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The purpose of this paper is to propose a general precision allocation method to improve 
machining performance of CNC machine tools based on certain design requirements. A 
comprehensive error model of machine tools is established by using the differential motion 
relation of coordinate frames. Based on the comprehensive error model, a reliability model 
is established by updating the primary reliability with an advanced importance sampling 
method, which is used to predict the machining accuracy reliability of machine tools. Be-
sides, to identify and optimize geometric error parameters which have a great influence on 
machining accuracy reliability of machine tools, the sensitivity analysis of machining ac-
curacy is carried out by improved first-order second-moment method. Taking a large CNC 
gantry guide rail grinder as an example, the optimization results show that the method is 
effective and can realize reliability optimization of machining accuracy.

Highlights Abstract

An accuracy allocation method for CNC machine •	
tools is proposed.

The error is presented by using the differential •	
motion matrix and reliability theory.

The machining accuracy reliability is given by an •	
advanced importance sampling method.

The effectiveness is validated by a CNC grinding •	
machine.

precision allocation, comprehensive error, machining accuracy reliability, sensitivity analy-
sis, advanced importance sampling method.

Keywords

This is an open access article under the CC BY license 
(https://creativecommons.org/licenses/by/4.0/)

Z. Wang - wangzhiming301@sohu.com, H. Yuan - 2324996561@qq.com

Nomenclature
δxx    Positioning error of the X-axis
δyx    Y direction of straightness error of the X-axis
δzx    Z direction of straightness error of the X-axis
εxx    Roll error of the X-axis
εyx    Pitch error of the X-axis
εzx    Yaw error of the X-axis
δxy    X direction of straightness error of the Y-axis
δyy    Positioning error of the Y-axis
δzy    Z direction of straightness error of the Y-axis
εxy    Pitch error of the Y-axis
εyy    Roll error of the Y-axis
εzy    Yaw error of the Y-axis
δxz    X direction of straightness error of the Z-axis
δyz    Y direction of straightness error of the Z-axis
δzz    Positioning error of the Z-axis
εxz    Pitch error of the Z-axis
εyz    Yaw error of the Z-axis
εzz    Roll error of the Z-axis
Sxz    X and Z-axis perpendicularity error
Syz    Y and Z-axis perpendicularity error
Sxy    X and Y-axis perpendicularity error

1. Introduction
CNC machine tools integrate many technologies, such as accuracy 

machinery, electronics, electric drag, automatic control, automatic 
detection, fault diagnosis, and computer. It is a typical mechatronics 
product with high accuracy and efficiency [22]. Machining accuracy 
is critical to the quality and performance of machine tools and it is the 
first consideration of any manufacturer [20]. Machining accuracy reli-
ability is the ability for machine tools can work normally to achieve 
the corresponding machining accuracy under specified conditions 
[14]. Its main influencing factors include geometric errors, thermal 
errors and cutting force errors, etc. Geometric errors and thermal er-
rors are the main influencing factors, accounting for 45%-65% of the 
total errors. The higher the accuracy of machine tools, the bigger the 
proportion of geometric errors and thermal errors [12]. When the tem-
perature changes to a stable state, the impact of geometric errors are 
the largest, accounting for about 40% of the total errors [5]. Large 
CNC gantry rail grinder has a wide range of travel and is suitable 
for heavy machinery, ships, and metallurgical equipment. This paper 
takes it as an example to analyze the relationship between geometric 
errors of components of the grinder and the reliability of grinding ac-
curacy.

The accuracy design of machine tools includes two aspects: ac-
curacy prediction and accuracy allocation [10]. Accuracy prediction 
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refers to the prediction of the volume errors of a machine tool based 
on the known accuracy of the updated and maintained parts, and then 
the prediction of the machining accuracy of the workpiece [3]. Ac-
curacy prediction is the basis of accuracy design. Error models are 
often used to predict the accuracy of machine tools. At present, the 
methods of establishing a comprehensive error model of machine 
tools include the matrix translation method, error matrix method, rigid 
body kinematics, and modeling method based on multi-body system 
theory [2]. Among them, modeling methods based on MBS theory 
are widely used, but the calculation amount is large and the process 
is complicated. In the process of modeling, the ideal position matri-
ces, position error matrices, ideal motion matrices, and motion error 
matrices of components need to be considered at the same time. To 
reduce the amount of calculation, a geometric error modeling method 
based on differential motion relation of coordinate frames is adopted 
in this paper. By establishing the differential motion matrices between 
components, the transmission relationship between geometric errors 
of components and the comprehensive error of machine tools is de-
termined.

Accuracy allocation refers to obtaining the accuracy of updated 
maintenance parts according to the total accuracy preset by the ma-
chine tool so that the accuracy of parts can reach the optimal scheme 
[17]. Its main content is to establish the reliability model of machining 
accuracy and the sensitivity model of machining accuracy reliability. 
There are many important methods of reliability and sensitivity analy-
sis such as differential analysis, response surface methodology, Monte 
Carlo analysis, and variance decomposition procedures [1]. Zhang et 
al. [21] established the geometric error cost model and geometric er-
ror reliability model based on the traditional cost model and reliability 
analysis model, considering the principle of the weighting function. 
Then, an error allocation method is proposed to optimize the total 
cost and the reliability. Cheng et al. [6] developed an error allocation 
method based on the first-order second-moment method to optimize 
the allocation of manufacturing and assembly tolerances while spec-
ifying operating conditions to determine the optimal level of these 
errors. Based on Monte Carlo simulation method, the reliability and 
sensitivity analysis models of machining accuracy for machine tools 
are given by Cheng et al [8]. The machining accuracy reliability is 
taken as the index to measure the capability of the machine tools, 
and the reliability sensitivity is taken as the reference to optimize the 
basic parameters of the machine tools. The validity of this method is 
verified by taking a three-axis machine tool as an example. In this 
paper, the reliability model of machining accuracy is established by 
updating primary reliability based on an important sampling method, 
which can determine the reliability of grinding machines at different 
machining locations. Different geometric errors have different effects 
on the reliability of machining accuracy of machine tools. How to find 
and control the key geometric errors effectively is the main problem 
to improve the machining accuracy [15]. Through sensitivity analysis 
of machining accuracy reliability, the most critical geometric errors 
can be identified. Lee and Lin studied the effect of each assembly er-
ror term on the volumetric error of a five-axis machine tool according 
to form-shaping theory [13]. Chen [4] studies the volumetric error 
modeling and its sensitivity analysis for the purpose of machine de-
sign. Cheng [7] considered the stochastic characteristic of geometric 
errors and used Sobol’s global sensitivity analysis method to identify 
crucial geometric errors of machine tools, which is helpful to improve 
the machining accuracy of multi-axis machine tools. In this paper, 
the improved first-order second-moment method is used to establish a 
sensitivity analysis model, which can identify and optimize the main 
geometric error parameters that affect the machining accuracy reli-
ability, so that the machining accuracy reliability of machine tools 
can meet the design requirements. In this paper, the principle of dif-
ferential motion between coordinate frames is applied to geometric 
error modeling of machine tools, and a new precision design method 
is proposed by combining with reliability theory. It has important the-

oretical significance and practical value for further study machining 
precision reliability of machine tools.

Differential motion vector in a rigid body or coordinate frame in-
clude differential translation vector and differential rotation vector 
[9]. The differential translation consists of the differential movement 
of the coordinate frame in the direction of three coordinate axes, and 
the differential rotation consists of the differential rotation of the co-
ordinate frame around three coordinate axes, then the differential mo-
tion vector of the coordinate frame is expressed as:

	 E x y z x y z= [ , , , , , ]δ δ δ ε ε ε 	 (1)

According to the differential motion relation in coordinate system, 
the differential motion in one coordinate frame can be represented 
in another coordinate frame. The differential changes relationship 
between the two coordinate frames can be established by a 6 × 6 
transformation matrix, which is the differential motion matrix [16]. 
Assume that the homogeneous transformation matrix of coordinate 
frame c relative to coordinate frame d is:
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Then the differential motion matrix of coordinate frame d relative 
to coordinate frame c can be expressed as:
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where (P×) represents the skew-symmetric matrix of vector P.

Differential motion matrix reflects the transfer relationship of dif-
ferential motion between coordinate frames. If the differential motion 
vector of the coordinate frame d is:

	 ∆Ed xd yd zd xd yd zd=  δ δ δ ε ε ε, , , , ,
T

	 (4)

Then the differential motion vector of the coordinate frame c caused 
by the differential motion of the coordinate frame d as follows:

	 ∆ ∆E T Ed
c

c
d

dDJ= 



 ⋅ 	  (5)

The rest of the paper is organized as follows. In Sect. 2, a compre-
hensive geometric error model of a machine tool is established based 
on differential motion relationship between coordinate systems. In 
Sect. 3, a general precision allocation method that includes machine 
tools reliability prediction and error parameter optimization is pro-
posed. Furthermore, the effectiveness of the method is validated by 
a large CNC gantry guide rail grinder. The conclusions are presented 
in Sect. 4.
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2. Geometric error modeling of machine tool based 
on the differential motion relation of coordinate 
frames

2.1.	 Differential motion matrix of a machine tool
When the differential transformation between coordinate frames is 

applied to geometric error modeling of a machine tool, the influence 
of geometric errors of various parts of a machine tool on machining 
accuracy can be obtained and geometric error model can be estab-
lished. Taking a large CNC gantry rail grinder as an example, the geo-
metric error modeling process of this machine tool is presented using 
differential motion relation of coordinate frames.

The basis of geometric error modeling is to obtain the homogene-
ous transformation matrices between each component of the machine 
tool. Firstly, the homogeneous transformation matrices of tool relative 
to any other component are established according to the order of open 
kinematic chain of the machine tool. The structure of the large CNC 
gantry rail grinder is shown in Figure 1 and the corresponding topo-
logical structure is shown in Figure 2. The order of open kinematic 
chain is working table — X-axis — Bed — Z-axis — Y-axis — tool.

Fig. 1. Structure diagram of CNC gantry guide rail grinder

Fig. 2. Topological structure diagram

The components of the grinder are regarded as rigid bodies and 
their local coordinate frames are established. Based on the MBS the-
ory, the homogeneous transformation matrices between the compo-
nents of the grinder are established. The homogeneous transformation 
matrices of the working table relative to X-axis, the X-axis relative to 

bed, the Z-axis relative to bed, the Y-axis relative to Z-axis, and the 
tool relative to Y-axis are respectively represented as:
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Then the homogeneous transformation matrix of the bed relative to 
the X-axis coordinate frame can be indicated as:
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where x, y, and z denote the moving distances of the X-axis, Y-axis and 
Z-axis respectively.

From the order of open kinematic chain of the grinder, the homoge-
neous transformation matrices of the tool relative to other parts of the 
grinder can be obtained, which are expressed as:
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From equations (3) and (8), the differential motion matrices of each 
axis of the grinder relative to the tool can be obtained, which are:
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2.2.	 Error modeling
There are 21 geometric errors in the grinder, including three linear 

errors and three angular errors of each axis, and three squareness er-
rors. In Figure 3, δxx, δyx, δzx represent the linear error of X-axis in the 
x, y, and z-directions, εxx, εyx, εzx represent the angular errors of X-axis 
in the x, y, and z-directions. 

Fig. 3. Basic geometric error of X-axis

In Figure 4, Sxz, Syz, Sxy represent the squareness errors between the 
X-axis and Z-axis, Y-axis and Z-axis, X-axis and Y-axis.

Fig. 4. Distribution of perpendicularity error between triaxial

The geometric errors of each part of the grinder can be regarded 
as the differential motion of each part in its coordinate system. Lin-
ear errors are expressed as differential translation, and angular errors 
are expressed as differential rotation. The six basic errors will change 
with the motion of the grinder, and the differential motion vector of 
each component i can be expressed by:

	 ∆Ei xi yi zi xi yi zi=  δ δ δ ε ε ε, , , , ,
T  	 (12)

There is no geometric error in working table and bed, so the differ-
ential motion vectors of the working table and bed are as follows:

	 ∆ ∆E EW F= [ ] = [ ]0 0 0 0 0 0 0 0 0 0 0 0, , , , , , , , , , ,T T  	 (13)

The squareness errors are an important part of the geometric error 
of machine tools. In the process of error modeling, the squareness er-

rors can be regarded as the angular errors of the corresponding axis. 
Sxy can be regarded as the angular error of the X-axis in the z-direction, 
Sxz can be regarded as the angular error of the Z-axis in the y-direction, 
Syz can be regarded as the angular error of the Z-axis in the x-direction. 
Then the differential motion vectors of the Z-axis and Y-axis can be 
given by:
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When the grinder is seen as one open kinematic chain, the reference 
coordinate frame is located on the working table, and the geometric 
errors direction of the part between the bed and the working table are 
opposite to the direction defined in the measurement, so the differen-
tial motion vector of the X-axis is denoted as:

	 ∆EX xx yx zx xx yx zx xyS= − − − − − − +( )



δ δ δ ε ε ε, , , , ,

T
	 (15)

With the differential motion matrices of each part relative to the 
tool and the differential motion vectors of each part, the differential 
motion vectors of the geometric errors of each part in the tool coor-
dinate frame can be obtained. By taking Eqs (9) and (15) into Eq (5), 
the differential motion vector of geometric error of the X-axis in tool 
coordinate frame can be got as:
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In the same way, the differential motion vectors of the geometric 
errors of the Y-axis and Z-axis in the tool coordinate frame can also 
be obtained:
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And then, by adding the differential motion vectors of the geomet-
ric errors of the components in the tool coordinate frame, the com-
prehensive error vector of the tool can be obtained, which shows the 
influence of the geometric errors of the components on the tool coor-
dinate frame:
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where ΔET is the comprehensive geometric error model of the grinder 
in the tool coordinate frame.

3. Accuracy distribution

3.1.	 Reliability modeling of machining accuracy
Reliability refers to the ability of a product to complete specified 

functions under specified conditions and within the specified time. It 
is one of the most important quality attributes of components, prod-
ucts, and complex systems [11]. Machining accuracy reliability, which 
reflects the performance of machine tools to maintain machining ac-
curacy, is considered. To reflect the influence of geometric errors of 
machine tools on the reliability of machining accuracy, in this paper a 
method of updating the primary reliability with importance sampling 
method is proposed and the reliability model of machining accuracy 
of the grinder is given. Compared with the commonly used sampling 
method, this method can ensure that the shape of limit state surface is 
taken into account and sampling is processed in important areas. Con-
sider a limit state function Z = gX(X) = gX(X1, X2, … , Xn) where the 
random variable X are independent and follow normal distribution, 
the mean value is μX = (μX1, μX2, … , μXn), the variance is σX = (σX1, 
σX2, …, σXn). Let x* be a point on the plane of limit state, then:

	 Z gX= ( ) =∗x 0 	 (19)

To calculate the reliability index, we can use a Taylor series expan-
sion of Z = gX(X) at the point x* to linearize the limit state function. 
The Taylor series expansion is:
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Thus, the reliability index can be obtained as follows:
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And the sensitivity coefficient of the variable αXi is also given by:
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Transforming basic random variable X space into independent 
standard normal random variable Y space, the function becomes Z 

= gY(Y). The improved first-order second-moment method is used to 
solve the reliability index β, design point y* and sensitivity vector αY = 
[αY1, αY2, …, αYn]T in Y space. Constructing an orthogonal matrix H = 
[H1, H2, …, Hn-1, αY] from αY by orthogonal normalization technique. 
Using H to transform the rotation of Y space into another standard 
normal variable P space, we can obtain:

	 Y HP HP= = +  Pn Yαα 	 (23)

In Equation (23):

	 
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The design point in P space is p* = HTy*. The limit state surface 
gP(P) = 0 is orthogonal to the Pn axis at p*. The positive direction of 
Pn axis points to the failure region. Therefore, the function can be 
expressed as:

	 ( ) ( )P nPZ g P h p P= = −


 	 (25)

In the failure domain, P satisfies the following equation:

	 P P hn n P= ( ) ≥ ( ) 
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In P space, the failure probability is:
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Sample ( )1,2, ,i i N= =p   can be obtained by sampling the stand-
ard normal random variable P . Therefore, the unbiased estimation of 
failure probability can be got by:
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The design point 
* T

T *= , np∗  
 
 

p p  satisfies the expression
h pP n

p* *( ) = = β . *p  was taken as the sampling center. This method 
updates the results of the improved first-order second-moment meth-
od.

The comprehensive error model of grinder in tool coordinate sys-
tem can be expressed as follows:
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Let I be the maximum allowable error of the grinder, then the limit 
state function of the grinder is:

	 T= − ∆Z I E 	 (30)
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We can use the value of the limit state function to judge the per-
formance of the grinder. When Z > 0, the machine tool is in a reliable 
state; otherwise, the machine tool is in an unreliable state. The geo-
metric errors of each part of the grinder are generally considered to be 
normal distribution and independent of each other, so the importance 
sampling method to updating reliability is suitable for the reliability 
modeling of machining accuracy of the grinding machine.

3.2.	 Sensitivity analysis of machining accuracy reliability
The machining accuracy reliability of machine tools is determined 

by the distribution types and distribution parameters of all design vari-
ables, and the sensitivity of different influencing factors to reliability 
is very different [19]. In this paper, the sensitivity of the grinder is 
analyzed by improved first-order second-moment method, and the 
sensitivity of different geometric error parameters to machining ac-
curacy reliability is determined.

The reliability of machining accuracy can be given by the improved 
first-order second-moment method as follows:

	 R = ( )Φ β 	 (31)

The partial derivatives of mean and variance of geometric error are 
given by:
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In equation (32):
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So, the reliability sensitivity of machining accuracy of various geo-
metric error parameters is obtained.

Till now, a precision design method has been put forward. It takes 
into account geometric errors of machine tools, and includes accuracy 
reliability model and reliability sensitivity model. Its process is shown 
in Figure 5.

3.3.	 Reliability analysis and accuracy optimization of grinder 
machining accuracy

The geometric errors of various parts of MKW5230A/3×160 large 
accuracy CNC gantry guideway grinder approximately obey normal 
distribution, so the 21 of geometric errors are regarded as obeying 
normal distributions. The variances of the geometric errors are deter-
mined by assembly tolerances and geometric tolerances. The mean 
values of all geometric errors are 0. According to the accuracy of the 
existing general CNC equipment and the national standard of accu-
racy testing for gantry guide rail grinder of the people’s Republic of 
China (GB/T5288-2007/ISO4703: 2001), the variances of 21 geomet-
ric errors are preliminarily determined [18]. As shown in Table 1.

There are three linear errors and three angular errors in the com-
prehensive geometric error model of the grinder in the tool coordinate 
frame. As for the angle error, it can be seen from its expression, mean 
value, and variance that the three angular errors are far less than the 
allowable errors, which will not be calculated in this paper. In the tool 
coordinate frame of the grinder, the minimum value of reliability is 
not less than 95% and the average value of reliability is not less than 
97% within the maximum allowable error I = [0.03, 0.03, 0.03] T. In 
its working stroke, five points of 0, 250, 500, 750, 1000 are selected 
in x-direction, five points of -1500, -750, 0,750,1500 are selected in 
y-direction, and five points of 600,800,1000,1200,1400 are selected 
in z-direction. Using the method proposed in this paper, the machin-
ing accuracy reliability of each point can be calculated with Matlab 
program.

Table 1.	 Variance of 21 geometric errors

Error variable (1-7) δxx δyx δzx εxx εyx εzx δxy

variance /mm 0.05/6 0.05/6 0.05/6 0.03/6000 0.06/6000 0.05/6000 0.04/6

Error variable (8-14) δyy δzy εxy εyy εzy δxz δyz

variance /mm 0.05/6 0.04/6 0.05/6000 0.04/6000 0.04/6000 0.03/6 0.03/6

Error variable (15-21) δzz εxz εyz εzz Sxy Sxz Syz

variance /mm 0.05/6 0.03/6000 0.04/6000 0.03/6000 0.03/3000 0.03/3000 0.02/3000

Fig. 5. Flowchart showing the algorithm of the procedure
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The limit state equations of the grinder in x, y, and z-directions are 
given as follows:
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    (34)

In equation (34), Pex is only related to Y-axis and Z-axis coordi-
nates. Pey is only related to X-axis and Z-axis coordinates. Pez is only 
related to X-axis and Y-axis coordinates. The reliability of machining 
accuracy in different directions at selected points is shown in Tables 
2 ~ 4.

It can be seen from Table 2 that the minimum reliability value of 
25 machining accuracy items in the x-direction is 86.07%, and the 
average reliability value is 92.16%. In Table 3, it also can be seen that 

Table 2.	 Reliability of machining accuracy in the x-direction

Vector of point
(y, z) (-1500, 600) (-750, 600) (0, 600) (750, 600) (1500, 600)

Reliability (%) 88.83 96.14 98.74 96.14 88.83

Vector of point 
(y, z) (-1500, 800) (-750, 800) (0, 800) (750, 800) (1500, 800)

Reliability (%) 88.31 95.42 98.14 95.42 88.31

Vector of point
 (y, z) (-1500, 1000) (-750, 1000) (0, 1000) (750, 1000) (1500, 1000)

Reliability (%) 87.67 94.51 97.28 94.51 87.67

Vector of point 
(y, z) (-1500, 1200) (-750, 1200) (0, 1200) (750, 1200) (1500, 1200)

Reliability (%) 86.93 93.41 96.17 93.41 86.93

Vector of point 
(y, z) (-1500, 1400) (-750, 1400) (0, 1400) (750, 1400) (1500, 1400)

Reliability (%) 86.07 92.36 94.74 92.36 86.07

Table 3.	 Reliability of machining accuracy in the y-direction

Vector of point 
(x, z) (0, 600) (0, 800) (0, 1000) (0, 1200) (0, 1400)

Reliability (%) 98.85 98.64 98.46 98.12 97.81

Vector of point 
(x, z) (250, 600) (250, 800) (250, 1000) (250, 1200) (250, 1400)

Reliability (%) 98.44 98.28 98.10 97.96 97.65

Vector of point
(x, z) (500, 600) (500, 800) (500, 1000) (500, 1200) (500, 1400)

Reliability (%) 97.85 97.59 97.28 96.97 96.59

Vector of point
(x, z) (750, 600) (750, 800) (750, 1000) (750, 1200) (750, 1400)

Reliability (%) 96.53 96.28 95.94 95.75 95.33

Vector of point
(x, z) (1000, 600) (1000, 800) (1000, 1000) (1000, 1200) (1000, 1400)

Reliability (%) 94.64 94.39 94.05 93.92 93.45

Table 4.	 Reliability of machining accuracy in the z-direction

Vector of point
(x, y) (0, -1500) (0, -750) (0, 0) (0, 750) (0, 1500)

Reliability (%) 93.53 96.44 98.54 96.44 93.53

Vector of point
 (x, y) (250, -1500) (250, -750) (250, 0) (250, 750) (250, 1500)

Reliability (%) 93.38 97.18 98.43 97.18 93.38

Vector of point
(x, y) (500, -1500) (500, -750) (500, 0) (500, 750) (500, 1500)

Reliability (%) 92.93 96.71 98.01 96.71 92.93

Vector of point 
(x, y) (750, -1500) (750, -750) (750, 0) (750, 750) (750, 1500)

Reliability (%) 92.21 95.89 97.28 95.89 92.21

Vector of point 
(x, y) (1000, -1500) (1000, -750) (1000, 0) (1000, 750) (1000, 1500)

Reliability (%) 91.21 94.82 96.14 94.82 91.21
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the sensitivity of geometric error variance in each direction. It can be 
seen that the geometric errors in the x-direction are εyx, εzx, εzz, Sxy. 
For y-direction, they are εxx, εzx, Sxy. For z-direction, they are εxx, εyx, 
εxz, Syz.

The reliability of machining accuracy can be improved by adjust-
ing the geometric errors with a higher sensitivity. Tables 5-7 show the 
results after improvement.

From Tables 5-7, it can be seen that the minimum and average val-
ues of machining accuracy reliability in x, y and z directions meet the 
design requirements by optimizing geometric error parameters with 
high sensitivity. Therefore, it can be concluded that the reliability 
model and sensitivity model presented in this paper are feasible and 
effective when the geometric error distribution types and distribution 
parameters of machine tools are known. The reliability calculation 
method proposed in this paper incorporates stochastic simulation and 
statistical analysis, which can solve the reliability problem with high 

non-linearity. In fact, CNC machine tools is a complex mechanical 
equipment with a highly nonlinearity. Therefore, this method is more 
suitable for analyzing the machining accuracy of machine tools.

4. Conclusion
In this paper, a general precision design method for CNC machine 

tools is proposed. The method takes average value and minimum value 
of machining precision reliability as constraints, and combines sensi-

the minimum reliability value of 25 machining accuracy items in the 
y-direction is 93.45%, and the average reliability value is 96.75%. In 
Table 4, it also can be seen that that the minimum reliability value of 
25 machining accuracy items in the z-direction is 91.21%, and the 
average reliability value is 95.08%. The minimum and mean values 
of reliability in all directions do not meet the design requirements. 
The reliability sensitivity analysis method based on the improved 
first-order second-moment method is used to determine the geometric 
error parameters. Because the mean value of each geometric error is 
0, only the geometric error variance is analyzed. Figures 6-8 shows 

Fig. 6. Geometric error parameter sensitivity in the x-direction

Table 5.	 The reliability after improvement in the x-direction

Improvement times

Error variable Reliability

εyx εzx εzz Sxy
mean value 

(%)
minimum 
value (%)

Initial value/mm 0.06/6000 0.05/6000 0.03/6000 0.03/3000 92.16 86.07

The first improvement/mm 0.055/6000 0.045/6000 0.025/6000 0.025/3000 93.66 88.49

The second improvement/mm 0.05/6000 0.04/6000 0.02/6000 0.02/3000 95.15 91.01

The third improvement/mm 0.045/6000 0.035/6000 0.015/6000 0.015/3000 96.46 93.43

The fourth improvement/mm 0.04/6000 0.03/6000 0.01/6000 0.01/3000 97.76 96.52

Table 6.	 The reliability after improvement in the y-direction

Improvement times
Error variable Reliability

εxx εzx Sxy Mean value (%) Minimum value 
(%)

Initial value/mm 0.03/6000 0.05/6000 0.03/3000 96.75 93.45

The first improvement/mm 0.025/6000 0.045/6000 0.025/3000 97.23 94.65

The second improvement/mm 0.02/6000 0.04/6000 0.02/3000 97.68 95.55

Fig. 7. Geometric error parameter sensitivity in the y-direction

Fig. 8. Geometric error parameter sensitivity in the z-direction
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tivity analysis of error parameters to optimize geometric error param-
eters of machine tools. Some conclusions are drawn as follows:

Compared with the existing traditional method, the geometric 1.	
error modeling method based on the differential motion rela-
tion between coordinate frames has less calculation and can 
clearly explain the geometric meaning of the geometric error 
of each part to the total error.
Based on the comprehensive error model and advanced im-2.	
portance sampling method, the accuracy reliability model and 

reliability sensitivity model of machine tools are given to opti-
mize the machining accuracy reliability of machine tools.
The effectiveness of the method proposed in this paper is val-3.	
idated by a large CNC gantry guide rail grinder, the results 
show that the machining accuracy reliability of the machine 
tool can be improved.

Table 7. The reliability after improvement in the z-direction

Improvement times

Error variable Reliability

εxx εyx εxz Syz
Mean value 

(%)
Minimum 
value (%)

Initial value/mm 0.06/6000 0.05/6000 0.03/6000 0.03/3000 95.08 91.21

The first improvement/mm 0.055/6000 0.045/6000 0.025/6000 0.025/3000 96.24 93.26

The second improvement/mm 0.05/6000 0.04/6000 0.02/6000 0.02/3000 97.06 94.69

The third improvement/mm 0.045/6000 0.035/6000 0.015/6000 0.015/3000 97.21 95.24
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