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1. Introduction
From the viewpoint of marketing, a warranty is a type of advertis-

ing tool. Due to this, if producers (manufactures) offer each product 
an attractive warranty, then the corresponding warranty becomes a 
powerful promotion tool. From the users’ perspective, warranty is an 
assurance of the product’s reliability. In view of this, if a product un-
der an attractive warranty is purchased, the product’s reliability before 
the expiry of the warranty (i.e., the product’s reliability in the warranty 
period) can be strongly ensured at no cost or at partial cost. Therefore, 
producers and users (consumers) can benefit from warranties.

Warranties (i.e., warranty policies, similarly hereinafter) have been 
extensively researched in recent years. The research direction on war-
ranties can be summarized as three directions. The first direction aims 
to devise condition-based warranty by using a stochastic degradation 
process in [16, 22] to characterize the deterioration of the product. For 
example, the deterioration of items is modeled by an inverse-Gaussian 
(IG) process and an optimal condition-based renewable warranty was 
suggested in [2]; the deterioration of the product was modeled by an 
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IG process and condition-based renewing free replacement warranty 
was optimized in [17]. The second direction focuses on the design 
of lifetime-based warranty by setting the lifetime of the product to 
follow a distribution function. For example, [31] modeled the first 
failure time as a distribution function and designed warranty menu for 
a two-dimensional warranty; [25] modeled the failure time as a distri-
bution function and studied a warranty which is a combination of base 
and extended warranties; [15] set the lifetime of the product to obey 
a distribution function and optimized a three-dimensional warranty; 
other warranty research can be founded in [3, 5, 7, 26, 29]. The third 
direction designs performance-based warranty by modeling simulta-
neously the deterioration of the product as a stochastic degradation 
process and a distribution function. For example, [27] modeled the 
deterioration of the product as a stochastic degradation process and a 
distribution function, and studied a performance-based warranty for 
products, which includes competing hard and soft failures.

[17] divided warranties into one-dimensional warranties, two-di-
mensional warranties, simple warranties and combination warranties. 
Among all warranties, renewing (renewable) warranty (RW) is one of 
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the most attractive warranties. As a kind of special RW, renewing free 
replacement warranty (RFRW) [8, 28] requires that the failed product 
before the expiry of the warranty is replaced free of charge with a new 
identical product under RFRW. If the product’s reliability is higher 
and the production cost is lower, then RFRW is obviously an ideal 
warranty. For the product with a lower reliability and a higher produc-
tion cost, RFRW can make producers incur the higher warranty costs. 
In this case, RFRW is no longer an ideal warranty. For the product 
with a lower reliability and a higher production cost, one of its ideal 
warranties is renewing pro-rate replacement warranty (RPRW) [6, 
15]. This is because RPRW can make producers to obtain some com-
pensation from users, in the form of charging a pro-rate fee to perform 
a replacement triggered by a failed product.

Lately, warranties with refunds [9, 12] were studied and focused 
in academia and industry. Because this kind of warranty requires that 
producers offer a partial or full refund to users when the product’s 
performance before the expiry of the warranty can’t meet require-
ments, it is also one of the most attractive warranties. If a refund is 
integrated into an original RW, then RW will become a most attrac-
tive warranty, compared with original RW and original warranties 
with refunds [14]. However, few original RW has been redesigned 
by integrating a refund.

From the viewpoint of the reliability management, the reliability 
management in the life cycle of the product includes two types. The 
first type is that the reliability management before the expiry of the 
warranty (i.e., the reliability management in the warranty period), 
which is in the charge of the manufacturer; the second type is that 
the reliability management after the expiry of the warranty (i.e., the 
reliability management in the post-warranty period), which is not in 
the charge of the producer. In view of this, users tend to focus on 
how the product’s reliability after the expiry of the warranty is guar-
anteed. From the user’s viewpoint, some maintenance policies have 
been modeled to guarantee the product’s reliability after the expiry of 
the warranty. For example, by using a stochastic degradation process 
in [30, 32, 35, 36] to characterize the deterioration of the product, [17] 
investigated an optimal condition-based maintenance to ensure the 
product’s reliability after the expiry of the warranty. In addition, by 
modeling the lifetime of the product as a distribution function, some 
maintenance policies have been developed to guarantee the product’s 
reliability after the expiry of the warranty. For example, [4] defined 
that the lifetimes of components follows some distribution functions 
and investigated optimization maintenance models for warranted co-
herent systems that are composed of n  components ( 1n ≥ ), which 
were used to guarantee the product’s reliability after the expiry of the 
warranty; the product’s lifetime was modeled as a distribution function 
and then the replacement strategy with minimal repairs was adopted 
to ensure the product’s reliability after the expiry of the warranty in 
[10, 19] modeled a maintenance–replacement policy to guarantee the 
product’s reliability after the expiry of the warranty, under the case 
where the product’s lifetime was set to follow a distribution function.

Recently, wireless monitoring system (WMS) integrated with the 
advanced technologies (such as in-situ sensors, industrial networks, 
control technologies) are being applied extensively in the prognostic 
and health management of the product. In addition, WMS can moni-
tor job cycles of the product which does successive missions at job 
cycles. In other words, WMS can help in real time measure the total 
working time of the product. This signals that the product’s reliability 
can be ensured by means of WMS. By defining each working time 
as an independent random variable (i.e., random working time) and 
integrating it into some classic maintenance policies, [13] has been 
modeled some maintenance policies to ensure the product’s reliabil-
ity, which are called random maintenance policies in [13]. Besides, 
[33] proposed replacement first and last, under the case at which all 
working cycles are modeled as independent and identically distribut-
ed random variables; [20] proposed general age replacement, replace-
ment first, replacement last and replacement next, which are modeled 
by integrating random working time; [34] studied age and periodic 

replacement last models with continuous and discrete policies, under 
the case where all working cycles were defined as variable working 
cycles.

Similarly, by introducing job/working cycles to the reliability man-
agement before the expiry of the warranty, some random warranties 
can be designed from the producer’s perspective; by introducing job/
working cycles to the reliability management after the expiry of the 
warranty, some random maintenance policies to guarantee the prod-
uct’s reliability after the expiry of the warranty can be modeled from 
the user’s perspective. Considering these, by incorporating random 
working cycles into the life cycle of the product, [21] earlier proposed 
two random warranties to guarantee the product’ s reliability before 
the expiry of the warranty and two random maintenance policies to 
guarantee the product’ s reliability after the expiry of the warranty. Al-
though two random warranties have been proposed earlier in the above 
literature, authors have neglected a fact that a refund can remove the 
unfairness of users whose warranty expires before the warranty period 
at the accomplishment of the limited random working cycles. In ad-
dition, to extend the service span after the expiry of the warranty, a 
random periodic replacement last to guarantee the product’s reliability 
after the expiry of the warranty has been modeled earlier in the above 
literature, authors did not consider a reality that preventive mainte-
nance (PM) can improve the product’s reliability, which can further 
lengthen the service span after the expiry of the warranty and further 
reduce the failure frequency.

In this paper, we incorporating both the limited job cycles and a re-
fund into original RPRW and devise a two-dimensional random RPRW 
with a refund (2D-RRPRW with R) from the producer’ perspective. 
The devised 2D-RRPRW with R stipulates that ① if the failure does 
not happen until the warranty period or until the accomplishment 
of the limited job cycles, whichever comes first, then the producer 
charges the user a pro-rata fee to replace the failed product with a new 
identical product under the same warranty; otherwise, 2D-RRPRW 
with R will expire at the warranty period or at the accomplishment 
of the limited job cycles, whichever comes first; ② if 2D-RRPRW 
with R expires before the warranty period at the accomplishment of 
the limited job cycles, then the producer will provide users a partial 
refund to guarantee the fairness of users whose warranty expires be-
fore the warranty period at the accomplishment of the limited random 
working cycles. Extending 2D-RRPRW with R to the reliability man-
agement after the expiry of the warranty, a users’ random maintenance 
policy is modeled to ensure the product’s reliability after the expiry 
of the warranty. The random maintenance policy of the user satisfies 
that ① if the first job cycle (i.e., the first job cycle after the expiry of 
the warranty, hereinafter similarly) is accomplished after the planned 
time, then the product through 2D-RRPRW with R is replaced after 
the planned time at the accomplishment of the first job cycle; other-
wise the product through 2D-RRPRW with R is replaced after the ac-
complishment of the first job cycle at the planned time; ② if the first 
job cycle still is not accomplished until the planned time, then PM is 
done at the planned time to improve the product’s reliability, which 
can further lengthen the service span after the expiry of the warranty 
and further reduce the failure frequency; ③ minimal repair removes 
all failures before replacement. Obviously, the random maintenance 
policy mentioned above includes a random periodic replacement last 
(which is composed of ① as well as ③) and a PM, thus such random 
maintenance policy can be referred to as a random periodic replace-
ment last with PM (RPRL with PM) policy.

The contribution of this paper is listed as three key aspects: (1) by 
introducing the limited job cycles and a refund to an original RPRW, 
a novel warranty is proposed to ensure the product’s reliability before 
the expiry of the warranty; (2) a refund is used to guarantee the fair-
ness of users whose warranty expiration occurs before the warranty 
period at the accomplishment of the limited job cycles; (3) by incor-
porating the limited job cycles and a PM into the service span after the 
expiry of the warranty, RPRL with PM is modeled to further lengthen 
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the service span after the expiry of the warranty and to further reduce 
the failure frequency.

The paper structure is listed as follows. Section 2 provides model 
assumptions, devises the producer’s random warranty with a refund, 
and evaluates the warranty cost. In Section 3, RPRL with PM is pre-
sented, and the cost rate model is derived. In Section4, numerical ex-
periments to perform sensitivity analysis and to illustrate the proposed 
approaches are offered. Section 5 draws conclusions.

2. Random warranty of producers

2.1.	 Model assumption
The used assumptions are listed as:
The product is repairable.•	
The product can be continuously monitored and performs succes-•	
sive missions at job cycles.
The time to replacement, PM or minimal repair is disregarded.•	
Each warranty claim is accepted.•	
Each abbreviation for warranty represents a corresponding war-•	
ranty policy. 
All information is symmetric, which means that the producer and •	
customer know all parameters and cost items.
All job cycles are independent random variables with an identical •	
distribution function which is memory-less.

2.2.	 Warranty devising
As far as the warranty term is concerned, if removing the pro-rata 

fee in RPRW, then RPRW is reduced to RFRW. This means that RFRW 
is a special case of RPRW and that RPRW is a generalized warranty. 
By incorporating the random working cycle into classic maintenances 
policies, [13] designed and modeled some new maintenances policies, 
which were called random maintenance policies in [13]. Without ex-
ception, by incorporating the limited job cycles into RPRW and con-
sidering ‘whichever comes first’, we can devise a two-dimensional 
random RPRW (2D-RRPRW) at which the warranty period w  and 
the number m  ( 0 m< < ∞ ) of job cycles are two warranty limits. 
When such 2D-RRPRW warrants the product, the warranty service of 
the user with a higher product job frequency and a shorter product job 
cycle expires very easily before the warranty period w  at the accom-
plishment of the thm  job cycle. This type of users may be aware that 
they are not treated as equal as other users whose warranty expiration 
occurs before the accomplishment of the thm  job cycle at the war-
ranty period w . From the viewpoint of the warranty theory, the refund 
is one of methods to guarantee the fairness of users with a higher 
product job frequency and a shorter product job cycle.

Based on the above analysis, by integrating the limited job cycles 
and a refund into RPRW, we devise a two-dimensional random RPRW 
with a refund from the producer’s perspective, as shown below.

If the failure does not happen until the warranty period 1)	 w  or 
until the accomplishment of the thm  job cycle, whichever 
comes first, then the warranty expires meanwhile the product 
goes through warranty.
If the failure occurs before the warranty period 2)	 w  or before 
the accomplishment of the thm  job cycle, whichever comes 
first, then the product does not go through warranty meanwhile 
a new identical product warranted by the present warranty will 
be adopted to replace the failed product.
The producer charges users a pro-rata fee to perform each re-3)	
placement triggered by the failure.
If the warranty expiration occurs before the warranty period 4)	 w  
at the accomplishment of the thm  job cycle, then the producer 
will provide users a partial refund to make users have the sense 
of fairness.

Note that ① obviously, w  and m  are two types of warranty 
limits, thus the warranty region of the devised warranty is given by 

(0, ] (0, ]w m× ; ② the replacement is done in the form of charging 
a pro-rata fee; ③ for users with a higher product job frequency and 
a shorter product job cycle, their warranty expiration happens very 
easily before the warranty period w  at the accomplishment of the 

thm  job cycle, therefore a partial refund is offered to them in order 
that they are treated as equal as other users whose warranty expira-
tion happens before the accomplishment of the thm  job cycle at the 
warranty period w . In view of these, similar to the name of ran-
dom maintenances in [13], thus it is reasonable that such warranty 
is regarded as a two-dimensional random RPRW with a refund (2D-
RRPRW with R).

2.3.	 Warranty cost evaluation
Let X  be the time of the product first failure. Then, the distribu-

tion and reliability function of X  are denoted by ( )F x  and ( )F x
, where ( ) ( ) 1F x F x+ = . And let ( )G y  be an identical distribution 
function of all job cycles iY  ( 1,2, ,i =  ). According to the reliabil-
ity theory, then the distribution and reliability function of the work-

ing time mS  (where 
0

m
m i

i
S Y

=
= ∑ ) are denoted by a Stieltjes convo-

lution ( ) ( 1)
0( ) ( )d ( )sm mG s G s u G u−= −∫  and a Stieltjes convolution 

( ) ( )( ) 1 ( )m mG s G s= − , respectively. Obviously, 2D-RRPRW with R 
expires before the accomplishment of the thm  job cycle at the war-
ranty period w  or before the warranty period w  at the accomplish-
ment of the thm  job cycle. By summing probabilities, then the prob-
ability q  that 2D-RRPRW with R expires can be computed as:

{ } { } ( ) ( ) ( )
0 0Pr , Pr , ( ) ( ) ( )d ( ) 1 ( )d ( )w wm m m

m m mq w S w X S w S X G w F w F u G u G u F u= < < + < < = + = −∫ ∫

(1)

By 2D-RRPRW with R, if the failure happens before the warranty 
period w  or before the accomplishment of the thm  job cycle, which-
ever comes first, then 2D-RRPRW with R is renewed rather than expir-
ing. This event can be characterized as an inequality min( , )mX w S< . 
Thus, the probability p  that 2D-RRPRW with R does not expire can 
be computed as:

	 ( )
0Pr{ min( , )} ( )d ( )w m

mp X w S G u F u= < = ∫ 	 (2)

Clearly, 1q p+ = .
1j −  failures have occurred in the warranty region (0, ] (0, ]w m×  

until the thj  product ( 1,2,j =  ) goes through 2D-RRPRW with R. 
According to the probability theory, the number 1j −  satisfies the 
geometric distribution 1jp q− . Furthermore, until the first product 
goes through 2D-RRPRW with R, the expected value [ 1]E j −  of the 
replacements triggered by all failures can be modeled as:

	
( )

1 0
( )1

0

( )d ( )
[ 1] ( 1)

1 ( )d ( )

w m
j

w mj

G u F upE j p q j
q G u F u

∞
−

=
− = ⋅ − = =

−

∫∑
∫

	 (3)

Let kX  ( 0,1,2,k =  ) be the lifetime of the thk  product which 
fails in the warranty region (0, ] (0, ]w m× . Obviously, This event can 
be characterized as an inequality min( , )k mX w S≤ . Then, the life-
times kX  ( 0,1,2,k =  ) are independent and follow an identical dis-
tribution function ( )H x :

	 { }
( )

0
( )

0

( )d ( )
( ) Pr | min( , )

( )d ( )

x m

k k m w m

G u F u
H x X x X w S

G u F u
= < ≤ = ∫

∫
     (4)
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where 0 0X =  and 0 x w< < . 

Assume that the pro-rata fee that the producer charges is only af-
fected by the working time t  ( 0 t w< ≤ ), then the pro-rata fee ( )P t  
at the working time t  is modeled as:

	 ( ) bP t at= 	 (5)

where 0 1a< < , 0 log ( / )w Rb C a< <  and RC  is the producer’s unit 
replacement cost.

For the thk  product which failed in the warranty region 
(0, ] (0, ]w m× , its working time is equal to its lifetime kX . Then, 
its pro-rata fee is given by ( )kP X . Furthermore, after the thk  failed 
product is replaced, the producer suffers a net replacement cost 

( )R kC P X− . Therefore, after the th( 1)j −  failed product is replaced, 
the producer’s total replacement cost 1jTRC −  is given by:

	 ( ) ( )
1 1

1
0 0

( ) ( )
j j

b
j R k R k

k k
TRC C P X C a X

− −

−
= =

= − = −∑ ∑ 	 (6)

As mentioned above, kX  follows ( )H x  in (4) and 1j −  satisfies 
1jp q− . Therefore, the expected value [ ]E TRC  

of the producer’s total 
replacement cost

 1jTRC −  can be represented by:

E TRC E p q TRC E j E C a X
C ax

j
j

j
R k

b R
b

[ ] [ ] [ ] [ ( ) ]= ⋅ = − ⋅ −( ) =
−( )−

−
=

∞
∑ 1

1
1

1
GG x F x

G u F u

mw

mw

( )

( )

( ) ( )

( ) ( )

d

d
0

01

∫

∫−

(7)

where [ 1]E j −  has been offered by (3) and 
E C a X C ax G x F x G u F uR k

b
R

b mw mw[ ( ) ] ( ) ( ) / ( ) ( )( ) ( )−( ) = −( )∫ ∫d d0 0 .

By the definition of 2D-RRPRW with R, when 2D-RRPRW with 
R expires before the warranty period w  at the accomplishment of the 

thm  job cycle, the producer provides the user a partial refund. Let 
( )mR S  be a refund at the working time mS , then the refund ( )mR S  

is represented by:

	 R S C S for S w
for S wm

R m m

m
( ) ( ) ,

,
=

− <

≥







α β

0
	 (8)

where 0 1α< <  and 0 log ( / )w RCβ α< < .

When 2D-RRPRW with R expires before the warranty period w  
at the accomplishment of the thm  job cycle, the working time of the 
product is equal to mS . In this case, the distribution function ( )K s

 
of 

the working time mS  can be derived as:

	 { }
{ }

( )
0

( )
0

( )d ( )Pr ,
( )

Pr , ( )d ( )

s m
m m

w mm m

F u G uS s S X
K s

S w S X F u G u

< <
= =

< <
∫
∫

	 (9)

where 0 s w< < . 

As mentioned above, the case that 2D-RRPRW with R expires can 
be divided two cases. The first case is that 2D-RRPRW with R expires 
before the accomplishment of the thm  job cycle at the warranty pe-
riod w . The second case is that 2D-RRPRW with R expires before 
the warranty period w  at the accomplishment of the thm  job cycle. 
Let wq  be the probability that 2D-RRPRW with R expires before the 
accomplishment of the thm  job cycle at the warranty period w , then 

wq  is represented by ( )Pr{ , } ( ) ( )m
w mq w S w X G w F w= < < = . The 

probability wQ  that the first product survives 2D-RRPRW with R be-
fore the accomplishment of the thm  job cycle at the warranty period 
w  can be computed as:

	
( )

1
( )1

0

( ) ( )
1 1 ( )d ( )

m
j w w

w w w mj

q q G w F wQ p q
p q G u F u

∞
−

=
= = = =

− −
∑

∫
	 (10)

Let mq  be the probability that 2D-RRPRW with R expires before the 
warranty period w  at the accomplishment of the thm  job cycle, then 

mq  is represented by ( )
0Pr{ , } ( )d ( )w m

m m mq S w S X F u G u= < < = ∫ . 
Furthermore, the probability mQ  that the first product goes through 
2D-RRPRW with R before the warranty period w  at the accomplish-
ment of the thm  job cycle can be computed as:

	
( )

1 0
( )1

0

( )d ( )

1 1 ( )d ( )

w m
j m m

m m w mj

F u G uq qQ p q
p q G u F u

∞
−

=
= = = =

− −

∫∑
∫

	 (11)

Since w mq q q+ = , the equation 1w mQ Q+ =  holds.
The probability wQ  that the first product goes through 2D-RRPRW 

with R before the accomplishment of the thm  job cycle at the war-
ranty period w  has been offered in (10) and the probability mQ  that 
the first product goes through 2D-RRPRW with R before the warranty 
period w  at the accomplishment of the thm  job cycle has been of-
fered in (11). Since the working time mS  follows ( )K s  in (9), the 
expected value R  of the refund ( )mR S  can be represented by:

( )
0

0 ( )
0

( ) ( )d ( )
0 [ ( )] ( )d ( )

1 ( )d ( )

w m
Rw

w m m m w m

C s F s G s
R Q Q E R S Q R s K s

G u F u

βα−
= ⋅ + ⋅ = ⋅ =

−

∫
∫

∫
	 (12)

According to the definition of 2D-RRPRW with R, the warranty 
cost of 2D-RRPRW with R includes the expected value [ ]E TRC  

of 
the total replacement cost

 1iTRC −  and the expected value R  of the 
refund ( )mR S . By summing (7) and (12), the warranty cost WC  of 
2D-RRPRW with R is evaluated as:

WC E TRC R
C ax G x F x C s F s G sR

b mw
R

w m

= + =
−( ) + −∫ ∫

[ ]
( ) ( ) ( ) ( ) (( ) ( )d d0 0 α β ))

( ) ( )( )1 0− ∫ G u F umw d

(13)

When m →∞ , ( ) ( ) 1mG • → . This means that when m →∞ , the 
warranty limit m  fails and 2D-RRPRW with R is reduced to renew-
ing pro-rata replacement warranty (RPRW) [6, 15]. Therefore, when 
m →∞ , the warranty cost WC  of 2D-RRPRW with R can be simpli-
fied as a warranty cost of RPRW, i.e.:

	 lim
( )

( )m

R
bw

WC
C ax F x

F w→∞
=

−( )∫ d0 	 (14)

Besides, 0bax =  (i.e., ( ) 0P x = ) means that the pro-rata fee is 
removed, and m →∞  means that the warranty limit m  fails. There-
fore, when 0bax =  (i.e., ( ) 0P x = ) and m →∞ , the warranty cost 
WC  of 2D-RRPRW with R can be simplified as a warranty cost of 
renewing free replacement warranty (RFRW) [8, 28], i.e.:

	
lim ( )

( )ax
m

R
b

WC C F w
F w→

→∞

=
0 	 (15)
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3. The users’ random maintenance model
As mentioned above, the user’s focus is how the product’s reli-

ability after the expiry of the warranty is ensured. In this section, by 
defining that 2D-RRPRW with R warrants the product with job cy-
cles, a random maintenance policy of users is planned to guarantee the 
product’s reliability after the expiry of the warranty, as shown below.

It is planned that the product’s reliability after the expiry of the 
warranty is ensured by a random periodic replacement last with PM 
(RPRL with PM) policy satisfying ① the product through 2D-RRPRW 
with R is replaced at the accomplishment of the first job cycle or at the 
planned time T , whichever comes last; ② if the first job cycle is not 
accomplished until the planned time T , then PM will be done at the 
planned time T  to lengthen the service span after the expiry of the 
warranty and to reduce the failure frequency; ③ all failures before re-
placement undergo minimal repair. Obviously, if PM is removed from 
RRL with PM, then RPRL with PM is simplified as a random periodic 
replacement last (RPRL) [21] at which the replacement is carried out 
at the accomplishment of the first job cycle or at the planned time T
, whichever comes last, and all failures before replacement undergo 
minimal repair. 

Obviously, according to the definition of RPRL with PM, RPRL 
with PM includes two kinds of replacement. The first kind is to re-
place the product through 2D-RRPRW with R after the planned time 
T  at the accomplishment of the first job cycle; the second kind is to 
replace the product through 2D-RRPRW with R after the accomplish-
ment of the first job cycle at the planned time T .

For convenience, define that the product’s life cycle begins in in-
stallation completing and ends in replacement occurring at the ex-
pense of users [10], which is a sum of the time span of 2D-RRPRW 
with R and the service span of RPRL with PM). By means of this 
definition, the cost rate model related to RPRL with PM can be de-
rived, as shown below.

3.1.	 Life cycle cost computation
Hereinabove, it has been assumed that the distribution function 
( )G y  is memory-less. This assumption signals that the remaining-

time-to-accomplishment of a job and all job cycles after the expiry of 
the warranty are independent random variables with the distribution 
function ( )G y . Therefore, let fY  be the first job cycle after the ex-
piry of the warranty, then fY  follows ( )G y .. For the product through 
2D-RRPRW with R, when it is replaced in the form of the first kind 
of replacement, the first job cycle fY  satisfies fY T> . When this 
case occurs, the first job cycle fY  follows the distribution function 

( )H y :

	
( )( ) Pr{ | }
( )f f

G yH y Y y Y T
G T

= < > = 	 (16)

where y T> .

Furthermore, for the product through 2D-RRPRW with R, when it 
is replaced in the form of the second kind of replacement, the first job 
cycle fY  satisfies fY T< . When this case occurs, the first job cycle 

fY  follows the distribution function ( )I y :

	
( )( ) Pr{ | }
( )f f

G yI y Y y Y T
G T

= < < = 	 (17)

where y T< .

If the first job cycle still is not completed until the planned time T , 
the product through 2D-RRPRW with R before the accomplishment 
of the thm  job cycle at the warranty period w  will undergo PM at the 
planned time T . Similar to [11, 23], age reduction is used to charac-
terize the reliability improvement. Denote ( )w Tϕ ⋅ +  ( 0 1ϕ< < ) by 

a virtual age after MP at the planned time T , then the age reduction 
resulting from PM is given by (1 ) ( )w Tϕ− ⋅ + . Furthermore, PM cost 

( )pmC T  is modeled as an increasing function with respect to the age 
reduction (1 ) ( )w Tϕ− ⋅ + , i.e.:

	 ( )( ) (1 ) ( )pm IC T c w T κη ϕ= − ⋅ + 	 (18)

where , 0η κ >  and Ic  ( 0Ic > ) is a cost coefficient on the reli-
ability improvement.

For the product through 2D-RRPRW with R before the accom-
plishment of the thm  job cycle at the warranty period w , when it is 
replaced after the planned time T  at the accomplishment of the first 
job cycle, the user’s total minimal repair cost 

1
( ; )w

pw fC T Y  after the 
expiry of the warranty can be represented by:

	 ( )1 0 0( ; ) ( )d ( ) dfT Yw
pw f m mC T Y c r w u u c r w T u uϕ= + + ⋅ + +∫ ∫    (19)

where ( )r w u+  and ( )( )r w T uϕ ⋅ + +
 
are the failure rate function at 

the warranty period w  and at the virtual age ( )w Tϕ ⋅ + .

Since fY  in (19) follows ( )H y  in (16), the expected value 1 ( )wC T  
of the user’s total minimal repair cost 

1
( ; )w

pw fC T Y  can be rewritten 
as:

C T C T y H y
c r w u u r w T u u

w
pw
w

T

m
T y

1
0 0

1
( ) ( ; )d ( )

( ) ( )
= =

+ + ⋅ + +( )(∞
∫

∫ ∫d dϕ ))∞
∫T G y

G T

d ( )

( )

(20)

For the product through 2D-RRPRW with R before the accomplish-
ment of the thm  job cycle at the warranty period w , when its replace-
ment is carried out after the accomplishment of the first job cycle at 
the planned time T , the user’s total minimal repair cost 2 ( )wC T  after 
the expiry of the warranty can be given by:

	 2 0( ) ( )dTw
mC T c r w u u= +∫ 	 (21)

The probability that the first kind of replacement occurs is given 
by ( ) Pr{ }fG T Y T= >  and the probability that the second kind of 
replacement occurs is given by ( ) Pr{ }fG T Y T= < . Thus, for the 
product through 2D-RRPRW with R before the accomplishment of 
the thm  job cycle at the warranty period w , when RPRL with PM 
ensures its reliability after the expiry of the warranty, the expected 
total minimal repair cost ( )wC T  of RPRL with PM is:

C T G T C T G T C T

c G T r w u u r w T

w w w

m
T

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

= ⋅ + ⋅

= ⋅ + + ⋅ +∫

1 2

0 d +ϕ uu u G y G T r w u u

c r w u u r

y
T

T

m
T

( )( ) + +

 




= + +

∫∫ ∫

∫

∞ d d

d

0 0

0

d ( ) ( ) ( )

( ) ϕ ⋅⋅ +( )( )

 


∫∫

∞ ( ) d ( )w T u u G yy
T + d0

(22)

For the product through 2D-RRPRW with R before the accomplish-
ment of the first job cycle at the warranty period w , the expected total 
cost ( )wTC T of RPRL with PM is represented by:

TC T C T C T C c w T c r w u u rw
pm

w
r I m

T( ) ( ) ( ) ( ) ( ) ( )= + + = − ⋅ +( ) + + + ⋅∫η ϕ ϕκ1 0 d (( ) d ( )w T u u G y Cy
T r+ +( )( )


 


 +∫∫

∞ d0

(23)

where rC  represents the user’s unit replacement cost.
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For the product through 2D-RRPRW with R before the warranty 
period w  at the accomplishment of the first job cycle, by replacing w  
in ( )wTC T  with mS , the expected total cost ( ; )m

mTC T S  of RPRL 
with PM is expressed as:

TC T S c S T c r S u u r S T um
m I m m m

T
m( ; ) ( ) ( ) ( )= − ⋅ +( )( ) + + + ⋅ + +( )∫η ϕ ϕ

κ1 0 d duu G y Cy
T r0∫∫ ( )


 


 +

∞ d ( )

(24)

Since mS  in (24) follows ( )K s  in (9), the expected total cost 
( ; )m

mTC T S  can be rewritten as:

TC T TC T s K s

c s T c r s u u r

m mw

I m
T

( ) ( ; )d ( )

( ) ( )

=

=
− ⋅ +( )( ) + + +

∫

∫

0

01η ϕ ϕ
κ d ⋅⋅ + +( )( )


 










∫∫∫

∞ ( ) d ( ) ( ) ( )

( )

( )s T u u G y F s G s

F u

y
T

mw d d

d

00

GG u
C

mw r( ) ( )0∫
+

(25)

The probability wQ  that the first product goes through 2D-RRPRW 
with R before the accomplishment of the thm  job cycle at the war-
ranty period w  has been offered in (10) and the probability mQ  that 
the first product goes through 2D-RRPRW with R before the warranty 
period w  at the accomplishment of the thm  job cycle has been of-
fered in (11). Then, under the condition that the product is warranted 
by 2D-RRPRW with R, the expected total cost [ ( )]E C T  of RPRL 
with PM is computed as:

E C T Q TC T Q TC T

G w F w c w T

w
w

m
m

m
I

[ ( )] ( ) ( )

( ) ( )[ ( )( )

= ⋅ + ⋅

=

− ⋅ +( )( ) +η ϕ
κ1 cc r w u u r w T u u G y

c

m
T y

T

I

( ) ( ) d ( ) ]

( )

+ + ⋅ + +( )( )

 




+ −

∫ ∫∫
∞d d0 0

1

ϕ

η ϕ ⋅⋅ +( )( ) + + + ⋅ + +( )( )

 


∫ ∫∫

∞s T c r s u u r s T u u G ym
T y

T
κ

ϕ( ) ( ) d ( )d d0 0








−
+

=

∫

∫

F s G s

G u F u
C

G s F s c

mw

mw r

m

( ) ( )

( ) ( )

( ) ( )

( )

( )

( )

d

d

d[

0

01

η II m
T y

Ts T c r s u u r s T u u G y( ) ( ) ( ) d ( )1 0 0− ⋅ +( )( ) + + + ⋅ + +( )( )∫ ∫∫
∞

ϕ ϕ
κ d d


 












+ − ⋅( ) + + ⋅ +( )(
∫

∫ ∫

]

d d

0

0 01

w

I m
T yc T c r u u r T u uη ϕ ϕκ( ) ( ) ))


 




−
+

∞
∫

∫

T

mw r

G y

G u F u
C

d ( )

( ) ( )( )1 0 d

(26)

Each of all failures in the warranty region (0, ] (0, ]w m×  makes 
the user to incur a failure cost fc

 
and meanwhile the user provides 

a pro-rata fee ( )jP X  to the producer. Thus, the thj  failed product 
in the warranty region (0, ] (0, ]w m×  makes the user incur a total cost 

( )f jc P X+ . Furthermore, by replacing ( )RC P x−  in WC
 
with

( )fc P x+ , the expected value [ ]fcE C  of the total failure cost result-
ing from all failures is represented by:

E C
c P x G x F x

G u F u

c ax G
fc

f
mw

mw
f

b

[ ]
( ( )) ( ) ( )

( ) ( )

( )( )

( )
=

+

−
=

+∫
∫

d

d
0

01

(( )

( )

( ) ( )

( ) ( )

mw

mw

x F x

G u F u

d

d
0

01

∫
∫−

(27)

As mentioned above, the life cycle is a sum of the warranty service 
period (i.e., a time span) of 2D-RRPRW with R and the time span 
of RPRL with PM. This indicates that the total cost in the life cycle 
is composed of the total failure cost [ ]fcE C

 
of 2D-RRPRW with R, 

the expected value R  of the refund ( )mR S  and the expected cost 
[ ( )]E C T  of RPRL with PM. Therefore, by algebraic operation, the 

expected total cost ( )LCC T  in the life cycle is able to be computed 
as:

LCC T E C R E C T

G s F s c s T c

fc

m
I

( ) [ ] [ ( )]

( ) ( ) ( )( )

= − +

= +

− ⋅ +( )( ) +

ξ

η ϕ κd[ 1 mm
T y

T
w r s u u r s T u u G y( ) ( ) d ( )+ + ⋅ + +( )( )


 












+

∫ ∫∫∫
∞d d ]0 00 ϕ

ηη ϕ ϕκc T c r u u r T u u G yI m
T y

T( ) ( ) d ( )1

1

0 0− ⋅( ) + + ⋅ +( )( )

 




−

∫ ∫∫
∞d d

GG u F umw ( ) ( ) ( )d0∫

(28)

where	  
ξ α β= − + = + − −∫ ∫E C R C c ax G x F x C s F s Gfc r f

b mw
R

w m[ ] ( ) ( ) ( ) ( ) ( )( ) ( )d d0 0 (( ) / ( ) ( )( )s G u F u Cmw
r( ) −( ) +∫1 0 d .

3.2.	 Life cycle length calculation
Until the thj  product survives 2D-RRPRW with R, 1j −  failures 

have occurred in the warranty region (0, ] (0, ]w m× . When this case 
occurs, the total warranty service period resulting from 1j −  failures 
is represented by 

1

0

j

k
k

X
−

=
∑ , here 0 0X = . Since the number 1j −  satis-

fies 1jp q− , the expected value fW  of 
1

0

j

k
k

X
−

=
∑  can be expressed as:

W p q E X E j E X
xG x F

f
j

k
k

j

j
k

m

= ⋅








 = − ⋅ =−

=

−

=

∞
∑∑ 1

0

1

1
1[ ] [ ] [ ]

( )( ) d (( )

( ) ( )( )

x

G u F u

w

mw
0

01

∫
∫− d

(29)

where [ 1]E j −  has been offered by (3) and 
( ) ( )

0 0 0[ ] d ( ) ( )d ( ) / ( )d ( )w w wm m
kE X x H x xG x F x G u F u= =∫ ∫ ∫ .

When the product goes through 2D-RRPRW with R before the 
accomplishment of the thm  job cycle at the warranty period w , 
the warranty service period of the product equates to w . When the 
product goes through 2D-RRPRW with R before the warranty period 
w  at the accomplishment of the thm  job cycle, the warranty service 
period of the product is equal to mS . Thus, for the product through 
2D-RRPRW with R, the expected value gW  of the warranty service 
period can be expressed as:

W Q w Q E S
G w F w w sF s G s

G u F
g w m m

m mw

m
= ⋅ + ⋅ =

+

−

∫[ ]
( ) ( ) ( ) ( )

( ) (

( ) ( )

( )

d

d
0

1 uuw )0∫
 (30)

where wQ  and mQ  have been offered in (10) and (11); 
( ) ( )

0 0 0[ ] d ( ) ( )d ( ) / ( )d ( )w w wm m
mE S s K s sF s G s F u G u= =∫ ∫ ∫ .

By summing (29) and (30), the warranty service period W  pro-
duced by 2D-RRPRW with R is obtained as:

W W W
xG x F x

G u F u

G w F w w sF
f g

mw

mw

m

= + =
−

+
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∫
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ss G s

G u F u
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mw
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( ) ( )
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( )

( )
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d

d

d
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1 1

∫
∫

∫
−

=
− FF uw ( )0∫

(31)

When the product through 2D-RRPRW with R is replaced in the 
form of the first kind of replacement, the service span 

1
( )pwL T

 
of 

RPRL with PM can be given by:

	 L T y H y
y G y

G Tpw T
T

1
( ) ( )

( )

( )
= =

∞
∞

∫
∫d

d
	 (32)

When the product through 2D-RRPRW with R is replaced in the form 
of the second kind of replacement, the service span 

2
( )pwL T

 
of RPRL 

with PM can be represented by:

	 L T Tpw2
( ) = 	 (33)

The probability that the first kind of replacement occurs is given by 
( )G T  and the probability that the second kind of replacement occurs 

is given by ( )G T . Thus, when RPRL with PM ensures the product’s 
reliability after the expiry of the warranty, the service span ( )pwL T

 of RPRL with PM can be given by:
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L T G T L T G T L T y G y G T T T G ypw pw
w

pw T( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )= ⋅ + ⋅ = + ⋅ = +
∞
∫1 2

d dyyT
∞
∫

(34)

By summing (31) and (34), the life cycle length ( )L T  can be cal-
culated as:

	 L T W L T
G u F u u

G u F u
T G y ypw
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∫∫     (35)

3.3.	 Cost rate derivation
Based on the renewal rewarded theorem in [1], the expected cost 

rate ( )CR T  can be derived as:

CR T LCC T
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(36)

3.4.	 Model simplification

The expected cost rate ( )CR T  in (36) is derived under the condi-
tion that the product is warranted by 2D-RRPRW with R and the prod-
uct’s reliability after the expiry of the warranty is ensured by RPRL 
with PM. By setting parameter values, some special models can be 
simplified from ( )CR T , which can represent special cases, as shown 
below.

Case 1: the model in (36) when m →∞  is simplified as:

lim ( )
( ) ( ) / ( ) ( )

m

f
bw

r I m
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c ax F x F w C c w T c r
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yy yT )d∞
∫

(37)

When m →∞ , ( ) ( ) 1mG • → . Hereinbefore, m →∞  meant that 
the warranty limit m  was removed and 2D-RRPRW with R was sim-
plified as RPRW in [15]. Therefore, the model in (37) is a cost rate 
model at which RPRW is adopted to warrant the product and RPRL 
with PM is planned to ensure the product’ s reliability after the expiry 
of the warranty.

Case 2: the model in (36) when 1ϕ =  can be simplified as:

lim ( )
( ) ( ) ( ) ( ) ( )( ) ( )
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(38)

( ) 1ϕ ⋅ =  means that PM at the planned time T  is removed and 
RPRL with PM is simplified as RPRL. Therefore, the model in (38) 
is a cost rate model where 2D-RRPRW with R warrants the product 
and RPRL in [21] ensures the product’s reliability after the expiry of 
the warranty.

Case 3: the model in (36) when m →∞  and 1ϕ =  can be simpli-
fied as:

lim ( )
( ) ( ) / ( ) ( ) ( )

m

f
bw

r m
T
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By Case 1 and Case 2, the model in (39) a cost rate model in which 
RPRW in [15] warrants the product and RPRL in [21] ensures the 
product’s reliability after the expiry of the warranty.

4. Numerical experiments
Assume that the time of the product first failure follows a distribu-

tion function 0( ) 1 exp( ( )d )xF x r u u= − −∫  where ( )r u uεγ= , 0γ >  
and 0ε > ; suppose that the distribution function of all job cycles is 
given by ( ) 1 exp( )G y yλ= − − ; suppose that cost and time are quoted 
in the dollar and year, respectively; and some constant parameters are 
offered in Table 1. Other parameters (not including the decision vari-
able T ) not to be mentioned in Table 1 are assigned when used. Next, 
the approaches investigated will be illustrated by means of parameters 
in Table 1.

4.1.	 The proposed warranty’s sensitivity analysis
To explore the property of the proposed warranty (PW), Figure 1 is 

plotted where 0.8γ = , 0.1mc = , 0.1fc = , 2λ = , 0.2aα = =
 
and 

8RC = . As shown in Figure 1, when m  increases for 1, 1.05, 1.1w = , 
the warranty cost of 2D-RRPRW with R first increases from a val-
ue less than the warranty cost (which can be obtained by comput-
ing lim

m
WC

→∞
) of RPRW to a value greater than the warranty cost 

of RPRW, then decreases to the warranty cost of RPRW. However, 
for 0.95w = , the warranty cost of 2D-RRPRW with R first increases 
from a value greater than the warranty cost (which can be obtained by 
computing lim

m
WC

→∞
) of RPRW to a peak value, then decreases to the 

warranty cost of RPRW. These signal that when the warranty period 
w  is longer, although the producer offers a refund to guarantee the 
user’s fairness, the warranty cost of 2D-RRPRW with R still is less 
than the warranty cost of RPRW; but, under the case where the war-
ranty period w  is shorter, the refund to guarantee the user’s fairness 
makes the warranty cost of 2D-RRPRW with R to increase to a value 
which is always greater than or equal to the warranty cost of RPRW. 
The above contrast indicates that by limiting the warranty period w , 
the warranty cost of 2D-RRPRW with R can be less than the warranty 
cost of classic RPRW. In addition, Figure 1 indicates that the warranty 
cost of 2D-RRPRW with R increases when w  is increasing and m  
is fixed. 

As shown in Figure 2 where 2λ = , 0.8γ = , 0.1mc = , 0.1fc = , 
0.2aα = =

 
and 8RC = , when m  increases for the same w , the 

warranty cost of 2D-RRPRW with R (i.e., 1PW ) is equal to or greater 
than the warranty cost of 2PW  (i.e., 2D-RRPRW); the warranty cost 
of RPRW is still equal to or greater than the warranty cost of 2PW  
(i.e., 2D-RRPRW). Note that 2D-RRPRW can be obtained by remov-
ing the refund from 2D-RRPRW with R. The above changes indicate 
that although the refund to guarantee the user’s fairness can make 
the warranty cost of 2D-RRPRW with R to be less than the warranty 
cost of classic RPRW, it is still greater than the warranty cost of 2D-
RRPRW, which is because the refund is shouldered by the producer.

4.2.	 Sensitivity analysis of users’ RPRL with PM
To display whether the optimum RPRL with PM exists uniquely, 

we make Figure 3 where 1.2γ = , 0.1fc = , 0.5aα = = , 3λ = , 
10RC = , 2m =  and 3w = . Figure 3 shows that the optimum cost 

rate *( )CR T  and planned time *T  exist uniquely. This means that the 
optimum RPRL with PM exists uniquely. From Subplot (A) where 

15rC = , it is found that when mc  increases, *T  is decreasing while 

Table 1.	 Parameter values

ε b η Ic κ β

2 1 1 2 1 1
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*( )CR T  is increasing. This signals that the smaller minimal repair 
cost mc  is able to reduce the cost rate and extend the service span 
after the expiry of the warranty. From Subplot (B) where 0.3mc = , 
it is discovered that when rC  increases, *T  increases and *( )CR T  
also increases. This illustrates that the greater replacement cost rC  is 
able to extend the service span after the expiry of the warranty while 
is not able to reduce the cost rate.

To indicate the effect of w  and λ  on RPRL with PM, we plot 
Figure 4 where 1.2γ = , 0.1mc = , 0.1fc = , 0.5aα = = , 10RC = , 

15rC =  and 2m = . As shown in Subplot (A) where 3λ = , the op-
timum cost rate *( )CR T  and planned time 

*T  decreases when w  
increases and λ  is fixed.. This indicates that a longer warranty period 
w  is able to reduce the cost rate but is not able to extend the service 
span after the expiry of the warranty. From Subplot (B) where 2w = , 
it is found that *T  and *( )CR T  increase when λ  increases and w  is 
fixed. From the overall viewpoint, the above phenomena signal that 
the shorter job cycles (i.e., the case that λ  is greater) is able to extend 
the service span after the expiry of the warranty at the expense of the 
greater cost rate.

4.3.	 Performance illustration
In this paper, we have planned that RPRL with PM ensured the 

product’s reliability after the expiry of the warranty. If RPRL with PM 
is removed from RPRL with PM, then RPRL with PM is transformed 
into RPRL in [21], which has been mentioned above. The expected 
cost rate related to RPRL has been offered in (38). These signal that 

RPRL with PM or RPRL can ensure the product’s reliability after the 
expiry of the warranty. Form the user’s perspective, a problem is how 
to select the best policy from RPRL with PM and RPRL to ensure the 
product’s reliability after the expiry of the warranty. Obviously, the 
policy at which the service span after the expiry of the warranty is lon-
ger and the cost rate is lower is an ideal policy to ensure the product’s 
reliability after the expiry of the warranty.

To explore whether the service span after the expiry of the warranty 
is longer and whether cost rate is lower, we make Figure 5 where 

1.2γ = , 0.5mc = , 0.1fc = , 0.5aα = = , 3w = , 3λ = , 10RC = , 
20rC =  and 2m = . As indicated in Figure 5, compared RPRL, when 

RPRL with PM is used to ensure the product’s reliability after the ex-
piry of the warranty, the service span after the expiry of the warranty 
is longer and the cost rate is lower. These signal that the performance 
of RPRL with PM is superior to the performance of RPRL, thus RPRL 
with PM is an ideal policy to guarantee the product’s reliability after 
the expiry of the warranty.

Note that if the information in Figure 5 is not obtained, then com-
parison method in [24] can be used to compare performances.

5. Conclusions
By taking the resultant force which is formed by the advanced tech-

nologies (such as in-situ sensors, industrial networks, control technol-
ogies) as a technological background, in this paper we firstly integrat-
ed the limited job cycles into classic RPRW and devised a producer’s 
two-dimensional random RPRW with a refund (2D-RRPRW with R) 
to guarantee the product’s reliability of the product that does succes-

Fig. 4. The effect of w  and λ  on RPRL with PMFig. 3. The effect of mc  and rC  on RPRL with PM

Fig. 2. Sensitivity analysis of 2D-RRPRW with RFig. 1. Sensitivity analysis of 2D-RRPRW with R
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of the proposed approaches. It was shown that although 2D-RRPRW 
with R requires the producer provide a partial to the user, the producer 
can make the warranty cost of 2D-RRPRW with R to be less than the 
warranty cost of classic RPRW by limiting the warranty period; and 
RPRL with PM is superior to RPRL.
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