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Highlights  Abstract  

▪ An efficient system reliability calculation 

method is proposed for soil slopes with general 

slip surfaces. 

▪ The performance function uses the critical 

horizontal seismic acceleration coefficient 

expression to replace the traditional safety 

factor expression. 

▪ This method can quickly identify the main 

representative slip surfaces and effectively 

calculate the reliability of the slope system with 

only a small amount of calculation. 

 Reliability analysis of slope stability is essentially a system reliability 

problem. The traditional reliability calculation method of slope system 

based on limit equilibrium adopts the safety factor expression as the 

performance function. The safety factor is usually a nonlinear implicit 

function, which needs to be solved iteratively, so it is difficult to balance 

the calculation accuracy and efficiency. Moreover, it is generally 

assumed that the slip surface is circular, which is inconsistent with the 

actual situation. Based on the rigorous limit equilibrium method by 

modifying normal stress over slip surface, an explicit performance 

function expressed by critical horizontal acceleration coefficient Kc is 

established. A slope system reliability calculation method coupling 

Rosenblueth sampling point method, global critical sliding field (GCSF) 

method and sequential compounding method (SCM) is proposed. The 

accuracy and high efficiency of the proposed method are verified by two 

slope examples. It can be used as a powerful tool for rapid assessment 

of slope stability reliability. 
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1. Introduction 

Slope stability evaluation is one of the important topics in the 

field of geotechnical engineering. The reliability analysis of 

slope stability can quantitatively consider the uncertainty of soil 

parameters, which is considered as a useful supplement to the 

deterministic method [1]. Most slopes contain multiple soil 

layers, and the soil parameters have inherent variability. These 

factors may cause the slope to fail along multiple different slip 

surfaces. Sliding along any slip surface will lead to slope failure. 

The slope is a series structure system with multiple failure 

modes. The reliability analysis of slope stability is essentially to 

calculate its system reliability. 

Based on the deterministic method of slope stability, the 

traditional slope reliability analysis method establishes the 

performance function expressed by the safety factor, and then 

combines the reliability analysis method to calculate the 

reliability index and failure probability. The deterministic 
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methods of slope stability mainly include limit equilibrium 

method (LEM), limit analysis method (LAM) and finite element 

method (FEM). FEM can truly reflect the stress state in the soil 

and automatically locate the critical slip surface, which is 

especially suitable for slopes with complex soil layers. LAM 

constructs the static allowable stress field or the maneuvering 

allowable velocity field according to the upper or lower limit 

theorem, and uses the mathematical programming method to 

solve the safety factor. LEM needs to assume the position and 

shape of the slip surface, and the safety factor is solved by 

studying the static equilibrium of the forces and torques acting 

on the slip surface. Because of its clear concept and high 

computational efficiency, it is still the main method for 

evaluating slope stability in engineering field. 

The commonly used reliability analysis methods mainly 

include Monte Carlo simulation (MCS), first-order reliability 

method (FORM) and response surface method (RSM). MCS 

method is recognized as the most direct and effective method 

among these methods. However, there are a large number of 

potential slip surfaces in the slope. MCS method requires a lot 

of deterministic analysis for each possible slip surface, and the 

calculation cost is very high. The stochastic finite element 

method (SFEM) combining FEM with MCS method is an 

effective tool for reliability analysis of slope system. However, 

the computational efficiency of SFEM is low.  

Under the framework of LEM, many scholars have proposed 

some methods that can effectively improve the computational 

efficiency of structural system reliability by reducing the 

sampling times of MCS method, such as the generalized subset 

simulation (GSS) method proposed by Yang [2], the WUS 

probability density weight method proposed by Ji [3], and the 

adaptive Monte Carlo simulation (AMCS) method proposed by 

Liu [4] and the PC-Kriging adaptive method proposed by Chen 

[5]. 

Studies have shown that not all failure modes have an 

important impact on the reliability of the structural system, and 

the failure probability of slope system is only determined by a 

few representative failure modes [6]. Based on this research 

conclusion, Zhang [7], Ji [8], Li [9], Li [10-11] proposed several 

slope system reliability calculation methods based on 

representative slip surfaces. Firstly, several representative slip 

surfaces which have important influence on the slope system 

reliability are identified. Then, based on these representative 

slip surfaces, the slope system reliability is calculated by the 

structural system reliability calculation method. 

However, in the above reliability calculation methods of 

slope system based on limit equilibrium, it is generally assumed 

that the potential slip surfaces are all circular, and performance 

functions are expressed by safety factor. It has shown that the 

shape of the slip surface has a significant effect on the 

calculation results of slope system reliability [12]. For 

homogeneous cohesive soil slope, the circular slip surface is 

realistic. While, for the case of complex soil distribution or 

weak interlayer, the real slip surface is usually non-circular. In 

addition, the characteristics of non-convex, non-smooth and 

nonlinear implicit functions of the safety factor determine the 

difficulty of its calculation process. Therefore, it is urgent to 

find a slope system reliability calculation method that can 

consider the general shape slip surface, the calculation process 

is simple, the accuracy meets the engineering requirements and 

the efficiency is high. 

Chen [13] proposed a method for calculating the slope 

reliability of a single slip surface by using the explicit 

expression of the critical horizontal acceleration coefficient Kc 

as the performance function. The results show that the method 

not only has high accuracy, but also can significantly improve 

the computational efficiency. This study extends this method 

from a single slip surface to a slope system with multiple slip 

surfaces. 

At present, the calculation methods of structural system 

reliability based on representative failure modes mainly include 

interval estimation method [14], product of conditional 

marginal (PCM) method [15], n-dimensional equivalent plane 

method [16], matrix-based system reliability (MSR) method [17] 

and sequential compounding method (SCM) [18]. The 

calculation results obtained by the interval estimation method 

are range values, which are not accurate enough. For highly 

nonlinear series systems, such as slopes, the PCM method is 

unstable, the n-dimensional equivalent plane method is not fully 

applicable, and the MSR method is not efficient. SCM can 

combine complex systems into a single component, which is 

suitable for parallel, series and hybrid systems. It is an ideal 

method for calculating the slope system reliability. Liao [19] 

successfully applied this method to the reliability analysis of 
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slope systems. 

Rosenblueth method can realize the simple and efficient 

calculation of slope reliability index by selecting special 

calculation points [20]. Using this method to set the special 

combination of soil parameters is bound to improve the 

efficiency of slope system reliability calculation. Zhu [21] 

proposed the global critical slip field (GCSF) method, which 

does not need to assume the initial slip surface. It can accurately 

and quickly determine the critical slip surface of any shape, and 

the calculation results are stable and unique. 

Based on the rigorous limit equilibrium method of normal 

stress correction of slip surface, considering the general shape 

of slip surface, the performance function adopts the explicit 

expression of critical horizontal acceleration coefficient Kc. By 

coupling Rosenblueth sampling point method, GCSF method 

and SCM, an efficient calculation method of slope system 

reliability is proposed. Firstly, the Rosenblueth sampling point 

method is used to set the soil parameter combination, and the 

GCSF method is used to search the general shape slip surface 

under each combination. Then, the representative slip surface is 

identified by the probabilistic network evaluation technique 

(PNET) method. Finally, based on the representative slip 

surfaces, the reliability of slope system is calculated by SCM. 

It should be noted that the spatial variability of geotechnical 

physical and mechanical parameters is one of the important 

uncertain factors affecting slope stability. Ignoring the spatial 

variability of soil parameters may lead to unconservative 

estimates of the failure probability [22]. The random field 

theory can be used to quantitatively characterize the spatial 

variability of soil parameters. It has realized the expansion from 

one-dimensional to multi-dimensional [23-24], stationary to 

non-stationary [25-26], isotropic to anisotropic [27]. Some 

valuable research results have been obtained [28-30]. However, 

the main purpose of this paper is to propose an efficient method 

that can quickly identify the main representative slip surfaces 

and easily calculate the slope system reliability. The uncertainty 

of soil shear strength parameters is simplified, and only the 

statistical uniform random variable model is used. Spatial 

variability is not considered in the proposed method for the time 

being, which will be the direction of further research. 

2. Basic theoretic framework 

2.1. Slope reliability calculation method 

2.1.1. Performance function 

Sarma (1973) proposed the idea of using the critical horizontal 

acceleration coefficient Kc as an alternative to the safety factor 

Fs to evaluate the slope stability [31]. As shown in Fig.1, the 

two-dimensional slope has a general shape slip surface s(x) and 

a slope surface g(x). It is assumed that a static horizontal seismic 

force KW (expressed by the product of the horizontal 

acceleration coefficient K and the self-weight W ) is applied to 

the sliding body. Based on the normal stress correction method 

over the slip surface, the equilibrium equations of the sliding 

body in the integral form can be listed, as shown in Equation (1). 

When the sliding body reaches the limit equilibrium state, that 

is, Fs = 1, the value of the horizontal acceleration coefficient K 

is Kc, as shown in Equation (2).  

 

Figure 1. The force acting on the sliding body and the slice. 

∫ (−𝜎 ⋅ 𝑠′ + 𝜏)
𝑏

𝑎
d𝑥 − ∫ 𝐾𝑤

𝑏

𝑎
d𝑥 = 0  (1a) 

∫ (𝜎 + 𝜏 ⋅ 𝑠′)
𝑏

𝑎
d𝑥 − ∫ 𝑤

𝑏

𝑎
d𝑥 = 0  (1b) 

∫ [𝑤(𝑥 − 𝑥c) + 𝐾𝑤(𝑦c −
𝑠+𝑔

2
)]

𝑏

𝑎
d𝑥 − ∫ [(−𝜎 ⋅ 𝑠′ + 𝜏)(𝑦c −

𝑏

𝑎

                            𝑠) + (𝜎 + 𝜏 ⋅ 𝑠′)(𝑥 − 𝑥c)] d𝑥 = 0              (1c) 

where 𝑠′ =
d𝑠

d𝑥
= tan 𝛼,  α is the dip angle of the slip surface at 

x. (xc,yc) is the sliding mass center. 

𝐾c =
𝜆1(𝐴1+𝐴1

′ )+𝜆2(𝐴2+𝐴2
′ )−𝐴3

′

𝜆2(𝐵1+𝐵1
′ )+𝜆2(𝐵2+𝐵2

′ )−𝐵3
′    (2) 

Where  𝜆1 =
𝐺3(𝐵2+𝐵2

′)−𝐺2(𝐴3+𝐵3
′)

𝐺1(𝐵2+𝐵2
′ )−𝐺2(𝐵1+𝐵1

′ )
                              (3a) 

𝜆2 =
𝐺1(𝐴3+𝐵3

′ )−𝐺3(𝐵1+𝐵1
′)

𝐺1(𝐵2+𝐵2
′ )−𝐺2(𝐵1+𝐵1

′)
  (3b) 

𝐺1 = 𝐸4(𝐴1 + 𝐴1
′ ) − 𝐴3(𝐸1 + 𝐷1)  (3c) 

𝐺2 = 𝐸4(𝐴2 + 𝐴2
′ ) − 𝐴3(𝐸2 − 𝐷2)  (3d) 
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𝐺3 = 𝐴4𝐸4 − 𝐴3𝐸3 + 𝐴4
′ 𝐸4 − 𝐴3𝐷3  (3e) 

The detailed parameters in Equations (2-3) are as shown in 

Table 1.

Table 1. Detailed parameters description. 

Detailed parameters   

𝐴1 = − ∫ 𝜎0(𝑥)𝜁1(𝑥)𝑠′
𝑏

𝑎

d𝑥 𝐴2 = − ∫ 𝜎0(𝑥)𝜁2(𝑥)𝑠′
𝑏

𝑎

d𝑥 𝐴3 = ∫ 𝑤
𝑏

𝑎

d𝑥 

𝐴1
′ = ∫ 𝜎0(𝑥)𝜁1(𝑥) tan 𝜑

𝑏

𝑎

d𝑥 𝐴2
′ = ∫ 𝜎0(𝑥)𝜁2(𝑥) tan 𝜑

𝑏

𝑎

d𝑥 𝐴3
′ = ∫ (𝑢 tan 𝜑 − 𝑐)

𝑏

𝑎

d𝑥 

𝐵1 = ∫ 𝜎0(𝑥)𝜁1(𝑥)
𝑏

𝑎

d𝑥 𝐵2 = ∫ 𝜎0(𝑥)𝜁2(𝑥)
𝑏

𝑎

d𝑥  

𝐵1
′ = ∫ 𝜎0(𝑥)𝜁1(𝑥)𝑠′ tan 𝜑

𝑏

𝑎

d𝑥 𝐵2
′ = ∫ 𝜎0(𝑥)𝜁2(𝑥)𝑠′ tan 𝜑

𝑏

𝑎

d𝑥 𝐵3
′ = ∫ (𝑢 tan 𝜑 − 𝑐)𝑠′

𝑏

𝑎

d𝑥 

𝐷1 = ∫ 𝜎0(𝑥)𝜁1(𝑥)𝑟𝜏(𝑥) tan 𝜑
𝑏

𝑎

d𝑥 𝐷2 = ∫ 𝜎0(𝑥)𝜁2(𝑥)𝑟𝜏(𝑥) tan 𝜑
𝑏

𝑎

d𝑥 𝐷3 = ∫ (𝑢 tan 𝜑 − 𝑐)𝑟𝜏(𝑥)
𝑏

𝑎

d𝑥 

𝐸1 = ∫ 𝜎0(𝑥)𝜁1(𝑥)𝑟𝜎(𝑥)
𝑏

𝑎

d𝑥 𝐸2 = ∫ 𝜎0(𝑥)𝜁2(𝑥)𝑟𝜎(𝑥)
𝑏

𝑎

d𝑥 𝐸3 = ∫ 𝑤(𝑥 − 𝑥c)
𝑏

𝑎

d𝑥 

𝐸4 = ∫ 𝑤(𝑦c −
𝑠 + 𝑔

2
)

𝑏

𝑎

d𝑥 𝑟𝜎(𝑥) = −𝑠′(𝑦c − 𝑠) + 𝑥 − 𝑥c 𝑟𝜏(𝑥) = 𝑦c − 𝑠 + 𝑠′(𝑥 − 𝑥c) 

𝜎0(𝑥) =
𝑤

1 + 𝑠′2
 𝜁1(𝑥) =

𝑥 − 𝑏

𝑎 − 𝑏
 𝜁2(𝑥) =

𝑥 − 𝑎

𝑏 − 𝑎
 

The calculation formula of Kc is explicit and does not need 

to be solved iteratively. It is suitable for slip surface of any shape, 

and there is no problem that the calculation results do not 

converge [32]. In this paper, Equation (4) is used as the 

performance function for the reliability calculation of slope 

system. 

𝑍 = 𝐾c − 𝐾c0    (4) 

where Kc0 is the known seismic coefficient. When there is no 

seismic load on the slope, Kc0 is equal to zero. 

2.1.2. Reliability calculation 

It is assumed that the n-dimensional random variable affecting 

the slope stability is X={X1, X2, …, Xn}, the slope failure 

probability can be expressed as 

𝑃f = 𝑃(𝐾c(𝑥) < 𝐾c0) = ∫ 𝑓𝐗(𝑥)d𝑥
𝐾c(𝑋𝑖)<𝐾c0

 (5) 

where fx(x) is the probability density function of random 

variables. 

Slope failure is generally a small failure probability event. 

The computational efficiency of MCS method is very low. The 

subset simulation (SS) method is an effective method to solve 

the problem of small failure probability [33]. In this paper, the 

SS method is used to calculate the slope failure probability. 

The reliability index β can be calculated by the inverse 

function of the standard normal distribution function in 

Equation (6) : 

𝛽 = Φ−1(1 − 𝑃f)   (6) 

where Φ−1(𝑥)  is the inverse function of the standard normal 

distribution function. 

2.2. Representative slip surface of general shape  

Slopes have a large number of possible slip surfaces, and the 

shapes of these slip surfaces are usually not circular. Only a few 

slip surfaces have significant impacts on the calculation results 

of slope system reliability, which are called representative slip 

surfaces. On the basis of representative slip surfaces, the time 

consumption of calculating the slope system reliability is less. 

Considering the general shape of the slip surface, a 

representative slip surface identification method is proposed by 

coupling the Rosenblueth sampling point method, the GCSF 

method and the PNET method. 

2.2.1. Rosenblueth sampling point method 

Rosenblueth [34] proposed a point estimation method for 

approximating the lower moments of random variable functions. 

Chen [20] evaluated it as a simple, practical and accurate 

reliability calculation method. The high accuracy of 

Rosenblueth method benefits from its special calculation point 

selection method, which is called Rosenblueth sampling point 
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method here. This method is briefly introduced as follows. 

When the mean and standard deviation of the random 

variable xi (i=1,2,…,n) are known, two sampling points with a 

standard deviation distance from the mean can be symmetrically 

selected, that is : 

𝑥𝑖1
= 𝜇𝑥𝑖

+ 𝜎𝑥𝑖
   (7a) 

𝑥𝑖2
= 𝜇𝑥𝑖

− 𝜎𝑥𝑖
   (7b) 

If the two random variables are x1 and x2, the rectangular 

coordinate system is established with them as the coordinate 

axis. The four sampling points set by the Rosenblueth method 

correspond to the four corner points of the rectangle, as shown 

in Figure 2(a).

 

Figure 2. Rosenblueth sampling points and weights of random variables.

While the number of random variables is 3, the eight 

sampling points set by the Rosenblueth method are the eight 

corners of the cuboid in the three-dimensional rectangular 

coordinate system, as shown in Figure 2(b). 

In order to ensure the high accuracy of the reliability 

calculation results of the slope system, the Rosenblueth 

sampling point method is used to set 2n combinations of soil 

random variable parameters. 

2.2.2. Global critical slip field (GCSF) method 

For the heterogeneous slope with large differences in soil 

parameters, the slip surface is generally not circular. However, 

considering the general shape of slip surface, the calculation 

process of slope system reliability is complicated.  

The critical sliding field (CSF) method is based on the 

principle of maximum inter-slice thrust, that is, there is only one 

optimal path at any point in the slope to maximize its thrust. 

This method uniformly discretizes the slope into many state 

points, as shown in Figure 3. Taking the maximum thrust as the 

goal, the dangerous sliding direction of each state point is 

obtained. The dangerous sliding directions of all state points 

constitute the dangerous sliding field of the slope. Starting from 

the outlet state point of the slip surface with the largest residual 

thrust, the critical slip surface is obtained by reverse tracking. 

The critical slip surfaces of all outlet state points constitute the 

global critical slip field (GCSF), as shown in Figure 4. The 

specific steps of this method can be found in Reference [21]. 

 

Figure 3. Discrete state points. 

 

Figure 4. Global critical slip field (GCSF). 

The GCSF method does not need to assume the initial slip 

surface. It can quickly and accurately determine the critical slip 

surface of any shape, and the calculation results are stable and 

unique. In this paper, the GCSF method is used as the search 

method of general shape slip surfaces. 
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2.2.3. Identification method of representative slip surface 

According to the Rosenblueth sampling point method, 2n 

parameter combinations are set, and 2n critical slip surfaces can 

be searched by the GCSF method. The same sedimentary 

history and other factors make the soil parameters have a certain 

correlation, so these critical slip surfaces may also have some 

correlation [35]. On the basis of the reliability index of each slip 

surface and the correlation coefficient between the slip surfaces, 

the PNET method can be used to identify the representative slip 

surfaces. 

2.2.3.1. Correlation analysis between slip surfaces 

Chowdhury and Xu [36] introduced a correlation coefficient to 

measure the correlation between failure modes, and proposed an 

approximate calculation method. For the k th and l th failure 

modes, the approximate correlation coefficient can be 

calculated by Equation (8). 

𝜌𝑘𝑙 =
∑

∂𝑍𝑘
∂𝑥𝑗

∂𝑍𝑙
∂𝑥𝑗

𝜎𝑥𝑗
2𝑚

𝑗=1

√∑ (
∂𝑍𝑘
∂𝑥𝑗

𝜎𝑥𝑗
)

2
𝑚
𝑗=1

√∑ (
∂𝑍𝑙
∂𝑥𝑗

𝜎𝑥𝑗
)

2
𝑚
𝑗=1

  (8) 

Where ρkl is the correlation coefficient between the kth and lth 

failure modes; Zk and Zl are the performance functions of the k 

th and l th failure modes, respectively, and m is the number of 

random variables. The partial derivatives of Zk and Zl to the 

random variable xj are: 

∂𝑍𝑘

∂𝑥𝑗
=

𝑍𝑘
+−𝑍𝑘

−

2𝜎𝑥𝑗

    (9a) 

∂𝑍𝑙

∂𝑥𝑗
=

𝑍𝑙
+−𝑍𝑙

−

2𝜎𝑥𝑗

    (9b) 

where Zk
+, Zk

-, Zl
+ and Zl

- are the performance function values 

obtained by increasing or decreasing a standard deviation 𝜎𝑥𝑗
on 

the basis of the mean of the corresponding random variables for 

the k th and l th failure modes, respectively.  

2.2.3.2. Identification steps of representative slip surface 

Probabilistic network evaluation technique (PNET) is widely 

used to identify representative failure modes. The main 

identification steps of representative slip surface using 

Rosenblueth sampling point method and GCSF method are as 

follows:  

(1) The reliability indexes of 2n critical slip surfaces 

searched by the GCSF method are calculated by the SS method. 

(2) Find out the critical slip surface of the smallest reliability 

index as the first representative slip surface; 

(3) The correlation coefficients between the representative 

slip surface and other residual critical slip surfaces are 

calculated. 

(4) The slip surfaces whose correlation coefficient ρ with the 

representative slip surface is greater than the threshold ρ0 are 

excluded. 

(5) The critical slip surface of the smallest reliability index 

is found among the remaining slip surfaces as a new 

representative slip surface. 

(6) Repeat Steps 3-5 until no new representative slip surface 

can be found. 

At present, the value of the correlation coefficient threshold 

has not yet formed a unified conclusion. Most studies take it as 

0.8 or 0.9 [9,11,37]. Here, the correlation coefficient threshold 

is assumed to be 0.9. 

2.4. Sequential compounding method (SCM) 

The principle of SCM is to compound two components into a 

composite component in a certain order through the logical 

operation of union or intersection, until the complex system is 

finally compounded into a total component. This method can be 

conveniently applied to the reliability calculation of slope 

system. 

Assuming that a slope has Nr representative slip surfaces (S1, 

S2,... SNr), it can be regarded as a series system composed of Nr 

components. S1 and S2 can be combined into an equivalent 

element S1or2 by SCM. Then S1or2 is further compounded with 

component S3. All components are eventually compounded into 

an equivalent total component S(1or2or…orNr), as shown in Figure 

5. According to the above ideas, the failure probability of the 

slope system can be expressed by Equation (10). 

𝑃fsys = 𝑃[𝐸(𝑆1) ∪ 𝐸(𝑆2) ⋯ ∪ 𝐸(𝑆𝑁𝑟
)] = 𝑃[𝐸(𝑆1or2) ∪

𝐸(𝑆3) ⋯ ∪ 𝐸(𝑆𝑁𝑟
)]  (10) 

where E(Si) denotes the event of slope failure along the i-th slip 

surface, i = 1,2,…, Nr ; P [•] is the failure probability of the event.  
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Figure 5. Schematic diagram of sequential compounding 

method. 

Since there is a one-to-one correspondence between the 

reliability index and the failure probability, the reliability index 

of the equivalent component S1or2 can be calculated by Equation 

(11) [18]: 

𝛽1or2 = −Φ−1[𝑃f(1or2)] = −Φ−1[Φ(−𝛽1) + Φ(−𝛽2) −

Φ2(−𝛽1, −𝛽2; 𝜌1,2)]   (11) 

where Φ2(·) is a two-dimensional standard normal cumulative 

distribution function; ρ1,2 is the correlation coefficient between 

S1 and S2. β1, β2 and Pf1, Pf2 are their reliability index and failure 

probability, respectively. 

Φ2(-β1,-β2; ρ1,2) in Equation (11) can be approximately 

solved by using normal distribution function after dimension 

reduction by conditional probability. 

Φ2(−𝛽1, −𝛽2; 𝜌1,2) = 𝑃(𝑍1 < −𝛽1|𝑍2 < −𝛽2)𝑃(𝑍2 <

−𝛽2) ≈ 𝐹𝑍1<−𝛽1|𝑍2<−𝛽2
(−𝛽1)Φ(−𝛽2) = Φ(−𝛽1|2)Φ(−𝛽2) 

 (12) 

where 𝛽1|2  is the condition reliability index of S1 under the 

condition of S2 failure, which can be calculated by Equation (13): 

𝛽1|2 =
𝛽1−𝜌1,2𝐴2

√1−𝜌1,2
2 𝐵2

   (13a) 

𝐴2 =
𝜙(−𝛽2)

Φ(−𝛽2)
    (13b) 

𝐵2 = 𝐴2(−𝛽2 + 𝐴2)   (13c) 

where ϕ(·) is the standard normal probability density function. 

Substituting Equations (12) - (13) into Equation (11), we can 

get: 

𝛽1or2 = −Φ−1[Φ(−𝛽1) + Φ(−𝛽2) − Φ(−𝛽1|2)Φ(−𝛽2)](14) 

Similarly, when S1or2 is compounded with Si, under the 

condition of Si failure, the conditional reliability index 𝛽(1or2)|𝑖 

can be expressed by Equations (15-16): 

𝛽(1or2)|𝑖 = −Φ−1[Φ(−𝛽1|𝑖) + Φ(−𝛽2|𝑖) − Φ2(−𝛽1|𝑖 , −𝛽2|𝑖; 𝜌1,2|𝑖)](15) 

𝛽(1or2)|𝑖 =
𝛽1or2−𝜌(1or2),𝑖𝐴𝑖

√1−𝜌(1or2),𝑖
2 𝐵𝑖

      (16) 

where 

𝛽1|𝑖 =
𝛽1−𝜌1,𝑖𝐴𝑖

√1−𝜌1,𝑖
2 𝐵𝑖

   (17a) 

𝛽2|𝑖 =
𝛽2−𝜌2,𝑖𝐴𝑖

√1−𝜌2,𝑖
2 𝐵𝑖

   (17b) 

𝜌(1or2)|𝑖 =
𝜌1,2−𝜌1,𝑖𝜌2,𝑖𝐵𝑖

√1−𝜌1,𝑖
2 𝐵𝑖√1−𝜌2,𝑖

2 𝐵𝑖

  (17c) 

𝐴𝑖 =
𝜙(−𝛽𝑖)

Φ(−𝛽𝑖)
    (17d) 

𝐵𝑖 = 𝐴𝑖(−𝛽𝑖 + 𝐴𝑖), (𝑖 = 3,4, ⋯ , 𝑁𝑟) (17e) 

By solving Equations (15) and (16) simultaneously and 

limiting the range of ρ(1or2),i in [-1,1], we can obtain its value. It 

should be noted that selecting components according to the 

ascending order of reliability index will make the calculation 

results more accurate. 

3. Reliability calculation method of slope system with 

general shape slip surface  

Combined with Rosenblueth sampling point method, GCSF 

method, SCM and PNET method, an efficient calculation 

method of slope system reliability is proposed. In this method, 

the Rosenblueth sampling point method is used to construct 2n 

random variable parameter combinations, and the GCSF 

method is used to search the slip surface of each parameter 

combination. The slip surface with the smallest safety factor in 

each combination is selected as the critical slip surface, and its 

reliability index is calculated by the method in Reference [13]. 

Then the representative slip surfaces are identified by the PNET 

method, and the reliability index of slope system is calculated 

by SCM. 

The flow chart of the above efficient method for calculating 

system reliability of soil slope with general shape slip surfaces 

is illustrated in Figure 6. 

S1

S2

S3

Si

SNr

...

...

S1 S2 S3 Si SNr
... ...

S1or2 S3 Si SNr
... ...

S1or2or...orNr

...
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SCM method

The mean and standard deviation of 

n random variables

The 2
n
 critical slip surfaces with the minimum 

safety factor in each parameter combination.

The critical slip surface with the smallest 

reliability index is selected as the first 

representative slip surface.

The reliability index β (1or2) of the two-component 

series system is calculated by Equation (43).

The slope system reliability index βsys is 

calculated.

End

Start

The correlation coefficient ρ between the 

remaining critical slip surface and the current 

representative slip surface is calculated.

Exclude the critical slip surface of ρ>ρ0

m representative slip surfaces

Rosenblueth sampling point method

2
n
 parameter combinations

SS method

Kc and performance function are calculated by 

Equation (9) and Equation (11).

The reliability indexes of 2n critical slip surfaces 

are calculated.

GSCF method

Select the next representative sliding surface 

among the remaining critical sliding surfaces.

Is there any residual slip 

surface ?

Yes

No

Two representative sliding surfaces with the 

smallest sum of reliability indexes are found and 

named as Component 1 and Component 2.

m=1？

Let m=m-1

Yes

No

 

Figure 6. Flow chart of efficient calculation method of slope 

system reliability. 

4. Examples Studies  

4.1. Example 1 

Example 1 is a slope composed of two cohesive soil layers 

designed by Ching (2009) [38], as shown in Figure 7. The 

undrained shear strength parameters of the two soil layers are 

independent of each other and obey the lognormal distribution, 

and the coefficient of variation is 0.3, as shown in Table 2. Some 

scholars assume that the slip surfaces are all circular, and use 

different methods to analyze the reliability of the slope system, 

such as Ching [38], Low [39], Ji [3], Cho [40], Kang [41], Yang 

[2], and Ji [8]. 

In order to study the influence of the shape of the slip surface 

on the calculation results, the reliability of slope system is 

calculated by considering circular and non-circular slip surfaces 

respectively. Geo-studio software is used to search the circular 

slip surfaces. 

Table 2. Soil layer parameters of Example 1. 

Soil layers 
c(kPa) 

γ(kN/m3) Distribution 
μc σc 

1 120 36 19 Lognormal 

2 160 48 19 Lognormal 

 

Figure 7. The slope section of Example 1. 

4.1.1. Circular slip surface 

According to the mean and standard deviation of undrained 

shear strength parameters c1 and c2 in Table 2, four parameter 

combinations are generated by Equation (7a) ~ (7b). For each 

combination, 5000 circular slip surfaces are searched by Geo-

studio software, as shown in Figure 8 (a) - (d). 
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Figure 8. The circular slip surfaces under different parameter combinations in Example 1.

The critical slip surface with the smallest safety factor in 

each group of slip surfaces is named Slip surface 1-4  

(hereinafter referred to as S1-S4), where S1 and S4 overlap, as 

shown in Figure 9. 

 

Figure 9. Four circular critical slip surfaces in Example 1. 

Using the efficient calculation method of slope reliability 

based on rigorous limit equilibrium, the reliability indexes of 

these four critical slip surfaces are obtained: β1=β4=3.0037, 

β2=3.1426, β3=2.7944. Among them, the reliability index of S3 

is the smallest, which can be used as the first representative slip 

surface. The correlation coefficients between the three slip 

surfaces calculated by Equation (8) are: ρ12=1.000, ρ13=0.348, 

ρ23=0.331. Both ρ13 and ρ23 are less than the threshold ρ0 

(ρ0=0.9), so no slip surface is excluded. Among the remaining 

slip surfaces, the slip surface S1 with the smallest reliability 

index is used as the second representative slip surface. Since ρ12 

is greater than ρ0, S2 can be excluded. So far, all representative 

slip surfaces have been found, as shown in Figure 10. 

 

Figure 10. Two circular representative slip surfaces in 

Example 1. 

Since the reliability index of S3 is less than that of S1, the 

slip surfaces S3 and S1 can be named as Component 1 and 

Component 2, respectively. The reliability index of the 

composite component calculated by Equation (14) is 

β(1or2)=2.6636. There are only two representative slip surfaces in 

this example, so the reliability index of the slope system is 

βsys=2.6636. According to the standard normal distribution 

function, the failure probability of the slope system can be 

calculated as Pfsys = 0.0039. 

The slope system reliability results of Example 1 calculated 

by different methods are listed in Table 3.

S3

S1,S4
S2

S3

S1
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Table 3. System reliability calculation results of different methods in Example 1. 

Method of analysis Sampling number System failure probability Pfsys Reference 

MCS 10,000 0.0044 Ching (2009) [38] 

IS 1,000 0.0041 Ching (2009) [38] 

SA  {0.0043,0.0044} Low (2011) [39] 

FORM+SRSM  {0.0040,0.0041} Ji (2012) [8] 

MCS+SRSM 50,000 0.0039 Ji (2012) [8] 

MCS 20,000 0.0042 Cho (2013) [40] 

MCS + SVM 100,000 0.0040 Kang (2016) [41] 

GSS 1643 0.0044 Yang (2018) [2] 

WUS 500 0.0042 Ji (2021) [3] 

SS+SCM 5,000 0.0039 This study 

Note：MCS - Monte Carlo simulation；IS-Importance 

sampling；SA-Spreadsheet algorithm; FORM-First-order 

reliability method；SRSM-Stratified response surfaces method；

SVM-Support vector machine；SS-Subset simulation；SCM-

Sequential compounding method. 

It can be seen from Table 3 that the system reliability 

calculation result of this method is very close to those of FORM 

+ SRSM method, MCS + SRSM method, IS method and MCS 

+ SVM method, and is slightly smaller than those of MCS 

method, WUS method, SA and GSS method.  

4.1.2. Non-circular slip surface 

When the soil parameters are taken as the mean value, 

considering that the slip surface is non-circular, the safety factor 

of the critical slip surface searched by GCSF method is 1.810, 

which is less than 1.863 of Morgenstern-Price method in Geo-

studio software. It is also less than the minimum safety factor of 

2.003 in the case of circular slip surface. It can be seen that the 

GCSF method can obtain a non-circular slip surface with a 

smaller safety factor than that of the circular slip surface. 

Considering the non-circular slip surface, the dangerous slip 

surfaces searched in four combinations are shown in Figure 11.

 

(a) c1=156kPa, c2=208 kPa                         (b) c1=156 kPa, c2=112 kPa 

 

(c) c1=84 kPa, c2=208 kPa                    (d) c1=84 kPa, c2=112 kPa 

Figure 11. The non-circular slip surfaces under different parameter combinations in Example 1.

The critical slip surfaces with the smallest safety factor in 

the four groups of dangerous slip surfaces are named as S1-S4, 

as shown in Figure 12. Among them, S1 and S4 still overlap. 

The reliability indexes of these four slip surfaces are: 

β1=β4=2.3199, β2= 2.2451, β3=2.6203.  

The reliability index of S2 is the smallest, which can be used 

as the first representative slip surface. The correlation 

coefficients of S2 with S1 and S3 are ρ12=0.991 and ρ23=0.177, 
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respectively. Because ρ12>ρ0, S1 can be excluded, and the 

representative slip surfaces are S2 and S3, as shown in Figure 

13. 

 

Figure 12. Four non-circular critical slip surfaces of Example 1. 

 

Figure 13. Two non-circular representative slip surfaces of 

Example 1. 

According to the ascending order of reliability index, S2 and 

S3 are named Component 1 and Component 2 respectively. The 

system failure probability is calculated to be Pfsys= 0.0166, 

which is about 4 times of the calculation result considering the 

circular slip surface. It can also be seen that the non-circular slip 

surface searched by the GCSF method is more dangerous than 

the circular slip surface, and the failure probability of the slope 

system is also greater. 

In order to compare the positions of the slip surfaces more 

intuitively, the circular and non-circular representative slip 

surfaces obtained by the proposed method and that in the 

references are drawn in Figure 14. It can be seen from Figure 14 

that the position of the non-circular slip surface is close to those 

of the circular slip surfaces in this study and references, except 

for some differences at the entrance of the slip surface. The main 

reason for the difference is that the GCSF method considers the 

non-tensile properties of geotechnical materials, and sets tensile 

cracks at the positions where the tensile stress is greater than 

zero to eliminate it. Studies have shown that the tensile-shear 

combined failure surface can often obtain a smaller safety factor 

than the pure shear failure surface [42]. This is also one of the 

reasons why the reliability of the slope system calculated by the 

proposed method is greater than that of the traditional method 

considering the circular slip surface. 

 

Figure 14. Comparison of representative slip surface of 

Example 1. 

(CRSS-Circular representative slip surface; CRSS-Non-

circular representative slip surface) 

In order to verify the accuracy of the calculation results of 

this method in the case of non-circular slip surface, the Geo-

studio software was used to calculate the system reliability of 

Example 1. A total of 275 slip surfaces were obtained, as shown 

in Figure 15. The MCS method was used to calculate the 

reliability of the slope system with 25,000 samples. The system 

failure probability is Pfsys=0.0170, and the reliability index is 

βsys=2.1114. The errors between the proposed method and the 

MCS method are -2.35 % and 0.73 %, respectively. This shows 

that the proposed calculation method is effective. 

 

Figure 15. The slip surfaces of Geo-studio in Example 1. 

The CPU time of the proposed method is 184 seconds, while 

that of the Geo-studio software using the MCS method is 3498 

seconds, which is about 19 times that of this method. Therefore, 

this method is a reliability calculation method of slope system 

which can achieve high precision and high efficiency at the 

same time. 
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4.2. Example 2 

Example 2 is selected from a slope stability test problem of the 

Australian Computer Application Society (ASCDS) [43]. The 

slope contains a weak interlayer with a thickness of 0.5 m, and 

the distribution of soil layer is shown in Figure 16. The material 

parameters of each soil layer are listed in Table 4. The safety 

factor of the critical slip surface obtained by GCSF method is 

1.215, which is less than 1.240 of ACADS [43], 1.241 of Cheng 

et al [44] and 1.230 of Liu [4]. 

 

Figure 16. The slope section of Example 2.

Table 4. Soil parameters of Example 2. 

Soil layers 
c(kPa) φ (°) 

γ(kN/m3) Distribution 
μc σc μφ σφ 

1 28.5 8.55 20 6 18.84 Normal 

2 0 0 10 2 18.84 Normal 

Note: In Soil layer 2, μc=0, σc=0, that is, the soil is non-

cohesive, the cohesion is very small and can be ignored.  

According to the mean and standard deviation of random 

variables c1, φ1 and φ2, eight parameter combinations (37.05, 26, 

12), (37.05, 26, 8), (37.05, 14, 12), (37.05, 14, 8), (19.95, 26, 

12), (19.95, 26, 8), (19.95, 14, 12) and (19.95, 14, 8) were 

generated by Rosenblueth sampling point method. For each 

combination, the GCSF method is used to search for 50 

dangerous slip surfaces, as shown in Figure 17. 

 

 

 

 

 

(a) c1=37.05kPa, φ1=26°,φ2=12°            (b) c1=37.05kPa, φ1=26°,φ2=8° 

 

(c) c1=37.05kPa, φ1=14°,φ2=12°             (d) c1=37.05kPa, φ1=14°,φ2=8° 

 

(e) c1=19.95kPa, φ1=26°,φ2=12°             (f) c1=19.95kPa, φ1=26°,φ2=8° 

 

(g) c1=19.95kPa, φ1=14°,φ2=12°            (h) c1=19.95kPa, φ1=14°,φ2=8° 

Figure 17. The non-circular slip surfaces under different parameter combinations in Example 2.
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The critical slip surfaces with the smallest safety factor are 

found in the eight groups of dangerous slip surfaces, which are 

named as S1-S8 in turn, as shown in Figure 18. 

 

Figure 18. Eight critical slip surfaces of Example 2. 

The reliability of these eight critical slip surfaces is calculated 

respectively, and the reliability indexes are obtained as follows: 

β1=1.4915, β2=1.7669, β3=1.3576, β4=1.4939, β5=1.5907, 

β6=1.5965, β7=1.3522, β8=1.4352. The correlation coefficient 

matrix between the eight slip surfaces is as shown in Table 5: 

 

 

Table 5. The correlation coefficient matrix between the eight slip surfaces in Example 2.  

ρij S1 S2 S3 S4 S5 S6 S7 S8 

S1 1.000 0.987 0.988 0.997 0.985 0.999 0.961 0.961 

S2 0.987 1.000 0.955 0.979 0.946 0.981 0.896 0.956 

S3 0.988 0.955 1.000 0.995 0.990 0.990 0.989 0.998 

S4 0.997 0.979 0.995 1.000 0.984 0.996 0.970 0.994 

S5 0.985 0.946 0.990 0.984 1.000 0.991 0.989 0.996 

S6 0.999 0.981 0.990 0.996 0.991 1.000 0.969 0.993 

S7 0.961 0.896 0.989 0.970 0.989 0.969 1.000 0.990 

S8 0.961 0.956 0.998 0.994 0.996 0.993 0.990 1.000 

Among the eight slip surfaces, S7 has the smallest reliability 

index, so S7 is taken as the first representative slip surface. 

From Table 5, it can be seen that among these correlation 

coefficients between S7 and the other seven slip surfaces, only 

ρ72 is less than the threshold 0.9, that is, S2 is the second 

representative slip surface. The correlation coefficients between 

S2 and the remaining six slip surfaces are all greater than 0.9. 

At this time, no new representative slip surface can be selected. 

Therefore, there are only two representative slip surfaces in this 

example - S7 and S2, as shown in Figure 19. S7 and S2 are 

named as Component 1 and Component 2, and the reliability 

index and failure probability of the slope system are calculated 

to be 1.2853 and 0.0993 respectively. 

 

Figure 19. Two representative slip surfaces of Example 2. 

In the Geo-studio software, the MCS method was used to 

calculate the slope reliability of 10,000 samples on 126 slip 

surfaces, and the reliability index and failure probability were 

1.3432 and 0.0896. The critical slip surface is shown in Figure 

20. The calculation results of the proposed method are close to 

those of Geo-studio, and the representative slip surface S7 with 

the smallest reliability index is also close to the critical slip 

surface of Geo-studio, as shown in Figure 21, which proves the 

effectiveness of this method. 

 

Figure 20. The critical slip surface of Geo-studio in Example 2. 

 

Figure 21. Comparison of slip surface results of Example 2. 

In terms of computational efficiency, the CPU time of the 

MCS method in Geo-studio is 8664 seconds, while the 

computational time of the proposed method is only 322 seconds, 
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which is about 1/27 of the former, indicating the high efficiency 

of this method. 

5. Conclusion 

An efficient calculation method of slope system reliability 

considering general shape slip surface is proposed. The 

Rosenblueth point selection method is used to set the parameter 

combinations of random variables. The GCSF method is used 

to search for the critical slip surface of any shape under each 

combination. The slope reliability calculation method based on 

rigorous limit equilibrium is used to calculate the reliability 

indexes of these critical slip surfaces. The PNET method is used 

to identify the representative slip surfaces, and the SCM method 

is used to calculate the reliability of the slope system. 

The calculation results of slope system reliability of two 

examples show that: 

(1) The proposed method can quickly identify the main 

representative slip surfaces with only a small amount of 

calculation, and conveniently and effectively calculate the 

reliability index and failure probability of the slope system. 

Compared with the MCS method, this method has higher 

computational accuracy and efficiency. 

(2) The shape of the slip surface has a significant effect on 

the reliability of the slope system. The GCSF method can be 

used to obtain a general-shaped critical slip surface with a 

greater failure probability than the traditional circular slip 

surface. 

(3) The number of main representative slip surfaces 

identified based on the Rosenblueth sampling point method is 

small, and these slip surfaces can be used as reference slip 

surfaces for slope reinforcement design. 

However, it should be noted that the proposed method only 

simply regards the soil parameters as random variables with 

known distribution characteristics, and does not consider their 

spatial variability. Spatial variability has a significant effect on 

the failure mode and reliability calculation results. Considering 

the spatial variability of soil parameters is the direction of 

further improvement of this method. In addition, the influence 

of rainfall and groundwater seepage on slope reliability is not 

taken into account. These external factors are often the main 

causes of slope instability. An efficient method for calculating 

the time-dependent reliability considering the influence of 

seepage will be used as a further extension of the proposed 

method.
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