for numerical verification of the Cases marked in red.
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Table 4. Parameter settings. 

Case 

Num. 

Scale 

parameter ξ 

Environmental 

parameter a 

Lontensity 

growth rate 1ε /% 

Frequency 

growth rate 2ε /% 
Note 

1 0.005 0.005 0 3 Cont. group 

2 0.008 0.005 0 3 

Compare the affection of the non-

stationarity of bridge resistance 

degradation 

3 0.01 0.005 0 3 

4 0.02 0.005 0 3 

5 0.04 0.005 0 3 

6 0.06 0.005 0 3 

7 0.08 0.005 0 3 

8 0.1 0.005 0 3 

9 0.005 0.001 0 3 

Compare the affection of 

Environmental factors with respect 

to corrosion rate of reinforcements 

10 0.005 0.002 0 3 

11 0.005 0.003 0 3 

12 0.005 0.004 0 3 

13 0.005 0.006 0 3 

14 0.005 0.007 0 3 

15 0.005 0.008 0 3 

16 0.005 0.009 0 3 

17 0.005 0.01 0 3 

18 0.005 0.005 0.5 3 

Compare the affection of load 

intensity growth 

19 0.005 0.005 1 3 

20 0.005 0.005 1.5 3 

21 0.005 0.005 2 3 

22 0.005 0.005 2.5 3 

23 0.005 0.005 3 3 

24 0.005 0.005 0 0 

Compare the affection of frequency 

growth of load occurrence 

25 0.005 0.005 0 2 

26 0.005 0.005 0 4 

27 0.005 0.005 0 6 

28 0.005 0.005 0 8 

29 0.005 0.005 0 10 

30 0.005 0.005 0 20 

 

4.2. Results evaluation 

MATLAB R2016a is used to program calculations as well 

as MCSs. The first passage probability, or the time-dependent 

failure probability of Cases 1-8, 9-17, 18-23 and 24-30 are 

shown in Fig. 20 to Fig. 23, respectively. According to the fact, 

since corrosion has begun in the cracked girder, set current time 

the initial time point t=0 with Tini=0, and 𝑃(𝑅0 − 𝑆0 > 0) = 1.  

Fig. 20 illustrates the time-dependent failure probability 

with the change of different scale parameters. For the cases 

where ε2 equals 3%, the start and end point of each sub time 

interval of load occurrence is shown in Table 5, where N and tN 

equals 44 and 30.4338, respectively.

Table 5. Start and end point of each sub interval 

j tj j tj j tj j tj j tj 

1 1 10 8.9252 19 15.5613 28 21.3883 37 26.6461 

2 1.9709 11 9.714 20 16.243 29 21.9975 38 27.2019 

3 2.915 12 10.4883 21 16.9154 30 22.5999 39 27.7525 

4 3.8346 13 11.249 22 17.5788 31 23.1959 40 28.2982 

5 4.7315 14 11.9967 23 18.2335 32 23.7855 41 28.839 

6 5.6072 15 12.732 24 18.8799 33 24.3691 42 29.3752 

7 6.4632 16 13.4556 25 19.5183 34 24.9468 43 29.9067 

8 7.3008 17 14.168 26 20.149 35 25.5187 44 30.4338 

9 8.1211 18 14.8698 27 20.7723 36 26.0851   
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According to the judgment criteria of Fig. 10, the calculation 

should be terminated at j=43. Due to the proximity of t44 to the 

endpoint of the interval, 30, the author still calculated the results 

for t44. From Fig. 20, it is seen that the non-stationarity of 

resistance deterioration indeed increases the probability of 

failure of the structure. Specifically, Pf(1) and Pf(30.4338) are 

0.0009 and 0.0683, respectively, which is an increase of 75.9 

times, showing a significant change. Additionally, for the three 

cases where ξ>0.04, some numerical solutions close to the 

beginning of the sub intervals cannot be represented using the 

VPA command. In these cases, the failure probability results are 

taken from the cases with the largest ξ. As a result, the numerical 

results of MCS are slightly larger than those of equations when 

ξ increases, since equations have ‘borrowed’ some smaller 

failure probabilities from smaller scale parameters. 
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Fig. 20. Time-dependent failure probability influenced by scale 

parameters. 

Fig. 21 shows the impact of environmental parameters on 

the time-dependent failure probability, where a=0.005 (the 

Control group) corresponds to the parameter value 

recommended by Enright [53] under medium corrosion 

environment. When a equals 0.001, 0.005, and 0.01, the first 

passage probabilities over the whole time period (0, 30.4338] 

are 0.00016, 0.0009, and 0.0102, respectively. Although they 

still exhibit a nonlinear growth trend, the increase in the time-

dependent failure probability due to changes in environmental 

parameters is much slower and more moderate compared to the 

changes caused by the non-stationarity of resistance 

deterioration parameters. 
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Fig. 21. Time-dependent failure probability influenced by 

environmental parameters. 

Fig. 22 illustrates the impact of the load growth rate on the 

time-dependent failure probability. It can be observed that with 

each increase of 0.5% in ε1, the increase of structure's time-

dependent failure is highly pronounced. When ε1 increases from 

0% to 3%, the values of Pf(30.4338) are 0.0009, 0.005, 0.021, 

0.067, 0.167, 0.339, and 0.561, respectively. As load intensity 

severely affects bridge safety, during the bridge service, systems 

like WIM should be used for regular monitoring of vehicle loads. 

If the growth of load intensity is found too rapid, restrictions on 

heavy vehicle transit should be implemented. In addition, 

compared to Cases 5 to 8, the MCS results of Cases 18 and 23 

are much closer to the calculated solutions, because in these two 

cases, the scale parameters are both 0.005, and the time-

dependent reliability in the initial years does not need to 

‘borrow’ results from smaller scale parameters. 
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Fig. 22. Time-dependent failure probability influenced by 

growth rate of vehicle load 
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Fig. 23 presents the calculated results of the time-dependent 

failure probability under frequency growth. It can be seen from 

the figure that when the distribution parameters of the maximum 

load intensity S at each sub interval remain unchanged, the 

effect of frequency growth on the time-dependent failure 

probability is relatively moderate. However, when ε2 equals 0%, 

10%, and 20%, respectively, the Pf(tN) of Case 24, 29 and 30 are 

0.0005, 0.0016, and 0.0027, respectively. Although the base 

value is small, the times of increase is still significant and 

should not be underestimated. 
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Fig. 23. Time-dependent failure probability influenced by the 

frequency growth of load occurrence. 

In addition, the MCS results of each marked Case indicate 

high  

4.3. MCS verification and discussion 

MCS results of each Case marked red in Table 5, shown in 

Fig. 20 to 23 show that the numerical simulations are very close 

to the integral calculation results, demonstrating the correctness 

of the equations proposed in this paper. The procedure of 

simulating Pl(T) is shown in Fig 24. 

Noted that the right endpoint tj+1 of each sub-time interval is 

an integer equal to 𝑗 + 1. This is because N in the simulation has 

already been considered as a non-integral parameter of the 

Poisson distribution, resulting in expected outcomes. When 𝑡 ≤

10, the number of simulations, Q for each Case is 2 million, and 

Q equals 1 million for 𝑡 > 10. 
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Fig. 24. Flowchart of the MCS program for simulating Pl(T). 

4.4. Sensitivity analysis 

Based on the analysis in section 4.2, whether for the influential 

load growth rate or the less influential frequency growth rate, 

the increase in the probability of bridge foundation failure 

shows a geometric growth pattern. Therefore, it is necessary to 

use sensitivity analysis indicators to analyze the degree of 

influence of all parameters, by using the following equations 

[59]: 

𝑁𝑖 = 𝑓𝑚𝑎𝑥(𝑥𝑖) − 𝑓𝑚𝑖𝑛(𝑥𝑖) (22) 

𝑆𝐴 =
𝑁𝑖

∑ 𝑁𝑗
𝑛
𝑗=1

 (23) 

where: 𝑓𝑚𝑖𝑛(𝑥𝑖): lowest result estimated by the model; 𝑓𝑚𝑎𝑥(𝑥𝑖): 

highest result estimated by the model; and i: the range of input 

parameters while maintaining other variables constant. 

𝑓𝑚𝑎𝑥(𝑥𝑖)  is calculated as the highest failure probability for 

(0, 𝑡𝑁] divided by the parameter difference of the correspondent 

group, and 𝑓𝑚𝑖𝑛(𝑥𝑖) is the lowest failure probability of (0, 𝑡𝑁] 

divided by the parameter difference. Table 6 shows the results 

of SA values of each parameter, and Fig. 25 plot the ratio of 

their affections.  

The results indicate that when measuring the same variations 

in influencing factors, the proportions of SA obtained from load 

intensity increase, non-stationary degradation of resistance, 

environmental parameter and frequency of load occurrence are 

56.1%, 40.5%, 0.03%, and 3.37%, respectively. This 

demonstrates that structural reliability is most sensitive to load 
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intensity increase and non-stationary degradation of resistance, 

is relatively sensitive to corrosion rate induced by the 

environment, and is almost completely insensitive to the 

increase in load-occurrence frequency.

Table 6. SA values of each parameter. 

 

 

Scale parameter 

ξ 

Intensity growth rate 

ε1 

Intensity growth rate 

ε2 
Environmental factor a 

min Pf(tN) 0.00090 0.00090 0.00053 0.00016 

max Pf(tN) 0.06832 0.56115 0.00271 0.01024 

Para. difference 0.005 0.03 0.2 0.009 

SA value 13.48 18.67 0.01 1.12 

Load intensity Growth, 56.1%

3.37%

0.03%

56.1%

40.5%

Environment-induced

reinforcement corrosion, 3.37%

 

 

Non-stationary of 

resistance degradation, 40.5%

Growth of frequency of

load ccurrence, 0.03%

 

Fig. 25. Sensitivity ratio associated with parameter affections. 

5. Conclusion 

This study has made significant progress in understanding the 

reliability of RC structures as they age, offering an effective 

modeling approach to describe the degradation process of RC 

structures. Two novel time-dependent reliability equations have 

been developed to assess the reliability of aging structures. 

These equations have been validated through an FE model of  

a RC beam and incorporated non-stationary resistance 

degradation. The calculation results were verified using MCS, 

confirming the validity of the equations. The proposed method 

indicates that the assumption of uniform corrosion often 

overestimates time-variant resistance, and the non-stationary 

degradation characteristics of bridge resistance indeed increase 

the probability of structural failure during the time period of 

interest. The following conclusions are drawn: 

• The reversible Gamma process is suitable for 

simulating the non-stationary degradation of RC 

structures. The overall degradation path of the FE 

beam more closely resembles a monotonic process. 

Interestingly, the degradation differences between the 

two schemes confirm that the assumption of uniform 

corrosion overestimates the time-varying resistance of 

the structure. 

• The proposed approach is more effective for modeling 

non-stationary resistance degradation, as it accounts 

for the subjective errors in engineering measurements, 

a factor verified by the FE experiment. Additionally, 

by setting 𝜉𝑆𝑖 ≠ 0, the distribution of Si shifts to other 

types of GEV distributions, which allows for the 

examination of the impact of load variable non-

stationarity.  

• It is unexpectedly observed that the time-dependent 

failure probability of the structure is highly sensitive to 

non-stationary degradation of resistance, occupying 

40.5%, comparable to its sensitivity to the load 

intensity growth, 56.1%. This indicates that the non-

stationarity of resistance degradation may be a more 

significant issue that warrants further attention because 

we set kga=1, meaning that its expectation does not 

increase over time, unlike load intensity or time of 
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occurrence with growth trend. 

• Sensitivity analysis reveals that the increase in load 

intensity and non-stationary resistance degradation are 

the primary risk factors for bridge failure. These two 

factors account for nearly 97% of the sensitivity effect 

on the time-dependent failure probability during the 

inspected time interval. Compared to an increase in 

load frequency at the same rate, the increase in load 

intensity could raise the failure probability by several 

hundred times within 30 years. The risk posed by 

traffic congestion, in the absence of a corresponding 

increase in load intensity, may not be as severe as 

anticipated, as it typically does not lead to a geometric 

increase in failure risk and is almost completely 

insensitive to changes in failure probability. 

• The calculation method proposed in this study can 

yield a range of time-dependent reliability estimates 

based on subjective judgments of the structure's 

remaining service life in relation to time-varying 

resistance. This provides civil engineers with  

a reference for estimating structural safety under 

varying degrees of resistance degradation. 

The study acknowledges several limitations that need to be 

addressed in future research. 

• First, the influence and sensitivity of non-stationarity 

(𝜉𝑆𝑖 ≠ 0 ) and the time-related correlativity of load 

effects on bridge reliability were not discussed. This 

gap leaves room for further exploration to understand 

how these factors impact the reliability of aging 

structures.  

• Second, the analysis assumes that the strength and 

physical properties of steel reinforcements and 

concrete remain unchanged over time (e.g., stiffness). 

This assumption disregards the effects of fatigue on 

structural components, which can significantly 

influence reliability. To address this issue, it is 

necessary to establish a reliability model for reinforced 

concrete (RC) structures that accounts for the time-

dependent deterioration of material properties, based 

on fatigue experiments.  

• Third, the modeling of non-stationary resistance 

degradation relies on the additivity of the Gamma 

process, implying that the degradation values 𝛥𝑅𝑖  or 

𝛥𝑖  at each sub-interval 𝑡𝑖−1, 𝑡𝑖 , 𝑖=1, 2, ... ,𝑛  are 

independent of each other. If the correlativity among 

these Gamma-distributed variables is considered, the 

method proposed in this study may no longer be 

applicable. To overcome this limitation, the study 

recommends exploring alternative mathematical 

approaches, such as surrogate modeling based on 

Polynomial Chaos theory, in future research. 

In summary, the paper identifies key limitations, including 

the need to incorporate non-stationary load effects, model time-

dependent material deterioration, and consider the correlativity 

of degradation increments in the Gamma process. Addressing 

these limitations through future research will enhance 

predictions and reliability analysis for aging infrastructure, 

ensuring more accurate and comprehensive assessments.
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Nomenclature 

Abbreviations 

Identifier Description Identifier Description 

CDF Cumulative distribution function NPP Nuclear Power Plant 

FE Finite Element PC Prestressed concrete 

FEM Finite Element Model PDF Probability Density Function 

GEV Generalized Extreme Value PDFM 
Probability Density Function-Informed 

Method 

HRB335 Hot Rolled Bar (Steel Grade) PRA Probabilistic Risk Assessment 

HPB235 Hot Rolled Plain Bar (Steel Grade) RC Reinforced Concrete 

JTG 

Chinese Unified Standard for Reliability Design 

of Highway Engineering Structures (JTG 2120-

2020) 

TCM Three-term conjugate map 

LERF Large Early Release Frequency WIM Weight-In-Motion System 

MCS Monte Carlo Simulation   

Symbols 

a, b Parameters for degradation function Q Number of experimental trials 

𝐸𝑢 Euler constant 𝑝 Number of failure outcomes 

F( )Smax  Cumulative distribution function of Smax R Resistance 

g(t) Degradation function over time S Load 

ℎ(𝑡) Hazard function T Time interval 

kga Amplification coefficient 𝑢𝑆 Location parameter 

𝑃𝑙(t) 

𝑃𝑙(ti,tj) 

𝑃𝑙,𝑡 

Time-dependent reliability in (0,t] 

Time-dep. r. in (ti,tj] for ti>0 

Time-dep. r. in [0,t] 

λ(t) Load frequency function 

q Number of succeed simulations ε𝑆 Annual growth rate of load intensity 

Subscripts and superscripts 

0 Initial condition Maximum Maximum value 

i Index for positions or iterations m Refers to starting time 

ini Initial occurrence n Index for number 

j Sub-interval index in degradation modeling S Related to load effect 

Greek symbols 

Δ Change or difference Ω 
Variable in Gamma distribution for 

degradation over time 

Γ Gamma function ψ 
Cumulative resistance degradation 

variable 

𝛿 Random number 𝜎2 Variance value 

α Shape parameter λ Load frequency 
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Nomenclature 

Abbreviations 

Identifier Description Identifier Description 

CDF Cumulative distribution function NPP Nuclear Power Plant 

γ Coefficient used in degradation modeling 𝜎 𝑆 Standard deviation of load effect 

ξ Scale parameter ε Annual growth rate of load frequency 

𝜇 Mean value   

 


