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A RELIABILITY MODEL FOR LOAD-SHARING K-OUT-OF-N SYSTEMS SUBJECT TO
SOFT AND HARD FAILURES WITH DEPENDENT WORKLOAD AND SHOCK EFFECTS

MODEL NIEZAWODNOSCI DLA SYSTEMOW TYPU K-Z-N Z PODZIALEM
OBCIAZENIA PODLEGAJACYCH USZKODZENIOM PARAMETRYCZNYM
| KATASTROFICZNYM, W KTORYCH ZACHODZI ZALEZNOSC
MIEDZY OBCIAZENIEM PRACA A SKUTKAMI OBCIAZEN LOSOWYCH

A component in a k-out-of-n system may experience soft and hard failures resulting from exposure to natural degradation and ran-
dom shocks. Due to load-sharing characteristics, once a component fails, the surviving components share an increased workload,
which increases their own degradation rates. Moreover, under the larger workload, random shocks may cause larger abrupt deg-
radation increments and larger shock sizes. Therefore, the system experiences the dependent workload and shock effects (DWSEs).
Such dependence will cause the load-sharing system to fail more easily, though it is often not considered in existing methods. In
this paper, to evaluate the system reliability more accurately, we develop a novel reliability model for load-sharing k-out-of-n
systems with DWSEs. In the model, the joint probability density function of shock effects to soft and hard failures is developed to
describe the DWSEs on a component. To derive an analytical expression of system reliability with load-sharing characteristics
and DWSEs, conditional probability density function is used to model the random component failure times. A load-sharing Micro-
Electro-Mechanical System (MEMS) is then utilized to illustrate the effectiveness of the reliability model.

Keywords: reliability modeling, load-sharing k-out-of-n systems, dependent workload and shock effects, degra-
dation, random shocks.

Element systemu k-z-n moze ulega¢ uszkodzeniom parametrycznym i katastroficznym wynikajgcym z ekspozycji na naturalne
procesy degradacji i obcigzenia losowe. Ze wzgledu na rownomierny podziat obcigzenia miedzy wszystkie elementy systemu,
gdy jeden element ulega awarii, obcigzenie pracq przypadajgce na pozostate komponenty zwigksza sie, podnoszgc tempo degra-
dacji kazdego z nich. Ponadlto, przy wigkszym obcigzeniu pracq, obcigzenia losowe mogg powodowaé wigksze nagte przyrosty
degradacji i zwigkszac rozmiary obcigzen. Mowi sie wtedy o istnieniu zaleznosci miedzy obcigzeniem pracq a skutkami obcigzen
losowych (dependent workload and schock effects (DWSE). Taka zaleznos¢ powoduje, ze system z podziatem obcigzen tatwiej
ulega uszkodzeniom. Fakt ten jest czesto pomijany w obecnie stosowanych metodach oceny niezawodnosci. W niniejszym artykule
przedstawiamy nowatorski model oceny niezawodnosci systemow k-z-n z podziatem obcigzenia i zaleznosciq DWSE, ktory po-
zwala doktadniej ocenié¢ niezawodnos¢ takich systemow. W modelu, opracowano wspolng funkcje gestosci prawdopodobienstwa
skutkow obcigzen losowych dla uszkodzen parametrycznych i katastroficznych, ktora pozwala opisa¢ zaleznos¢ DWSE dla ele-
mentu systemu. Aby wyprowadzic analityczne wyrazenie niezawodnosci systemu z podziatem obcigzenia i DWSE, do modelowania
czasow losowych uszkodzen elementow systemu wykorzystano funkcje warunkowej gestosci prawdopodobienstwa. Skutecznos¢
modelu niezawodnosci zilustrowano na przyktadzie uktadu mikroelektromechanicznego z podziatem obcigzenia (MEMS).

Stowa kluczowe: modelowanie niezawodnosci, systemy k-z-n z podziatem obcigzenia, zaleznos¢ miedzy obcig-
zeniem pracq a skutkami obcigzen losowych, degradacja, obcigzenia losowe.

1. Introduction

In reliability engineering, redundancy technique is widely applied
to ensure a system remain functional over a long period of time. A
k-out-of-n system is a typical redundant system with n components.
At a minimum, it requires k operational components for the system
to work normally [25, 30, 38]. Many reliability models of k-out-of-n
systems have been developed, which assume that components work
independently [6, 41]. However, many systems are load-sharing, such
as micro-engines in a Micro-Electro-Mechanical System (MEMS) [4,
13], common buses in a common bus performance sharing system
[40], and gear pair systems in a machines transmission system [37],
which makes the assumption of independent components unrealistic

[10, 24]. A common feature in a load-sharing system is that the work-
load is shared equally or unequally by the surviving components, and
when a component fails, its load is distributed to the working compo-
nents [32]. The increased workload on the component strongly affect
its degradation rate and failure rate [11], which has been proved by
many empirical studies of mechanical systems [7, 26], and battery
systems [20]. Therefore, due to load-sharing characteristics, the com-
ponents are stochastically dependent on each other.

Although numerous studies have explored the reliability of load-
sharing systems considering the dependence among the components,
they ignore the detrimental effects of random shocks on system reli-
ability. Taghipour et al. [25] propose a periodic inspection optimiza-
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tion policy of a load-sharing system, where stochastic dependence
among thecomponents is considered by sharing a certain amount of
load. Zhang et al. [38] develop a reliability model of a load-sharing
system with dependent components that equally share the system load
before and after other components have failed. Ye et al. [36] develop
a reliability model of a water filtering system with multiple filters,
where the workload influences the filter degradation. In their model,
the dominant failure type is degradation, while hard failure due to a
shock will not occur. Kong et al. [12] investigate the dependence be-
tween component lifetime and load level through a link function. Al-
though such methods successfully consider the effects of workloads
on the degradation processes or failure rates, they do not consider ran-
dom shocks which can accelerate the degradation process and cause
sudden hard failure.

In fact, the components in a load-sharing k-out-of-n system are
subject to soft and hard failures [1]. The soft failures are mainly due to
degradation processes and the hard failures are due to random shocks,
while the degradation processes and random shocks may be depend-
ent [18]. For example, MEMS may be a load-sharing system where
multiple micro-engines work together to perform more reliably [4, 13]
and each micro-engine experiences dependent wear degradation and
random shocks [18]. Based on the reliability testing experiments in
[27], the dominant failure mechanism of micro-engine is determined
as wear on rubbing surfaces which usually leads to either broken pin
joints or seized micro-engines [29]. In addition, Tanner et al. [28] in-
vestigate shock effects on a micro-engine through shock tests, finding
that random shocks will cause wear debris, which will accelerate the
wear on rubbing surfaces. Moreover, the misalignment of the springs
may occur and a large enough shock can result in a spring fracture.
Therefore, the micro-engines will experience soft failure (i.e., wear)
and hard failure (i.e., spring fracture) due to simultaneous exposure to
degradation processes and random shocks.

To develop a reliability model of systems with degradation proc-
esses, random shocks, and their dependence, many literatures assume
that random shocks can (a) cause abrupt degradation increases [8, 14,
15, 18, 21, 22, 39], (b) increase the degradation rate [2, 19, 31, 39],
or (¢) increase the hazard rate of sudden failure [3, 33]. On the other
hand, random shocks may be influenced by the current degradation
level. Yang et al. [34] and Che et al. [5] suggest that the occurrence
of random shocks is affected by the degradation level of the system.
Yang et al. [35] develop a reliability model where the magnitude of
the damage caused by a shock load is correlated to the system degra-
dation level. As reviewed above, the reliability modeling for systems
with dependent degradation processes and random shocks has been
thoroughly investigated, while such systems are usually series or par-
allel systems without load-sharing characteristics.

In literature, only a few authors analyze the reliability of a load-
sharing system with dependent degradation process and random
shocks, and the studies are limited in some respects. Random shocks
commonly affect the components of a load-sharing system in two re-
spects: (i) being transmitted to a shock size to components and then
inducing a hard failure suddenly if the size is huge enough; (ii) creat-
ing a shock damage and then contributing to soft failure. Liu et al.
[13] develop a reliability model of a load-sharing MEMS with three
micro-engines subject to continuous degradation processes under a
constant load or a cumulative load. In their model, degradation is the
dominant failure type, while shocks only cause degradation increases
and cannot lead to hard failure. In practice, a huge shock may lead
to a common cause failure of the entire system [16]. Che et al. [4]
develop a reliability model of a load-sharing system with dependent
degradation process and random shocks. In their model, the shock
effects are independent of workload, which may not be applicable in
all situations.

In fact, components are subject to both workload and shock load,
and both types of loads contribute to soft and hard failures. For a load-

sharing system, overload is a typical shock load, such as a surge of
workload for micro-engines [13] and the over discharge for battery
packs [20]. When the arrival shock is an overload, its effects (i.e. the
transmitted shock sizes and transmitted shock damages) depend on
the resultant load of the workload and overload. After a component
fails, the workload shared by each surviving component will increase,
and under the high workload, the degradation rate of components will
increase. In addition, the resultant load will also increase, causing the
shock effects on the components to become more serious.Therefore,
shock effects to soft and hard failures are dependent on the current
components’ workload. Load-sharing system experiences the de-
pendent workload and shock effects (DWSEs), and the dependence
is first studied to evaluate the reliability of load-sharing systems. The
reliability may be overestimated without considering the dependence
scenario.

Due to load-sharing characteristics and DWSEs, the degradation
rate and shock effects to soft and hard failures are all dependent on
the number of failed components. In addition, the failure times of the
components and the arrival times of the random shocks are both sto-
chastic. It is more practical but also presents new challenging issues
to build a reliability model. In this paper, a reliability model of load-
sharing systems subject to soft and hard failures with DWSE:s is de-
veloped. In the model, the joint probability density function of shock
effects to soft and hard failures given the number of failed compo-
nents is developed to describe the DWSEs on a surviving component.
In addition, the conditional probability density function of component
failure time and conditional total probability formula are utilized to
model the system reliability. An analytical expression is then devel-
oped to calculate system reliability, which can save much calculation
time. Finally, a load-sharing MEMS is utilized as a realistic applica-
tion to illustrate the effectiveness of the reliability model.

The rest of this article is organized as follows. In Section 2, we
presents the system description and its assumptions. In Section 3,
the model of DWSEs on a component of a load-sharing system is
described in detail, and then the reliability model of a load-sharing
system is proposed in Section 4. In Section 5, the reliability model
is illustrated by load-sharing micro-engines in MEMS developed at
Sandia. Finally, Section 6 concludes the paper and makes some sug-
gestions for further work.

2. System specifications

In this paper, we focus on a load-sharing k-out-of-n system with
n identical components sharing a certain amount of load. Each com-
ponent is subject to competing soft and hard failure processes due to
experiencing degradation process and random shocks simultaneously.
The reliability model is built based on the following assumptions,
which are adapted from recent literatures [4, 13, 18, 22, 38].

1. Random shocks arrive following a Poisson process.

2. The components in the load-sharing k-out-of-n system fail due
to soft failure and hard failure. Soft failure will occur when the
overall degradation is beyond the threshold value of the com-
ponent. Hard failure will occur suddenly when the shock load
exceeds the maximum strength of the component.

3. The system consists of n identical components. It requires at
least k& components being operational for the system to work
properly.

4. The system load is fixed and it is shared by surviving compo-
nents equally after a soft failure of a component occurs. This
leads to an increased component workload and a higher deg-
radation rate.

5. The shock load is shared by surviving components equally.
Once a hard failure of a surviving component occurs when the
shared shock load exceeds its maximum strength, all of the
other surviving components will fail due to the same shock
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load at the meanwhile, which leads to the sudden failure of the
load-sharing system.

The first two assumptions are taken from [18, 22], and they are
widely applied to the components and systems subject to degradation
processes and random shocks simultaneously. Assumptions 3 and 4
are taken from [4, 13, 38] and are basic assumptions for equal load-
sharing k-out-of-n systems. Based on Assumptions 3 and 4, Liu et
al. [13]conduct the reliability analysis of a load-sharing MEMS with
three micro-engines. Assumption 5 is effective when the shock is an
overload such as the surge of workload for micro-engines [13] and the
over discharge for battery packs [20]. Overload is a typical shock load
for a load-sharing system, and the load is shared by surviving com-
ponents equally. Therefore, when the shock load is large enough, the
load equally shared by each surviving component exceeds its maxi-
mum strength, and the hard failures of all surviving components occur
suddenly based on the assumptions that the components are identical.
Consequently, such shock load will result in the sudden failure of the
load-sharing system.

As shown in Fig. 1, Peng et al. [18] develop a component reli-
ability model considering two dependent competing failure processes:
soft failure due to total degradation, and hard failure due to the same
shocks. For each shock j , Wj is the transmitted shock size and hard
failure occurs when W; exceeds the maximum strength D, and Y;
denotes the abrupt damage in degradation process and soft failure oc-
curs when the overall degradation X (t) is greater than the threshold
value H .

X,(r) 4 Xo(r) 4 Y
Y
Y,
< YJ
h Y
W & § & & t
A A
w(t) W(r) . D
W, s W
w! W,
] oot ¢
(a) (b)

Fig. 1. Two dependent competing failure processes: (a) soft failure process,
and (b) hard failure process [18]

As shown in Fig. 2, when a component in a load-sharing system
fails, the system configuration changes, and the workload on each sur-
viving component will increase, which will lead to a higher degrada-
tion rate (line a3) [17]. When a shock arrives, it can be transmitted to a
shock size to the devices and induce a hard failure through line al, and
it can also create a shock damage to the devices and then contributes
to soft failure through line a2. In addition, the shock load contributes
to the failures together with the workload, and the workload will make
shock effects more serious. Under an increased workload, the shock
effects on each surviving component will be greater since the effects
are caused by the resultant load of the workload and shock load. Thus
the shock effects are dependent on the workload, and the load-sharing
system experiences the DWSEs.

Loads Failures
Shock Shock ctfeay B Hard failures
loads al
Work Soft failures
state a2 -
Work » Shock damages
loads a3 | || Continuous
A degradation

System configuration
The number of surviving components

Fig. 2. The dependence analysis for the load-sharing systems

Due to the load-sharing characteristics and DWSEs, once a com-
ponent fails, the workload shared on surviving components increases,
resulting in that (i) the degradation process is accelerated, and (ii) the
shock effects to soft and hard failures become worse. As shown in
Fig. 3, for a load-sharing system with i failed components, the load
of j th shock together with the shared workload will be transmitted to
abrupt degradation damage Y; and shock size W; to each surviving-
component in the system. When the i + 1 th component has failed, the
degradation rate increases significantly and the shock effects become
more significant. As illustrated in Fig. 3, W, ; and Y;,,; are greater
than W; and ¥ respectively.
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Fig. 3. Two dependent competing failure processes for a surviving component
in a load-sharing system with different system configuration: (a) soft
Jfailure process, and (b) hard failure process, where X g;(t) is the total
degradation of a component in the system with i failed components at
time [ .

3. Failure modeling for a component with DWSEs

In this section, we investigate the modeling for soft and hard fail-
ures of a surviving component with DWSEs. Firstly, the shock effects
to soft and hard failures with DWSEs are modeled. Then, we develop
the soft failure model and hard failure model of a surviving compo-
nent with DWSEs.

3.1. Modeling of shocks considering DWSEs

The DWSEs on each surviving component are depicted in Fig.
4. When the ; th system shock arrives with magnitude Z; , it affects
both the hard failure process and soft failure process for each C;,
where C; is the surviving component in the load-sharing system with
i failed components. Usually, the hard failure and soft failure may oc-
cur in different devices. For example, for a micro-engine, hard failure
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is mainly due to the spring fracture while soft failure is mainly due
to wear on the rubbing surface. Therefore, Z j can be transmitted to
Zp; , which is the magnitude of the j th shock on the devices (e.g.
the spring) where hard failures occur, and Zg; ,which is the magnitude
of the j th shock on the devices (e.g. the rubbing surface) where soft
failures occur. Zy; and Zg; are assumed to be independent, since
they are applied to different devices. In addition, Z; and Zg; ap-
ply to C; together with the workload, and their resultant load can be
transmitted to Zp;; and Zg; , respectively. Then Zy; and Zg; are
transmitted as shock sizes W;; for the hard failure process and shock

ij
damage increments ¥; for the soft failure process, respectively.

Random shock j with shock load 7

Zuj Zsi

Load-sharing system: i components fail

Resultant load for
soft failure Zs;

Resultant load for Work
hard failure Zu; loads

Device for hard failure Device for soft failure

Transmitted shock Transmitted shock
size Wij damage Vij

Y v

Hard failure

Soft failure

Fig. 4. The transmitted effects of system shock to the soft and hard failures

There are many ways to describe dependence characteristics in
shock propagation, such as proportional correlated, additive depend-
ent, and other more complicated models [23]. Song et al. [23] and
Liu et al. [15] assume that the shock effects are linearly dependent on
shock load. In this paper, a linear shock transmission model is also uti-
lized to formulate the DWSEs. The shock size 1¥j; and the shock dam-
age Y;; to the component are transmitted linearly from Z; and Zg;
respectively, and Zy; and Zg; are also a linear function of Zg;
and Zg; respectively. Then, W; and ¥; can be simplified as a linear
function of Z o and Z 5 while to model the DWSEs, the transmis-
sion parameters are dependent on the workload. Based on Assumption
4, the workload shared by surviving components is only dependent on

the number of failed components, i. Then, the transmission param-

eters are dependent on the value of i. Moreover, to consider purely

random shock effects, two random terms, W,j and Y;‘j S
response to a system shock, and they are not dependent on system

shock loads. We assume:

are present in

Wy =a;Zy; + Wy, M
Yi=viZg+ Yij ()

where o; is a transmission parameter between Z; to the shock size
for the hard failure process of C;, and vy; is the transmission param-
eter from Zg; to the shock damage for the soft failure process of C; .
The values of a; and 7y; can be estimated from previous data, life
testing, engineering judgment, and etc. As mentioned above, W,«j is

a random shock size contributing to C; ’s hard failure, and does not
depend on Zp; . For some cases, Vf/l may be zero for all 7 or ;.
Similarly, ¥; is a random shock damage to soft failure process, which
is not dependent on Zg; . In some special examples, Y; may be zero,
while in some other examples, the shock damage Yj; is not exactly
proportional to the shock magnitude Zg; and additional randomness
can be introduced into Y; through )71/ . Both WU and Z-j are inde-
pendent and identically distributed (i.i.d.) random variables.

The cumulative distribution function (CDF) for W;, F, (w;) can
be derived as:

Fy, (w;) = Pr{Wy <w;} = Pr{o;Zy; + Wy <w; | 5

=1L, Prlezn + Wiy <)y, (21 )y

Then, the probability distribution function (PDF) for ;, fj (w)
can be derived as:

fWi (w,-) = LHj i (wl- —al-ij)fZHi (ij)dij . 4)

i

Similarly, the CDF for Y;, Fy, (»;) can be derived as:

Fy (vi)= Pr{Yij < J’i}‘ = Pr{ViZSj + fij < )’i}

Y %)
= -[zsj Pr{yisz + Ylj < yi}fZSj (ZS])dZS]
Then, the PDF for Y;, f )2 (yi) can be derived as follows:
Iy (yi):Iszfﬁ (J’i—%’zsj)fzsj (zsj)dzsj_ (6)

Based on Egs. (4) and (6), the joint PDF for W and Y,
Iw.x (W;,;), is derived as:

Sy (i) = [, S, (w1 Mz, (2 ey <[,y (v =712 )z (257 ) 2y

(N

3.2. Modeling of soft and hard failures of a surviving compo-
nent

Figure 1(b) shows an extreme shock model where a hard failure
occurs when the shock size is beyond the maximal fracture strength
D . In this paper, system shocks arrive following a Poisson process
with rate A . Based on the stress—strength model, the probability that
C; survives the applied stress from the j th system shock is:

P(W; < D)= Fy, (D) for j=12,...m, (8)

Then, the probability that each C; does not experience hard fail-
ure by time ¢, P, (NHF}), is:
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B (NHE,) = Pr{ Wy < D,Wop < Ds.c.Woyy < DsvcsWiy < D,y < Do Wy, <D

20t m,
= P{Woy < Dy < Dy Wopy < Do Wiy < D Wiy < Do Wi < D | mig,mycsmy_y, |

N(t) my; N(1) N(1)

() Ay <0)- LA 0" = TT([, 47, (0~ i G|
i=0

i=0 j=0
)
where m; is the number of shocks arrived in the time interval between

T; and T, as shown in Fig. 5, and 7} is the failure time of the 7 th
component. N (t) is the number of falled components by time 7 .

my, f3, mlﬂ')gl iws ma 1> i My

| ] I | | »
>

0 T, , - Ty T f

e

Fig. 5. Degradation process of C; in a load-sharing system

As an example, if Zy; and W; follow normal distributions, a
more specific case for Eq. (9) can be derived as:

( D-a;zg — Zy ~ MUz, "
P(NHF,) = ]:[{LH(D[ o }7 o dzy |

(10)

where ®(s) and ¢(+) are the CDF and PDF of a standard normally
distributed variable, respectively.

As shown in Fig. 1 part (a), the soft failure of a component oc-
curs when the overall degradation is greater than the threshold value
H [18, 22, 23]. The overall degradation, Xg(¢), is affected by the
load-sharing characteristics and DWSEs, and is accumulated by con-
tinual degradation and cumulative abrupt damage caused by shocks.
According to the degradation models in many literatures [5, 18, 19],
we also assume a linear degradation path to accumulate continual deg-
radation, X (¢f)=u+ ft+¢&, where x is constant and represents the
initial component degradation, £ is a random variable and represents
degradation rate, and ¢ is a random error term and follows a normal
distribution, & ~ N(0,52) .

Each C; in aload-sharing system will experience the system con-
figuration changing from no failed components to ; failed compo-
nents. Therefore, as shown in Fig. 5, its degradation rate will change
from B, to B; step by step, where B; is the current degradation rate
of each C; . The degradationrate 8 isinfluenced by the workload on
the component, and due to load-sharing characteristics, the following
inequalities B; > B;_ >...> By > By will exist. In addition, B;_; will
increase to f3; when the i th component fails. The value of p can be
estimated through accelerated degradation test [17].

Therefore the total degradation of C; by time ¢ is denoted as:

i—1
p+ Y BT —T)+Bi(t-T;)+e, ifi=N(1)=1
=0

pu+Pot+€

X(@)= (1D

if N(1)=

Moreover, a shock will cause a damage increment to the degrada-
tion process ¥j; , and a cumulative shock model is used to determine
accumulated shock damage increments. The cumulative degradation
damage increments S(f) caused by shocks until time ¢ can be de-
rived as:

N(t) m; N(@t) m; N(t)

Yy ZZ( +y,sz) it m; >0
i=0 j=1 i=0 j=1 i=0
- 12
NG N (12)
0 it m=0

Therefore, the total degradation accumulated by both continual
degradation and cumulative abrupt damages can be expressed as

Xg(t)=X()+S(¢) . Then the probability that the overalldegrada-
tion at time ¢ is less than the threshold value H can be derivedas

P(Xg(t)< H)=P(X(t)+ S(t) < H) .

Conditioning on the times 7j,75,..,7; and shock numbers

mgy,my,...,m;_; , the probability that no soft failure will occur on C;

at time ¢ can be derived as:

P.(NSF(t)|mg,my,...m;_1,11,T5,....T;)

o0
= Y B(Xs(6)<H,m; | mo,my,.com;_y, 1, Ty, T7)

m[: 9

Z (X () <H | my,mo,my,.com_, 1, T TPy | mg,mycmy_ 11T, T)

(13)

where P(m; | mg,my,...,m;_1,T,,T,,...,T;) is the conditional prob-

ability that m; shocks arrive in the time interval between 7, and ¢

given the component failure times 7;,75,...,7; and the shock numbers

mg,my,...,m;_; . The conditional probability is only dependent on T}

and ¢ due to the characteristics of Poisson process and can be simpli-
fied as:

exp(-4(t =T (A (t=T; )"

i)
m:

P(m; | mg,my,...,m;_, 1, T5,...T;) = P(m; | T;) =
(14
Then Eq. (13) can be rewritten as:

P.(NSF(t)| my,my,...,m,

i-1>

L.0....T)

- 5 e TR TR S S0 <y IR
;=0 1=0j=1 i

(15)

Furthermore, if f <m_> is considered to be the PDFof the sum of m

Zsj
i.i.d. Zg; variables,then P (X (6) < H |mz,mo,my,..om;_y, T, Ty, ;)
in Eq. (13) can be derived to amore specific expression based on a
convolution integral:

B(Xg(t)< H [ mj,my,my,....m;_y, 1, Ty,...,T;)

—j L‘P(PHZBJ(TM T)+B; (¢ - T)+ZZY,]+ZZ\(,ZSJ+8<H\Zzsj_ul)

1=0 j=1 1=0 j=1
("1)---fz _‘ (ui)dttl...dui
I, P(u+ZBz(Tm ), (-1)+ Y ZY;,+Zw+s<H)

=0j=1  I=0

xfzzj” (ul)...fzsmj‘ (o )duy...du; (16)
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iom
Conditioning on that Y, >’ Y; = y, if the PDF of the purely ran-
1=0 j=1
dom variables ¥, is Sy (y) forall i and j, Eq. (16) can be derived

i
as:

P(Xg(0) < H |m,mg,my,....m_, 1, T,....T;)

i-1
:j IP(“+ZBI(T1+1 T)+Bi (- T)+ZZY11+ZY1”1+5<H)

I=0j=1 =0

X Z;':-] ( )...fzgi>(ui)du1...dui

il
H+Zﬁz(T1+1‘Tl)+Bi(f‘Ti) < m1>
'[yP : ;'11 7 (r)dy

+ZZY, +ZYZ“1+€<H|ZZYIJ

=0j=1 = 1=0j=1

I)A..fzg_" (1 )du...du;

Do

=l

i

X <ml>(

Zsj

=

i-1 i <é”’1>
= L] ju L,P(H + 2By (T =T )i (=T )+ v+ Xy +e <HV'S T (v)dy
i 1=0 1=0

X/, Z<:,I > ()-f, Z<Z;i> (...
17

As an example, if B, Y.,

y

and ZSJ- all follow nor-

1
mal distributions, > yu; is also a normal distribution

i i i
2 2 i
ZYl”l ~ N[ZY!’”IMZS,ZYI mlczs) Then, a more specific case
= 1=0 1=0

for Eq. (17) can be derived as:

P(Xg(t)< H |my,my,my,...m;_y, T, T5,...,T;)

i i
- IJ+ZH/3,(7"1+1‘7})+#/3,1(7§ )t Z”Wﬁu] U= Yz

Jo = P
2 1 1
Jzap,(,ﬂ 1) o - Enoi ot || [Erino
=0 1=0 1=0
(18)
Then, Eq. (15) can be expressed as:
P.(NSFE(t)| my,my,...m;_1,1},T5,...,T;)
i-2 i
- H*ZHﬁ,(TM*]})*Hﬁi_I(Ti* 1)y tu
1=0

= iijuqy -
e \/zo—ﬁ ( JH1 T ) +O—l23,'_1 (t_T;')z

i
+ > moy +o’

1=0
>
u— 2, yimpy ;
® I=0 ’ du x exp(-4 (t — Tl))(ﬂ'(t -I ))m,
i 5 m;!
Z YimGzg
1=0

(19)

4. Reliability modeling for a load-sharing system

As pointed out in the previous section, the reliability model of a
load-sharing system should consider DWSEs, load-sharing character-
istics, and dependent competing failures (i.e., soft failures and hard

failures). Based on Assumption 5, once a component hard failure oc-
curs, the hard failures of the other surviving components will occur at
the meanwhile, and the load-sharing system fails immediately. On the
other hand, the soft failures of the surviving components will occur
one by one due to the randomness of the degradation process. When
a soft failure of component occurs, the component fails to function
properly, and then the workload shared by each surviving component
will increase, leading to a higher degradation rate of the surviving
components and the more serious shock effects to soft and hard fail-
ures. Then, the failure of the load-sharing system will be accelerated.

To analyze the reliability of such load-sharing system, the difficul-
ties lie in the stochastic nature of the soft failure times of components
and arrival times of the random shocks and that the shock effects are
dependent on the workload. In this section, the conditional probability
density function and the joint probability density function are utilized
to develop reliability models for a load-sharing system.

Given the times T1,75,..,7;.; and the shocks numbers
mg,my,...,m;_; , the conditional probability density function of the
soft failure time of the i th component can be obtained as:

_ —dP(Xs(T;) < H | my,my,....m;_1, 1, T, Tiy)
1 aT

i-2 i-1
H—[wz;zﬁ,(nﬂ—r,)wﬂ,,l (T -T)+ zmzuywj
0 1=0

[, -
u i1
Jzaﬂ (71 +0h, (1T} + T ma} +o?
g | S 02 (1T V rod (T-
Hp; Z‘z)o.ﬁj( JH /) +cﬁi—1( i
=

i-2 i-l
o (T )[H—(;H g, (Tt =Ty g, () M#]j

i-2 5 , il 2
[Z b, (T =1;) +op (G=T1)" + X moj +°2]
j=0 =0

i-1
u=3 YimiHzg
/=0 du

XQ| —m———
i-1 2
2.7 mozg
=0

The conditional probability that C; fails in an infinitesimal inter-
My Ty Ty )T
On that condition, for a load-sharing system, there are n—i+1 sur-

(20)

val dT; can be expressed as f; (T} | mg,my,...,

viving components, so, the probability that the ith component fails

at time 7} is:

P(T; ‘mO’ml"-"mi—l’zi»TZ"-"]}—l):(n_iJrl)fi(];' ‘ mO’ml’-~-smi—l$Tl’T2’"-57}—l)d];' .
(2]

The probability that n—i components in the system work reli-

ably with no soft failure, Pg; (NSF,) , can be derived as:

B (VSE)=( 7 3 Jo A | m)PO)f5 Ty g )P [ )

)lm 0 my=0
I fx(T|m, 15105 Mo My, T, Ty ooy T JP(my_y [ g, 11ty T T, T, )
XP(Xg(t) < H | myymg,myyeeos ;1 T, Ty ,.)"*f

(m; [ g,y ooty 1,11, Ty, T)AT AT,y d Ty

(22)
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The load-sharing system is subject to sudden failures due to ran-
dom shocks. For a certain system configuration, each component is
exposed to the same shock size. Then, once a hard failure occurs for
a component, all of the other surviving components will fail due to
the same shock at the meanwhile, which leads to a sudden failure
of the load-sharing system. The probability that the load-sharing sys-

tem with i failed components does not experience the sudden failure
Pg; (NHF,) can be presented as:

Py; (NHF,) = f[()[fm @[D—ajZH =ty ]W[ZH —Hz, ]dZH] (23)
i

Ow Oz

Therefore,the probability that there are n—i components work-
ing reliably Rg; can be denoted as:

Rg; = Py; (NSF; ) x Py; (NHF,)

nl & &t ' '
:(n il DY ,[Ofl(rl |mo)frl ST |mo’m1aT1)---J‘T ST gty g, 1, T, Tiy)
T mp=0 my=0 =

1
u=-3 Yimz

i-1 i
H*[H*ZﬂﬁI(TM’E)*H,BA”E‘)*Z”’I#; +u]
1=0 1=0 =0 du

x| [ @ xQ
! g, 2, 2 ) 3 2,2
ZU,B/(TM’TJ') +op ((=T) + Y moj +o

=0 1=0 1=0

N Gt Gl T et R L U B

m! 1= my_y!

m;

- "0 i D-a;Zy - 2y — Uy /

dendnl"'dﬂXH[L q)[ J4H #W]w[ H ™ Hzy dzH]
=

mo! o Ozy

24

A special case occurs when there is no soft fault by time ¢, and
the probability of this occurrence can be obtained using

n

R © ® H—(,u+yﬁ0t+m0y};+u) u=—yoMmokzg d
0= 2 -[u 2 2 2, 2 2 "
my=0 \/O'ﬂot +m00')7+0' \/j/omOO'ZS

D-a.Z "
— mo - — Zp —
Xexp( At)(At) “ J~ o GEH T My H ~Hzy, dzyy
mo! ZH O_W O'ZH

(25)

For a load-sharing k-out-of-n system, there must be at least k sur-
viving components working for successful operation. Consequently,
its reliability R (¢) can be determined according to:

n—k
R(1)= 2 Ry . (26)
i=0

Moreover,the developed reliability model can be easily extend to
a load-sharing parallel system through assigning the value & to 1.

5. Case study

In most cases, MEMS is a load-sharing system where multiple
micro-engines work together to perform more reliably [4, 13]. The
system has been widely applied to many intelligent mechatronic sys-
tems, and its reliability has been studied extensively [9, 27]. A 2-out-
of-4 load-sharing MEMS with four identical micro-engines is utilized
as a realistic application to illustrate the effectiveness and modeling
capabilities of the proposed model in this paper. The micro-engine
consists of multiple orthogonal linear comb drive actuators mechani-
cally connected to a rotating gear. By applying voltages, the linear
displacement of the comb drives is transformed into the circular mo-
tion of the gear via a pin joint.

Based on the results of the reliability tests from [28], each mi-
cro-engine is subject to two dependent competing failure processes:
hard failure due to the spring fracture caused by the huge shock; and

Table 1. The corresponding parameters for the reliability analysis of micro-engines

Parameters Value Sources
H 0.00125 pm? [26]
D 1.5 GPa [26]
" 0 [26]
Bo~N(ug-05,) + 1g, =84823x10°um*, o5 =6.0016x10™ '’
B Bi ~N(,uﬁl,61231), g, =1.2x10"%um?, op, =6.0x10"um’ Po: [26];

By~ N(1g,,03, ) g, =2.0x10um’, o5, =9.0x107 pm’

f, and p, : Asumption

€ £~N(0,62), o =10""um? [19]
A 2.5x107 [19]
Z Zy ~ N1z, .03, ). #z, =12GPa, 07, =0.2GPa [19]
Z Zg ~ N(/JZS,G%S ) f, =12GPa, o4 =02GPa [19]
Y I7~N(,u,;,0')2;), /,zf,:l.0><1079um3, cy)~,:1.0><10710um3 Asumption
i W~ N(p.07 ), 7 =0, 05 =1.0x107 Asumption
Vi Yo = 2x107, 7 =1x107%, 72 =5x107 Asumption
o; ay=09, =10, ay=12 Asumption
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soft failure due to the continual wear process on rubbing surfaces and
substantial wear debris caused by shocks, which usually results in a
seized micro-engine or a broken pin joint and then the micro-engine
is deemed to have failed. Due to load-sharing characteristics, the deg-
radation rate of a surviving micro-engine will increase after a micro-
engine failure because of its increased shared workload. In addition,
the shock effects to the soft failure and hard failure are dependent on
the workload, and the load-sharing MEMS experiences DWSEs. In
the application, both transmission parameters o; and y; will increase
after a component fails. Based on the data in [4, 18, 19, 26], along
with some reasonable assumptions, the corresponding parameters for
the reliability model are shown in Table 1.

5.1. Results analysis

Using Eq. (3), the probability that MEMS with zero failed mi-
cro-engine, one failed micro-engine, and two failed micro-engines
will survive a shock with no sudden failure is calculated as 99.02%,
93.32%, and 59.87%, respectively. Based on Egs. (24) and (25), for
the MEMS, the probability that four micro-engines work reliably (i.e.,
R,), three micro-engines work reliably (i.e., Rg) , and two micro-
engines work reliably (i.e., Ry,) , is shown in Fig. 6, respectively. It
can be seen that Ry is very close to 1 and changes slowly at first, and
then its declination increases sharply at approximately r=8x10*. In
addition, Rg; and Ry, are very close to 0 before the time ¢ =8x10",
and then increase to the peak point, and finally decrease to 0. This is
mainly due to the following reasons:

(1) For each micro-engine, the arrival shocks will cause abrupt
wear debris from the contact surface of the pin joint and the
gear. At the beginning, the wear extent is far from the failure
threshold H, and soft failure rarely occurs and hard failure is
the main failure mode. Moreover, the arrival shocks are rela-
tively few, and then the probability that hard failure occurs is
also small. Therefore, before the time # =8x10*, Ry, is close to
1 and decreases slowly, and Rg; and Ry, are very close to 0.

(2) As time goes on, the wear extent increases and may approach
the threshold. Therefore, for micro-engines, soft failure is
more likely to occur when is large, which leads to the sharp
decrease of Rgy. The micro-engines will fail in order due to
wear. When the first micro-engine fails, Rg; will increase, and
when the second micro-engine fails, R, will increase. Finally,
they will decrease to 0 since all micro-engines will fail # when
is large enough.

R(.-‘) 1¢eetrovrrrrsrooo

0.8

0.6
04 !

0.2

Fig. 6. The values of Rgy, Rgy, and R, for a 2-out-of-4 load-sharing system

By setting different values of the parameters in Eq. (24), we can
calculate the system reliability without load-sharing characteristics

and DWSEs (i.e., ﬂo = ﬂl = ﬁz ~ N(,Uﬁo ,01230 ) N
Yo=Y =Yy =2X% 107> and oy =0a; =a, =0.9), and only with load-

o, _ -5
sharing  characteristics  (i.c., Yo =11=72=2x10 and
oy =a; =0, =0.9). For a MEMS without load-sharing characteris-

tics and DWSEs, the probabilities that four micro-engines work reli-
ably (denoted by Rg ), three micro-engines work reliably (denoted

by RS'1 ), and two micro-engines work reliably (denoted by RSVZ ), are
plotted in Fig. 7(a). For a MEMS with only load-sharing characteris-
tics, the probabilities that four micro-engines work reliably (denoted
by Rso) three micro-engines work reliably (denoted by Rg,), and

two micro-engines work rehably (denoted by Rsz ), are plotted in
Fig. 7(b). It can be seen that RSO ,and RSO are all the same, Rg; and

Rg, are lower than RSl and Rsz respectively, and RS1 and Rsz

are lower than RS'1 and RS'2 respectively. In addition, compared with

the reduction from RS'1 to R;l , R;z decreases more significantly.
This can be explained by the following facts:
(1) When considering the load-sharing characteristics, once a mi-
cro-engine fails, the degradation rate of the other surviving
micro-engines will increase along with their shared workload.

Thus, R;l and R;Z are lower than RS'1 and RS'2 respective-
ly. Moreover, when two micro-engines fail, the shared work-
load and degradation rate of the surviving micro-engines will
increase further, and the third micro-engine will fail more eas-

ily. Therefore, R;z decreases more significantly.

(2) When considering the DWSEs, the transmitted shock damage
and size are dependent on the workload. The shock damage
and size transmitted to the surviving micro-engines will rise as
an increasing number of micro-engines fail, and then both soft
failure and hard failure will occur more easily. Therefore, Rg,

and Rg, are lower than Rgand Ry, , respectively.

(3) When no micro-engine has failed, the workload and shock ef-
fects on each micro-engine are the same when considering
load-sharing characteristics and DWSEs or not, and thus Ry,

RS'0 , and R;O are all the same.

Based on Eq. (26), knowing Rg,, Rg;,and Rg, , we can get the
reliability R(¢) considering load-sharing characteristics and DWSEs.
Similarly, we can get the reliability R'(z) without load-sharing char-
acteristics and DWSEs, as well as the reliability R" (t) only consider-
ing load-sharing characteristics. A comparison plot of R(r), R'(t),
and R"(¢) is shown in Fig. 8. It is easy to find that R(r) is lower than
R"(t)and R"(r) is lower than R'(r), which indicates that both the
load-sharing characteristics and DWSEs decrease the system reliabil-
ity.

5.2 Sensitive analysis

A sensitive analysis is conducted to study the effects of important
parameters on system reliability. The transmission parameter from the
system’s shock magnitude to the transmitted shock size on C;, o;,
and the transmission parameter from the system’s shock magnitude to
the transmitted shock damage on C;, v;, are the parameters of inter-
est. The results of the sensitive analysis of o; and y; are shown in
Fig. 9. The red line with thombus shows the system reliability with
o; increasing from [0 = 0.9,0,; =1.0,0, =1.2] to [1. 0 1.2,1.4].The
system reliability decreases more sharply before ¢ = 10°, and the Sys-
tem reliability decreases by 15.3% (from to 0.940 to 0.815) at time
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Fig. 7. The values of reliabilities for different system configurations: (a) without the load-sharing characteristic and the
DWSEs and (b) only considering the load-sharing characteristic

[0.9.10,1.2]
[0.00002,0.0001,0.0005]
[1.01214]

[[I CR02 00001 0 ill’H’Ii]

[0.9,1.0,1.2]
[0.00004,0.0002,0.001)

L L

Fig. 8.
ence

R(1) 19

0.5 1
!

x10°

0.8¢

0.67

0.4}

0.2r

x10°
Fig. 9. The sensitivity analysis of reliability on a; and ;

The comparison plot of the reliabilities with different type of depend-

=10 This is mainly due to transmission parameters o, having a
significant affect on hard failures. A high o;; will therefore lead to a
large shock size and more hard failures will occur.

The black line with circles shows the system reliability with
Y; increasing from[y, =0.00002,y; =0.0001,y, =0.0005] to
[0.00004,0.0002,0.001] . It can be seen that the two types of reliabil-
ity curves are almost the same before ¢ =7.5x 10*, and then the reli-
ability with [y, =0.00004,y; = 0.0002,y, = 0.001] decreases earlier.
The system reliability curve moves to the left, which indicates that a
larger value of y; results in a lower reliability performance.The main
reasons for this phenomenon are the following:

(1) A higher v; will lead to a larger magnitude of wear debris
caused by shocks, while the total wear debris is relatively small
and is far from the threshold H at the beginning. Therefore,
soft failure rarely occurs and the two types of reliability curves
are almost the same.

(2) As t increases, for the system with higher v; , the wear debris
increases more and approaches the threshold earlier. Thus, the
reliability decreases earlier.

6. Conclusion

In this paper, a reliability model is developed for load-sharing
k-out-of-n systems subject to the dependent competing soft and hard
failures. A new dependence between workload and shock effects is
investigated and the dependence is addressed in the model as a major
extension from previous reliability models for load-sharing systems.
The proposed reliability model is more realistic but difficult to de-
velop due to the load-sharing characteristics and DWSEs. To derive
an analytical reliability model, the joint probability density function
of shock effects to the soft and hard failures and the conditional prob-
ability density function of random component failure times are pro-
posed. A MEMS with four identical micro-engines is then utilized as
a realistic application to demonstrate the proposed model. The results
show that both the DWSEs and load-sharing characteristics lead to
a lower reliability performance. Thus, the reliability evaluation of a
load-sharing k-out-of-n system may be more accurate when consid-
ering the dependence between workload and shock effects.In future
work, maintenance can be studied based on the proposed model and
the optimal maintenance policies can be obtained to enhance the sys-
tem reliability.
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Appendix

The notations used in formulating the reliability models are now listed.

DWSEs Dependent workload and shock effects
MEMS Micro-Electro-Mechanical System
CDF Cumulative distribution function
PDF Probability density function
n Number of components in the load-sharing system
N(t) Number of failed components by time ¢
Gi Surviving components in the load-sharing system with 7 failed components
Zj Magnitude of the j th system shock
ZHJ' Magnitude of the j th shock on the devices for hard failures
ZS.f Magnitude of the j th shock on the devices for soft failures
W.
v Total transmitted shock size to C; for the hard failure process from ZH]- and workload
Y.

Y Total transmitted shock damage to C; for the soft failure process from ZSj and workload
Wij Purely random shock effect for the j th system shock to C; of the hard failure process
Yif Purely random shock effect for the j th system shock to C; of the soft failure process
aA

¢ Transmission parameter between ZHj to the shock size for the hard failure process of C;
i Transmission parameter from ZSj to the shock damage for the soft failure process of C;
Bi Current degradation rate of C;
L Failure time of the 7 th component
i Number of shocks have arrived in the time interval between 7; and T}
X(@) Degradation extent at # due to continuous degradation
S(t) Cumulative degradation damage increments
Xs(®) Overall degradation at ¢ due to continuous degradation and shock damages
H Critical degradation threshold
D Maximum fracture strength for hard failures
Fy (w;

Wl( ’) CDF of W; for C;

W.

fi (1) PDF of W} for
F (v

% (y’ ) CDF of ¥j; for C;
in (yi) PDF of ¥j; for C;

<m>

in (yi) PDF of the sum of m i.id. Yij variables
Izg (s) PDF of Zg;
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<m>
fZS (ZS) PDF of the sum of m i.i.d. ZSj variables
T2y Cri) PDF of Zy;
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