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1. Introduction

The search for new methods to evaluate the condition of machines 
in technical diagnostics is related to extension of the expected 
time of reliable operation. There are hardware solutions for better 
measurements, and signal processing methods that allow a quicker 
and more reliable decision making by experts. The nonlinear analysis 
of acoustic signals has become popular in recent years. Based on the 
observation of operating parameters of equipment, it is possible to 
draw conclusions about the origin of the condition and also to predict 
the future condition of the machine. The main postulate of technical 
diagnostics connects the increase of vibroacoustic energy with the 
growing wear of machines during their use. It leads to the need to 
look for new, better diagnostic methods for better determination of 
the border between the correct operation and the moment after which 
further operation involves a risk of failure. The operation of plain 
bearings is strongly nonlinear under some conditions, the phenomena 
accompanying the wear are impossible to be linearized [10]. Methods 
are developed for linearization of non-stationary signals describing the 
properties of mechanical systems [7], also combining the resampling 
and order spectrum [21]. The use of the Teager-Kaiser energy operator 
is one of the new and promising methods of vibroacoustic diagnostics 
[5, 11]. The paper presents the experimental studies of the impact of 
rotor unbalance on the value of energy operator.

The unbalance of rotating machines is very important for a number 
of reasons. It is most often noticed when e.g. a steering wheel in a 
car vibrates at some speeds or when the brake pedal vibrates under 
the foot; generally, we deal with unbalance every day. It can be said 
that the unbalance occurs when the distribution of the rotor weight is 
uneven; to a greater or lesser degree, this phenomenon applies to each 
rotating machine. Unbalance creates centrifugal forces, vibration and 
noise during the rotation. Bearings, housings and foundations can be 
exposed to loads caused by vibration resulting from unbalance, caus-
ing increased wear. The products with unbalanced parts often have a 
shorter life. Vibration can decrease the bolted and clamp connections 
until the parts come loose. Vibration also destroys electric switches, 
and the conductors and cables can crack at the joints. Unbalance can 
also significantly reduce the operational safety of a machine. Vibra-
tion caused by the unbalance and disturbing the machine operation is 
reduced by the balancing. It involves the even distribution of the rotor 
weight to reduce the centrifugal forces acting on the bearings. Precise 
use of power tools is more difficult when they are not balanced well. 
It also affects the user comfort, as it can shorten the time to perform 
the work. In case of CNC (Computerized Numerical Control) machin-
ing centres, absence of unbalance control leads to the impossibility 
to maintain the production repeatability and the reduced quality. An 
important aspect in the evaluation of technical condition is the evalu-
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ation in real time, which can increase the reliability. An example of 
such evaluation for a cutting tool was presented e.g. by Kozłowski 
et al. in [20]. The noise and vibration during the equipment opera-
tion are among the criteria considered by potential buyers. Excessive 
emission of acoustic waves or arduous vibration have a negative im-
pact on product competitiveness, making it difficult to achieve market 
success.

Czmochowski et al. [9] presented the studies of excessive vibration 
in rotating machines in steady and transient states, using large-diam-
eter axial fans as an example. The vibration is caused by unbalance, 
misalignment, bearing failure, etc. The authors emphasized that the 
transient state occurs frequently. It appears mostly during the start-up 
and is caused by “passing” through critical speeds which induce the 
object vibration. The main parameters affecting the vibration level 
were identified. 

Kosmol [19] showed an analysis of a rolling bearing, consider-
ing various parameters affecting the contact forces. The bearing ring 
speed, the preliminary strain of the bearing and the fit in the bear-
ing significantly affect the resistance to motion and as a result the 
bearing operation. Churdzik and Warda [8] presented the fatigue life 
prediction of a bearing subjected to a combined load. Geometrical 
parameters of the bearing, including radial clearance and shape of 
rolling elements, were included in the calculations. The calculation 
results showed that the axial load of a radial bearing and the inclina-
tion of rollers reduce the fatigue life. Knotek et al. [18] presented the 
impact of turbocharger disc unbalance. A structural rotor model and 
a hydrodynamic model of a bearing with a floating ring were built 
as an assumption in the “multibody dynamics” type of software. The 
errors in disc manufacture and parallelism errors cause an increased 
unbalance. Zhao et al. [29] described a method to improve the vibra-
tion response by multioptimization of unbalance distribution and rotor 
axis bending. The basic step was a quantitative reconstruction of the 
bending and installation angles. The rigid rotor balancing method was 
used, meaning that the small balanced reaction forces were considered 
better results. The dynamic model based on elliptical bearings was 
analysed using the FEM (Finite element method). 

Shamsah and Sinha [16] showed the unbalance calculation with a 
reduced number of sensors. The authors emphasize that the unbalance 
must be regularly checked in order to ensure the correct operation of 
a machine. The most popular practice is to measure the vibration in 
two perpendicular directions along with the tachometer signals. The 
authors stress that many people believe that measuring the vibration in 
vertical and horizontal direction reflects the machine dynamics better. 
In the paper, instead of two sensors placed perpendicularly, they used 
one sensor at the angle of 45 degrees. One sensor partially recorded 
signals from the vertical and horizontal direction.  

Plantegent et al. [22] presented the experimental analysis of the 
thermal unbalance of a flexible rotor. The Morton effect is related to 
the thermal increase of the amplitude of the rotor synchronic speed. 
The rotor bending is related to the increased unbalance. The tests of 
increasing and decreasing the rotational speed show the amplitude 
and phase hysteresis loops of synchronic vibration. The tests for con-
stant rotational speeds show the changes of amplitude and phase. The 
obtained results are explained as an uneven distribution of the rotor 
temperature. 

Zou et al. [30] used the augmented Kalman filter to identify unbal-
ance. Theoretical analyses and experimental studies were performed. 
This method can be used to calculate the unbalance in real time and is 
unaffected by measuring and modelling errors, making the determina-
tion of unbalance more accurate. Wand et al. [27] showed a method 
for simultaneous identification of unbalance and dynamic coefficients 
of rolling bearings using the uniform continuous Raleigh beam as a 
model. Amroune et al. [2] showed an algorithm allowing the number 
of adding correctional eights to be reduced. 

One of the most popular methods for the evaluation of unbalance 
is standards, e.g. ISO 1940 [31] which defines a rigid rotor as a rotor 
whose unbalance can be corrected in any two planes. After balancing, 

the residual unbalance does not change significantly for all speeds 
until the rated speed. The rigid rotor is equated with a rigid mass. As 
a result of rotor rotation at angular speed ω, acts the centrifugal force 
on radius r on the unbalanced mass mu:

 F m ru= ⋅ ⋅ω2.  (1)

The static moment of this mass relative to the rotor axis is called 
unbalance:

 N m ru= ⋅ .  (2)

The unbalance is a vector quantity with direction and sense defined 
by the vector of the unbalanced centrifugal force F. Value mu is usu-
ally given in grams, and radius r in millimetres, so the unbalance is 
given in [g·mm]. Balancing is a process to correct the rotor mass, 
involving adding or subtracting on the correction radius such correc-
tional mass for which the sum of centrifugal forces, and hence the sum 
of unbalance, is zero.

If the rotor axis and its central main inertia axis are parallel, such 
unbalance is called static unbalance. Such unbalance occurred during 
the laboratory tests presented in this paper. If a rotor has only static 
unbalance, it can be balanced in any plane passing through the centre 
of gravity by placing a correctional unbalance in this plane. If the 
rotor axis and its central main inertia axis intersect in the centre of 
gravity, such unbalance is called moment unbalance. The third pos-
sible condition is dynamic unbalance which is the most general state 
of unbalance in which the rotor rotation axis and its inertia axis are 
not parallel (are skew). This unbalance state is unequivocally deter-
mined by the unbalance vector and the main unbalance moment or by 
two unbalance vectors lying on any transversal planes. The dynamic 
unbalance can be considered as a superposition of the static unbalance 
and the moment unbalance, where the planes of these two unbalances 
do not coincide.

The effect of unbalance vector orientation on the oil whirls in cre-
ated rotors was shown by AL-Shudeifat et al. in [1]. The authors con-
ducted theoretical and experimental studies. It was determined that 
the change of the unbalance force vector significantly affects the am-
plitude peak values. As a result, the critical speeds of a cracked rotor 
are shifted towards higher or lower values, depending on the unbal-
ance force vector orientation. One of the most important findings is 
that there is a specific value of the unbalance force angle for which 
critical vibration is almost eliminated in a cracked rotor compared 
with an uncracked rotor. Spagnol and Xiao [26] showed an analysis of 
mechanic response of an unbalanced cracked rotor taking into account 
the “breathing mechanism”. Unlike in other studies, the authors as-
sumed that the source of fatigue cracking is not related to the weight, 
but they analysed the impact of dynamic forces related to the unbal-
ance. 

Flexible rotors can be balanced with the use of ISO 5343 [32]. The 
balancing of a flexible rotor in two correction planes does not provide 
the same degree of unbalance for all speeds up to the maximum op-
erating speed due to the flexural strains. The effect of unbalance on 
a flexible rotor supported on floating ring bearings was presented by 
Singh and Gupta [25]. As the rotor speed increases, the forces caused 
by unbalance are more important than the forces coming from the 
motor.

The unbalance is usually corrected by adding a balancing mass. 
Heindel et al. published a paper in which they showed that the unbal-
ance elimination is possible by using active bearings [12, 13]. The 
authors proved theoretically and practically that active bearings are 
able to eliminate both the bearing vibration and the rotor resonance. 
The active bearings can displace the rotor so that its centre of mass 
always remains in the centre of rotation (on the line of rotation). The 
proposed controller is able to maintain such a state at any rotational 
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speed, leading to reduced bearing vibration and elimination of reso-
nance. The authors analytically showed that a closed-loop system is 
always stable, even without knowing all rotor properties. The gener-
alization of the proposed approach allows it to be applied for all types 
of active bearings. 

An accurate mathematical description of automatic rotor balancing 
can be found in [4, 23]. The model uses a differential equation which 
includes the matrices of masses, damping and rigidity. It can be used 
to model the disc inertia, shaft bending and linear-viscotic external 
friction resistance. 

The laboratory stand for testing of small rotors was built in order 
to analyse a rotor-bearings system and study the defects such as bear-
ing failure, rotor unbalance, misalignment, etc. The stand is shown in 
Fig. 1. Its weight without the support structure is about 60 kg. 

Fig. 2 presents the diagram of the laboratory stand with dimensions 
and the most important components. The stand length is 125 cm, width 
36 cm, and height 65 cm. The figure also shows the system of coordi-
nates used during the experiments. The laboratory stand base is a 13-
mm thick steel plate. Attached to it are two channel bars which allow 
the height adjustment and levelling. The rotor was fixed in two bear-
ings. The system was driven by a 3-phase motor of maximum speed 
3,450 rpm controlled by a 1.5 kW inverter. The motor was connected 
to a gearbox which increased the rotational speed about 3.5 times. The 
drive system allowed reaching the speed up to 12,000 rpm. The cou-
pling diameter was 50 mm and length 60 mm. The bearings were fed 

by a pump generating maximum pressure of 35 PSI (0.24 MPa). The 
oil pressure during the experiments was 23 PSI (0.16 MPa).

The length of the tested rotor was Lrotor = 920 mm. The distance 
between the coupling and the first support was 170 mm. The rotor 
was placed in two bearing supports. The distance between supports 
(i.e. l1 + l2) was 580 mm. The bearing closer to the motor is marked as 
1, the bearing on the other side of the rotor is marked as 2. The rotor 
disc was placed midway between the supports, so lengths l1 and l2 are 
equal (Fig. 2). The rotor diameter was 19.02 mm (about ¾″), and the 
rotor disc diameter was 152.4 mm (6″). Uniaxial displacement sen-
sors were placed in bearing supports. The eddy current sensors were 
placed in points P1 and P2, located at equal distances (l1p = l2p = 25 
mm) from bearing centres. The sensors measuring the displacement 
in axis X were placed 20 mm away from bearing centres, while the 

sensors measuring the displacement in axis Y 
were placed 30 mm away from bearing centres. 
Such a shift is necessary because the eddy cur-
rent sensors cannot operate in the same plane. 
The eddy current sensors were placed at the 90 
degrees angle relative to each other (and 45 de-
grees relative to the global system of reference). 
To provide safety, the rotor-bearings system was 
equipped with a closable guard made of trans-
parent plastic. 

The rotor was supported on two hydrody-
namic bearings of identical geometrical param-
eters. The lubrication gap in relation to the shaft 
radius was 76 µm. The bearing photograph and 
its schematic are shown in Fig. 3. The bearing 
length was L = 12.6 mm. The oil to the bear-
ings was fed through two holes placed on the 
left-hand and the right-hand of the shaft. The 
diameter of the holes was 0.1″ (2.54 mm). The 
oil viscosity class was ISO 13. 

Two triaxial accelerometers were placed on 
the bearing supports. Fig. 4 presents a cascade 
chart illustrating the rotor’s increasing speed 
from 900 to 10,000 rpm recorded by the accel-
erometer placed on the second bearing support 
(farther from the coupling). The acceleration 
signal was divided into parts, and the Fast Fou-
rier Transform (FFT) was performed for each 
part. The horizontal axis presents the frequen-
cy values from the FFT. The lower part of the 
chart includes the FFT results for low rotational 
speeds, and the values for high rotational speeds 
are shown in the upper part. The line connecting 
the amplitude peaks, which starts from the left 
bottom corner, shows the frequencies related to 
the rotational speeds (1X, 2X and 3X). From 
the diagnostic point of view, important are the 
vibration frequencies which are related to the 
rotational speed (1X) and its relation to the sub-
synchronous vibration (e.g. 1/2X) and super-
synchronous vibration (e.g. 2X, 3X). The chart 
indicates that the values of synchronous vibra-

tion (1X) are dominant relative to the sub-synchronous values (1/2X) 
which means that no clear oil vortexes or friction of the rotor against 
the bearing sleeve was observed in the hydrodynamic bearings. The 
component 2X is increased in the system, which may be related to e.g. 
the displacement of the axis of the two rotors (these symptoms may be 
connected also with other causes, e.g. the rotor bending).

2. Teager-Kaiser energy operator
The energy operator in continuous form is defined as [17]:

Fig. 1. Laboratory test stand

Fig. 2. Laboratory stand diagram
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 Ψ(x(t)) = x 2(t) − x(t) x  (t), (3)

where: 
  x(t) – displacement,
x t( )  – first time derivative of displacement, 

x t( )  – second time derivative of displacement. 

Originally, this method was used for speech analysis [17]. It was 
successfully applied for the analysis of gearbox operation by Gałęzia 
et al [11]. Antoniadou et al. [3] used the energy operator for condition 
monitoring of a wind turbine gearbox under varying load conditions. 
Henríquez et al. [14] showed that the energy operator [6] can be used 
also in analysis of a helicopter bearing. Blaut et al. [5] showed the 
possibility of using the Teager-Kaiser energy operator as an estimator 
of hydrodynamic stability of a plain bearing, indicating an instantane-
ous 50% increase of TKEO amplitude in case of hydrodynamic insta-
bility in a small time window based on the signal of bearing journal 
displacement relative to the bearing sleeve. The authors showed that 
the TKEO amplitude is related to the energy changes in the system. 

The thesis tested in this paper was as follows: by determining the 
value of TKEO amplitude based on the movement of a plain bear-
ing journal one can infer the changes of the operating parameters of 

the rotor-bearing system such as operation stability 
and unbalance. The thesis was tested experimental-
ly. The plain bearing operation before and after the 
balancing was observed during the experiments.

3. Description and results of experimental 
tests

Within the experiments, the Teager-Kaiser 
energy operator was used to detect unbalance of 
a rotor supported in two hydrodynamic bearings. 
The analyses were conducted based on the 
recorded displacement signal of the bearing journal 
relative to its sleeve. The signals were recorded 
using the LMS Scadas Mobile data acquisition 
module and then analysed as discussed below. The 
measurements were made with the frequency of 
25,600 samples per second.

3.1.  Displacement 

Fig. 5 presents the displacements recorded by 
the eddy current sensors for two cases of rotor 
unbalance. In the experiments with the unbalance 
described in the charts as “unb”, the unbalance 
was twice as greater as allowed by ISO 1940-1 
in class G6.3 [31]. In the experiments in the 
other case of unbalance described as “bal”, the 
rotor was balanced in class G6.3. The left-hand 
chart shows the displacement of bearing journals 
and the right-hand one the displacements for 
the middle part of the rotor. By comparing the 
bearing vibration amplitudes, it can be seen that 
the vibration amplitude is greater on the first 
bearing before resonance, while after passing 
through the resonance (above 6,000 rpm) the 
vibration amplitude is greater for the second 
bearing. This happens for both, the unbalanced 
and balanced bearing. The probable cause is the 
change of the main ellipse axis after passing 
through the resonance. 

The greatest displacement amplitudes were 
observed near the test stand resonance (about 

5,000 – 6,000 rpm). This is typical for any rotating machine which 
is supercritical, meaning that the nominal rotational speed is higher 
than the resonance speed. In two measurements, there was an unex-
pected decrease in the ratio of the displacement amplitude before the 
balancing to the displacement amplitude after the balancing. It was 
recorded at 1,000 rpm for bearing 1 in the x-direction (0.4% decrease) 
and bearing 2 in the y-direction (5% decrease). The greatest increase 
in the ratio of the displacement amplitude before the balancing to the 
displacement amplitude after the balancing occurred at 5,000 rpm for 
bearing 2 in the y-direction (70% increase).

3.2. Vibration acceleration 

The recorded acceleration allowed the comparison of the system 
instability detection effectiveness using the TKEO in relation to 
the expected increase of the vibration acceleration. Fig. 6 presents 
the vibration acceleration recorded by the accelerometers placed 
on bearing supports. The tests were made for two cases of rotor 
unbalance, as in the case of displacements described above. Part a) 
of the figure presents the vibration acceleration of bearing supports in 
the horizontal direction, and part b) in the direction of gravity (Y).

The vibration acceleration amplitude obtained after the balancing 
was reduced in 23 of 32 measurements. The acceleration amplitude 
was reduced most often (at 1,000, 2,000, 3,000 and 4,000 rpm) in the 
direction of X-axis for bearing No. 1, and in single cases for other 

Fig. 3. a) Hydrodynamic bearing, b) Bearing schematic 

Fig. 4. Cascade chart presenting the acceleration on the second support in direction X
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measurement locations. The greatest acceleration amplitude decrease 
was at speeds above 4,000 rpm. The greatest acceleration amplitude 
increase before and after the balancing was at 5,000 rpm for bearing 1 
in the y-direction (47% increase).

3.3. TKEO

Fig. 7 presents the TKEO values calculated 
based on the displacement signal using the 
formula (3). The tests were made for two cases 
of rotor unbalance. Part a) of the figure shows 
the TKEO value for the bearing journal, and part 
b) for the middle part of the rotor. Comparing 
the TKEO values with the displacement and 
acceleration amplitude, one can notice an 
analogy of maximums reached for signals from 
axes x and y. For the displacement, acceleration 
and TKEO, the maximum is at 5,000 rpm in 
the x-axis and at 6,000 rpm in the y-axis. The 
TKEO value obtained after the balancing of the 
system was reduced in 26 of 32 measurements. 
The ratio between the values before and after 
the balancing was maximally 70% for the 
displacement signal, 47% for acceleration, and 
65% for TKEO.

The force generated by unbalance increases 
according to formula (1). The analysis of the 
amplitude-frequency spectrum of the system 
indicates that the unbalance is related to the 
increase of the frequency range which de-
pends on the rotational speed. The examples of 
amplitude-frequency spectra for 33 speeds are 
presented in the “Discussion” section. The un-
balance is related to the increase of the system 
absolute vibration, which was presented in sec-
tion 3.2 (“Vibration acceleration”). The TKEO 
value is also related to the acceleration. The 
TKEO values before and after the balancing dif-
fer by −20 ÷ +65%. The values of displacement, 
acceleration and TKEO in some cases are lower 
before the balancing that after the balancing, 
particularly for low speeds, which means that 
after the balancing the vibration was reduced for 
the lowest speeds and increased for the remain-
ing speeds. Tables 1 and 2 present the ratio of 
TKEO values obtained before and after the ro-
tor balancing in comparison with the analogous 
acceleration values (Table 1) and displacement 
values (Table 2). The determined ratio of the 
TKEO and acceleration values for measurement 
points (Table 1) indicates that these values are 
sometimes greater and sometimes lesser than 
each other. The displacement signal (Table 2) 
is more related to the balancing process. The 
ratio between values before and after the bal-
ancing is less than one only for two measure-
ment points. This means that the displacement 
amplitude decrease was noted after the balanc-
ing in two measuring points. For comparison, 
the analogous value for acceleration is 9, and 6 
for TKEO. The determined ratio of the TKEO 
values and the displacement values (Table 2) in-
dicates that these values are sometimes greater 
and sometimes lesser than each other. However, 
the observed TKEO value is never less than one 
when the displacement value is less than one. 

Fig. 5. Displacement depending on the rotational speed for the unbalanced and balanced rotor. 
a) displacement of bearing journals, b) displacement of rotor disc

Fig. 6. Acceleration of bearing supports depending on the rotational speeds: a) displacement of bearing 
journals, b) displacement of rotor disc

Fig. 7. Values of the energy operator (TKEO) depending on the rotational speed for unbalanced and bal-
anced rotor a) TKEO for bearing journals, b) TKEO for rotor disc
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4. Discussion
The paper presents the application of TKEO in the monitoring of 

the system unbalance. It was noticed that the TKEO values increased 
by several dozen percent for the system before the balancing process. 
The increase is conditional on the simultaneous increase of the 
vibration amplitude. For low speeds, the vibration in the system was 
less after the balancing process.

The impact of the bearing vibration trajectory on the TKEO was 
analysed. According to the literature, the TKEO is sensitive to trajec-
tory changes [24] – the occurrence of oil vortexes causes a significant 
increase in the TKEO. The trajectories of the shaft vibration relative to 
the bearing sleeve changed during the experiment. However, a simi-
larity was noticed between the trajectory shapes for different rotation-
al speeds before and after the rotor balancing. The authors focused on 

the comparison of the rotor operation with two different unbalances. 
Because during the hydrodynamic bearing operation it is impossible 
to change only one parameter – the unbalance, also other changes in 
the system were observed. The flattened eight-shaped trajectory is re-
lated to the increased 2X component in the spectrum. Such symptoms 
suggest that at higher rotational speeds, the bearing overload occurs 
(increased centrifugal force caused by unbalance). 

In case of low rotational speeds, no significant differences 
between the displacement and acceleration amplitude were noted. 
This phenomenon is clearly visible on amplitude-frequency spectra 
obtained for successive speeds. Fig. 9 presents successive speeds with 
a visible increase of the speed-related component and proportionally 
lower disturbance. For low speeds, the component frequencies of 
vibration acceleration are not directly related to the rotational speed 

and make a wide frequency range above 150 Hz. 
In the analysed case, the rotor vibration above 
150 Hz may have been caused by the test stand 
vibration, e.g. the pump feeding the bearing. 
The vibration caused by the system unbalance is 
particularly important at high rotational speeds 
when significant system energy changes take 
place. 

During the experiment, in order to verify 
the relationship between the stable bearing 
operation and the TKEO value, analysed was 
the shape of trajectories (orbit plot) obtained 
before and after the balancing. The shape of 
trajectories conforms to our expectations; the 
bearing operation after the balancing is more 
stable – the trajectory resembles an ellipse, but 
before the balancing, the shaft in the bearing 
sleeve moves in the shape resembling eight. The 
TKEO values for the discussed signals are (see 

Table 1. Comparison of TKEO values and acceleration values (Acc) before and after the balancing for axes x and y (for bearings 1 and 2)

rpm 1x unbalanced/ balanced 2x unbalanced/ balanced 1y unbalanced/ balanced 2y unbalanced/ balanced

TKEO Acc TKEO Acc TKEO Acc TKEO Acc

1,000 0.80 0.94 0.97 0.86 1.05 0.98 0.88 1.13

2,000 1.017 0.93 0.97 0.86 1.12 1.18 1.04 1.02

3,000 1.17 0.97 0.90 1.03 1.06 1.01 0.98 0.94

4,000 1.03 0.91 1.40 0.97 1.02 1.16 1.29 1.02

5,000 1.14 1.32 1.57 1.39 1.16 1.47 1.65 1.33

6,000 1.09 1.16 1.02 1.16 1.17 1.06 1.17 1.13

7,000 1.34 1.13 1.11 1.25 1.12 1.11 1.08 1.15

8,000 1.36 1.05 1.19 1.07 1.42 1.11 1.16 1.16

Table 2. Comparison of TKEO values and displacement values (Disp) before and after the balancing for axes x and y (for bearings 1 and 2)

rpm 1x unbalanced/ balanced 2x unbalanced/ balanced 1y unbalanced/ balanced 2y unbalanced/ balanced

TKEO Disp TKEO Disp TKEO Disp TKEO Disp

1,000 0.80 1.00 0.97 1.02 1.05 1.06 0.88 0.95

2,000 1.017 1.04 0.97 1.02 1.12 1.10 1.04 1.00

3,000 1.17 1.12 0.90 0.98 1.06 1.09 0.98 1.05

4,000 1.03 1.09 1.40 1.48 1.02 1.08 1.29 1.21

5,000 1.14 1.16 1.57 1.44 1.16 1.17 1.65 1.71

6,000 1.09 1.15 1.02 1.07 1.17 1.09 1.17 1.14

7,000 1.34 1.22 1.11 1.05 1.12 1.19 1.08 1.09

8,000 1.36 1.24 1.19 1.08 1.42 1.28 1.16 1.16

Fig. 8. a) Unstable trajectory for unbalanced rotor at 5,000 rpm. b) Stable trajectory for balanced rotor 
at 5,000 rpm
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Table 1): 1x unbalanced/ balanced: 1.14, 1y unbalanced/ balanced 
1.16. Despite a significant change of trajectory shape, the TKEO 
increase is not that significant as for the displacement signal from 
bearing 2: 2x unbalanced/ balanced 1.57, 2y unbalanced/ balanced 
1.65.

The paper also presents the percentage ratio of the values before 
the balancing to the values after the balancing. For the displacement 
signal, it was maximally 70%, 65% for the TKEO, and 47% for 
acceleration. These values may be significant when the method is 
implemented in the systems troubled by disturbance (electrical or 
mechanical). At the laboratory test stage, this problem is not obvious 
and the paper aims at popularizing the method, particularly in 
industrial applications. An additional advantage of using the TKEO 
is that the signal does not need to be filtered which may be required 
when the displacement or acceleration signal is noised. 

The analysis indicates a relationship between the shape of 
vibration trajectory and the TKEO value. The more the trajectory 
shape differs from circular, the more component frequencies occur in 
the signal. The relationship is described for a simple mechanical 
system with one degree of freedom x Acos= ( )ωt , and substituting it 

into equation (3) we obtain:

The TKEO value depends both on the signal 
amplitude and frequency, which was proved 
during experiments on the test stand for various 
rotational speeds. 

5. Summary and conclusions
As technology progresses, we observe the de-

velopment of diagnostic methods. The analysis 
of an increased number of diagnostic param-
eters allows making more conscious decisions 
concerning the technical condition of a ma-
chine. In the advanced diagnostic systems, there 
is a tendency to increase the number of various 
measuring sensors, but also to develop software 
for interpretation of results. The determination 
of trends, as well as warning and alarm values, 
becomes a standard. Usually, such operations 
are preformed directly on the measured signal, 
that is most often on the values of displacement, 
speed or acceleration. Within this project, we 
proposed a new approach: the application of the 
Teager-Kaiser energy operator to evaluate the 
rotor unbalance. For this purpose, the experi-
mental tests were conducted for two cases of 
rotor unbalance. 

In order to evaluate the technical condition of 
any technical object, it is necessary to present 
its basic operating parameters, as shown at the 
beginning of the paper. The tested object was a 
laboratory stand for the analysis of the dynam-
ics of a rotor supported on hydrodynamic bear-
ings. The bearing journals diameter was 19.02 
mm. Between the bearings was a disc with holes 
in which the unbalance was controlled. It was 
also a plane in which the rotor was balanced. 
The photograph of the stand and its diagram are 
shown in the paper. As a result of this arrange-
ment of the laboratory stand, it was possible to 
make calculations using the energy operator for 
unbalance on two different levels. The cascade 
charts were plotted from which it is possible to 

determine the dynamic rotor behaviour (the FFT results) over the en-
tire range of rotational speeds, from 900 to 10,000 rpm. The hydrody-
namic bearings which supported the rotor were described as well.

The results of the analyses were presented for two cases of unbal-
ance, comparing not only the values of the energy operator but also 
the measured rotor displacement and acceleration of bearings. The 
plotted vibration trajectories very clearly indicate the differences be-
tween the balanced and unbalanced systems. The differences in the 
operation of balanced and unbalanced systems are visible for all ana-
lysed signals (displacement, acceleration and TKEO), proving that all 
of them can be used successfully to evaluate the unbalance. The un-
balance analyses carried out by means of the energy operator within 
this project were based on the unbalance changes directly made in the 
system. Zhang and Zhang [28] presented the method for calculation of 
the reliability of parallel systems in case of coexisting failures caused 
by a common cause and load-sharing failures. The authors calculated 
the average fitness time of the tested system in various configurations. 
The TKEO can also be used for similar analyses. The method for find-
ing correlations using inaccurate statistical data was presented, e.g. by 
Hryniewicz [15]. 

Fig. 9. Amplitude-frequency spectrum for acceleration signal 1x unbalance at rotational frequency: a) 17 
Hz, b) 31 Hz, c) 51 Hz

       Ψ x t A t Acos t Acos t A sin t c( )( ) = − ( )( ) − ( ) ( )( ) = ( ) +ω ω ω −ω ω ω ωsin 2 2 2 22 oos t A2 2 2ω ω( )( ) =       (4)
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More and more papers have been published in recent years, show-
ing the methods to use the energy operator developed in 1990 [17]. 
The results of studies are published presenting the energy operator 
usefulness in various branches of diagnostics. One of the papers [24] 
shows that the energy operator can be used in the process of automatic 
rotor balancing. The authors of this paper hope that the comparison of 
results showing how the value of the energy operator changes with the 
results of classic diagnostic methods will contribute to the application 
of this potentially very useful diagnostic tool in evaluating technical 
condition of machines. 
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