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Abstract

• Flexible operation significantly intensifies the Flexible operation of coal-fired power plants contributes to the intensification of the life
consumption processes, which is a serious problem especially in the case of units with a
wear of the turbine.
long in-service time. In steam turbine rotors, the crack propagation rate and material wear
• The forecast of life consumption processes develcaused by low-cycle fatigue increase. The aim of the research is an attempt to forecast the
opment in turbine rotors is presented.
development of these processes and to estimate the probability of critical elements damage,
• The rotor failure probability was estimated for such as the high-pressure and intermediate-pressure rotors. In the stress state analyses, the
various operating scenarios.
finite element method (FEM) is used, the Monte Carlo method and the second order reliabil• The optimal interval of preventive actions for tur- ity method (SORM) is apply to calculate the probability of failure. It is proposed to use risk
analysis to plan preventive maintenance of the turbine. The optimal intervals for carrying
bine rotors is determined.
out diagnostic tests and prophylactic repairs is determined for various operating scenarios
and various failure scenarios. This enables a reduction of the costs while ensuring the safety
of the turbine's operation.
Keywords
This is an open access article under the CC BY license steam turbine, risk analysis, preventive maintenance.
(https://creativecommons.org/licenses/by/4.0/)

1. Introduction
The selection of maintenance methods of technical subjects in
power industry is an extremely important procedure due to the need to
preserve the continuity of energy supply and limiting the possibility of
failure, which would result in serious financial consequences caused
by not only the repair costs, but also downtime in the operation of machines and devices. The purpose of developing various maintenance
strategies (including, among others, a method based on risk analysis)
is therefore the assurance of a good technical condition, avoidance
of undesirable incidents, optimally operation management and cost
reduction. An example of research in this field can be the analysis
carried out for the desulphurization system of the coal-fired plant presented in [15]. In paper [18], a risk calculation for the power plant
was performed to assess the potential economic losses related to two
scenarios (probable and worst-case). Another example of performing
a risk analysis is [4]. In the article, one of the critical elements of the
gas block (the oil system used to lubricate the slide bearings of the gas
turbine), was taken into consideration. For the power boilers, there is
also a chance to conduct research in the maintenance strategy development due to, among others, the phenomena related to erosion and

corrosion. A boiler tube protection strategy based on risk calculations
is presented in [17]. The characteristics of the maintenance models,
as well as the available methods of diagnostic testing used as part of
failure prevention, are described in more detail in Section 2 of this
article.
Forecasting of the life consumption processes development can be
an effective tool that is the basis for decision-making procedure regarding the performance of diagnostic tests or corrective repairs of
individual elements within the developed maintenance strategy. For
machines and other technical objects, problems related to the crack
propagation and material fatigue are often identified. An example of
the prediction of crack development in the absorber weld was presented in [16]. Both a simulation and an experimental study were carried
out. The calculation of crack propagation performed using the finite
element method was described in [6]. Forecasting of the fatigue wear
of a steam turbine rotor was presented in [23], where the stress amplitudes for individual cycle come from the online stress monitoring
system based on Green’s functions. Another example of an attempt to
predict the fatigue phenomenon are the results presented in [25]. In
this case, the analyzed element was a wind turbine blade.
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Both the selection of maintenance methods and the forecasting of
the development of such phenomena as crack propagation or lowcycle fatigue especially relate to the coal-fired plants with a long
in-service time, for which a change in operation conditions towards
increased flexibility is observed. This mainly applies to the 200 MW
units, which in Poland belong to the group of the longest-operating
power plants. Plans to increase the degree of diversification of energy
sources, as well as the increasingly stronger position of renewable and
gas sources, mean that coal units will be slowly phased out, however,
the operation of units with the best technical condition is still planned
in a longer time horizon, which results directly from the country’s
energy policy. The aggravating effects of material wear, additionally
intensified by the operation of the units in the regulation mode, may
lead to damage, including serious failures, the consequence of which
are long-term and costly downtime. The reliability of the power unit
is also important in the context of participation in the capacity market. It is a support mechanism for units with a low failure rate that
are able to provide power in the so-called periods of risk (periods of
power shortage in relation to demand) [10]. Lack of energy production may result in the imposition of financial penalties, as well as loss
of income related to the fulfillment of the obligation to maintain the
declared capacity.
The flexible operation of the conventional power unit is associated
with:
• a greater number of start-ups from various thermal states,
• shortening of the start-up time,
• more frequent power changes,
• more frequent work with a partial load,
• lowering of the technical minimum,
• more frequent downtimes.
A particular danger resulting from the regulatory mode of operation is the intensification of the low-cycle fatigue process causing the
material damage and the loss of mechanical proprieties. This entails
the failure under load lower than those resulting from the strength
properties. The process adversely affects the existing cracks in the
elements, increasing the rate of their propagation [12]. In the case of
steam turbine rotors, the impulse stage central bore is the most vulnerable to fractures. It is associated with the concentration of stresses
in this area and with a high probability of material defects caused
among others by technological processes at the stage of metallurgical procedures. Fatigue processes can also cause damage in thermal
grooves, which results in cracks on the surface or under the surface
of the material.
The presented article focuses on the development of a methodology for the prediction of crack propagation and the fatigue process
for the identified areas of the steam turbine rotor, which is then used
as a part of a maintenance strategy based on risk analysis. Section 3
presents the results of rotor strength calculations performed using the
finite element method (FEM). The algorithms for calculating of crack
propagation in the central bore and material wear in heat grooves using the Monte Carlo method are presented. The probability of failure
caused by these processes is estimated using the SORM method. Section 4 describes a procedure of determining the optimal interval for
carrying out diagnostic tests, based on the failure risk analysis. For
this purpose, a dedicated NPV index is used, which allows taking into
account various failure scenarios and several critical areas of turbine
rotors. This leads to the rational maintenance planning of long-operated power units. Section 5 is a short summary of the research with
the conclusions.

2. Maintenance strategy for steam turbines
2.1. Available models of steam turbine maintenance
In the managing process for power units, many types of maintenance models are used to ensure the proper technical condition. The
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basic type is breakdown maintenance (or corrective maintenance), in
which an inspection of the machine is carried out at the time of a
serious problem that prevents further operation [9]. Based on this approach, no action is taken until a serious damage occurs (run until it
breaks) [5]. The downtime associated with a failure may provide an
opportunity to inspect the remaining elements, which is called opportunistic maintenance [9]. Due to the high required degree of reliability
of the power units, the control of the elements only at the time of
failure is not sufficient. For this reason, numerous actions are implemented as part of preventive maintenance [9]. These include, among
others, periodic inspections, diagnostic tests, replacement of individual elements or their regeneration or revitalization. Due to budget constraints, preventive maintenance can be performed only for selected
components. An example of a method of selecting elements subjected
to such activities is presented in [26].
The most basic way to determine the frequency of preventive actions is time-based maintenance [28, 29]. Fixed time intervals are often used in the instructions of manufacturers who recommend routine
maintenance [5]. This approach is also useful in the failure finding
maintenance (FFM) [28]. The main purpose in this case is to find
irregularities in devices that are not in continuous use, but which are
significant for the operational safety of the unit and for which, under
normal operating conditions, the damage is not visible. An example
is turbine shut-off valves. Another type of maintenance is conditionbased one (CBM) [27, 30] which also can be classified as a preventive
method. It consists in monitoring certain process parameters, which
are carefully analyzed. This leads to a decision regarding further operation. The deterioration of parameters may be a symptom of an incoming failure, and the earlier detection of irregularities gives time to react. The development of the CBM method is a predictive maintenance
[5]. It uses more advanced techniques such as databases, machine and
deep learning. Thanks to it, it is possible to obtain higher accuracy,
reduce false alarms and analyze data from various measuring systems
at the same time. An example of the use of machine and deep learning
to predict failures and plan the maintenance of a turbofan engine is
presented in [14]. The predictive method is the basis for prescriptive
maintenance [27], in which changes of measured parameters require
the initiation of appropriate repair procedures.
As part of preventive actions, it is also possible to implement riskbased maintenance (RBM) [11, 13]. Such a method often focuses on
critical parts of the system [15]. In the RBM, activities are planned
after prior determination of the level of failure risk, defined as the
product of its probability and consequences (e.g. in the form of costs).
This approach makes it possible to identify the most dangerous damage and focus on areas where it may occur. Properly conducted calculations, allow planning intervals between subsequent inspections [24]
and their scope.

2.2. Diagnostic methods and preventive repairs of steam
turbines
During diagnostics of steam turbines, non-destructive tests, which
do not deteriorate the properties of the analyzed material, are often
used. The basic methods include visual investigation of the object
with the use of optical instruments, such as endoscopes, which enable inspection of inaccessible places without the need of disassembly
[31]. This solution is often used to test the rotor central bore looking for material fractures. It may be difficult to distinguish common
scratches (e.g. caused by cleaning process of the bore) from dangerous cracks. For this purpose, penetrating liquids are used, which will
cause coloration only in the presence of a crack due to capillary forces
[21]. Penetration liquids are also used to detect low-cycle fatigue
cracks in heat grooves.
After locating the defect, more detailed research is applied. For
many years, the eddy-current method has been used. It consists in
the excitation of a variable electromagnetic field. The changes in the
field, the phase shift and the amplitude make it possible to determine
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the state of the tested surface using special detectors [7]. Another solution used in the tests of central bores is the metal magnetic memory
method (MMM). It is based on the control of the metal’s normal spontaneous stray field. Devices used to perform this type of research enable the recording and analysis of the obtained measurements. As a
result of the steel load, changes in the crystal structure occur, which
are the reason for its magnetization. The distribution of the magnetic
stray field shows the direction of the stresses. The test does not require
prior preparation of the metal surface and allows an early detection of
all kinds of discontinuities, material voids or fatigue changes [2].
After disclosure of any irregularities of the material in the tested
areas, it is possible to make a correction. In the case of central bores,
an effective solution is the rotor turning or top layer grinding [13]. A
similar action is carried out in the heat grooves. Elimination of the
top layer of metal improves resistance by removing the material with
significant fatigue wear.

temperature of the steam washing the rotor indicate that both start-ups
are carried out from the cold state.

3. Forecasting of life consumption processes in steam
turbine rotor
3.1. Crack propagation in steam turbine rotor
The crack behavior in a material is closely related to the stress intensity coefficient. This coefficient is a characteristic value for the
stress distribution and strains located at the very peak of the crack.
For fractures subjected to tensile forces, it can be described by the
following formula [24]:
KI = Mσ a

Fig. 1. Change in steam parameters during rotor cold start-up, N—turbine
power, T—steam temperature, p—steam pressure, n— rotational speed
(data for HP rotor)

(1)

where:
M – nondimensional function of geometrical parameters of the crack
and the element,
σ – tensile stress acting on the crack
a − crack dimension.
Crack propagation under variable-load conditions is described by
the Paris-Erdogan formula in the form [3]:
da
m
= C (∆K )
dN

(2)

where:
C , m - material constants,

Fig. 2. Change in steam parameters during cold start-up, N—turbine power,
T—steam temperature, p—steam pressure, n— rotational speed (data
for IP rotor)

∆K = K Imax − K Imin − amplitude of stress intensity coefficient,
N 		 - number of fatigue cycles.

Crack propagation in creep conditions during the steady-state is
described by the equation [3]:
da
= AK n
dt

(3)

The results of the stress distribution for circumferential component,
which acts in the direction of crack propagation, are shown in Figs. 3
and 4. The history of changes of these stresses during the cold start-up
in the central bores is shown in Fig. 5.

where:
A, n - material constants,
t 		 - steady-state operation time.

During the operation of the steam turbine, the propagation of the
existing crack takes place alternately under the variable and constant
load. The greatest increase in stress occurs during the start-up. Using
the finite element method (FEM), it is possible to determine the stress
level in the analyzed area. An exemplary simulation of the heating
process is carried out for the rotor high-pressure (HP) and intermediate-pressure (IP) part in accordance with the increase of parameters
during two different start-ups (Figs. 1 and 2). The initial values of the

Fig. 3. Distribution of circumferential stress component in HP rotor during
cold start-up
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of effective stresses in the rotors after the values stabilization due to
the relaxation process. The process itself is clearly visible in Fig. 9.
In the calculation of stresses in creep conditions, the material model
described by Norton’s equation [8] is used:

ε = Bσ n

Fig. 4. Distribution of circumferential stress component in IP rotor during
cold start-up

(4)

where:
ε 		 -  strain change in time,
B, n -  material constants, determined during creep testing of rotor
steel.

In further calculations, the mean values of stresses under creep
conditions are assumed at the level of σ creepHP = 55 MPa (for the HP
rotor) and σ creepIP = 60 MPa (for the IP rotor)

Fig. 7. Distribution of effective stresses after relaxation process in HP rotor

Fig. 5. History of changes in circumferential stress component during rotors
cold start-up

Taking into account different types of start-ups, three scenarios
are developed (Fig. 6). Each of them assumes that the unit will be
started 200 times a year for the next 20 years. In the first scenario
(#1), the turbine will be started relatively slowly, which will increase
the stresses in the HP and IP central bores each time up to 200 MPa.
In scenario #3, each start-up will cause a stress of 300 MPa in both rotors. This means that start-ups will be carried out much faster to meet
the demands of the unit’s high flexibility. In scenario #2, half of the
start-ups will result in stresses at the level of 200 MPa, and the other
half at the level of 300 MPa.

Fig. 8. Distribution of effective stresses after relaxation process in IP rotor

Fig. 6. Stresses in the rotors central bores for different operating scenarios

Fig. 9. Stress relaxation process in rotors central bores

The period of operation under creep conditions between successive start-ups is 30 hours. The FEM is again used to determine the
level of stresses in the steady-state. Figs. 7 and 8 show the distribution

The article [24] presents an analysis of the crack propagation in the
HP rotor of the steam turbine for the previously mentioned operating
scenarios and for selected initial crack dimensions. In this study, the
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initial dimension is assumed at the level of 2.5 mm and 5 mm. The
obtained results are compared with the crack propagation rate in the IP
part of the rotor. A crack size of 2.5 mm is problematic to detect due to
the specified accuracy of the measurement methods. Therefore, it can
be assumed that when during diagnostic tests the discontinuities are
not detected, there is a crack of such size that propagates during operation. In order to take into account the possible variability of individual
input data during the actual operation of the turbine, the random nature of quantities are assumed, and the Monte Carlo method is used in
the calculations. For this purpose, it is assumed that the variables are
characterized by normal distributions with a known mean value and a
known standard deviation, which are presented in Table 1.
Table 1. Mean values and standard deviations of the quantities affecting
the crack propagation
Input data

Mean value

Standard deviation

C

2e-12

1e-13

3e-14

1.5e-15

200 MPa

10 MPa

55MPa

2.75MPa

2.5/5 mm

0.5 mm

200 cycles/year

-

m

A
n

∆σ1
∆σ 2

σ creepHP
σ creepIP
a0

t
N

3.4537
5.6572

300 MPa
60 MPa

20 years x 6000 h/year

0.173
0.283

Fig. 10. Crack propagation over time for different operating scenarios
( a0 = 2,5
2.5 mm
mm)

15MPa
3 MPa
-

The results of the crack propagation rates are shown in Figs. 10
2.5 mm
mm and a0 = 5 mm . For the initial
and 11 respectively for a0 = 2,5
crack dimension of 2.5 mm, the increment is small and achieves the
maximum value of 5.9 mm for scenario #3 over the entire assumed
operation time. For a larger initial dimension of 5 mm, the growth is
much more rapid. For scenario #1, the value doubles over 20 years of
operation, and for scenario #3, it more than triples. Due to the higher
stress level during steady-state (under creep condition) in the case of
the IP rotor, the achieved dimensions for each subsequent year are
also higher than for HP.

3.1. Probability of failure due to crack propagation
Not every crack, even the one that propagates during the operation,
will lead to the failure of an object. This happens only when the critical dimension ( acr ) is exceeded, which causes the so-called brittle
fracture of the material. The failure criterion will therefore take the
form of:

g1 = acr − a

(5)

The critical crack dimension is determined by the relation:
K 
acr =  IC 
 Mσ 

2

(7)

where:

K IC - fracture toughness.

The probability of failure is then described as:
Pf 1 = P (g1 ≤ 0 )

Fig. 11. Crack propagation over time for different operating scenarios
( a0 = 5 mm )

(6)

and can be calculated using the second-order reliability method
(SORM).

Fracture toughness is a material property that decreases over the
years of operation. Its initial value for the analyzed rotor steel is assumed as 100 MPa m and it is possible to determine the decrease
using the SPT (small punch testing) method which gives possibility
to appoint mechanical properties of the material without the neces-
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sity to perform destructive tests [20]. During calculation of the failure
probability for long in-service turbines, it is assumed that the fracture
toughness dropped to 60% of the initial level and it is a random value
with a normal distribution, with a known mean value and a standard
deviation of 5%.
Fig. 12 shows the results of the probability (for a0 = 2.5 mm ) of
exceeding the critical dimension, for which the mean value is 21.8
mm in the case of scenario #1 and 10.13 mm for scenarios #2 and
#3. The level of 0.001 can be considered as a significant probability
value. It will be exceeded in scenarios #2 and #3, which indicates that
both the HP and IP rotor should be monitored for crack propagation.
For the operation according to scenario #1, the probability is negligible and the critical fracture dimension will not be reached, even for
a long assumed time period.

Fig. 13 shows the results of failure probability in the case where
the initial crack dimension is found at the level of 5 mm. A similar
analysis was performed in [24] for a single element (HP rotor). This
paper presents the results for the central bores of both turbine’s HP
and IP parts. The value of 0.001, indicating a significant risk of failure, is achieved within the assumed operating time for each developed
scenario, and in the case of scenarios #2 and #3 even at the beginning
of monitored period. This means that diagnosis of a crack should be
a signal to consider preventive actions to limit propagation. After 20
years, the probability may even exceed 0.7.

3.3. Life consumption processes in thermal grooves
The highest stresses in the entire turbine rotor occur in transient
states in the thermal grooves where they are concentrated [1]. Stress
concentration favors the intensification of the low-cycle fatigue process, which in turn contributes to the material consumption in this
area. In addition, long-term operation at high temperatures also increases creep wear. To estimate the durability of the rotor material
under such conditions, the hypothesis of linear wear accumulation can
be used, according to relation [19]:

Z = Z N + Zt

(8)

where:
Z 		 - total wear,

Z N 		 - fatigue wear,
Z t 		 - creep wear.
Fatigue wear Z N caused by one cycle is described by the formula:
m

1

ZN = ∑

i =1 a

(9)

( ∆ε i )b

where:
a, b 		 - material constants,
Fig. 12. Failure probability due to crack propagation for different operating
scenarios( a0=2.5 mm )

∆ε 		 - strain change,
m 		 - number of significant strain changes during one cycle;
The creep wear per one hour of operation in steady-state is described by the formula:
Zt =

1

(10)

cσ d

where:
c, d 		 - material constants,
σ 		 - stress during steady-state;

The total wear after N fatigue cycles and after t hours of operation, according to the linear hypothesis, takes the form:
m

Z = N∑

i =1 a

Fig. 13. Failure probability due to crack propagation for different operating
scenarios (a0 = mm)

400

1
b

( ∆ε i )

+t

1
cσ d

(11)

Using the FEM, various types of start-ups, from different thermal
states, were analyzed. Examples of the reduced stress distributions occurring during the start-ups carried out in accordance with Figs. 1 and
2 for HP and IP rotor are presented in Figs. 14 and 15. Fig. 16. shows
the history of changes for effective stresses in the thermal grooves,
where highest values occur.
Based on the analysis, various operating scenarios are developed.
The assumptions of operation time and the number of start-ups are the
same as described in point 2.1. Scenario #1 again assumes the small-
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The main stress component in the heat groove is thermal one, for
which the highest values occur during start-ups and other transient
states. After rotor heating process, thermal stresses decrease significantly, which is additionally contributed by the relaxation phenomenon. For this reason, it was assumed that the total creep life of this
area is 106 h . As in the case of crack propagation, the Monte Carlo
method was used to determine the probability of failure caused by
the accumulation of fatigue and creep wear. The assumed random
variables have a normal distribution with a known mean value and
standard deviation (Table 2).
Fig. 14. Distribution of effective stresses in HP rotor during cold start-up

Table 2. Mean values and standard deviations of the quantities affecting
life-consumption processes
Input data

Mean value

Standard deviation

a

b

464

−1,589

46,4

−0.079

E

180 GPa

9 GPa

∆σ1HP
∆σ 2HP
∆σ1IP
Fig. 15. Distribution of effective stresses in IP rotor during cold start-up

∆σ 2IP
Z t−1

Z0

t
N

300 MPa

15 MPa

350 MPa

17,5 MPa

1 000 000 h

50 000 h

400 MPa
450 MPa

0

20 years x 6000 h/year
200 cycles/year

20 MPa

22,5 MPa

-

-

-

Fig. 18 shows the results of calculations for total wear, calculated
in accordance with the hypothesis of linear accumulation for the first
variant, according to which the level of initial wear is assumed as
Z 0 = 0 . In the IP rotor, significantly higher wear levels can be ob-

Fig. 16. History of changes in effective stresses during rotors cold start-up

est stress values, and scenario #3 assumes the highest stresses. In the
case of the thermal grooves, higher stress values were observed in
the IP rotor, therefore the scenarios in this case need to be developed
individually for the rotors, as shown in Fig. 17.

Fig. 17. Stresses in the heat grooves for different operating scenario

Fig. 18. Material wear over time for different operating scenarios ( Z 0 = 0 )
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served for each of the developed scenarios, as well as the exceeding
of critical value equal to 1 for scenario #3. The smallest wear occurs
in the HP rotor for scenario #1 and it is slightly above 0.5.
Turbine rotors analyzed in the article are the long in-service objects.
For this reason, higher initial wear values can be expected. Therefore,
the calculations are performed again for the initial rotor wear equal to
Z0=0.5. The results are shown in Fig. 19. In this case, in both rotors
and for each scenario, the wear value will exceed the critical limit of 1
between the 8th and 16th years of operation, which indicates the need
of material condition monitoring in order to avoid serious failure.

Fig. 20. Failure probability due to material wear for different operating scenarios ( Z 0 = 0 )

Fig. 21 shows the results of the probability of failure due to material consumption in the thermal grooves for the initial wear of this
area . In this case, the obtained values are much higher and for each
scenario the level of 0.001 will be achieved already in the first decade of the considered operation time. Additionally, after 20 years,
the lowest probability value is 0.84 for scenario #1 and the HP rotor,
and close to 1 in other cases, which means that the failure is an almost
certain event.
Fig. 19. Material wear over time for different operating scenarios ( Z 0 = 0,5 )

3.4. Probability of failure due to material wear in thermal
grooves
Rotor failure caused by life consumption processes in the thermal
grooves will occur after the limit value Z g is exceeded which means
the material life exhaustion in this area. In such a case, the failure
criterion will take the form:
g2 = Z g − Z

(12)

As already mentioned, the expected wear limit is equal to 1 (100%
wear). Due to the random nature of the fatigue processes, it was assumed in the calculations that this critical value is a random variable
with a normal distribution and a standard deviation of 0.03.
The probability of a potential failure is described by the formula:
Pf 2 = P (g 2 ≤ 0 )

(13)

The SORM was again used to calculate the probability of damage.
The results for the initial wear Z 0 = 0 are shown in Fig. 20. Before
the end of the 8th year of operation, for each scenario, the probability of failure is so low that it is not presented in the diagram (below
1 ⋅ 10−10 ). The highest value is achieved after 20 years for the IP rotor and for the scenario #3 (it is equal to 0.7). The lowest value occurs for the HP rotor and scenario #1 (it does not exceed the value of
0.001, which is considered as significant for operational safety of the
turbine). In other cases, the probability is in the range of 0.045-0.34 at
the end of the planned operation time.
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Fig. 21. Failure probability due to material wear for different operating scenarios (Z=0.5)
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4. Planning of diagnostic tests and repairs of turbines
4.1. Planning of preventive maintenance intervals
The estimated failure probability Pf of an element or the entire system, as well as the cost value Ct (failure economical consequences),
allow determining the level of risk of an undesirable event. The preventive actions carried out contribute to reducing the risk of failure, so
that for the assumed time period (N years), the so-called avoided risk
described by the equation [24] can be determined:
RTu =

t =n

∑ Pf

t =0

rying out diagnostic tests to verify the condition of the material and its
compliance with the forecast condition, as well as preventive repairs
to restore the appropriate level of operational safety, which reduces
the risk of failure in the long term. In order to determine the best time
to carry out the discussed activities, NPV calculations are performed
in accordance with the formula (15) for two identified failure scenarios related to exceeding the critical dimension of the crack in the
central bore and the exhaustion of material life in the thermal grooves.
Fig. 22 shows the whole procedure of maintenance planning.

(14)

⋅ Ct

Besides the failure costs, rational planning of machine maintenance
should also take into account costs related to preventive maintenance.
Basic expenses in this area are these allocated to professional diagnostic
tests, repairs or element replacement. In order to consider all these aspects, an appropriately formulated NPV index can be used, and due to the
long-term planned operation, cash flows should be presented as discounted values. Additionally, it should be taken into account that the
failure may concern several elements of a complex system or, within
one element, it may be carried out in accordance with several identified scenarios. An index that includes all the described aspects may
take the form of equation [22]:
NPV =

l

N

∑∑

j =1t = 0

Pf 0 j Ctj
t

(1 + r )

l

N

−∑∑

j =1t = n

Crtj

l

t

(1 + r )

n

− ∑∑

j =1t = 0

Pf 0 j Ctj
t

(1 + r )

l

N

−∑∑

j =1t = n

Pf 1 j Ctj

(1 + r )t

(15)
where:
Pf - probability of failure in the period prior to diagnostic testing,
repairs or replacement,
Pf 1 - probability of failure in the period after diagnostic testing, repairs or replacement,
Ct - cash flows related to a loss of production due to failure and other
failure-related costs,
Crt - cash flows related to costs of repairs, diagnostic testing or replacement,
r - discount rate,
N - total planned service life,
n - year in which the element is tested, repaired or replaced,
l - number of risk of failure elements in system or number of failure scenarios.
The first and at the same time the only positive part of equation
(15) determines the benefits of the so-called avoided risk of failure.
The second part is responsible for the costs related to the inspection
and preventive repair or replacement of elements. The third and fourth
segment, in turn, illustrate the losses related to forced stoppages and
the costs related to the breakdown in the period prior to the inspection
(part 3) and after the inspection (part 4).
Determining the value of the NPV index for each year of system
operation, allows assessing whether preventive activities is economically justified. The positive values of the index indicate the validity
of the preventive maintenance. Performing optimization in order to
find the maximum of the NPV(t) function allows determining the best
time for the inspection of the object and possible correction of the
technical condition.

4.2. Optimization of preventive maintenance intervals
The analyses of crack propagation and the development in material
consumption in the HP and IP rotors of the steam turbine, as well as
the failure probability determined on this basis, indicate the need to
supervise the described critical areas. The supervision is based on car-

Fig. 22. Maintenance planning procedure for turbine rotors

The article [24] presents the analysis of the NPV index for a single
element and one failure scenario (crack propagation in the HP rotor).
Fig. 23 presents the change of the NPV index in the assumed operation time for one failure scenario (crack propagation in the central
bore), but for both HP and IP rotors. Based on that, it is possible to
make decisions related to the operation of a more complex system.
The calculations are performed for all three operating scenarios and
for following assumptions:
• initial crack dimension a0 is 2.5 or 5 mm, the fracture toughness
K IC is 60 MPa m ;
• costs related to failure ( Ct ) due to crack propagation are equal to
100 conventional units (100% of costs), which means that brittle
fracture can lead to catastrophic failure of the rotor;
• costs related to preventive inspections and repairs are equal to 15
conventional units (15% of failure costs).
In the case of the initial dimension a0 = 2.5 mm , for all operating scenarios the NPV index in the whole analysed time has negative value. This means that the initiation of the period of diagnostic
tests and preventive repairs in the central bores is not economically
justified. The profit in the form of the avoided risk does not exceed
the cost of preventive maintenance. In the case of significant initial
crack dimension ( a0 = 5 mm ), the proposed NPV index has a differ-
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ent course, which is visible for scenarios #2 and #3. It is then worth
to start the diagnostic period even in the first years of the monitored
time, as indicated by a positive NPV value (for scenario #2 from the
4th year, and for scenario #3 from the 1st year). The optimal time
for carrying out preventive activities is visible in the point where the
extremum of the presented function occurs (for 13th and 12th year of
operation, respectively for scenarios #2 and #3).

Fig. 24. Change of the NPV index for different operating scenarios and rotor
failure due to material wear

Fig. 23. Change of the NPV index for various operating scenarios and rotor
failure due to crack propagation

The NPV index is again calculated, but this time taking into account the second failure scenario (the material consumption in thermal grooves due to fatigue and creep processes). Costs of failure are
assumed at a lower level than in the previous case, because this kind
of damage is not associated with such serious consequences as a brittle fracture in the rotor central bore. The costs associated with the inspection and preventive repair, however, are the same due to the need
to use similar diagnostic and repair methods. Therefore, the following
assumptions were made:
• initial wear Z0 is 0 or 0.5;
• costs related to failure (Ct) due to material consumption are equal
to 75 conventional units (75% of failure costs related to brittle
fracture);
• costs related to preventive inspections and repairs are equal to 15
conventional units.
Fig. 24 shows the results of the calculations. It can be observed that
in the case of Z0= 0, the NPV values for all operation scenarios are
negative. This again means that it is not worth carring out preventive
maintenance. However, such maintenance should be taken in the case
of higher level of initial wear (which usually occurs in long in-service
turbines). The optimal time to start preventive activities, consisting in
the reduction and elimination of the failure risk, is the 12th, 9th and
8th year, respectively, for operating scenarios #1, #2 and #3.
Using the formula (15), all analyzed objects (HP and IP rotors) and
all failure scenarios (crack propagation for and material wear for ) are
combined. All assumptions made so far regarding the costs of failures
and preventive maintenance are kept. The results are shown in Fig. 25.
The optimal time for starting the period of diagnostic tests or repairs is
the 14th, 10th and 9th year of the operation, for subsequent scenarios
#1, #2 and #3. In each case, the optimization result occurs earlier than
for the crack propagation analysis in the central bore and later than for
the material wear analysis in the thermal grooves. The advantage of
using a combined NPV index, compared to index calculated individually for each element and for each failure scenario, is the ability to carry out inspection and possible repair for all areas during one stoppage,
which reduces the total time in which the turbine does not work.
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Fig. 25. Change of the NPV index for different operating scenarios and rotors
failure scenarios ( a0 = 5 mm, Z 0 = 0,5 )

Moreover, the NPV sensitivity analysis are made. Costs related to
diagnostic tests and repair of individual areas are assumed on different level (5, 15 and 30 conventional units). The results are presented
in Fig. 26. They concern the most dangerous operating scenario (#3).
The reduction of costs may occur as a result of, for example, carrying
out the diagnostic test alone without preventive repair of the object.
Then it is rational to plan the inspection for the entire analyzed period
(positive NPV), with the optimal time being achieved in 7th year of
operation. Increasing of the preventive activities costs, in turn, makes
it justified to use the proposed methodology of maintenance planning
based on a risk analysis, because not in the entire monitored period,
the profits will exceed the losses. The best time for inspection in this
case is 11th year.

5. Conclusions
The aim of the research was to develop a methodology enabling
rational planning of steam turbine maintenance based on a risk analysis. The identified critical elements are the high-pressure and intermediate-pressure rotors, and the critical areas are the central bores
of the impulsive stages and thermal grooves. In the central bores, the
propagating cracks, which can lead to complete destruction of the ro-
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Fig. 26. Analysis of NPV sensitivity to the cost of preventive maintenance Crt
(scenario #3, a0=5 mm, Z0=0.5)

tor, may appear. In the thermal grooves, the material wear occurs due
to low cycle fatigue and creep. The results of calculations showing the
development of the life-consumption processes in subsequent years of
operation, as well as the probability of failure, have been presented.
They have confirmed that the described phenomena constitute a real

danger in the operation of steam turbines. During the assumed 20
years, the failure probability at the level of 0.001 may be exceeded,
which means that the indicated areas should be supervised.
Limiting or reducing the risk of failure in rotors is achieved through
the use of advanced diagnostic testing and repair in order to restore
the material’s appropriate condition. For this purpose, it is worth using
the proposed NPV index, which signals the legitimacy of preventive
actions taking into account the economic aspect. Sample courses of
the index value for the assumed costs related to the failure and repair
of the rotor were analyzed. The influence of possible operating scenarios on the optimal inspection time has been discussed extensively.
A similar analysis has been performed for various failure costs and the
original material condition. It has been found that the worse the initial
condition of the material (greater degree of wear, greater size of the
crack), the faster the inspection should be carried out - sometimes it
is justified already at the beginning of the monitored period. The optimal time of conducting the tests is transferring towards the beginning
of the period, especially when the turbine is operated in worse conditions (flexible regime, faster start-ups, frequent power changes). The
developed methodology can be used for real units with known operating parameters and for the exact cost values of
 the planned tests.
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Abstract

• Statistical analysis was used to estimate the opera- The article presents a method of selecting a fleet of vehicles with a homogeneous structure
for tasks based on the statistical characteristics of their operational parameters. The selectional parameters of the vehicles.
tion of a vehicle fleet for tasks is one of the stages of vehicle fleet management in transport
• A multi-criteria method of selecting a fleet of vecompanies. The selection of a vehicle fleet for tasks has been defined as the allocation of a
hicles for the tasks was developed.
vehicle model to a given company, which is associated with the unification of the vehicle
• Reliability and cost of use evaluate the selection fleet to one specific type. The problem of selecting a fleet of vehicles has been presented in
of a fleet for the tasks.
a multi-criteria approach. The operational parameters assessing the selection of vehicles for
• A new decision model for selecting a fleet of vehi- the tasks are mileage and the number of days to the first and subsequent failure, and vehicle
maintenance costs. The developed method of selecting a fleet of vehicles for the tasks concles for the tasks was presented.
sists of two stages. In the first stage, the average operating parameter values are determined
using statistical inference. In the second stage, using the MAJA method, a unified model of
the fleet of vehicles operating in the enterprise is established.
Keywords
This is an open access article under the CC BY license vehicle fleet management, vehicle selection for tasks, multi-criteria MAJA assessment
(https://creativecommons.org/licenses/by/4.0/)
method, statistical analysis of vehicle operating parameters.

1. Introduction
The selection of a fleet of vehicles for tasks is one of the stages in
fleet management in transport companies. In the literature on the subject, there are many publications on the issues of supporting vehicle
fleet management in terms of selecting a given vehicle for the implementation of commissioned tasks [19, 23]. Selecting a fleet of vehicles for tasks in transport companies is a complex decision-making
process. On the one hand, customers’ requirements covering a wide
range of outsourced transport tasks should be taken into account. On
the other hand, the technical potential of operators performing various transport processes and thus having a different fleet of vehicles
should be considered. The selection of a fleet of vehicles for the tasks
depends primarily on the business profile of a given company and
current transport needs.
Considering the above, when selecting a fleet of vehicles for the
tasks, special attention should be paid to their technical parameters,
including cargo parameters and the efficiency and economy of the
drive unit (unit engine power, fuel consumption). An essential functional feature is also their failure rate. The lower it is, the lower the

maintenance costs of the fleet and the risk of failure to complete the
task will be.
In classical literature and the literature relating to vehicle fleet
management, selecting a vehicle fleet for tasks is understood as the
allocation of a specific vehicle to a transport task or task. As a result
of many studies [2, 34] the issue of assigning vehicles to tasks may be
considered in terms of technical, economic, organizational and qualitative aspects. According to the literature, the classic allocation issue
consists of assigning the available vehicles to the assigned tasks. The
assignment assumes that each task, if possible, is assigned to precisely
one vehicle and each vehicle completes only one task. The measures
of a correctly generated allocation usually determine the minimum
completion time for all tasks or the minimum cost of task completion.
The issue is often modified by introducing various combinations of
the number of assigned tasks to vehicles, e.g. an equal number of tasks
and vehicles, more than vehicles, and fewer than vehicles.
Considering the current problems in the management of the vehicle
fleet, the definition of the selection of the vehicle fleet for the tasks
was modified and presented in a broader sense. The selection of the
vehicle fleet for the tasks in the article was defined as the allocation
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of a vehicle model (brand) to a given company, which is associated
with the unification of the vehicle fleet to one specific type. This approach is the current trend in vehicle fleet management and is recommended by transport companies. The benefits of standardizing the
model (brand) of the car fleet in transport companies play an essential
role in reducing servicing and repair costs compared to the diversified fleet [11]. The benefits of the standardization of the rolling stock
are even more significant if the company’s fleet is standardized to a
model/brand of the manufacturer, which is currently characterized by
the lowest failure rate concerning other brands of vehicles, operating
costs or time of carrying out transport tasks.
The article aims to develop a method of selecting a fleet of vehicles with a homogeneous structure for transport tasks carried out in a
given transport company, using descriptive statistics and procedures
of statistical inference of selected operational parameters of vehicles.
Statistical inference is related to the need to conduct measurements
on a selected random sample, which covers a specific number of vehicles of a given model (brand). According to the assumption of the
developed method, the average operating parameters of vehicles of
a given model, determined based on a random sample, are verified
using statistical hypotheses to the average values of parameters describing the entire population of vehicles operating in enterprises. For
this purpose, the article uses tests to determine the mean value for the
population. The problem of selecting a fleet of vehicles for transport
tasks has been presented in a multi-criteria approach, so choosing a
specific vehicle model was carried out using the multi-criteria assessment method for variants of MAJA solutions [22].
The article presents a decision-making model for selecting a vehicle brand to perform specific transport tasks. In the model, the operational parameters assessing a given vehicle make are mileage and the
number of days to the first and subsequent failure and vehicle maintenance costs. The task of the developed method based on the decision
model is to indicate such a vehicle brand, the operating parameters of
which tend to the minimum values.
Bearing in mind the above, the article is divided into four parts.
The first presents a research problem and an analysis of the literature
on selecting vehicles for tasks and fleet management. The second part
is developing a decision-making model for selecting a given vehicle
brand for the tasks carried out in the company. The next part presents
the method of assigning a given vehicle model to the fleet operating
in the company. In contrast, the last part is verifying the proposed
method based on actual data.

2. Literature analysis
The car fleet plays an essential role in the enterprise, especially in
logistics, transport of goods, trade and mobile services. The selection of the appropriate fleet impacts the quality of services provided,
timeliness, competitive advantage and cost optimization [29, 38]. Due
to the variety of aspects that need to be taken into account, selecting
a fleet of vehicles for tasks is a complex decision-making problem,
often requiring the selection of compromise solutions. In this process,
emphasis is placed not only on the optimization of transport costs
related to the implementation of commissioned tasks but also on the
aspect of safety and reliability of the rolling stock [31, 36] and the
ecological part [25].
In the case of safety or reliability, one can mention, for example,
the failure rate of vehicles in car fleets. For example, the authors of
[16] indicate that the most significant repair costs are generated by
damage to the suspension system and drive system and the engine,
drive system, and brake system. Failure frequency of the mentioned
systems is indicated in many works [24, 30].
The selection of the vehicle fleet for the tasks due to the availability
and quality of the service network is presented in the paper [37]. The
problem of selecting the fleet has been presented in a multi-criteria
approach. Among the criteria, they distinguished groups of criteria:
repair costs, quality of repairs, location of the service network and
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its equipment, and availability of parts. Using the hybrid DEMATEL
multi-criteria decision support method, the authors solved the problem with a network analysis of processes.
Wang et al. [39] present a method of selecting a vehicle fleet
for tasks based on the evolutionary algorithms of NSGA-III, SMSEMOA, and DI-MOEA. In their work, they emphasize that with a
fleet consisting of a large number of vehicles and operating over a
large area (e.g. the entire country), when creating vehicle service
schedules, many criteria should be taken into account, such as the
distance to the service or various repair costs at multiple sites.
When selecting a fleet of vehicles for tasks, servicing damaged vehicles is essential. Jacyna and Semenov [20] raise the problem of ensuring the availability of significant parts in service stations. In their
work, they proposed a proprietary optimization algorithm to minimize the risk associated with purchasing parts. The model is based
on uncertain information related to various random situations, the risk
of misdiagnosing a damaged vehicle associated with purchasing the
wrong part, or the risk of selling the lousy part by the supplier.
The critical measure in selecting a fleet of vehicles is the cost of
vehicle operation. These costs depend, among others, on repairs and
maintenance and costs resulting from the purchase of consumables
[4]. In classic models of selecting a vehicle fleet for tasks, assessing
the allocation of vehicles to tasks is the cost or time of performing all
tasks [15, 17].
In most cases, the problem of selecting a fleet of vehicles is presented in terms of multiple criteria. Therefore, multi-criteria assessment methods are often used to assign vehicles to tasks [8, 26]. The
classic selection of vehicles for tasks is often described using the
graph theory [44] and operations research [33, 43], which emphasizes
the optimization aspect of the problem under study. Considering the
complexity of the problem of selecting a fleet for tasks, this problem
is often solved with heuristic algorithms, in particular with the genetic
algorithm [7, 28] and with the help of linear programming [13] or the
Tabu search algorithm [32].
The process of selecting vehicles for tasks is also related to the
issue of determining the driver’s work schedule (timetable) and thus
assigning the driver to work shifts [27]. The problem of assigning
drivers in fleet management is a complex issue, for example, because
introducing a vehicle to a given route is associated with restrictions
resulting from the driver’s working and driving time.
The authors of the work [10] indicate that a typical scenario for the
allocation of vehicles to tasks is to arrange a fleet of vehicles in such a
way as to minimize, among others: the total cost of travel by vehicles
with limited capacity to deliver the order to several customers [3], or
the time of municipal waste collection [18]. Depending on the type of
company managing a given fleet of vehicles, the allocation problem
may be subject to certain modifications by introducing additional restrictions (e.g. time intervals for route implementation). However, the
main task is to allocate the minimum number of available resources,
e.g. vehicles, to designated routes. The issue of the allocation of vehicles to routes and schedules of driving routes in transport companies
has been presented in many publications, among which one can indicate, among other things [9, 12].
An essential aspect of allocating a fleet of vehicles to transport
tasks, which has been gaining in importance and popularity in recent
years, is the environmental safety of the transport fleet. The authors
present exciting analyses in the article [42], indicating the environmental benefits of using high-tonnage vehicles powered by LNG in cargo
transport. The ecological safety of the transport fleet is determined
by various factors, among which the authors of the work [2] mention
vehicles in poor technical condition and emitting an increased amount
of toxic compounds into the atmosphere [6], an adequately selected
engine oil with low viscosity, which increases the efficiency of the engine and at the same time reduces fuel consumption[14], oil pollution
with fuel [1]. The selection of vehicles for the tasks to reduce exhaust
emissions to the environment is often taken into account when creating environmentally friendly transport systems [21, 41]. In the case
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of vehicle recycling systems, the selection of the fleet is of crucial
importance in terms of environmental protection and minimizing the
number of toxic compounds in the atmosphere [5].
Kazanç et al. [25] analyzed the problem of allocating the fleet, taking into account two aspects, i.e. profitability and the level of exhaust
emissions. In the presented model, they used the two-criteria model
of linear programming. Profit maximization and exhaust gas minimization for the heterogeneous fleet were analyzed. The transport fleet
on long-distance routes was studied, taking into account various scenarios, the return with and without a load, and the fuel consumption
was determined for each version.
In the summary of the literature analysis, it can be stated that selecting a fleet of vehicles for tasks is a complex optimization process
and should be analyzed in a multi-criteria approach. In the article, the
authors focused on two aspects: the reliability aspect of minimizing
the mileage and days to the first and subsequent vehicle failures, and
the economic aspect as the cost of vehicle maintenance. The literature
analysis showed a research gap in selecting a vehicle model with a
homogeneous structure for the fleet of a given company. In most publications, choosing a vehicle fleet is understood as assigning a specific
vehicle to a task. The choice of vehicles is made from among vehicles
with a heterogeneous structure. The method of selecting a fleet of vehicles for the tasks proposed by the authors determines one vehicle
model, which is effective in terms of reliability and economy. It thus
minimizes the risk of incorrect allocation of individual vehicles to
tasks.

3.2. Model input data
To develop a decision-making model for the selection of a fleet
of vehicles for tasks, you should enter data on the transport network
in which the vehicle mobility plan carries out transport tasks, define
transport tasks in the form of vehicle driving routes based on which
the cost of fuel consumption and task completion times for individual
tasks will be determined. Vehicles, locate transport bases from which
vehicles leave for tasks, locate customers/entities generating tasks for
implementation, define technical parameters of the vehicle fleet, define points that are the beginning of transport tasks, i.e. points where
cargo is collected from customers, define intermediate points and final shipping tasks. The necessary input data describing the decision
model are presented in Tab. 1-Tab. 3.
Table 1. Elements of the transport network
Symbol

Meaning

P

a set of numbers of starting points of transport tasks

I
K
B
LPI
LIP
LII

3. A decision model for selecting a vehicle fleet for
tasks in the enterprise

LIK

3.1. General assumptions

LKI

The decision-making model for selecting a given type of vehicle
model (brand) for the fleet applies to transport companies. Various
transport tasks are carried out in various transport systems, e.g. transport systems, load transporters, or entire truckload transport [40, 35].
The decision model unifies the brand of the vehicle fleet and adjusts
it to the nature of the tasks performed in a given enterprise. A given
vehicle model should not only have a minimum failure rate (reliability) compared to other models but also a minimum maintenance cost.
Therefore, the right choice of rolling stock in every transport company
is crucial. Using the decision-making model, the vehicle type (brand)
is selected for the company‘s fleet, taking into account a multi-criteria
approach. The individual functions of the criteria refer to the cost of
vehicle maintenance and reliability measures such as average mileage
to the first failure (failure) of a given brand, average mileage to subsequent failures of a given brand, average number of days to the first
failure for a given brand, the average number of days to subsequent
losses, the average damage intensity of a given brand. Assumptions
for the vehicle fleet selection model:
–– The transport task in the enterprise is interpreted as a driving route between individual points of the transport network.
Depending on the nature of the enterprise, vehicles may visit
unique loading/unloading points by the prescribed delivery or
collection schedule (collection or pickup systems) or follow the
transport route from a collection point directly to the unloading
point (full truckload systems).
–– The routes of the transport assignments are known and defined
by the mobility plan of each enterprise. A company’s mobility
plan is interpreted as a schedule of tasks assigned to be performed by vehicles, which is adapted to customers’ needs for
transport services.
–– It is assumed that the vehicles once visit the loading and unloading points. Loading and unloading times were omitted.
–– It was assumed that fleet maintenance costs include fuel consumption, repairs, and regular servicing to simplify the model.

LBI
LIB
LBP
LKB

a set of intermediate point numbers

a set of numbers of endpoints of transport tasks
a set of numbers of transport bases

a set of connections between the starting point and an intermediate point
a set of connections between an intermediate point and a
starting point
a set of links between intermediate points

a set of connections between an intermediate point and an
endpoint

a set of connections between an endpoint and an intermediate point
a set of connections between the base and an intermediate
point
a set of connections between an intermediate point and a
base

a set of connections between the base and the starting point
a set of connections between the endpoint and the base

Table 2. Characteristics of the elements of the transport network
Symbol
Q1
Q2
Q3
Q4
D1
D2
D3
D4
D5
D6
D7
D8
D9

Meaning
customer demand on a given day of vehicle use (intermediate points of the transport task)
demand of recipients on a given day of vehicle use (endpoints of the transport task)

size of loads collected from senders (intermediate points of
the transport task)

size of loads collected from senders (intermediate points of
the transport task)
a distance matrix between the starting point and the intermediate point
a distance matrix between the intermediate point and the
starting point
a distance matrix between intermediate points

a distance matrix between the intermediate point and the
end point

a distance matrix between end point and intermediate point
a distance matrix between base and intermediate point

a distance matrix between the intermediate point and the
base
a distance matrix between base and starting point
a distance matrix between endpoint and base
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D10
T1
T2
T3
T4
T5
T6
T7
T8
T9
T10
R
ZAD

a distance matrix between intermediate points (without
realization of the task)

X1

a driving time matrix between an intermediate point and an
end point

a connection between the starting point and an intermediate point

X3

a connection between intermediate points

a driving time matrix between intermediate points

a driving time matrix between base and waypoint

a driving time matrix and between end point and base point

Meaning

P
P1
LD
LD1
F
KS
KN
KU
ZP
V

a set of vehicles of a given model

a connection between base and intermediate point

X7

a connection between an intermediate point and the base

X9

a connection between the endpoint and the base

X8

a connection between base and starting point

a connection between intermediate points (without task
execution)

X10

3.4. Limits

The model’s limitations are limited to the limitations resulting
directly from selecting a vehicle model for the tasks and constraints
resulting from the assumed vehicle mobility plans. The following
limitations are defined:
–– Selection of one vehicle model for the company’s fleet:

∑

a matrix of average fuel consumption for individual vehicles

m∈M

a set of damage to vehicles of a given model

a matrix of the course between successive failures

a matrix of vehicle damage intensity in a given period
a vector of the average cost of servicing a vehicle of a
given model

a vector of the average repair costs of a given model vehicle
a vector of the average fuel costs of a vehicle of a given
model

a vector of the average fuel consumption of the vehicle of
a given model
a vector of vehicle capacity of a given model

The model distinguishes two types of decision variables with different interpretations, Tab. 4. The first type of decision variable concerning the performance of selecting the vehicle brand for the company’s fleet is determined directly by the decision model supporting
vehicle fleet management. The second type of variable about vehicle
route interpretation is defined by the vehicle mobility plan and is not
subject to the optimization process. Nevertheless, these variables are
necessary to determine fuel consumption, which allows the cost of
maintaining a given brand of vehicle to be calculated.

(1)

∀lp(m) ∈ LP (m),d ∈ D, m ∈ M

a number of days until the first failure

a matrix of the number of days between successive failures

x(m) = 1

–– The working time of the vehicle on a given day of use should
not exceed the permissible working time – T:

a mileage vector to the first vehicle damage

3.3. Model decision variables

410

X6

a driving time matrix between intermediate points (without
task completion)

a set of models (brands) of vehicles in the enterprise

a connection between an end point and an intermediate
point

X5

a driving time matrix between base and starting point

a set of all tasks carried out in the enterprise

a connection between an intermediate point and an endpoint

X4

a driving time matrix between an intermediate point and a
base

set of relations between a given route start point p and end
point k

a connection between an intermediate point and a starting point

X2

a driving time matrix between end point and an intermediate point

M

U(lp(m))

X

Meaning

selecting the model (brand) of vehicles for the company’s
fleet

a driving time matrix between an intermediate point and a
starting point

Symbol

S

Symbol

a driving time matrix between starting point and an intermediate point

Table 3. Characteristics of the vehicle fleet

LP(m)

Table 4. Model decision variables

∀ (p,i )∈ LPI, (i,i')∈ LII, (i,k )∈ LIK
∑

∑

(p,k)∈R zad(p,k)∈ZAD(p,k)

(x1((p,i ),zad(p,k),d, lp(m))⋅ t1(p,i ) + x3((i,i'),zad(p,k),d, lp(m) )⋅ t3(i,i') +

+ x4 ((i,k ),zad(p,k),d, lp(m) )⋅ t4 (i,k ) +
+
+
+

∑

x2 ((i,p ),d, lp(m) )⋅ t2 (i,p ) +

∑

x7 ((i,b ),d, lp(m) )⋅ t7 (i,b ) +

∑

x10 ((i,i'),d, lp(m) )⋅ t10 (i,i') ≤ T

(i,p )∈LIP
(i,b )∈LIB
(i,i')∈LII

∑

x5 ((k,i ),d, lp(m) )⋅ t5 (k,i ) +

∑

x8 ((b,p ),d, lp(m) )⋅ t8 (b,p ) +

(k,i )∈LKI

(b,p )∈LBP

∑

(b,i )∈LBI

x6 ((b,i ),d, lp(m) )⋅ t6 (b,i ) +

∑

(k,b )∈LKB

x9 ((k,b ),d, lp(m) )⋅ t9 (k,b ) +

(2)
–– Limited vehicle capacity in the transport system:
∀lp(m) ∈ LP (m),d ∈ D, m ∈ M
∀ (p,i )∈ LPI, (i,i')∈ LII, (i,k )∈ LIK , zad(p,k) ∈ ZAD(p,k),(p,k) ∈ R
x1((p,i ), zad(p,k),d, lp(m) )⋅ q4 (p,d ) + x3 ((i,i'), zad(p,k),d, lp(m) )⋅ [q3 (i,d ) + q3 (i',d )]
≤ v (lp(m) )

(3)
–– Restriction to meet the needs of customers (in the collector (4), shuttle - (5), (6), full truck load - (7):
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∀lp(m) ∈ LP (m),d ∈ D, m ∈ M
∀ (p,i )∈ É
LPI, (i,i')∈ LII, (i,k )∈ LIK , zad(p,k) ∈ ZAD(p,k),(p,k) ∈ R, k ∈ K ,i ∈
x1((p,i ), zad(p,k),d, lp(m) )⋅ q4 (p,d ) + x3 ((i,i'), zad(p,k),d, lp(m) )⋅ [q3 (i,d ) + q3 (i',d )]
≤ q2 (k,d )

(4)
x1((p,i ), zad(p,k),d, lp(m) )⋅ q4 (p,d ) ≥ q1(i,d )

(5)

x1((p,i ), zad(p,k),d, lp(m) )⋅ q4 (p,d ) ≥ q2 (k,d )

(6)

x1((p,i ), zad(p,k),d, lp(m) )⋅ q4 (p,d ) = x4 ((i,k ),zad(p,k),d, lp(m) )⋅ q2 (k,d )

(7)

fixed costs associated with vehicle insurance or depreciation were
omitted. Service and repair costs are average values calculated from
the period under examination (time interval) for a single vehicle.
The average cost of maintaining all vehicles in the enterprise for a
given model is described as:
KU (X) =


∑ ku (lp(m) ) + ∑ ks (lp(m) ) + ∑ kn (lp(m) ) 
 lp(m)∈LP (m)

lp(m)∈LP (m)
lp(m)∈LP (m)
→ min

 ⋅ x(m) 
LP(m)
m∈M 




∑

(13)
where the average cost of fuel consumption is determined based on
the cost of fuel consumption on a given day of vehicle use, which is
determined by the formula (c- fuel cost):
∀lp(m) ∈ LP (m),d ∈ D, m ∈ M ,
∀ (p,i )∈ LPI, (i,i')∈ LII, (i,k )∈ LIK

3.5. Evaluation criteria
The measures of assessing the selection of a vehicle brand for the
company’s fleet have been classified into two groups: reliability measures in the use of vehicles of a given brand and average vehicle maintenance costs of a given brand. Reliability measures take the form:
–– average mileage to the first failure (failure) for a given vehicle
model:


∑ p (lp(m) )
 lp(m)∈LP (m)

⋅
x(m)
→ min
∑ 
 
LP(m)
m∈M 




(8)

dku (lp(m) ) =

(

 ∑

x1((p,i ),zad(p,k),d, lp(m) )⋅ d1(p,i ) + x3 ((i,i'),zad(p,k),d, lp(m) )⋅ d3 (i,i') +
∑
 (p,k)∈R zad(p,k)∈ZAD(p,k)



 + x4 ((i,k ),zad(p,k),d, lp(m) )⋅ d4 (i,k ) +



 + ∑ x2 ((i,p ),d, lp(m) )⋅ d2 (i,p ) + ∑ x5 ((k,i ),d, lp(m) )⋅ d5 (k,i ) + ∑ x6 ((b,i ),d, lp(m) )⋅ 
 (i,p )∈LIP

(k,i )∈LKI
(b,i )∈LBI


 ⋅d6 (b,i ) +
⋅


∑ x9 ((k,b ),d, lp(m) )⋅ 
 + ∑ x7 ((i,b ),d, lp(m) )⋅ d7 (i,b ) + ∑ x8 ((b,p ),d, lp(m) )⋅ d8 (b,p ) +
(b,p )∈LBP
(k,b )∈LKB
 (i,b )∈LIB



 ⋅d9 (k,b ) +

+

⋅
x10
i,i'
,d,
lp(m)
d10
i,i'
(
)
(
)
(
)
∑
 (i,i')∈LII



⋅zp (lp(m) )⋅ c

(14)

–– average mileage between successive failures:
u(lp(m)), u(lp(m))' ∈ U(lp(m))


∑ p1(lp(m), u(lp(m)), u(lp(m))')
 lp(m)∈LP (m)

⋅ x(m)  
→ min
∑ 
LP(m)
m∈M 



(9)
–– average number of days to first failure:


∑ ld (lp(m) )
 lp(m)∈LP (m)

⋅ x(m)  
→ min
∑ 
LP(m)
m∈M 




(10)

–– average number of days between failures:
u(lp(m)), u(lp(m))' ∈ U(lp(m))


∑ ld1(lp(m), u(lp(m)), u(lp(m))')
 lp(m)∈LP (m)

⋅
x(m)
→ min
∑ 
 
LP(m)
m∈M 



(11)
–– average damage intensity for a given vehicle model:


∑ f (lp(m) )
 lp(m)∈LP (m)

⋅ x(m)  
→ min
∑ 
LP(m)
m∈M 




(12)

The average cost of maintaining a given vehicle brand in the enterprise includes only the costs related to fuel, service and repair. All

4. The method of selecting a fleet of vehicles for tasks
in the enterprise
4.1. Assumptions of the method
To assign a specific vehicle model (brand) to the tasks carried out
by a given company, a method of selecting a fleet of vehicles for tasks
has been developed, which bases its operation on the multi-criteria assessment of MAJA solutions [22]. As specified in the decision model,
this method assigns a given vehicle model (brand) to the company,
unifying the vehicle fleet to one specific brand. The proposed method
selects the final solutions based on defined evaluation measures for
various variants of the proposed solutions. The variants in the analyzed method are potential types of vehicles, one of which will be
selected and put into use in the enterprise.
The proposed method consists of two stages. In the first stage, a
statistical analysis of the measured and calculated parameters characterizing a given vehicle model, e.g. the cost of maintenance or the
number of failures. This is related to the selection of a research sample
within each model based on which tests and statistical analyzes will
be carried out to verify the hypotheses about the distribution of the
parameter under study or tests determining the mean value of a given
parameter for the entire population (all vehicles of a given model in
the enterprise). Essential descriptive characteristics are determined
for each sample, e.g. sample mean value or variance.
First, the probability distribution of the parameter under examination should be examined within each sample, emphasising the indication of the normal distribution as the dominant distribution. The following tests will be used to verify the normality of the tested sample:
the Kolmogorov-Smirnov (K-S) normality test with the Lilliefors test
and the Shapiro-Wilk test.
The need to examine the distribution of the studied sample and
the essential descriptive characteristics are required to carry out tests
determining the mean values of the tested parameters for the entire
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population (all vehicles operating in the enterprise within a given
model). In the second stage of the method, the multi-criteria MAJA
assessment method will determine the final solution. The condition
for implementing this method is to define the evaluation criteria, i.e.
parameters that evaluate a given type of vehicle and determine the
weights of these criteria. The evaluation criteria are the average values
of the parameters specified in the first stage of the developed method
(evaluation measures defined in the decision model).
The steps of the method can be described in the following steps:
–– Step 1. The input of input data: vehicle models, measurements
of selected parameters characterizing given vehicle brands.
–– Step 2. Determination of mean values and variances for samples.
–– Step 3. Examination of the probability distributions of the tested samples.
–– Step. 4. Kolmogorov-Smirnov (K-S) normality test with the
Lilliefors test and the Shapiro-Wilk test.
–– Step 5. Choice of test statistic depending on the established
distribution.
–– Step 6. Conducting tests for mean values in the population.
–– Step 7. MAJA multi-criteria assessment.

4.2. Tests to determine the mean value of the vehicle population
It should be emphasized that the method of selecting the vehicle
fleet for the tasks is based on the average values of the parameters
determined for the entire population (all vehicles in the enterprise),
not on the average values within a given sample. To determine the
mean value of the examined parameter for the entire population, tests
examining a given type of random variable distribution are first carried out. Three tests were used to check whether a given variable has
a normal distribution, i.e. the Kolmogorov-Smirnov (K-S) normality test with the Lilliefors test and the Shapiro-Wilk test. The Kolmogorov-Smirnov test is based on comparing the distribution in the
sample with the theoretical normal distribution. For the KolmogorovSmirnov test, it is required to know the mean and standard deviation
of the entire population. When we do not know it, and this is the case
most often, we use the Kolmogorov-Smirnov test with the Lilliefors
correction. The Shapiro-Wilk test is the most recommended for verifying normal distributions. In the case of a sample size of more than
two thousand cases, it may give erroneous results. The Lilliefors test
or the chi-square test is then used. Suppose it is found that the individual parameters characterizing a given vehicle model have a normal
distribution. In that case, the t-Student statistics are used to determine
the average values for all vehicles operating in the enterprise within
a given model:
t=

x − µ0
n
s

(15)

where:
x – the mean value of the sample for the parameter under study;
s – standard deviation of the sample;
µ0 – hypothetical mean value for the entire population;
n

– the size of the research sample.

For any distribution, the test statistic is the Z statistic, which takes
the form:
z=

x − µ0
n
σ

(16)

gdzie:
σ – standard deviation of the population.

5. Verification of the method of selecting a fleet of
vehicles for the tasks
5.1. Input data and benchmarking
The verification of the method was carried out based on the transport company carrying out the tasks with six models (brands) of vehicles. For comparative studies, samples consisting of 6 brands of
passenger vehicles of the same class were selected. All vehicles were
used in similar operating conditions, in an even manner, which means
that they received an approximate number and size of tasks to be performed. The research considered the approximate technical parameters of vehicles, i.e. permissible load and capacity, to avoid generating additional routes for particular types of vehicles. The analyzed
vehicles reached the mileage in their useful life of not less than 90,000
km and not more than 125,000 km. The service life did not exceed 51
months. Vehicles with an engine powered by diesel fuel were tested.
The sample size for each vehicle type (brand) was defined as follows:
Kia Ceed - 261, Peugeot 308 - 156, Volkswagen Golf - 115, Hyundai
- 108, Renault - 94, Opel Astra V - 49.
During the study, data was collected containing information related to the use of vehicles, such as: operating costs of each vehicle
brand, failure costs, damage costs, the average decrease in the value
of the vehicle over its lifetime; mileage to the first failure and between
failures, days to the first failure and between failures.
A breakdown (damage) is assumed when the car was immobilized
on the road or towed for service repair, and repairs lasted longer than
6 hours. The time and mileage to the first failure and subsequent failures in a given period and mileage were examined. The number of
vehicles that had the first and subsequent failures in intervals of 10
thousand km. The study showed that the number of cars with breakdowns is decreasing. A significant decrease in the number of cars with
a breakdown of the 3rd, 4th and 5th was noticed in Kia, Peugeot and
Opel cars. The study’s lowest number of cars with any breakdown

Table 5. Percentage share of cars with breakdowns

Brand / Model
KIA Ceed

PEUGEOT 308

VOLKSWAGEN
GOLF VII

HYUNDAI

RENAULT

OPEL Astra V

412

% of cars to the
first breakdown
47,89

51,28

78,26

79,63

76,60

61,22

% from the first to
the second failure
15,71

19,87

40,00

44,44

38,30

36,73

% from the second to the third
failure

% from the third
to the fourth
failure

% from the fourth
to fifth failures

4,49

1,28

0,00

4,88

17,39

23,15

19,15
2,24

1,15

9,57

9,26

8,51

6,12
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0,77

2,61

1,85

4,26

2,04

Table 6. Average mileage until the first failure and between successive failures
Vehicle model

KIA Ceed

Mileage to the
first failure

Mileage from the
first to the second
failure

Mileage from the
second to the
third failure

Mileage from the
third to the fourth
failure

Mileage from the
fourth to the fifth
failure

60551,62

34496,55

25492,81

15510,08

0

60995,46

PEUGEOT 308

VOLKSWAGEN
GOLF VII

35685,44

70479,55

HYUNDAI

24539,71

51441,85

RENAULT

24476,19

27500,44

58450,83

20489,05

28460,93

20475,27

Days until the first
failure

Days from the
first to the second
failure

Days from the second to the third
failure

Days from the
third to the fourth
failure

Days from the
fourth to the fifth
failure

550,94

352,10

250,59

179,56

0

647,40

HYUNDAI

550,65

VOLKS. GOLF VII
HYUNDAI
RENAULT

OPEL Astra V

353,46

745

0,77

57 382

237

0,71
1,52

669

1,60
1,49

1 349

1,27

Table 9. Average cost of damage

PEUGEOT 308

244,04

Average mileage between failures (km)

1 125

KIA Ceed

248,50

247,74

Average number
of failures

RENAULT

Vehicle model

256,29

Average cost of
failure (PLN)
1 952

OPEL Astra V

60 370
59 212
46 270
52 363
47 787

Average cost of
damage (PLN)

Average amount
of damage

Average duration of
damage repair (days)

3589

1,38

9,30

6268

3799

3,85
2,43

5545
4174

4,76

3,07

10,46

1,49

9,61

1,15

3214

11,20

8,90

Table 10. Average decrease in the value of the vehicle
Vehicle model

KIA Ceed

PEUGEOT 308

VOLKS. GOLF VII
HYUNDAI
RENAULT

OPEL Astra V

196,20

250,78

250,92

545,20

Table 8. Average failure rate

349,31

251,00

547,09

OPEL Astra V

HYUNDAI

27478,33

8502,81

651,89

VOLKS. GOLF VII

18477,84

11487,18

RENAULT

PEUGEOT 308

6481,76

25473,47

VOLKSWAGEN
GOLF VII

KIA Ceed

13445,98

28461,12

PEUGEOT 308

Vehicle model

5425,03

22473,27

Table 7. Mean time to the first failure and between failures

KIA Ceed

12489,96

59430,12

OPEL Astra V

Vehicle model

15559,48

Average decrease in value during the
term of the contract (PLN)

Average decrease in
value %

29855

45,42

20492
16352
17734
34241
22750

42,51
29,50
48,59
63,56
42,52

182,46

7539,66

197,74

85,72

126,54

162,12

250,71

170,04

167,40

160,10

78,27

concerned the Kia brand - 47.89%. The Hyundai brand had
the largest share - 79.63%. (Tab. 5).
Tab. 6 summarises the fleet mileage to the first failure,
while Tab.7 shows the average time to the first failure and
between failures, calculated in days.
The average failure rate of the given models, the average
cost of failure and the average mileage between failures are
shown in Table 8. Based on the data from Table 8, it can be
concluded that Kia cars in the entire period covered by the
study were characterized by the most excellent mileage between successive failures compared to other brands, as well
as the lowest ratio of the average number of failures and the
average cost of failure. On the other hand, Hyundai cars had
the lowest mileage between failures and the highest average
number of failures.
Vehicle damage is vehicle damage that requires body repair (bodywork, paintwork or bodywork and paintwork). The
repair cost is the cost of the parts used in the repair and the
labour costs. The average price of damage for all models is
presented in Table 9. Based on the results of the car loss ratio
research, it can be noticed that the worst parameters occurred
for the Kia Ceed model in all analyzed areas: average cost
of damage (PLN 6,268), average amount of claims (3.85),
average duration of repair (11.20 days) and the average time
excluding the car from use (43.07 days). However, in the case
of indicating the brands with the best parameters in the analyzed areas, the answer is not so clear because, in each of the
analyzed areas, a different brand achieves the best results:
average cost of damage - Opel Astra (PLN 3,214), the average amount of damages - Renault Clio (1, 15), average repair
time - Volkswagen Golf (4.76 days), average downtime - Renault Clio (8,90).
The average decrease in the value of the vehicle for the
contract is shown in Table 10.
Considering the multitude of assessment indicators for a
given vehicle brand, which have different values, it is necessary to use a multi-criteria assessment supporting the selec-
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tion of the final solution. Based on the performed measurements, the
verification of the method, the unification of the vehicle model in the
enterprise were carried out based on parameters that significantly affect the economic and reliability indicators describing a given vehicle,
i.e. mileage to the first failure, mileage from the first to second failure, mileage from the second to third failure, mileage from the third
to fourth failure, mileage from the fourth to fifth failure, number of
days until the first failure, number of days from the first to the second
failure, number of days from the second to the third failure, number of
days from the third to fourth failure, number of days from the fourth
to the fifth breakdowns, vehicle operation cost.
The characteristics of the studied sample for each model were
described graphically using a box-whisker plot, which included the
basic descriptive statistics: mean value in the sample, standard deviation, highest value, lowest value, median, lower and upper quartile.
The greatest differentiation of the sample value is within 50% of the
most typical units in the sample (lower quantile, upper quantile). The
greater the width of the frame about the entire range, the greater the
variation among typical units. The narrower the frame, the more similar the middle units are to each other. The length of the whiskers assesses the asymmetry in the whole distribution. If the upper whisker
is longer than the lower whisker, the distribution of the variable is
characterized by right-hand asymmetry. There is left-hand asymmetry
if the lower whisker is larger than the upper one. The KolmogorovSmirnov confirmed normal distribution (K-S) tests, Lilliefors, and
Shapiro-Wilk tests. At the adopted significance level α = 0.05, the
condition α <p holds if there are no grounds for rejecting the null hypothesis of the normality of the distribution of the studied sample. All
tested vehicle operation parameters were characterized by a normal
distribution in the conducted tests. An exemplary presentation of the
results for the Kia vehicle is shown in Fig. 1-2.

a)

b)

a)
Fig. 2. Mileage from II to III of the failure for the KIA Ceed vehicle: a) boxwhisker graph, b) histogram

The characteristics described by the box-whiskers diagram will be
used to determine the average values of these parameters for the entire
population of vehicles of a given model operating in the company.

5.2. Determination of the average values of parameters for
individual groups of models

b)

Fig. 1. Mileage to failure I for the KIA Ceed vehicle: a) box-whisker plot
b) histogram
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Bearing in mind that all examined parameters describing individual vehicle models have a normal distribution, the t-Student distribution with n-1 degrees of freedom was used to determine the mean
value for each population (models). The tests were performed at the
significance level of α = 0.05. The condition for accepting the null
hypothesis that a given value is the mean value for the entire population occurs when the calculated probability level p is greater than the
adopted significance level α. Tab. 11 - Tab. 16 presents the deduced
mean values of the parameters for the entire population of vehicles
within a given model operating in the enterprise.
In verifying the proposed method of managing a fleet of vehicles in
a transport company, the key step is to determine the average values of
parameters for the entire population of vehicles used in the company
under a given model. Based on the results in Tab. 11 - Tab. 16, it can
be concluded that there are significant differences in the mean values
of the parameters from the samples about the mean parameters for
the entire population. It should be emphasized that all mean values
of the parameters were inferred at the significance level of α=0.05.
Assuming a lower level of significance, e.g. α=0.01 the probability
of making a mistake when rejecting null hypotheses would decrease.
One consequence of this is the widening confidence interval responsible for the precision in parameter estimation. The tests adopted the
confidence level recommended in statistical studies, taking the above
into account.
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Table 11. Mean values in the sample and population for the KIA Ceed vehicle
Parameter

Mileage to I
failure
from I to II

from II to III
from III to IV
from IV to V
Number of days
until the first
failure
from I to II
from II to III
from III to IV
from IV to V
Cost of use

Average for
the sample
60995,46
35685,44

15559,48
12489,96
5425,03
651,89
349,31
196,20
182,46
190,41
2947,23

Average for the
population
(claimed value)

Probability
level p

61150
35750

0,26
0,35

730
372
222
172
218
3210

0,43
0,34
0,27
0,32
0,23
0,45

15800
12600
5570

0,25
0,11
0,35

Table 12. Mean values in the sample and population for the PEUGEOT 308
vehicle
Parameter
Mileage to
I failure

from I to II

from II to III
from III to IV
from IV to V
Number of days
until the first
failure
from I to II
from II to III
from III to IV
from IV to V
Cost of use

Average for
the sample
60551,62

34496,55

25492,81
15510,08
0
550,94
352,10
250,59
179,56
0
2649,42

Average for the
population
(claimed value)
60999
35020

Probability
level p
0,15

0,28

25999
16002
0

0,26
0,23
0

600
399
272
170
0
2699

0,13
0,34
0,32
0,11
0
0,26

Table 13. Mean values in the sample and population for the GOLF VII vehicle
Parameter
Mileage to
I failure

from I to II

from II to III
from III to IV
from IV to V
Number of days
until the first
failure
from I to II
from II to III
from III to IV
from IV to V
Cost of use

Average for the
population
(claimed value)

Probability
level p

24539,71

24700

0,13

647,40
251,00
250,78
197,74
126,54
3352,17

660
265
265
181
135
3399

0,21
0,15
0,14
0,15
0,12
0,09

Average for
the sample
70479,55

24476,19
13445,98
6481,76

70823
24600
13600
6670

0,34

0,22
0,14
0,06

Considering the results presented in Tab. 11 - Tab. 16, it can be
concluded that statistical inference is a crucial element of vehicle fleet
management in an enterprise. In each of the tests performed on the
means of the populations (groups of models), these means differed
from the means of the sample. The minimum average of the parameter

Table 14. Mean values in the sample and population for the HYUNDAI
vehicle
Parameter
Mileage to
I failure

from I to II

from II to III
from III to IV
from IV to V
Number of days
until the first
failure
from I to II
from II to III
from III to IV
from IV to V
Cost of use

Average for the
sample
51441,85

Average for the
population
(claimed value)

Probability
level p

27200

0,21

27500,44

20489,05
18477,84
27478,33

51300

0,18

20720
18702
27601

0,18
0,14
0,26

550,65
256,29
248,50
162,12
250,71
2740,70

565
276
235
185
240
2689,00

0,36
0,12
0,06
0,23
0,11
0,08

Average for the
sample

Average for the
population
(claimed value)

Probability
level p

28460,93

28540

0,34

547,09
250,92
247,74
160,10
78,27
3850,16

560
269
237
170
85
3723

0,25
0,21
0,12
0,34
0,32
0,11

Table 15. Mean values in the sample and population for the RENAULT
vehicle
Parameter
Mileage to
I failure

from I to II

from II to III
from III to IV
from IV to V
Number of days
until the first
failure
from I to II
from II to III
from III to IV
from IV to V
Cost of use

58450,83

58000

25473,47
11487,18
7539,66

25030
11540
7600

0,14
0,15
0,30
0,23

Table 16. Mean values in the sample and population for the OPEL Astra V
vehicle
Parameter
Mileage to
I failure

from I to II

from II do III
from III do IV
from IV do V
Number of days
until the first
failure
from I to II
from II to III
from III to IV
from IV to V
Cost of use

Average for the
sample
59430,12

Average for the
population
(claimed value)

Probability
level p

22273

0,23

22473,27

28461,12
8502,81
20475,27
545,20
244,04
353,46
170,04
167,40
3254,34

59030

0,11

28062
8612
20675

0,41
0,22
0,11

510
230
373
180
181
3321

0,13
0,09
0,14
0,45
0,33
0,31

within the trials may have negative values if we consider it globally,
about the entire population, e.g. in the parameter - a number of days
from III to IV breakdowns for the Hyundai vehicle, the sample mean
was the lowest compared to other brands and amounted to 162,12
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days, which turned to the disadvantage as a result of determining the
mean value for the entire population. This value turned out to be the
highest of all tested models and amounted to 185 days.

5.3. MAJA multi-criteria assessment
In order to determine the most advantageous vehicle model, the
weights of individual criteria were established. They are presented in
Tab. 17. The list of variants and criteria is presented in Tab. 18.
The dominance matrix that generates the final solution is shown in
Tab. 19. According to the method’s algorithm, the vertex from which
most arcs come out is the best solution. The model selected for a given
company is the Peugeot 308 vehicle model.
The MAJA method’s solution depends strictly on the weight values imposed for individual criteria. In the process of verification of
the method, it was assumed that the most significant weight of the criterion concerns the minimization of vehicle operating costs. The comparative analysis of vehicles described in chapter 5.1 showed that the
Peugeot 308 vehicles are characterized by a low average cost of damage - Tab. 9, which translates into a low average cost of using these

vehicles and repairs. The average amount of damage during the use
period is also at a low level compared to other models, contributing to
the minimization of vehicle operating costs. The designated weights
for the number of days to individual failures were set at a high level
(from 4 to 6), which is also reflected in the selection of the Peugeot
308 brand because, in Tab. 7, the average time to the first failure and
between failures is low. Considering the above, it can be concluded
that the verification of the method was correct. The correctness of the
generated result is justified by the comparative analysis of all models
described in chapter 5.1.

6. Conclusions
Due to the growing needs of enterprises in vehicle availability,
companies with a large fleet are looking for methods of proper fleet
management, including the appropriate selection of a fleet of vehicles
for the tasks. The selection of a fleet of vehicles for tasks in a transport company is a complex decision-making problem that requires
advanced optimization methods. The proposed method of selecting a

Table 17. Weights of individual criteria
Mileage to I failure

Mileage from
I II

Mileage from II
to III

Mileage from III
to IV

Mileage from
IV to V

Days to I failure

Days from I II

Days from II to III

Days from III to IV

Days from IV
to V

3

6

3

5

3

4

3

Cost of use

3

4

7

4

Table 18. List of partial criteria
Vehicle model

KIA Ceed

Mileage to I
failure

Mileage from
I to II

60999

35020

61150

PEUGEOT 308

VOLKSWAGEN GOLF VII

70823

35750

Mileage from II
to III
15800

Mileage from
III to IV

Mileage from
IV to V

16002

0

12600

25999

24600

24700

5570

13600

7600

3723

27200

20720

18702

27601

OPEL Astra V

59030

22273

28062

8612

20675

Vehicle model

Days to I failure

KIA Ceed

730

PEUGEOT 308

28540

Days from I II
372

600

HYUNDAI
RENAULT

222

Days from III
to IV
172

269

0

135

185

237

240

170

373

3321

218

181

235

2689

Days from IV
to V

170

265

276

560

11540

272

265

565

OPEL Astra V

Days from II
to III

399

660

VOLKSWAGEN GOLF VII

25030

2699

3399

51300

58000

3210

6670

HYUNDAI
RENAULT

Cost

85

510

230

180

181

KIA Ceed

PEUGEOT

GOLF VII

HYUNDAI

RENAULT

Astra V

1

1

0

0

0

1

Table 19. The dominance matrix

KIA Ceed

PEUGEOT 308

VOLKSWAGEN
GOLF VII
HYUNDAI
RENAULT

OPEL Astra V

416

0
0
0
0
0

0
0
0
0
0

1
0
0
0
0

0
0
0
0
1

0
0
0
0
0
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0
0
0
0
0

fleet with a homogeneous structure of vehicles operating in an enterprise is an effective tool for determining the allocation of vehicles to
tasks. The approach to vehicle fleet management proposed in the article, which consists in unifying the car fleet brand in a given transport
company, enables effective management of a large fleet of vehicles
due to the reliability of vehicles and their maintenance cost. In the
analyzed example, the Peugeot 308 model was an adequate model
introduced for use in the company. It was characterized by the most

favourable parameters for assessing vehicle efficiency, i.e. low average cost of service 2699 PLN or average cost of damage 3589 PLN. In
the conducted tests, all vehicle operation parameters were characterized by a normal distribution.
The developed method can be used in companies dealing with
vehicle rental and transport companies providing transport services
for various transport tasks.
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Abstract

• The multiple regression is applied for modelling The paper presents the results of investigations of a railway disc brake system related to the
mass wear of its brake pads. The tests were carried out on a certified brake stand designed to
of brake pad mass wear.
determine the friction-mechanical characteristics of the brakes. The test stand was addition• The speed and the mass have the greatest impact
ally equipped with a thermographic camera to observe the contact points of the brake pads
on the brake pad wear.
with the disc. Particular attention was drawn to investigating the impact on the mass wear
• contact surface, thickness and clamping pads of the brake pads of such parameters of the braking process as contact surface of the brake
against the disc do not influence the mass wear pad with the rotor, thickness of the brake pads as the indicator of their initial wear, clamping
of the pads.
force of the pads against the rotor, rail vehicle mass to be decelerated, and speed, at which
• brake pads in a disc brake system do not wear the deceleration begins. The scientific aim of the paper is to present the relations between
the mass wear of the brake pads and the quantities that characterize the braking process. A
evenly despite its symmetric lever system.
regression model was determined to estimate the wear of the brake pads based on a single
braking process with the preset input quantities.
Keywords
This is an open access article under the CC BY license brake pad mass wear, test stand disc brake investigations, rail vehicle disc brake.
(https://creativecommons.org/licenses/by/4.0/)

1. Introduction
Emissions from road traffic, in particular, are a major contributor
to ambient dust concentrations. These emissions are targeted at increasingly stringent European emission standards [33]. These legal
restrictions make it possible to reduce exhaust emissions, e.g. from
internal combustion engines of cars. However, environmentalists also
point to emissions from brake wear or tire wear, which in the form of
wear products pollute the environment and are components of dust
and gases in the air. The research by Glišović et al. [14] shows that
the braking system, in particular friction disc brakes of motor vehicles
or railroads, also causes pollution of the environment due to dusting
in the form of particulate matter (PM) of wear products, which has
an impact on environmental pollution and deterioration of the health
of people staying in the vicinity of vehicles (cars or trains). These
are elements such as antimony and copper in brake shoes, which are
considered to be highly harmful. The emission of particulate matter
(PM) from the braking system depends on the physical and chemical
properties of the friction material and the number of brakes. In rail
vehicle friction brakes, the most significant in the minds of design
E-mail addresses:

engineers, manufacturers, and researchers is the assurance of friction
characteristics on the level compliant with the UIC or EN-PN requirements [42, 43]. This is very important in terms of brake efficiency,
that is, the braking distance, which is the key factor in ensuring that
the vehicle stop is successfully in any weather conditions and regardless of the condition of the railway infrastructure. The characteristics
of friction material wear are determined in test stand investigations. In
their laboratories, for example, Knorr-Bremse in Munich and Lumag
in Budzyn, manufacturers of brake pads select such a composition
of the friction material as to obtain a compromise between frictionmechanical characteristics and wear. Recently, environmental aspects
have also been taken into account. The first action in this matter was
the elimination of asbestos from friction materials due to its carcinogenic nature (as confirmed in the 1970s of the last century [5, 6]),
although, in connection with the copper fibers, it forms the best friction material in terms of resistance to high temperatures and stability
[7, 28]. Since then, engineers have been searching for new materials
that would replace asbestos while maintaining its friction characteristics [2]. Research is being conducted on the influence of asbestosfree particle size in the range of 125-710 µm on brake pad wear [3,
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49]. The environmental emission of the friction products generated
brake pads in pneumatic or electro-pneumatic brake systems. The auby brake systems was a subject of many works [4, 14]. Attention was
thors, based on their research, present the results of the quantitative
drawn to questions related to environment pollution as well as the
wear of the friction material in the form of particulate matter (PM)
impact of wear products on human health [30], including airborne
from a single braking with different braking process configurations
particles [27, 47] and solid particles that are particularly toxic to hu(speed, pressure, or mass to decelerate). On this basis, an attempt was
mans and animals [25, 26]. Furthermore, used brake pads, regardless
made to model the weight consumption of the brake pad. The model
of the intensity of wear, in the form of a steel plate and the remaining
presented in the article applies to particulate matter (PM) due to measfriction material as waste, are subject to disposal [46]. To reduce the
urement of the weight wear of the friction material. The developed
said impacts, additional actions were initiated to eliminate or reducmodel of friction pad wear, e.g. for constructors of the braking system
ing the use of copper in the production of friction materials [22, 25].
or railway carriers, with known speed limits on the route, will allow
Many scientific centers have attempted to replace toxic and hazardous
one to calculate the weight consumption of friction materials emitted
components with new organic materials based on modified phenolic
to the natural environment.
and epoxy resins [3, 16], basalt and glass fibers [20], low-content
In further works of the authors, it is planned to expand the model
copper fibers, for example 7% [40, 51], fibers with palm and other
of weight wear of friction pads with new variables. Many disc brake
kernels [30], asbestos-free cane ash sugar as filler [8] or such comsystem designs feature perforated or split brake discs. These are soluponents as titanium [41]. There have also been successful attempts
tions that improve assembly or heat exchange. However, they increase
to use banana peel waste to replace asbestos and traditional phenolic
the wear of the friction pads.
and phenol-formaldehyde resins [18]. The frictional characteristics of
traditional brake pads indicate that banana peels can be a substitute
3. Research object and methodology
for asbestos in the production of pads. In addition, the friction line
The investigations of the mass wear of the brake pads were carwear issues on steel discs with various alloy additives described in
ried
out on a certified inertia brake test stand located at ukasiewicz
[9]. In the area of novel friction materials, tribological investigations
Poznaski
Institute of Technological Sciences (Poznan Technological
are underway related to the determination of their friction-mechanical
Institute). The test stand for railway disc brakes is shown in Fig. 1.
characteristics, investigating their potential for long-life applications
This test stand allows performing friction-mechanical tests of rail
in varied braking conditions such as heavy rainfall and moisture [11]
vehicle pads brakes and disc brakes under conditions reflecting the
without the adverse impact on the natural environment [21, 29, 48].
actual operating ones when decelerating a rail vehicle. During these
An important problem discussed in [19] is not only the environmental
investigations, the authors additionally applied a Flir e60 thermoimpact of the particulate matter and volatile particles generated durgraphic camera to monitor the temperature distribution on the brake
ing braking but also their impact on the brake system itself and the
pads after braking.
friction characteristics related to its efficiency.
These investigations also address the requirements in terms of vibration and noise generated by the brake systems described in [22].
In [34, 35], the authors also indicate the relations between the mass wear of the brake pads
and the vibroacoustic signal generated by the
disc brakes. All the addressed problems require
knowledge of the mechanism of friction and
wear of the friction materials described in [1,
12, 24], which papers, in addition to models of
friction and wear, also rely on stationary tests
performed under test stand and actual operating
conditions [39]. Other researchers [17, 38, 50]
have presented results of FEM numerical simulations of brake pads for different friction materials using Archard and Euler wear equations. Fig. 1. The test stand for railway disc brakes: a) view on the operational part of the test stand with the
The wear of the brake friction components in
rotating masses, b) view of the investigated disc and the thermographic camera.
railway vehicles is particularly important for the
owners of the rolling stock for whom the purThe investigations were carried out according to the principle of
chase of friction materials is a significant operational cost. In the case
active experiment according to the methodology described in the arof electric trains or electric locomotives, the wear of friction pads can
ticles of Gowacz et al., Rymaniak et al. and Sawczuk et al. [15, 33,
be reduced owing to the nature of operation of their brake systems. In
37]. Throughout the investigations, the input parameters were purthese vehicles, most of the braking power comes from the electrodyposefully modified (the initial parameters of the braking process) and
namic (frictionless) brake, utilizing electric motors as generators that
their influence on the change of the output parameters (mass wear of
provide additional force. Only in the final phase of braking, due to the
the brake pads) was observed. The investigations were carried out on
characteristics of the electric motor, is the insufficient braking force
organic brake pads type 175 and 200 (Fig. 2) mating with a ventilated
supplemented with the friction brake. The share of the electrodynamic
brake disc of 640×110 in size made of grey cast iron. Figures 2, c) and
brake compared to the friction one is approximately 80/20%. In this
Figure 2, d) present the view of the reverse side of the brake pads with
area [32, 45], many research centers conduct their research on the
the fitting elements. Apart from the area of the contact surface (175
continuous increase in the efficiency of electrodynamic brakes. This
or 200 denotes the contact surface area with the disc in cm2), a sigapplies to the storage of braking energy in new technology for examnificant difference among the brake pads is the length of the guiding
ple CLAB or supercapacitors [10], the installation of wind turbines
elements on the reverse side of the pad to be fitted to the holders.
along railway tracks to supply traction [31], the creation of new train
A single set of brake pads includes 4 type 175 or 200 pads. FR20H.2
schedules to reduce the use of brakes or to increase the efficiency
pads,
according to the manufacturer’s procedure and the requirements
of the recuperation process [44]. The use of electrodynamic brakes
indicated
in UIC Code 541-3 [42], were made from a thermosetting
significantly reduces the emission of particles and gases generated
resin,
synthetic
elastomer, metal and organic fiber, and friction modifiby friction brakes, which significantly reduces the mass wear of the
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4. Test results and analysis

Fig. 2. Brake pads used in the investigations: a) type 175 – view from the disc contact side, b) type 200
view from the disc contact side, c) type 175 view from the reverse side, d) type 200 view from the
reverse side

ers. During the tests on the test stand, two types
of pads, three sets each of different thicknesses
(indicating their initial wear). The first set were
new pads of the thickness of 35 mm, the second
and the third were pads worn to the thickness of
up to 25 and 15 mm, accordingly.
The investigations were carried out according to the UIC 541-3 [42] chart in terms of the
selection of the pad clamp force and the mass
to be decelerated per one brake disc [42]. Parameters modified during the tests were: thickness of the brake pads, speed at which the braking was initiated (v= 50, 80, 120, 160 and 200
km/h), the clamping force of the pad against the
disc (N= 16, 25, 26, 28, 36, 40 and 44 kN) and
the mass to be decelerated per single brake disc
(M= 4.4, 4.7, 5.7, 6.7 and 7.5 t).
Before the initiation of the actual tests, a
series of braking was performed to run-in the
pads. According to [42], preliminary braking
is to continue until the brake pads are worn on
more than 75% of the surface. After each braking, the pads of a given thickness, preset speed,
clamping force, and mass to be decelerated were
weighed on an electronic scale of the accuracy
of 1 gram. During the friction-mechanical tests,
the authors carried out 150 instances of braking
excluding the braking related to the running-in
of the pads.

During tests stand investigations , attempts
were made to determine the relation of the
mass wear of parameters the pads as a function
of such as brake pad contact surface area with
the disc, initial speed of deceleration, clamping
force of the pads against the brake disc and the
mass to be decelerated per single brake disc. In
the first place, for different combinations of the
clamping force and pad thickness, the authors
determined and validated the mass wear increment of the pads as a function of the running
speed, at which the deceleration was initiated.
Table 1 contains selected results for the measurement of mass wear (in grams) of the pads for
one of the selected combinations.
When analyzing the results presented in Table 1, the authors have concluded that the mass
wear of the pads increases along with the initial

Fig. 3. The relationship of brake pad wear as a function of initial speed at N=40 kN and Mh=6.7 t, braking
with: a) new 35 mm brake pads, b) 25 mm brake pads, c) 15 mm brake pads

Fig. 4. The relationship of brake pad wear as a function of initial speed at N=28 kN and Mh=6.7 t, braking
with: a) new 35 mm brake pads, b) 25 mm brake pads, c) 15 mm brake pads
Table 1. Mass wear (in grams) of the brake pads after braking to a complete stop
Force N=28 kN, mass to be decelerated Mh=6.7 t

Initial speed
of deceleration, km/h

G1=35 mm

80

1

50

120

160

200

0

2

4

9

Pad thickness

Force N=40 kN, mass to be decelerated Mh=6.7 t

G2=25 mm

G3=15 mm

Initial speed of
decele-ration,
km/h

1

1

80

0

2

5

10

0

3

5

10

50

120

160
200

G1=35 mm
1

0

3

6

12

Pad thickness
G2=25 mm

G3=15 mm

1

1

0

3

6

13
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speed of the braking, the clamping force, and the initial wear of the
pads.
Figures 3 and 4 graphically present the relation of pad wear and
the initial speed with a proposal of an approximating function. For
the square, power and exponential functions, the authors verified the
fitment of the test stand results to the regression model based on the
coefficient of determination R2. The values of the coefficients for individual regression functions have been included in the graphs (in Figs.
3 and 4).
When analyzing the results presented in Figure 3 and Figure 4, the
authors have concluded that irrespective of the clamping force applied to the disc, mass to be decelerated and pad thickness, the mass
wear as a function of speed, at which the deceleration initiated, it is
possible to model utilizing a regression square function. In each case,
the authors obtained the highest coefficient of determination in the
range 0.98-0.99.
Figure 5, for selected braking combinations, presents the mass wear
of the pads as a function of speed, at which the braking starts and pad
thickness for a given clamping force and mass to be decelerated.

tion of the mass wear of the brake pads, the following relation was
proposed:
g w = β1PO + β 2GO + β3 N + β 4 M h + β5v + β 6v 2 + β 0

[g]

(1)

where: PO - the contact surface area of the pad with the disc (4×175
cm2, 4×200 cm2); GO – thickness of the pads (new G1=35 mm, worn
to G2=25 mm and G3=15 mm); N – clamping force of the pad against
the disc (N=16, 25, 26, 28, 36, 40 and 44 kN); Mh – mass to be decelerated per single disc (Mh=4.4; 4.7; 5.7; 6.7 and 7.5 t); v – initial speed
of braking (v=50, 80, 120, 160 and 200 km/h).
The multiple regression for model (1) were calculated according to
relation (2) [23].
n

r=

∑ ( xi − x ) ( yi − y )

i =1
n

∑(

i =1

xi − x

2 n

) ∑(
i =1

yi − y

)

2

(2)

where: x – average values of quantity x and
quantity y; yi, xi – descriptive variables.
At the same time, the authors introduced a
validation of the empirical model described
with relation (3) and the significance of the system of individual coefficients of regression was
verified. When validating the empirical model
described with formulae (3) and (4), statistical
tests were performed. Based on the example of
mass wear, the statistical hypothesis related to
the significance of the system of coefficients of
regression was formulated as follows.
Ho :

H1 :
Fig. 5. Mass wear of the pads at: a) N=40 kN, Mh=6.7 t, b) N=28 kN, Mh=6.7 t, c) N=16 kN, Mh=4.7 t,
b) N=26 kN, Mh=4.7 t

The test stand investigations carried out in the number of 150 braking instances at different combinations of speed, clamping force, mass
to be decelerated, and pad thickness confirm the relation (strong relation, a square function that can be modeled) between the mass wear
of the brake pads and the input (preset) brake parameters.

5. Modelling of brake pad mass wear
Based on the results of the brake pad mass wear investigations, the
authors attempted to model this wear based on the following input
parameters: contact surface area of the brake pads with the disc, brake
pad thickness, clamping force of the pad against the brake disc, rail
vehicle mass to be decelerated per single brake disc and the speed at
which the braking initiates.
For modeling of the brake pad mass wear, a multiple regression
model was applied, otherwise referred to as multinomial regression.
This is a method in which the value of random variable Y depends on
the k-th independent quantity (X1, X2, ... Xk). Based on a given sample
of results, according to [13], the authors determined the invariable
parameters β0, β1, ... βk utilizing the least squares. For the determina-

422

n

∑

k= 0

n

∑

k=0

β k2 = 0; ( k = 0, 1, 2, ..., 6 )

(3)

β k2 ≠ 0; ( k = 0, 1, 2, ..., 6 )

(4)

Rejecting Ho, he denoted that there are
statistical grounds to assume a linear relation
between the dependent and at least one explanatory variable. In the
regression model significance test, the F Snedecor distribution was
applied.
For the determination of the the significance of individual coefficients of regression, hypotheses described with the following relations were formed:
H o : β k = 0;

(5)

H1 : β k ≠ 0.

(6)

For testing of hypotheses related to the significance of individual
regression coefficients, a t-Student distribution was applied. If significance F is lower than the assumed level of significance α (α=0.05),
there are grounds to reject the zero hypothesis and adopt the fact that
there exists a linear relation between the dependent variable and all
explanatory variables.
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Table 2. Results of the statistical test for the pad wear model of a disc
brake
Coefficient

Value

β1

−2.11∙10−2

β3

9.12∙10−2

β2

−3.40∙10

β4
β5

4.86∙10−4

4.16∙10−9

0.81

F

**

1.32∙10

−49

6.31∙10

β1

9.00∙10−2

β3

−4.94∙10−2

β0

−8.11

R2

6.09∙10−5

1.16

3.04∙10−11

4.86∙10−4

2.15∙10−11

1.37∙10−2

4.89∙10−9

0.80

F

**

0.39

Value F*

Value

β4

−2

* significance for individual coefficients of regression
** significance for the entire system

β2

2.15∙10−11

−3.22

R2

0.12

1.17∙10−4

−4.94∙10

β0

Coefficient

4.56∙10−5

−2

β6

Value F*
0.24

−2

Table 3. Results of the statistical test for the brake pad wear model of a
disc brake after validation of its coefficients

−

2.67 ∙10−50

* significance for individual coefficients of regression

−

** significance for the entire system

The values of the multiple regression function coefficients along
with the coefficient of determination R2 for the pad mass wear model
after performing the statistical tests are presented in Table 2.
When analyzing the results of the statistical test contained in Table 2, the authors observed that some of the coefficients (β0, β1 and
β2) of the model described with formula (1) do not meet the assumed
level of significance α=0.05. The said coefficients were removed and
the multinomial regression was determined anew, excluding the variables related to the contact surface area of the pad with the disc (Po)
and the thickness of the pads (Go). The results of the statistical test for
the pad wear model after validation of its coefficients are presented
in Table 3.

The final form of the mass wear based on the preset quantities
describing the braking process upon validation of the parameters of
the multiple regression model is presented by the relationship:
g w = 9.00 ⋅ 10−2 N + 1.16 M h − 4.94 ⋅ 10−2 v + 4.86 ⋅ 10−4 v 2 − 8.11

[g ]
(7)

Then, the Pearson coefficient of linear correlation (Table 4) was
validated for the analysed variables (clamping force of the brake pads,
mass to be decelerated, and the speed, at which the braking initiates)
upon validation of the coefficients of the brake pad mass wear model.
When analysing the values of the coefficient of correlation in Table 4, the Authors observed that changes in the pad mass wear were
most significantly influenced by braking speed of the onset of brak-

Table 4. Correlation matrix for the model of mass wear variables
Variable

Clamping
force N

Vehicle mass to be
decelerated Mh

Speed v

Square speed v2

Coefficient of correlation

Vehicle mass to be decelerated Mh

0.29

1

3.75·10−17

9.09·10−18

0.32

Square speed v2

0

9.09·10−18

0.98

1

Clamping force N
Speed v

Coefficient of correlation

1

0.29

0

3.75·10−17

0.24

0.32

0

1

0.78

0

0.24

0.98

0.78

0.81

1.0

0.81

ing (r=0.81), which confirms a strong dependence of gw
on v. The clamping force N of the pads and the mass
Mh to be decelerated have an insignificant impact on the
changes of gw. The coefficient of correlation in the case
of these variables falls in the range of 0.2-0.4.
The thermographic investigations carried out parallel to the friction-mechanical ones have shown the uneven contact surface area between the pads and the disc,
as shown in Fig. 6. After each braking, the pads were
removed and a thermographic image was recorded in
order to determine the temperature distribution on the
brake pads.
The regression model described with Formula (7) refers to determining the mass wear of the set of brake
pads (4 pcs.) after a single braking from the preset speed.
Thermographic examinations have proven that the temperature of the friction elements of the pads is not the
same throughout their entire surface. The maximum
temperature was +109⁰C in the upper section of the left
brake pad, while the lowest recorded temperature of the
Fig. 6. View of the set of brake pads after: a) thermographic examination, b) friction-mechanical brake pad was +62⁰C in the lower section of the right
tests after braking from the speed of 120 km/h
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brake pad. The problem of uneven distribution of braking forces was
attributed by Sawczuk et al. [36] to changes in the geometry of the
lever system and an uneven distribution of the masses on the left and
right sides of the level system.
By analyzing the results of the friction pad weight wear of the
friction pads after 150 brake applications, in relation to the proposed
mass wear model described by the relationship (7), a good and satisfactory precision of the model in relation to the results of research. It
was established on the basis of the coefficient of determination for the
entire model, taking into account all variables after their verification
(Table 3). The determination coefficient for the model was 0.80.

8. Conclusions
In the paper, the authors presented the results of investigations of
the mass wear of brake pads on a certified test stand for testing disc
brakes of rail vehicles. Based on the friction-mechanical tests, after
150 instances of braking with different combinations of such parameters as, inter alia, clamping force, speed, or vehicle mass to be decelerated, a regression model was made of the mass wear (expressed in
grams) of the brake pads after each instance of braking.
Based on the investigations performed and modelling of the brake
pad wear the following have been confirmed:
1. Of the braking process parameters, the most significant impact
on brake pad increase in the mass wear is the initial speed of
the deceleration with the coefficient of great correlation of the
regression model r=0.80 and the vehicle mass to be decelerated with the small coefficient of correlation r=0.32.

2. The clamping force of the pads against the brake disc has a
small influence on the mass wear of the brake pads with the
minor coefficient of correlation r=0.24.
3. Such parameters of the process as the contact surface area of
the pad with the disc and its wear, as defined by the measurement of its thickness, do not influence the regression model,
and thus have no impact on the increase in the pad mass wear.
4. Based on data from the vehicle’s driving route, the number of
brakes and stops, the brake wear model of the pads allows the
calculation of the particulate matter (PM) . emitted into the
environment from the friction material on the basis of a single
braking.
5. Observation of the surfaces of the friction pads after each instance of braking using a thermographic camera has proven an
uneven distribution of forces applied to the brake pads, as has
already been discussed in other authors’ works, e.g. [36].
In further work, in order to model the wear of brake pads, the authors plan to include more variables from the group of parameters
related to the braking process such as perforation of the brake disc.
This type of brake disc is often used in motor vehicles and, despite the
improved contact of the pads with the disc, a significant increase in
the wear of the brake pads is still possible.
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Highlights

Abstract

• Statistical inference methods are developed for constant-stress
partially accelerated life testing under unified hybrid censoring
scheme.

The accelerated life testing is the key methodology of evaluating product
reliability rapidly. This paper presents statistical inference of Gompertz
distribution based on unified hybrid censored data under constant-stress
partially accelerated life test (CSPALT) model. We apply the stochastic
expectation-maximization algorithm to estimate the CSPALT parameters
and to reduce computational complexity. It is shown that the maximum
likelihood estimates exist uniquely. Asymptotic confidence intervals and
confidence intervals using bootstrap-p and bootstrap-t methods are constructed. Moreover the maximum product of spacing (MPS) and maximum a posteriori (MAP) estimates of the model parameters and accelerated factor are discussed. The performances of the various estimators of
the CSPALT parameters are compared through the simulation study. In
summary, the MAP estimates perform superior than MLEs (or MPSs) with
respect to the smallest MSE values.

• Component lifetimes are assumed to follow Gompertz distributions.
• Different point estimation methods are discussed using the classical
and Bayesian approaches.
• The existence of the maximum likelihood estimate of the parameters of the proposed model is proved.
• Asymptotic and Bootstrap confidence intervals are given for model
parameters and accelerated factor.
• Numerical studies show that the MAP estimates perform superior
than the MLEs (or MPSs) with respect to the smallest MSE values.
Keywords

This is an open access article under the CC BY license constant-stress; maximum a posteriori; maximum product of spacing; stochastic EM algo(https://creativecommons.org/licenses/by/4.0/)
rithm; unified hybrid censoring.

1. Introduction
Due to advanced technology, competitive markets, and consumer
demand, most products are highly reliable as these products may work
properly for years or even decades. To obtain enough information
about the reliability of these products, they should be exposed to higher
stresses than normal conditions. Accelerated life test (ALT) is design
to overcome the situation. The ALT is more efficient with low cost
than the classical reliability testing. However, sometimes the acceleration factor cannot be easily obtained in many situations. To overcome
this difficulty, partially accelerated life test (PALT) was proposed. In
practice, the constant-stress accelerated life test (CSALT) is one of
the most common types in PALT. In CSPALT, the total components
are divided into two groups (g1 and g2). Each unit in the two groups
is run at constant stress level until it fails. The CSALT model has
many applications in various fields. For example, this model comes
up in engineering studies such as failure times of electrical insulation,

oil breakdown times of insulating fluid and fatigue failure of aircraft
structures. Extensive research work has been done on PALT associated with different distributions. Lone and Rahman [20] investigated
the estimation of the PALT for competing risk model. Zheng and Fang
[28] considered exact confidence intervals for the acceleration factor
under CSPALT. Bing and Zhong-zhan [5] used the maximum likelihood method in order to obtain the estimates of the CSPALT parameters with Lomax distribution. Lin et al. [19] addressed the statistical inferences for CSPALT model under log-location-scale lifetime
distributions. Lone et al. [21] employed the Bayesian approach to
predict CSPALT based on censored data. Maiti and Kayal [22] investigated the estimation of stress-strength parameters using the extended
Chen distribution. Yang and Wang [26] considered the characteristics
about insulation damage under the ALTs. Yazgan et al. [27] studied
the fuzzy reliability model using the weighted exponential distribution and Asadi et al. [3] studied the statistical inferences for CSPALT

(*) Corresponding author.
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model under Gompertz distribution. Moreover, censoring is a frequent
occurrence and strategy in reliability tests and ALT models, either for
unavoidable reasons or simply to save experimental time and expense.
Type-I and Type-II censoring schemes represent the fundamental censoring schemes ([1,2, 6,10, 13,17, 25]), which allow an experiment
to be terminated at a specified time or after a predetermined number
of individuals have failed, respectively. The hybrid censoring scheme
is a combination of the Type-I and Type-II censored schemes [9].
Chandrasekar et al. [7] improved the hybrid censored schemes of censored sampling by introducing two extensions of this type, named as
generalized Type-I hybrid censoring (GIHC) and generalized Type-II
hybrid censoring (GIIHC) schemes. Although the GIHC and GIIHC
schemes were proposed to avoid the disadvantages of type-I and typeII HCSs, these two have some drawbacks too. In case of the GIHC
scheme, the experimenter may not have the mth failure due to the
prefixed time. On the other hand, for the GIIHC scheme, there is a
possibility of getting effective sample size (here, m) zero or may be
very small. To overcome such disadvantages, Type-I and Type-II unified hybrid (UH) censoring scheme were proposed by Balakrishnan
et al. [4]. In UH censoring scheme, let the number of items used in a
life testing experiment be n. In this scheme, k , r ∈ {0,..., n}; k < r < n
and T1 < T2 ∈ (0, ∞) are decided before hand by the experimenter. If
the k th failure occurs before T1, then the experiment will be stopped
at min { max( X r:n , T1 ), T2 }; if the k th failure occurs between T1 and
T2, then the experiment will be terminated at min { X r:n , T2 } and if
the k th failure occurs after T2, then the experiment will be stopped at
Yk (Figure 1). The UH censoring scheme has been studied for many
lifetime distributions. For instance, [15] studied Bayesian prediction
from the exponentiated Rayleigh distribution. [16] discussed different
estimation methods for the half logistic parameter . [18] analyzed
the UH censored model with Rayleigh distribution. [23] extensively
offered an analysis of Burr type III distribution, then presented the
application of the considered model in the fracture toughness data.

Therefore, under the UH censoring scheme, we have the six cases
which are presented in Table 1. To the best of the authors’ knowledge,
there is not any work related to estimation of CSPALT model based on
Gompertz distribution under UH censored sample.
Table 1. The cases in which a test under UH censoring will be completed
UH censoring

0 < X k :n < X r:n < T1 < T2

Terminated
time

T1

Number of failure
units

II

0 < X k :n < T1 < X r:n < T2

X r:n

r

III

0 < X k :n < T1 < T2 < X r:n

T2

d2

IV

0 < T1 < X k :n < X r:n < T2

X r:n

r

V

0 < T1 < X k :n < T2 < X r:n

T2

d2

VI

0 < T1 < T2 < X k :n < X r:n

X k :n

k

Cases
I

d1

So, our objective in this study is the development of inference techniques for CSPALT model based on Gompertz distribution under UH
censored sample. We suppose that the lifetime X1 of an item tested for
g1 at use conditions has the following probability density function
(PDF), cumulative distribution function (CDF), survival and hazard
function are respectively given by:

γ


f1 ( x;α , γ ) = γ exp α x − (eα x − 1)  ;
α



x > 0, α > 0, γ > 0 , (1)

 γ

F1 ( x;α , γ ) = 1 − exp  − (eα x − 1)  ; x > 0, α > 0, γ > 0 , (2)
 α

and:
h1 (t ;α , γ ) = γ eα t ; t > 0, α > 0, γ > 0 .

(3)

By using the condition h2 (t ;α , γ ) = λ h1 (t ;α , γ ) , the PDF, CDF
and hazard functions of g2 (accelerated condition) are:
γλ


f 2 ( x;α , γ , λ ) = γλ exp α x − (eα x − 1)  ;
α



x > 0, α > 0, γ > 0, λ > 1 ,

(4)
 γλ

F2 ( x;α , γ , λ ) = 1 − exp  − (eα x − 1)  ; x > 0, α > 0, γ > 0 (5)
 α

and:

h2 (t ;α , γ , λ ) = γλ eα t ; t > 0, α > 0, γ > 0 .

Fig. 1.Diagram of the UHCS
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(6)

Motivated by these above reasons and statements, we consider
the CSPALT model under UHCS, and make statistical inference
based on classical and Bayesian approaches. We evaluate the
CSPALT parameters using maximum likelihood method. It is
observed that the MLEs do not exist in closed form due to the
complicated structure of the likelihood function. Therefore, it
becomes difficult to evaluate accurate estimates, and the process
of obtaining MLEs includes heavy computations. It looks like
an alternative to apply other methods, such as EM and SEM
algorithms. Further, the implementation of the EM algorithm
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still requires the numerical techniques. So we employ the stochastic
expectation-maximization (SEM) algorithm to reduce complexity and
simplify computing. We also, considered the maximum product of
spacing (MPS) method as another frequentist estimation approach for
estimation of the CSPALT parameters. Based on Bayesian viewpoint,
we also apply the maximum a posteriori (MAP) method to obtain the
unknown parameters. In the sequel, different confidence intervals are
also constructed using maximum likelihood estimates. It is organized
as follows for the remainder of the article. In Section 2, we study
the model and discuss the point estimation via maximum likelihood
method. We also prove the existence and uniqueness of the MLEs.
The SEM algorithm is proposed in Section 3. Thereafter, the point
estimation using MPS method is investigated in Section 4. In Section 5, the MAP estimates for the CSPALT parameters are proposed
based on the UHCS. Different confidence interval methods such as
approximate, Boot-p and Boot-t confidence intervals are discussed
in Section 6. In Section 7, a simulation study is conducted to compare the proposed procedures. Finally, in Section 8, the concluding
remarks are added.

2. Maximum Likelihood Estimates for CSPALT Based
On UH Censoring
In this Section, we estimate the model parameters and accelerated
factor via maximum likelihood method. By combining two groups
(g1 and g2), the likelihood function of the parameters α, γ and λ is
given by:
D1
γλ α x
γ

 

L(α , γ , λ data ) ∝ ∏ γ exp  α x1 j − (e 1 j − 1)  ×  exp(− (eα s1 − 1)) 
α
α

 

j =1
D2

n1 − D1

γλ α x
γλ

 

× ∏ γλ exp  α x2 j − (e 2 j − 1)  ×  exp(− (eα s2 − 1)) 
α
α

 

j =1

 (di1, Ti1 )
 (r , X )
 i iri
 (d , T )
 i2 i2
( Di , si ) = 
 (ri , X iri )
(d , T )
 i2 i2
(ki , X iki )

∂α

D1

= ( ∑ x1 j +
j =1

D2

∑ x2 j )
j =1

D2

γ  D1 α x
αx
+ 2  ∑ (e 1 j − 1) + λ ∑ (e 2 j − 1) + (n1 − D1 )(eα s1 − 1) + (n2 − D2 )λ (eα s2 − 1) 
α  j =1
j =1


−

D2

γ  D1
α x1 j
αx
+ λ ∑ x2 j e 2 j + (n1 − D1 )( s1eα s1 ) + (n2 − D2 )λ ( s2eα s2 )  = 0,
 ∑ x1 j e
α  j =1
j =1


(9)
∂lnL(α , γ , λ data )
∂γ

=

D1 + D2 1
−
γ
α

D1

α x1 j

∑ (e
j =1

− 1) −

λ
α

D2

α x2 j

∑ (e
j =1

− 1)


1
λ

− (n1 − D1 )  (eα s1 − 1)  − (n2 − D2 )  (eα s2 − 1)  = 0,

α
α


(10)
and:
∂lnL(α , γ , λ data)
∂λ

=

D2 1
−
λ α

D1

α x1 j

∑ (e
j =1

− 1) −

γ
α

D2

α x2 j

∑ (e
j =1

γ

− 1) − (n2 − D2 )  (eα s2 − 1)  = 0.
α


(11)
To obtain the MLEs of α, γ and λ, the nonlinear system of equations
given by (9), (10) and (11) are to be solved numerically using a nonlinear optimization algorithm. In the following theorem, it is shown
that the MLEs of the parameters α, γ and λ exist and also unique.
Theorem 3.1. The MLEs of the parameters α, γ and λ for

n2 − D2

(α , γ , λ ) ∈ (0, ∞) × (0, ∞) × (1, ∞) exist and also unique.
,

(7)
where:

∂lnL(α , γ , λ data )

For Case (1),
For Case (2),
For Case (3),
For Case (4),
For Case (5),
For Case (6).

Proof: See Appendix A.
For more discussion about the existence and uniqueness of maximum likelihood estimates, we propose to consider the contour and
3D plot (Figure 2) using the following steps:
1. Generate a sample size n1 from the Gompertz distribution
based on the group 1 (X1).
2. Consider the unified hybrid censoring scheme.
3. Estimate parameters α and γ using the maximum likelihood
method.
4. Use the “rsm” package in R software to present the contour
and 3D profile plot. The Figure indicates that the MLEs of the
α and γ are exist and are also unique.

Also, X ij , i = 1, 2; j = 1,..., ni are the units for the items obtained
from Gompertz distribution, where X1 j ; j = 1,..., n1 is the unit in normal condition and X 2 j ; j = 1,..., n2 is the lifetime in accelerated condition. Thus, the log-likelihood function (LLF) can be given as:
D1

D2

j =1

j =1

lnL(α , γ , λ data) ∝ ( D1 + D2 )ln γ + D2 ln λ + α ∑ x1 j + α ∑ x2 j −
−

γλ
α

D2

α x2 j

∑ (e
j =1

γ
α

D1

α x1 j

∑ (e
j =1

− 1)

γ

 γλ

− 1) − (n1 − D1 )  (eα s1 − 1)  − (n2 − D2 )  (eα s2 − 1)  .

α

α

(8)
The MLEs of α, γ and λ can be evaluated by maximizing the function given in (8) with respect to unknown parameters. Taking partial
derivatives of Equation (8) with respect to α, γ and λ, we have:

Fig. 2. The contour and 3D profile plot for log-likelihood function

We also show the existence and uniqueness of the MLEs using the
following Steps:
1. Generate a sample size (n=50) from the Gopertz distribution.
2. Consider the censoring scheme, r=40, k=15, T1=0.6, T2=1.2.
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3. Plot ∂L(α,β | data) / ∂ α = 0 and ∂L(α,β | data) / ∂γ = 0 in Figure 3.
4. Plot the profile loglikelihood function l(α,γ̂ | data) and
l(α̂,γ | data) in Figures 4 and 5 respectively.
From Figure 3, we can observe that there exists one intersection
point (1.3, 0.6). Also based on Figures 4 and 5, we observed that the
intersection point maximize the LLF of α and γ . Consequently, we
conclude that the maximum likelihood estimates of the α and γ exist
and also unique.

3. Stochastic EM Algorithm
In this Section, we consider the SEM algorithm by using the data
obtained from UH censoring scheme as a missing data (see, Panahi
and Asadi [24]). The missing values in this case are the lifetimes
of the censored units. Denote the unobserved censored data by
Z i1, Z i 2 ,, Z n1 − Di ; i = 1, 2 . Combining the observed and missing data,
we obtain the complete data. Based on the complete data (W), the
LLF of the complete sample is taken as follows:
D1

n1 − D1

j =1

j =1

lnLW = log( LW1 .LW2 ) = Constant + n ln γ + n2 ln λ + α ( ∑ x1 j +
−

D1

γ
αx
( ∑ (e 1 j − 1) +
α j =1

n1 − D1

∑

j =1

α z1 j

(e

− 1)) −

∑

D2

z1 j ) + α ( ∑ x2 j +

n2 − D2

∑

j =1

D2

γλ
αx
( ∑ (e 2 j − 1) +
α j=1

j =1

n2 − D2

∑

j =1

z2 j )

α z2 j

(e

− 1)).

(12)
At the E-step of the EM algorithm, we should evaluate these
E ( Z 2 j Z 2 j > s2 ) ,
conditional
expectations E ( Z1 j Z1 j > s1 ) ,
αZ

αZ

E (e 1 j − 1 Z1 j > s1 ) and E (e 2 j − 1 Z 2 j > s2 ) which are intractable and complex. Based on the SEM algorithm, the E-step of EM
algorithm has been replaced by a stochastic step and it can be executed by simulation. Thus, we apply SEM algorithm to approximate
proposed conditional expectations by using the data obtained from
UH censoring as a missing data problem. The details of the SEM steps
are:
Fig. 3. The plot of the MLE’s of the parameters

I

Generate the missing samples Z ij ; i = 1, 2 whose conditional distribution function is given by:

ζ 1 ( z1 j z1 j > s1 ) =

F ( z1 j ) − F ( s1 )
1 − F ( s1 )

; z1 j > s1 , ζ 2 ( z2 j z2 j > s2 ) =

F ( z 2 j ) − F ( s2 )
1 − F ( s2 )

; z 2 j > s2

Here, the conditional expectations can be approximated as:

E ( Z1 j Z1 j > s1 )  Z1 j ,
α Z1 j

E (e
II

Fig. 4. The plot of L(αˆ , γ )

α Z1 j

− 1 Z1 j > s1 )  e

E ( Z 2 j Z 2 j > s2 )  Z 2 j ,
α Z2 j

− 1 , E (e

α Z2 j

− 1 Z 2 j > s2 )  e

−1 .

Assume that at the t th stage, estimates of generate Z1 j and Z 2 j
through the condition density functions ζ 1 ( z1 j z1 j > s1 ) and
ζ 2 ( z2 j z2 j > s2 ) respectively.

III In t th iteration, obtain the estimation of α, γ and λ as αˆ k , γˆ k
and λˆ k .
IV Repeat steps I-III, t times.
V

The SEM estimates of α, γ and λ can be evaluated as:
t

αˆ SEM =

t

∑ αˆ i

i=B

t−B

,

γˆSEM =

∑ γˆ i

i=B

t−B

t

and λˆSEM =

∑ λˆi

i=B

t−B

.

where B is burn-in period.

4. Maximum Product of Spacing

Fig. 3. The plot of L(α , γˆ )
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The method of the MPS was introduced by Cheng and Amin [8] as
an alternative to the method of maximum likelihood. The MPS method performs better than the MLEs in the case of small samples for
heavy tailed or skewed distributions. The MPS estimates are evaluated by selecting the parameter values that maximize the product of the
distances between the values of the distribution function at adjacent
ordered points. Based on UH censored sample and Gompertz distribution, the maximum product function of PALT is given by:
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D1 +1

D2 +1

M (α , γ , λ ) = A ∏ [ F1 ( xi ;α , γ ) − F1 ( xi −1;α , γ )] ∏ [ F2 ( xi ;α , γ , λ ) − F2 ( xi −1;α , γ , λ )]
i =1

i =1

n − D1

× [1 − F1 ( s1;α , γ )] 1

n2 − D2

× [1 − F2 ( s2 ;α , γ , λ )]

D1
D2
a −1
+ b − ∑ x1 j − ∑ x2 j
α
j =1
j =1
D2
γ  D1 α x1 j
αx

(e
− 1) + λ ∑ (e 2 j − 1) + (n1 − D1 )(eα s1 − 1) + (n2 − D2 )λ (eα s2 − 1) 
2 ∑
α  j =1
j =1

D
D
2
γ  1
αx
αx

−  ∑ x1 j e 1 j + λ ∑ x2 j e 2 j + (n1 − D1 )( s1eα s1 ) + (n2 − D2 )λ ( s2eα s2 )  = 0,
α  j =1
j =1


.

+

(13)
Using Equations (1), (2), (4) and (5), the equation (13) can be written as:
M (α , γ , λ ) =

D1 +1

γ




γ

γ

 
 




∏ exp(− α (eα xi −1 − 1)) − exp(− α (eα xi − 1)) × exp(− α (eα s1 − 1))
i =1

×

D2 +1

∏

i =1

(18)

n1 − D1

γλ
γλ
γλ α xi −1

 

− 1)) − exp(− (eα xi − 1))  × exp(− (eα s2 − 1)) 
exp(− α (e
α
α

 


n2 − D2

.

D1

D1 + D2 + d − 1
1
−c−
γ
α

α x1 j

∑ (e
j =1

− 1) −

λ
α

D2

α x2 j

∑ (e
j =1

(n1 − D1 )(eα s1 − 1) λ (n2 − D2 )(eα s2 − 1)
−
= 0,
α
α

− 1) −

(19)

(14)
and

the natural logarithm of Equation (14) is given by:
ln M (α , γ , λ ) =

D1 +1

+

∑

D2 − 1 1
−
λ
α

γ
γ
γ


ln exp(− (eα xi −1 − 1)) − exp(− (eα xi − 1))  − (n1 − D1 ) (eα s1 − 1)
α
α
α



i =1
D2 +1

∑

i =1

D1

α x1 j

∑ (e
j =1

− 1) −

γ
α

D2

α x2 j

∑ (e
j =1

γ

− 1) − (n2 − D2 )  (eα s2 − 1)  = 0.
α


γλ
γλ
γλ


ln exp(− (eα xi −1 − 1)) − exp(− (eα xi − 1))  − (n2 − D2 ) (eα s2 − 1).
α
α
α



(20)

(15)

It is observed that Equations (18)-(20), can not be solved explicitly. So, numerical computations like Newton-Raphson algorithm are
used to evaluate αˆ MAP , γˆMAP and λˆMAP . Moreover, we can use the
“nleqslv” package in R software for the computation of MAP estimates of the parameters.

The MPS estimators of α, γ and λ can be computed by differentiating (15) with respect to α, γ and λ and equating them to zero. We consider the numerical method to get the MPS estimates of α, γ and λ .

6. Confidence Intervals (CIs)

5. Maximum a Posteriori (MAP) Estimation
In contrast to traditional frequentist methods, the Bayesian approaches take advantage of available data information and incorporate prior information of parameters, thereby attracting much attention in statistical inference. The MAP method can be applied to obtain
point estimates with a Bayesian flavor. The MAP estimate indicates
the mode of the posterior distribution. In this Section, we explore the
MAP estimates of the unknown parameters of CSPALT under UHCS.
The MAP estimates are much faster to evaluate than Bayesian estimates, as they do not require the estimation of integrals [11,14]. The
MAP estimator can be written as:

6.1. Asymptotic CI
Here, we discussed the construction of asymptotic confidence intervals using the concept of observed Fisher information matrix (FIM).
The FIM of θ = (α , β , γ ) is given by:

 ∂ 2lˆ(α , β , γ ) 
=  I ij  .
Iˆ(θˆ) = − 



2×2
 ∂θi ∂θ j i , j =1,2
The elements o f the Fisher information matrix are:

ˆ
Θ
MAP = arg max (π (Θ data ) )
Θ

= arg max (log π (data Θ) + log π (Θ) ).

(16)

∂ 2lnL(α , γ , λ data)

Where, Θ = (α , γ , λ ) and also, π (Θ data ) , π (data Θ) and π (Θ)
are the posterior distribution, joint distribution of the data and the
joint prior distribution respectively. Based on Gamma priors for

−

D2

γ
γλ
2γ  D1 α x1 j
αx
− 1) + λ ∑ (e 2 j − 1) + (n1 − D1 )( 2 (eα s1 − 1)) + (n2 − D2 )( 2 (eα s2 − 1)) 
 ∑ (e
α 3  j =1
α
α
j =1


+

D2

γλ
γ  D1
γ
α x1 j
αx
+ λ ∑ x2 j e 2 j − (n1 − D1 )(− ( s1eα s1 )) − (n2 − D2 )(− ( s2eα s2 )) 
 ∑ x1 j e
α
α
α 2  j =1
j =1


−

α (α  Gamma (a, b)) and γ (γ  Gamma (c, d )) and Jeffery prior den-

D2
γ  D1 2 α x1 j
γ
αx
 γ

+ λ ∑ x22 j e 2 j − (n1 − D1 )  ( 2 ( s1eα s1 )) − ( s12eα s1 ) 
 ∑ x1 j e
α  j =1
α
 α

j =1

sity function for λ (λ ∝ 1 / λ ) . The MAP estimator is given by:

γλ
 γλ

− (n2 − D2 )  ( 2 ( s2eα s2 )) − ( s22eα s2 )  
α
 α


Θˆ MAP = arg max (π (Θ data) )

+

Θ


= arg max  ( D1 + D2 + c − 1)log γ + ( D2 − 1)log λ + (a − 1)log α − α (b − ∑ x1 j − ∑ x2 j )
Θ 
j =1
j =1

D1

− γ (d +

1
α

D1

α x1 j

∑ (e
j =1

− 1) +

γ
(n1 − D1 )(eα s1 − 1)
) − λ(
α
α

D2

α x2 j

∑ (e
j =1

D2

− 1) +

γ (n2 − D2 )(eα s2
α

=

∂α 2

Θ

D2
γ  D1
γs
α x1 j
αx
 2γ

+ λ ∑ x2 j e 2 j + (n1 − D1 )  (− 3 (eα s1 − 1)) + 21 eα s1 
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α 2  j =1
α
 α

j =1

γλ s
 2γλ

+ (n2 − D2 )  (− 3 (eα s2 − 1)) + 22 eα s2  
α
 α



− 1) 
.



(17)

∂ 2lnL(α , γ , λ data )
∂γ 2
∂ 2lnL(α , γ , λ data)
∂γ∂α

To obtain αˆ MAP , γˆMAP and λˆMAP , differentiate (17) with respect
to α, γ and λ respectively and then equating to zero, we have:

=

∂ 2lnL(α , γ , λ data)
∂α∂γ

=

1

α2

D1

α x1 j

∑ (e
j =1

( D1 + D2 )

=−

− 1) −

γ2

,

1 D1
λ
αx
∑ x1 j e 1 j + 2
α j =1
α

D2

α x2 j

∑ (e
j =1

− 1) −

λ D2
αx
∑ x2 j e 2 j
α j =1

1
1
 1

 1

− (n1 − D1)  − (eα s1 − 1) + ( s1eα s1 )  − (n2 − D2 )  − (eα s2 − 1) + ( s2eα s2 )  ,
α
α
 α

 α


∂ 2lnL(α , γ , λ data )
∂λ 2

=−
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∂ 2lnL(α , γ , λ data )

=

∂γ∂λ
∂ 2lnL(α , γ , λ data )
∂λ∂α

=

∂ 2lnL(α , γ , λ data )
∂λ∂γ

∂ 2lnL(α , γ , λ data )
∂α∂λ

=

1

α2

D1

=−

α x1 j

∑ (e
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1
α
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α x2 j

∑ (e
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1
α

D1
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− 1) − (n2 − D2 )  (eα s2 − 1)  ,
α


α x1 j

∑ x1 j e
j =1

+

γ
α2

D2

α x2 j

∑ (e
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− 1) −

γ
α

D2

α x2 j

∑ x2 j e
j =1

Since maximum likelihood estimator has asymptotic normality property under certain regularity conditions, the estimator
θ = (α , γ , λ ) has asymptotic distribution θˆ − θ → N (0, I −1 (θ )) . Also,
I −1 (θ ) is the variance-covariance matrix. Therefore, the 100(1 − τ )%
asymptotic confidence interval (ACI) of θ = (α , γ , λ ) is constructed
as:

)

var (αˆ ) , θˆ + zτ / 2 var (αˆ ) ,

(αˆ − T
(λˆ − T
(γˆ − T

*[ B(1−τ / 2 ) ]
1

γ
 γ

− (n2 − D2 )  − 2 (eα s2 − 1) + ( s2eα s2 )  ,
α
 α


(θˆ − zτ / 2

6) Then, the 100(1 − τ )% Boot-t confidence interval for α , λ
and γ are given by:

(21)

where, zτ / 2 is the upper (τ / 2)th quantile of N (0,1) . Also, the coverage probability (CP) of θ = (α , γ , λ ) is given by:
 θˆ − θ

CP = 
ˆ) ≤ zτ /2  .
ˆ
var(
θ



)
Var (λˆ ) ) ,
Var (γˆ ) ) .

*[ B
]
Var (αˆ ),αˆ − T1 (τ / 2) Var (αˆ ) ,

*[ B(1−τ / 2 ) ]
1

*[ B
]
Var (λˆ ), λˆ − T1 (τ / 2)

*[ B(1−τ / 2 ) ]
1

Var (γˆ ), γˆ − T1

*[ B(τ / 2 ) ]

respectively.

(23)

7. Simulation Studies
Since all methods mentioned above cannot be compared theoretically, numerical simulation studies are carried out to evaluate their
performance. We compare the performance of ML, MPS and MAP
estimators in terms of the mean square errors (MSEs) under different UH censoring scheme (different values of r, k, T1, T2). We consider various combinations of (n, r , k ) as (40, 20,10),(40, 20,16),
(40,30,10),(40,30,16) . The predetermined termination times (T1, T2 )
are also taken as (0.2,0.5),(0.2,1.0), (0.7,0.5) . To run the experiment
according to a UH censored sampling from the CSPALT model, we
propose the following algorithm:

6.2. Bootstrap CIs
In this Section, we use two bootstrap methods [12, 26], which is
simpler than ACI method.
6.2.1. Parametric Bootstrap-p CI
1) Based on the UH censored sample, compute the MLE αˆ , λˆ
and γˆ of α , λ and γ respectively.
2) Generate random samples from two independent Gompertz
distributions of sizes n1 and n2 , respectively. Then, generate
a bootstrap unified hybrid censored sample.
3) Compute bootstrap estimates of αˆ , λˆ and γˆ say, αˆ * , λˆ* and
γˆ* .
4) Repeat Steps 2-3 B times and obtain B bootstrap samples.
5) Arrange all αˆ * , λˆ* and γˆ* in ascending order and denote
[1]

[2]

[ B]

ξˆk* , ξˆk* ,..., ξˆk*

; k = 1, 2,3 , where, ξ1* = α * , ξ 2* = β * and

ξ3* = γ *.
6) Then, the 100(1 − τ )% Boot-p confidence interval for α , λ
and γ are given by:

(αˆ

*[ Bτ / 2 ]

,αˆ

*[ B(1−τ / 2 ) ]

) (

)

(

)

, λˆ *[ Bτ / 2 ] , λˆ *[ B(1−τ / 2) ] and γˆ *[ Bτ / 2 ] , γˆ *[ B(1−τ / 2) ] .
(22)

respectively.
6.2.2. Parametric Bootstrap-t CI
1) Repeat the Steps 1 to 3 of the Boot-p method.
2) Compute the t-statistic for parameters as:
γˆ* − γˆ
λˆ* − λˆ
αˆ * − αˆ
*
*
3) T1* =
, T2 =
and T3 =
.
Var (γˆ* )
Var (λˆ* )
Var (αˆ * )
4) Repeat

Steps

2-4

B

Tk*(1) , Tk*(2) ,..., Tk*( B ) ; k = 1, 2,3 .

times

and

obtain

5) Arrange Tk*(1) , Tk*(2) ,..., Tk*( B ) ; k = 1, 2,3 in ascending order and
denote Tk*[1] , Tk*[2] ,..., Tk*[ B ] ; k = 1, 2,3 .
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Step 1: Set the parameter values of α , λ and γ .
Step 2: Carried out a unified hybrid censored sample by choosing
the values of n1 , n2 , r1 , r2 , k1 , k2 , T11 , T12 , T21 and T22 .
Step 3: Generated unified hybrid censored samples from
Gompertz (α , γ ) and Gompertz (α , γλ ) by inverting the CDFs in (2)
and (5) respectively. Under unified hybrid censoring scheme, the sample data will consists of one of the following cases such as:
• If 0 < X iki :ni < X iri :ni < Ti1 < Ti 2 ; i = 1, 2, the experiment stops at
Ti1 and the number of failure units is di1 , that is Case I.

• If 0 < X iki :ni < Ti1 < X iri :ni < Ti 2 ; i = 1, 2, the experiment stops at
X iri :ni and the number of failure units is ri , that is Case II.

• If 0 < X iki :ni < Ti1 < Ti 2 < X iri :ni ; i = 1, 2,

the experiment stops

at Ti 2 and the number of failure units is di 2 , that is Case III.
• If 0 < Ti1 < X iki :ni < X iri :ni < Ti 2 ; i = 1, 2, the experiment stops
at X iri :ni and the number of failure units is ri , that is Case IV.
• If 0 < Ti1 < X iki :ni < Ti 2 < X iri :ni ; i = 1, 2, the experiment stops
at Ti 2 and the number of failure units is di 2 , that is Case V.
• If 0 < Ti1 < Ti 2 < X iki :ni < X iri :ni ; i = 1, 2, the experiment stops
at X iki :ni and the number of failure units is ki , that is Case VI.
• For each sample, the MLEs of CSPALT model parameters are obtained using the stochastic EM algorithm.
• Different confidence intervals are constructed, through asymptotic
properties of the MLEs and the Bootstrap methods. We compared
the interval estimates using the interval lengths and the coverage
probabilities (CP).
• The maximum product of spacing (MPS) and maximum a posteriori (MAP) estimates of the model parameters and accelerated
factor are also computed.
• The above steps were repeated 104 times for different sample sizes
and different UH censoring schemes. The performance of various
point and interval estimates are obtained in terms of the following
criteria quantities:
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• Mean square error (MSE) of the point estimate θˆ = (αˆ , γˆ , λˆ ) ,
1
which is calculated by
∑ (θˆ − θ )2 where N is the number of
N
replications.
A. Average length (AL) of 100(1 − τ )% approximate, Bootstrap-p
and Bootstrap-p confidence intervals of θ = (α , γ , λ ) .
B. Coverage probability (CP) of 100(1 − τ )% confidence intervals
of θ = (α , γ , λ ) , which is considered as the probability that the
estimated confidence interval contains the true parameters.
Moreover, the significance level is considered as τ = 0.05 .
Moreover, for the SEM algorithm, we set the length of the
sequence as 10000 with burn-in period as B= 1000, and the estimates are obtained based on averaging the 9000 iterations. Based
on MAP estimations, we consider the informative prior for α
and γ which they are obtained with equating the mean and the
variance of α ( j ) and γ ( j ) ; j = 1,.., N to the mean and variance
of the corresponding gamma density priors, respectively, as:

1
N

2

a
1 N  ( j) 1
and
∑  αˆ − N
b
N − 1 j =1


a
∑ αˆ ( j )  = 2 ,
b
j =1


c
1 N  ( j) 1
and
=
∑  γˆ − N
d
N − 1 j =1


c
∑ γˆ ( j )  = 2 .
d
j =1


N

∑ αˆ ( j ) =
j =1

N

and:

1
N

N

∑ γˆ ( j )
j =1

8. Conclusions

2

N

By solving the above equations, we have:
N

ˆ

N

( N −1 ∑ αˆ ( j ) ) 2
aˆ =

N −1 ∑ αˆ ( j )

j =1

N

1 N  ˆ ( j)
∑  α − 1 / N ∑ αˆ ( j ) 
N − 1 j =1
j =1


2

and b =

j =1

N

1 N  ˆ ( j)
∑  α − 1 / N ∑ αˆ ( j ) 
N − 1 j =1
j =1


2

,

and:
N

cˆ =

N

( N −1 ∑ γˆ( j ) ) 2

N −1 ∑ γˆ ( j )

j =1

N


1
∑  γˆ ( j ) − 1 / N ∑ γˆ( j ) 
N − 1 j =1
j =1

N

2

and d =

j =1

N


1
∑  γˆ ( j ) − 1 / N ∑ γˆ ( j ) 
N − 1 j =1
j =1

N

• The increasing on , for other fixed values, decrease the values of
MSE’s of the MLEs, MPSs and MAPs.
• For all the censoring schemes, it is observed that the MAP estimates perform better than classical methods (MLEs and MPSs)
for and
• For fixed , and , the approximate/Bootstrap interval lengths increase, when the value ofgets to be decreased.
• For fixed , and , the approximate/Bootstrap interval lengths decrease, when the values ofincreases.
• For fixed , and , the approximate/Bootstrap interval lengths increase, when the value ofgets to be decreased.
• For fixed , and , the approximate/Bootstrap interval lengths decrease, when the values ofincreases.
• In most cases, the coverage probabilities (CPs) of all confidence
intervals approach to the desired level of 0.95.
• The approximate interval lengths are shorter than the Bootstrap
interval lengths in most censoring schemes. Moreover, based on
CP values, the approximate confidence intervals can be used as a
better choice than other intervals.
• As for the Bootstrap method, there is no remarkable difference
between Bootstrap-p and Bootstrap-t approaches.
• All obtained results can be considered to other censoring schemes.
For example the results can be specialized to Type I, Type II, Type
I hybrid, Type II hybrid, generalized Type I hybrid and generalized Type II hybrid censoring schemes.

2

.

From the simulation results in Tables 2- 7, one could consider the
following conclusions:
• For fixed , and , the values of MSE’s of the MLEs, MPSs and
MAPs increase, when the values of decrease.
• When increases, the MSE’s of the MLEs, MPSs and MAPs decrease, by keeping , and fixed.
• For fixed , and , the MSE’s of the MLEs, MPSs and MAPs increase, when the values ofdecreases.

The accelerated life test is one of the important methods in the
research of applied sciences. In this paper, statistical inferences for
the parameters of the CSPALT model have been developed under
UHCS. The main reason for considering this censoring scheme is that
it provides at least a specific number of failures. Moreover, the UH
censoring scheme contains other censoring schemes, such as, Type
I, Type II, hybrid and generalized hybrid censoring schemes. Using
the SEM algorithm and asymptotic normality properties, the MLEs
and the approximate confidence intervals of the model parameters
have been evaluated. The existence and uniqueness of the MLEs have
been proved. The maximum product of spacing as another classical
estimation method is proposed. The maximum a posteriori estimations for model parameters and accelerated factor are also presented.
Moreover, the Bootstrap-p and Bootstrap-t confidence intervals of the
unknown parameters are constructed. A Monte Carlo simulation study
has been employed to compare the performance of the proposed estimates. We have compared the MLE, MPS and MAP estimators using
the MSEs and the approximate, Bootstrap-p and Bootstrap-t confidence intervals via the average interval length and coverage probability. The results indicated that the MAP estimates perform better than
the classical estimates. The flexibility of the unified hybrid censoring scheme provides many different options for reliability studies and
help to overcome many difficulties in engineering problems. Some
extensions of this censoring scheme will be studied for future work,
for instance, inference for stress-strength model and the design of censoring schemes. These topics will be reported in the future.
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Appendix A:
Proof of Theorem 3.1
We want to show that i) for given α , and λ , the MLE of γ exist
and unique. ii) for given α , and γ , the MLE of λ exist and unique
and iii)for given γ , and λ , the MLE of α exist and unique.
Proof: Firstly, taking the derivatives of the log-likelihood function
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Using the Equations (8), (A.2), we can write

(A.1)
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,

(A.2)

and:

which is given in Equation (8) with respect to α , γ and λ , respectively we have,
αˆ =

α x1 j

Eksploatacja i Niezawodnosc – Maintenance and Reliability Vol. 24, No. 3, 2022

, (A.3)

lnL(α , γ , λ data) = ( D1 + D2 )ln γ + ℜ

logarithm properties ϒγ

≤

α

− ( D1 + D2 ) + ( D1 + D2 )ln γˆ + ℜ,

For fixed α , and γ , the MLE of λ exist and unique.
Moreover, we have:
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By considering γˆ and λ̂ in Equation (10) and taking
the derivative of α and equation it to zero, we obtain
Equation (A.1) as:
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Table 3. The MSEs of unknown parameters based on MPS method

Therefore, based on Equation (A.1), we have:
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Highlights

Abstract

• The methods used in tribotechnical diagnostics to The paper proposes a model of tribotechnical diagnostics, which allows us to determine
determine the technical condition of engine oils the technical condition of an internal combustion engine within its life cycle and then take
measures, including its decommissioning due to excessive wear of major components. The
are described.
paper also focuses on tribodiagnostic methods that are suitable for assessing the technical
• A model of tribotechnical diagnostics used to
condition of internal combustion engines used in various means of transport (automobiles,
determine the technical condition of an internal
railway locomotives powered by internal combustion engines, aircraft powered by recipcombustion engine during its life cycle has been
rocating internal combustion engines, special and garden equipment). An internal combusdesigned.
tion engine from agricultural equipment was selected for the experiment and monitored
• In the tribotechnical laboratory, measurements throughout its life cycle. The paper describes in detail the appropriate methods used for the
were performed using each of the described meth- proposed tribotechnical diagnostics model, including the results from the measurements by
ods and limit values were determined for assess- these methods. The said methods were then evaluated and mutually compared. The following the technical condition of the Honda GCV 165 ing advanced instrumental analytical methods were used to evaluate the collected engine
internal combustion engine.
oil samples: atomic emission spectrometry (AES), ferrography, automatic laser counter and
• The results are supported by the individual meas- LNF particle classifier, FTIR infrared spectrometry. The result of the work (paper) is the
design of a tribotechnical diagnostics model for determining the technical condition of an
urements shown in the figures.
internal combustion engine during its life cycle and the determination of limit values for assessing the technical condition of a Honda GCV 165 internal combustion engine. The results
are based on individual measurements.
Keywords
This is an open access article under the CC BY license tribotechnical diagnostic, Fourier transform infrared spectrometry, kinematic viscosity,
(https://creativecommons.org/licenses/by/4.0/)
atomic emission spectrometry, ferrography.

1. Introduction
Tribotechnics is a field that uses knowledge from research on friction, wear and lubrication to reduce friction coefficients or to optimise
the friction course and reduce wear of the mutually moving bodies.
Tribotechnical diagnostic methods use the lubrication medium in
complex mechanical closed systems as a source of multidimensional,
complex information about the processes, changes and wear modes
occurring in the systems. Tribotechnical diagnostics solves two major
problem areas:
–– condition detection, shelf life extension and lubricating oil degradation prediction;
–– detection of the mode, location and trend of wear of a mechanical system (internal combustion engine, transmission, hydraulic
system, etc.) by evaluating the presence of foreign substances
in the lubricant, both quantitatively and qualitatively [4, 5].
E-mail addresses:

Wear detection in oil-lubricated mechanical systems is based on
the knowledge that oil exhibits a certain percentage of impurities after a particular period of operation. These are mainly metallic abrasion (wear particles) which are dispersed in the oil and which, when
quantified by some suitable method (e.g. atomic emission spectrometry, spectral analysis, polarography, ferrography, etc.), allow indirect
monitoring of the mechanical changes in the system in which the oil
is used. Certain conclusions are drawn from the amount of metallic
abrasion, the intensity of growth, shape, size and material composition, etc. From these parameters, the severity of the failure and the
urgency of remedial action can be inferred. An important diagnostic
factor is the possibility of locating the site of increased abrasion. According to the type of metallic abrasion, if we know the material of
the parts of the system lubricated and rinsed with oil, it is possible to
determine the friction pair in which the degradation wear increases
sharply [4].
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Engine oil is important for maintaining optimum engine performance [13], reducing fuel consumption and emissions [15]. Engine oil
is subjected to significant oxidation, high temperature, pressure and
penetration of unwanted contaminants from the external environment
during its operation in the engine. These factors affect the quality of
the engine oil and consequently lead to a reduction in the presence
of additives. In addition to the actual chemical ageing of the oil, the
degradation of engine oil is also caused by residues of incompletely
burnt fuel, condensed water, or coolant that penetrates the lubricating
medium [19]. In addition, small dust impurities from the surrounding
environment, which are sucked in during driving and lead to clogging of the air filter, affect oil degradation [22]. Diesel engine oils
are heavily contaminated with soot. Green et al. [7] report that soot
generated in the engine can cause hard sludge, high lubricant viscosity, or oil gelation. According to Soejima [21], soot particles tend to
aggregate and this is the main cause of engine oil gelation at high
temperatures. Oil and engine manufacturers consider viscosity to be
a key factor in lubrication quality. In literature [19, 20] it is stated
that in the case of large volume diesel engines the range of viscosity
change is 20% compared to the viscosity of new oil which is still acceptable to ensure lubrication. The quantity that allows evaluating the
change in lubricant viscosity as a function of temperature change is
the viscosity index. The higher is the value of the viscosity index, the
less the viscosity changes with temperature. Therefore, large changes
in viscosity can occur during engine oil usage. This issue is described
in detail in [18, 25].
Oil oxidation is accompanied by darkening of the oil, an increase
in its acidity and viscosity, odour and the formation of insoluble oxidation products [15]. The increase in viscosity can also be caused by
coolant penetrating the oil due to operational damage to the engine
seals. An increase in engine oil viscosity also occurs when the base oil
has a high evaporation rate so that the more volatile fractions decrease
during operation. This is reflected in increased oil consumption and
an unfavourable composition of exhaust emissions. Conversely, a decrease in the viscosity of the operating oil is due to dilution of the oil
by the fuel, or also due to oil splitting under thermal stress [15, 19].
Differential FTIR spectroscopy is nowadays commonly used for
monitoring thermal and oxidative degradation of engine oil, reducing
additive content and penetration of impurities into the oil charge. With
the development of information technology and the extension of spectrometer software to include multivariate mathematical and statistical
software, predictive models [16] have recently begun to be developed
from which several quality parameters of crude oils, lubricating oils,
and fuels can be obtained from a single spectrum that may be both
chemical and physical in nature. The most common multivariate
methods for evaluating entire spectral regions include Principal Components Analysis (PCA) [9], Partial Least Square (PLS) [8], IntervalPLS (iPLS) and Principal Components Regression (PCR) [26].
In order to define the optimal oil change interval, it is important to
analyze the lubricant quickly and accurately. An effective oil analysis program is often based on off-line engine oil analysis, performed
in laboratories where selected engine oil properties are analyzed.
Viscosity, viscosity index (VI), total base number (TBN), and total
acid number (TAN) [10] can be included among the important basic observed parameters of engine oils, which are directly related to
the quality of engine oil and thus to determining the optimal change
time.
Instrumental methods such as Fourier transform infrared spectrometry (FTIR) are used to assess the quality parameters of the used engine oil [3, 1]. Atomic emission and absorption spectrometry is a technique for the detection and quantification of metallic particles in used
engine oil that result from wear, contamination and additive packaging [12]. Analytical ferrography, a technique that separates solid metal
particles from engine oil using magnetic induction, is also used [14].
Another instrumental method that is often used is the laser particle
counter and classifier, which is used to count and classify particles
in the lubricating medium according to their size and number [11]. In
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the publication [6], the analysis and design of the engine oil change
interval in buses is carried out on the basis of a combination of basic
and instrumental methods of tribotechnical diagnostics.
In recent years, scientists have been trying to predict the classification of oils using artificial neural networks, according to Rodrigues et
al. [17]. Authors Valis et al. [24] in their publication, they performed
an analysis of petroleum contaminants, which was performed using
applications of the fuzzy inference system (FIS) and neural networks.
Another area of development is the connection of tribodiagnostics
with on-board diagnostics, which would affect the engine oil change
periods and the related service life of internal combustion engines.
Wei at al. deals with this issue [27].

2. Programme for monitoring the engine oil condition
of internal combustion engines
To ensure high accuracy and objectivity, the programme monitoring internal combustion engine condition should include the following two categories of analysis:
a) analysis of the properties of the newly used engine oil (properties of the new lubricant),
b) analysis of engine oil contamination (properties of the lubricant
used).
ad a) Analysis of the properties of the newly applied engine oil – the
primary function of this analysis is to determine the basic properties
of the engine oil for a given type of internal combustion engine. High
demands are placed on engine oils depending on the type of internal
combustion engine. Therefore, it is necessary to specify a suitable
engine oil before the engine oil is recommended for use in a given
internal combustion engine. This engine oil must ensure a trouble-free
operation of the internal combustion engine even with the required
oil change interval during service maintenance, or perform oil quality
monitoring either off-line or on-line, which is a current trend that is
becoming more and more common. Failure to select the appropriate
engine oil for the internal combustion engine at the time of design and
subsequent in-plant testing could result in damage to the machine’s internal combustion engine, causing severe damage and long-term machine outage, which is unacceptable to end users. In addition, it could
increase the cost of claims for the manufacturer. Therefore, in order to
determine the appropriate initial engine oil, the user operating a fleet
of vehicles should analyse and verify the operating parameters of the
manufacturer’s recommended engine oils. Unless some of the properties of the new engine oil are accurately known, effective monitoring
of the oils used is difficult. When testing used oils, it is also important to always use the same laboratory instruments and procedures as
when determining the properties of new engine oil.
ad b) Analysis of the properties of contaminated engine oil is related to the operation of the internal combustion engine, where it is
common for unwanted contaminants to enter the lubrication media.
In an internal combustion engine, wear between metallic materials
occurs during operation, and coolant from the cooling system may
also enter the lubricating medium. Also, fuel can enter through leaks
in the combustion chamber, and last but not least, particulate matter
can enter the engine through the air filter. The lubricant serves only as
a carrier or source of the information being retrieved. As friction increases, the number of larger particles, size, shape and concentration
of particles increases. These allow us to monitor the internal condition
of the friction surfaces and indicate the type of wear that is occurring.
These can be major causes of failure of the lubricant’s fundamental
properties [23]. Many users do not realize that even when using new
and high-quality lubricants, particles and other contaminants can enter the combustion engine and cause engine failure. Therefore, when
engine oil contamination is regularly monitored and controlled, important preventive maintenance goals are achieved that can lead to
proactive and predictive maintenance, which extends the life of the
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engine oil and reduces the maintenance costs of an internal combustion engine machine.

3. Tribodiagnostic method used to determine the
quality of engine oils
As part of the experiment, we carried out the following engine oil
measurement tests using the following instruments:
1. Basic tests:
◦◦determination of kinematic viscosity and viscosity index –
Spectro Visc Q300,
2. Operational tests:
◦◦Fuel Sniffer – Fuel Sniffer Spectro FDM Q600,
3. Advanced instrumental analytical methods:
◦◦atomic emission spectrometry (AES) with rotating disc electrode – Spectroil Q100,
◦◦ferrography – ferrograph Spectro T2FM,
◦◦Fourier transform infrared spectrometry (FTIR) – Spectro
FTIR Alpha Oil Analyzer Q410,
◦◦automatic laser particle counter and classifier – Laser-Net
Fines-C – Spectro LNF C.

3.1. Determination of kinematic viscosity and viscosity
index
Viscosity is a characteristic property of lubricating oils and expresses the degree of their internal friction. Viscosity is one of the
most important properties that affect the flow properties of substances. It determines, for engine oils, the lubrication regime, the formation
and bearing capacity of the lubricating film, the amount of resistance
of moving parts, the sealing capacity and the pumpability. Engine oil
viscosity is subject to pressure and temperature changes during operation of the engine and it is therefore desirable that the engine oil
viscosity changes as little as possible under these variable operating
conditions.
The essence of the kinematic viscosity test is the determination of
the flow time of a constant volume of liquid through the capillary of
a calibrated viscometer at a certain hydrostatic height of the liquid
and at a strictly controlled temperature. The kinematic viscosity is
determined from the product of the measured flow time t and the constant K of the viscometer used (the constant expresses the geometrical
characteristics of the instrument).
ν = Kt.

(1)

Kinematic viscosity is usually measured at 40°C and 100°C. From
these values the viscosity index VI can be calculated
VI =

L −U
100 ,
L−H

(2)

where L – oil viscosity with VI = 0 (oil from Mexican crude oil) at
100°F (37,78°C), whose viscosity at 210°F (98,89°C) remains the
same as that of the oil tested at the same temperature, U – viscosity
of the tested oil at 100°F (37,78°C), H – is the viscosity of the oil
with VI = 100 (oil from Pennsylvania crude oil) at 100°F, whose viscosity at 210°F is the same as the viscosity of the test oil at the same
temperature [2].
The temperature dependence of oil viscosity is of particular importance for engine oils because these oils operate over a very wide temperature range. A viscosity index has been introduced to characterise
the temperature dependence of engine oil viscosity. The temperatureviscosity dependence of the tested oil is compared to an oil with low
temperature-viscosity change (VI = 100 with oil with high temperature-viscosity change VI = 0), as shown in Figure 1.

Fig. 1. Principle of determining the viscosity index

3.2. Determination of the presence of fuel in engine oil by
Fuel Sniffer
The Fuel Sniffer measures the concentration of fuel vapour present
in the atmosphere above the oil. The Fuel Sniffer assumes that the fuel
vapour in the bottle above the oil is directly proportional to the fuel
present in the oil. The Spectro FDM Q600 Fuel Sniffer, applied in the
measurements, uses a built-in surface acoustic wave (SAW) sensor to
perform these measurements. The SAW sensor consists of a piezoelectric substrate into which electrodes are lithographically integrated.
The detection mechanism is reversible absorption of vapours in the
polymer. Once the device is excited by an external voltage of radio
frequency, synchronous Rayleigh waves are generated on the surface
of the device. A minimum of 100 ml of an oil sample is required to
measure contamination and the entire measurement takes about 60
seconds. The measurement result is presented as a percentage of fuel
contamination in the oil.

3.3. Atomic emission spectrometry with rotating disk electrode
Atomic emission spectrometry (AES) is used to determine the content of wear metals (such as iron, aluminium, copper, chromium and
lead), contaminants and additives in oil samples. The method is suitable for the determination of individual elements in gear oil, engine
oil, hydraulic fluid, biological samples and for environmental monitoring, industrial applications, analysis of geological samples, etc.
Atomic emission spectrometry is a suitable method for single-element
analysis of samples with a large variation in composition, where the
number of metals to be determined in the sample is small but the selection of metals varies. For the measurements, we used atomic emission spectrometry with a Spectroil Q100 rotating disk electrode.
The standard configuration of the Q100 spectrometer includes 22
elements. In general, these elements can be divided into abrasive metals – 15 elements, i.e. aluminium, cadmium, chromium, copper, iron,
lead, magnesium, manganese, molybdenum, nickel, silver, tin, titanium, vanadium, zinc, contaminants – 5 elements, i.e. boron, calcium,
potassium, silicon, sodium and additives – 10 elements, i.e. barium,
boron, calcium, chromium, copper, magnesium, molybdenum, phosphorus, silicon, zinc.

3.4. Ferrography
Ferrography complements atomic emission spectrometry. This
method helps to determine the size, shape and material of particles.
The detection of wear in oil-lubricated mechanical systems is based
on the observation that the oil reflects their condition and operating
conditions after a certain period of operation. To analyse engine oil,
we used an instrument called the T2FM 500 ferrograph (1), see Figure
2 a).
The instrument also provides the possibility of image analysis,
which uses a biochromatic microscope (2) connected to a computer
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gasoline) and the particles are fixed on a transparent pad with a transparent varnish, thus obtaining a so-called ferrogram. The ferrogram
allows the assessment of particle size, the ratio of large particles (10
– 100 μm) to small particles, morphological (shape) characteristics of
particles, etc. The evaluation of the ferrogram is performed ferrodensimetrically and ferroscopically.

a)

3.5. Fourier Transform Infrared Spectroscopy
Fourier Transform Infrared Spectroscopy (FTIR) is based on the
absorption of infrared radiation as it passes through a sample, during which changes in the rotational vibrational energy states of the
molecule occur depending on changes in the dipole moment of the
molecule. The resulting infrared spectrum is a functional dependence of energy, usually expressed as a percentage of transmittance
or units of absorbance on the wavelength of the incident radiation.
The advantage is the high speed compared to other methods and the
small amount of sample required. Infrared spectrometry is a method
designed primarily for the identification and structural characterization of organic compounds and for the determination of inorganic
substances (antioxidants, water, soot, oxidation, nitration, sulfation
and glycol). The analysis of spectra is based on knowledge of the
wavelengths corresponding to specific compounds or characteristic
structural groups. Infrared spectrometry is concerned with the analysis of the absorption spectra of molecules absorbing radiation at wavelengths of 0.8 – 1000 μm, i.e. with a wavenumber of 12000 – 10 cm-1.
When this radiation is absorbed, the vibrational and rotational states
of the molecule increase.
Transmittance T s defined as the ratio of the intensity of the radiation that has passed through the measured sample I to the intensity of
the radiation coming from the source I0.

b)

T=

I
100 [%]
I0

(3)

Then the absorbance A s defined as the decadic logarithm of 1/T.
A = − log

Fig. 2. Measuring instrument ferrograph T2FM 500 with accessories including the principle of ferrographic analysis

(3) with image capture software to evaluate the particles, thus eliminating subjective evaluation. Analytical ferrography involves microscopic evaluation of individual particles, which provide information
about the actual technical condition of the lubrication system and lubricated parts as well as the wear pattern of individual friction pairs.
The evaluation of the ferrogram is carried out using a bichromatic
microscope (2). The particle image evaluation software is used for the
actual evaluation of the particles.
Ferrographic analysis allows the separation of metallic abrasion
particles according to their composition, size and other characteristics, which is performed in a strong magnetic field. A sample of the
tested lubricant flows over an inclined pad which is placed in a magnetic field. The diluted oil sample flows over an inclined transparent
pad, under which a very strong magnet is placed. The principle is
shown in Figure 2 b). The inclination of the transparent pad causes a
particle size distribution due to the variable magnetic field strength.
Larger particles are captured at the beginning (> 15 μm) and smaller
particles are captured where the transparent pad is closer to the magnet (1 − 2 μm at the end).
With this method, it is possible to distinguish the shape of the particles, their origin, even if all components are made of the same metal,
the place of origin (wear location), morphology, etc. After passing
an oil sample, the oil is washed off with a suitable solvent (technical
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I
I0

(4)

In the interpretation of infrared spectra, three main characteristics
are observed, namely the position and shape of the absorption bands,
the number of bands and their intensity. In Fourier transform infrared
spectrometry (FTIR), the interferrometrically acquired signal is converted by a mathematical operation - the Fourier transform - into an
infrared spectrum [19].
In our tribotechnical laboratory, we use the Spectro FTIR Alpha
Oil Analyzer Q410 to measure engine oil quality. This device uses the
commercial software “Oil Analyzer” which can be used to obtain
data on soot, water, glycol, diesel, oxidation, nitration and sulphation
products, and the content of antioxidants and anti-wear additives by
comparing the spectra of new and worn oil samples.

3.6. Automatic laser counter and particle classifier – LaserNet Fines-C.
This method is unique for its multiple functionalities in the field of
tribodiagnostics. The device uses advanced algorithms (fuzzy logic
and neural networks) for particle analysis and allows to determine the
number of particles and wear fragments and their size distribution, to
identify particles according to their mechanism of origin, to sort the
analysed particles (to separate impurities, water, air bubbles, etc.), statistically process the results (number of particles per 1 ml, maximum
and average particle size, mean values, standard deviation, analysed
volume, number of digitally processed images, etc.), report on each
wear class (adhesive, abrasive, fatigue), calculate the total number of
particles and draw trend lines, i.e. forecast the possible future techni-
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cal condition, present the results in pictorial, tabular, graphical form
(histograms), etc. The instrument registers all particles up to 100 μm
in size and also captures air bubbles, which the software excludes
from the calculation if they are larger than 20 μm. The measurement is
fully automatic and extends the image analysis capabilities by grouping the particles by shape and wear type.
The Spectro LNF C instrument allows us to analyse the shape of
particles and determine the number of particles with high accuracy
from 4 μm to100 μm. The analysed oil sample flows through the imaging cell where it is illuminated by a pulsed laser diode. The transmitted radiation is detected by the CCD sensor of the camera system.
The particles contained in the oil do not transmit light - their outline
is therefore captured by the CCD sensor (3500 images per 0.65 ml of
processed sample). The images captured by the camera are transferred
to a computer where they are analysed at 30 frames per second. The
number of objects in each frame is determined by software. The results of the statistical evaluation of the objects are stored and a bitmap
image of the objects with a principal dimension greater than 20 μm is
created (minimum particle image size is 10 pixels).

4. Experiment results

1. Take the sample about 10 – 15 minutes after the engine has
stopped, depending on the type of the combustion engine. The
temperature of the medium to be taken should be between 65
and 80°C. Take the required amount of engine oil into a clean
and dry plastic sampling container with a cap and seal it hermetically.
2. Fill in the label of the sampler showing the machine identification, the total number of kilometres, the date of sampling and,
if applicable, the name of the employee who carried out the
sampling.
3. Evaluate the sample as soon as possible after collection, but no
later than five days, due to possible chemical changes in the
engine oil sample.
For the evaluation of the technical condition (lifetime) of the internal combustion engine, the following tribotechnical diagnostics
model has been proposed, see Figure 3. It contains the recommended
tribotechnical diagnostics methods and their mutual sequence. Within
this model, the limit (critical) values for each measurement method
have been determined according to relation (5). To calculate the critical limits, the relation for expressing the percentage differences T according to the given equation is used.

The experiment used a four-stroke air-cooled single-cylinder engine called Honda GCV 160 E, which is one of the most widely used
engines in small agricultural machinery. It is an engine with a displacement of 160 cm3, overhead camshaft, bore 64 mm and a stroke of
50 mm. The mentioned engine was chosen for the experiment due to
its expansion and the general lack of interest in monitoring the course
of such small engines. There are many articles that deal with the lifetime monitoring of large-volume internal combustion engines. The
subject of the research is the wear of the piston group (piston, piston
rings, inner walls of the cylinder), the overhead camshaft and the wear
of the plain bearings for the crankshaft bearing.
For lubrication, 0.5 l of engine oil with the designation Divinol
Rasenmäheröl Spezial 10W-30 is used, which is intended for yearround use. This engine oil has an API SJ/CF specification. The API
SJ designation specifies that this engine oil is designed primarily for
spark-ignition engines, taking into account the most stringent emission limits and fuel economy requirements. The API CF designation
specifies that this engine oil is intended for indirect injection engines
without emission controls. Compared to the API CD engine oil designation which has a lower resistance to piston deposits and bearing
corrosion.
Divinol Rasenmäheröl Spezial 10W-30 specification:
• density at 15°C according to DIN EN ISO 12185 – 0,865 g/cm³,
• viscosity at 40°C according to ASTM D7042 – 65 mm²/s,
• viscosity at 100°C according to ASTM D7042 – 10 mm²/s,
• viscosity index according to ASTM D2270 – 145,
• flash point (Cleveland) according to DIN ISO 2592 – >210°C,
• pour point according to ASTM D7346 – 30°C.
The experiment was carried out throughout the entire life cycle of
the machine, i.e. from the manufacturing to its decommissioning due
to general wear. We will try to demonstrate this in the experiment by
individual methods.

4.1. Proposed methodology for engine oil sampling
The design of the tribotechnical diagnostics model includes the
main principles of engine oil sampling which significantly affect the
measured parameters and subsequent conclusions. Therefore, the following sampling procedure is recommended:
1.take the sample from the most appropriate place (e.g. pour hole, control hole). We do not recommend the engine outlet. First, thoroughly
clean the sampling point of the combustion engine, then remove the
recommended portion of engine oil into the auxiliary container. It is
recommended that a minimum of 100 – 200 ml of engine oil is taken
for multi-criteria analysis depending on the methods used.

Fig. 3. Design of a tribotechnical diagnostics model for determining the technical condition of an internal combustion engine during its life cycle\

T=

current − previous
100
current

(5)

Subsequently, the limit values for engine oil pollution for each
measurement method were determined according to the above relation (5), as shown in Table 1. The critical values are those whose result
is higher than 20%.
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Table 1. Determination of limit values for assessing the technical condition of a Honda GCV
165 internal combustion engine
Measurement method and individual contaminants

Viscosity - determination of the viscosity index (–)

Atomic emission spectrometry - abrasive metals (ppm)
• zinc

• iron

Calculated limit value
≤ 166

≤ 1200
≤ 80

• aluminium

≤ 37

• silicon

≤ 25

• manganese

≤ 16

• copper

≤3

• chromium

≤3

Fuel content in oil (%)

Determination of particle size and number
• above 50 µm
• 25 – 50 µm

≤ 3.3
˂ 150 particles/ml
˂ 300 particles/ml

presence of spheroidal artefacts (spheres)

Ferrography

Fourier transform infrared spectroscopy – FTIR

analysis of absorbance bands
900 – 1020 cm-1
1140 – 1270 cm-1
1560 – 165 cm-1

tion engine starts to wear excessively during the operation
of 900 – 950 hours, mainly between the piston and cylinder liners. Depending on the measured values and using the equation (5) we have determined the limit values,
which are shown in Table 1.
Figure 6 presents the results of atomic emission spectrometry measurements with the Spectroil Q100. From the
measured values, we selected the following elements for
our combustion engine that affect the technical condition
of the combustion engine. These elements include iron,
aluminium, copper, silicon, chromium, magnesium and
zinc. In the mentioned figure, we can see the 3 stages of
the life cycle as already described in detail. In this case,
the presence of contaminants in the engine oil increases
rapidly during the run-in period. Subsequently, in the
second stage of operation, the values stabilise at an approximately constant value until 900 hours of operation,
when there is a sharp increase in the elements mentioned.
Depending on the measured values and using equation
(5) we have established limit values, which are shown in
Table 1.
Figure 7 shows the measurement results of the automatic laser counter and particle classifier using the Spectro LNF Q200. Here too the pattern is similar to that of
the previous measurements. It is advisable to focus most
attention on the largest particles. In this case, these are
particles larger than 50 µm. Figure 7 shows that the trend
of the increasing presence of particles of different sizes

4.2. Measurement results and analysis
From the Figures (4 to 10), it can be seen that the engine life cycle
can generally be divided into three stages. The first stage is the run-in
period, which extends to approximately 100 hours of operation when
the individual components are running in. The second stage is the socalled normal operation stage; it is the longest stage and lasts until
about 900 hours of operation. At this stage, individual components
gradually wear out. The last stage is the stage of so-called excessive
wear when individual parts become excessively worn and there is an
increased incidence of failures, which can lead to total engine damage. It is therefore advisable to find a limit value for the lifetime of
an internal combustion engine expressed in kilometres or hours of
operation, as in the example given (Figures 4 to 10). Based on these
measurements, the limit value was set at 900 – 950 operating hours
of the internal combustion engine, at which point it is recommended
to end the life of the internal combustion engine and consequently the
entire machine.
The results of the kinematic viscosity determination with the Spectro Visc Q300 are shown in Figure 4. The figure shows the three stages
of the internal combustion engine life cycle as already mentioned.
In the first stage, there is an increase in the viscosity index from a
value of 142 to a value of 162. Subsequently, in the normal operation
stage, the values range from 150 to 162. The critical point occurs at
900 hours of operation when there is an increase to 166 and then the
viscosity index increases to 179, indicating that thermal and oxidative
degradation of the oil is probably occurring. This results in a reduced
ability to lubricate the friction surfaces which can ultimately lead to
seizure of the internal combustion engine. This is also confirmed by
the FTIR method see Figure 9 positions 1 and 2. Depending on the
measured values and using equation (5), we have determined the limit
values, which are shown in Table 1.
Figure 5 shows the results of measuring the presence of fuel in
engine oil with the Fuel Sniffer Spectro FDM Q600. We can see that
during operation the fuel present in the engine oil ranges from 2.8 to
3.1%. When the internal combustion engine is running for 900 hours,
a slight increase in the presence of fuel starts to occur, which is confirmed in the subsequent measurement when the value increased to
3.4%. From the above curve, we can assume that the internal combus-
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Fig. 4 Dependence of viscosity and viscosity index in engine oil on the operating time of an internal combustion engine

Fig. 5. Dependence of the amount of fuel in the engine oil on the operating
time of the internal combustion engine

is approximately the same. Also from the above figure, we can say
that the limiting value of the lifetime of an internal combustion engine is 900 hours of operation. In the detailed analysis of the samples,
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Fig. 6. Dependence of the amount of monitored elements in engine oil on the
operating time of the internal combustion engine

Fig. 7. Dependence of the size and amount of particles in engine oil on the
operating time of an internal combustion engine

Fig. 8. Dependence of the size and amount of nonmetallic, cutting, fatigue
and sliding particles in engine oil on the operating time of an internal
combustion engine

Fig. 9. Dependence of the presence of organic compounds and inorganic substances in engine oil on the operating time of the internal combustion
engine

we have identified the presence of various particulate matter such as
nonmetallic, cutting, fatigue and sliding particles which are shown
in Figure 8. Upon closer examination, we find that the trend of the
results of the individual curves is similar to the overall results shown
in Figure 7.
Figure 9 shows the analysis of the measurement results using the Spectro FTIR Alpha Oil Analyzer Q410 where organic compounds and inorganic substances such as antioxidants, water,
soot, oxidation, nitration, sulfation and glycol are analyzed. From
the measurement results, we can identify 3 wave spectra where
changes occur during the lifetime of an internal combustion engine. This is the wave spectrum marked 1 which is in the band
1560 – 1650 cm-1 and identifies the presence of organic nitrates or
nitro compounds. The wave spectrum marked 2, which is in the range
1140 – 1270 cm-1, identifies the presence of organic nitrate in the
secondary absorption and the possible presence of sulphate detergent
and sulphur compound from the fuel. There is also a wave spectrum
marked 3, which is in the range of 900 – 1020 cm-1, which most likely
identifies changes in the levels of anti-wear additives contained in the
engine oil (most commonly TCP – tricresyl phosphate) which in practice indicates depletion of anti-wear additives in the lubricant. This
results in a reduced ability of the engine oil to lubricate and thus the
possibility of excessive wear.
Figure 10 shows images from the Spectro T2FM ferrograph at different stages of the combustion engine lifetime. Figure 10 a) presents
an image of selected segments from the ferrographic trace of engine
oil during the run-in period of an internal combustion engine, showing
what is likely to be a bronze particle from the bearing; these are silver
flake particles characterised by adhesive wear, in this case during the
run-in. Figure 10 b) shows a larger number of shiny silver particles

from soft metals such as tin, bronze, or PB-Sn bearing compositions.
In the image that is the PSL 16 format magnified 1000x, coloured
particles can be observed; they are probably from bronze alloys from
plain bearing. Silicates (dark spherical shapes particulate) are also
seen to a lesser extent. Figure 10 c) shows the presence of spheroidal artefacts (spheres). These are almost spherical particles that are
formed during fretting-corrosion (grinding, etc.) and are fatigue wear,
which, unlike other types of wear, indicates the deterioration of the
material surface with the possible consequence of permanent damage
to the respective parts of the combustion engine. This is an important
signal for stopping the machine and preventing total damage to the
combustion engine.

a) run-in

b) 400 operating hrs

c) at the end of servicelife 950 hrs
Fig. 10. Spectro T2FM ferrograph images showing metal particles in engine
oil over the lifetime of an internal combustion engine

5. Conclusions
In this paper, a model of tribotechnical diagnostics is made to determine the technical condition of an internal combustion engine within
the life cycle for different equipment. In this case, an internal combustion engine Honda GCV 160 E was observed, sampled and analyzed
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in detail. These samples were taken at regular intervals of 50 hours
of the machine operation. Based on the measurements and the design
of the tribotechnical diagnostics model for determining the technical
condition of the internal combustion engine within the life cycle Figure 3, the said internal combustion engine was periodically evaluated.
Based on the measured values, the different life cycle stages were
determined, and are described in the paper. Furthermore, limit values
for the above combustion engine were determined and are presented
in Table 1. All information from the measurements is presented in
detail in the individual figures. Figure 4 presents the dependence of
viscosity and viscosity index in engine oil on the operating time of the
internal combustion engine using the basic tribodiagnostic test which
is the determination of kinematic viscosity and viscosity index using
the Spectro Visc Q300. Furthermore, Figure 5 shows the dependence of
the amount of fuel in the engine oil on the operating time of an internal combustion engine using the Fuel Sniffer Spectro FDM Q600. Figures 6 to 10 show the results of measurements using advanced instrumental analytical methods which in this case were atomic emission
spectrometry (Spectroil Q100), ferrography (Spectro T2FM), Fourier
transform infrared spectroscopy (Spectro FTIR Alpha Oil Analyzer

Q410) and an automatic laser particle counter and classifier (Spectro
LNF-C). Based on the design of the tribotechnical diagnostics model
for determining the technical condition of the internal combustion engine within the life cycle according to Figure 3, the lifetime of the
machine was determined to be 900 hours of operation. It is generally
assumed that the life of the mower should be about 7 years, when the
chassis corrodes, which becomes unsatisfactory. This corresponds to
an average annual operation of 130 Mh, which also corresponded to
the experiment when the chassis was rusted. The experiment clearly
shows that extending the life of the engine by choosing a higher quality material is not desirable, because it becomes unsuitable mower
chassis.
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Highlights

Abstract

The aim of the article is focused on assessing the degree of end-of-life for the vehicle front
suspension beam. The first stage of the problem taken was represented by a road test of the
• Fretting wear is observed in the top layer of the
vehicle at distance expressed by 100.000 km. Following the end of the operation tests, the
beam.
suspension beam was dismantled and subjected to laboratory tests. The tests demonstrated
• Wear products include oxygen, silicon and chlo- numerous beam top layer plastic deformations, which came into being as a result of the
rine atoms.
vehicle driving onto an obstacle on the roadway or onto raised road infrastructure elements.
• Material hardness is observed to decrease, thus At the point of connection of the stabiliser rod to the beam, surface degradation was noted,
which consisted in the considerable change of the surface profile, hardness reduction and
causing reduction of abrasion resistance.
the grey and dark brown colour. Corrosion regions and fretting wear traces were noted.
Corrosion pits, scratches and material build-ups was observed. The analysis of the chemical
composition of wear products demonstrated the presence of elements such as iron, oxygen,
chlorine and silicon, as an effect of operational conditions.
• The wear of the front suspension beam.

Keywords
This is an open access article under the CC BY license vehicle suspension system, fretting wear, suspension beam, vehicle.
(https://creativecommons.org/licenses/by/4.0/)

1. Introduction
In recent years, the dynamic development of road transport is observed, which directly translates into heavy road traffic with vehicles
in a diversified technical condition. Visible on the roads are new vehicles with the high reliability indicator as well as used vehicles with
considerable mileage. As a rule, the technical condition of the latter
vehicle group is poor, and their components become damaged frequently and prematurely.
The road conditions are a significant factor influencing the vehicle technical features, in particular the components of the suspension
system. Notwithstanding the fact that the number of motorways and
dual carriageways as well as town and city bypass roads grows every
year, the technical conditions of the pavement of many roads is still
bad. Not infrequently, ruts, cavities of considerable depth in the pavement, humps etc. are encountered, which are the consequence of the
heavy traffic of vehicles, mainly trucks [15, 28]. Several roads are
being rebuilt without being phased out from traffic, which causes high
pavement variability (e.g. asphalt or milled pavements or those with
the subgrade made of a compacted building material).
Driver’s deeper concentration and better driving skills are required
at roads in a bad technical state. The lack of those skills may cause

the damage of the suspension system components, such as the front
suspension beam.
From engineering point of view, the suspension system is one of
the most important structural elements responsible for driving comfort
[5] and safety [24]. Engineers of automotive industry components of
suspension systems by using, modern engineering materials (…) [27],
new components (…) [2, 22-23] or manufacturing technology (…)
[3]. They efforts are also focused on of vibrations in the suspension
system on the driver’s working conditions [7]. In [6], the authors analysed the possibility of using electric motors in vehicle wheels. This
type of solution, may cause a deterioration of travel comfort due to the
increase in unsprung masses. Therefore the authors have investigated
the problem of vertical vibrations of the suspension. Damages to the
elements of the suspension system are caused by forces originating
from the vehicle weight [4] as a well as road quality, environmental
conditions, and driver’s skills.
Even though vehicles are subjected to compulsory technical inspections and service following from the operation period, the task of such
inspections and service being the prompt detection of damage or wear
and tear, unexpected damage to the suspension system elements is still
noted, such damage preventing the further operation of the vehicle.

(*) Corresponding author.
E-mail addresses: S. Kowalski (ORCID: 0000-0001-6451-130X): skowalski@pwsz-ns.edu.pl, K. Opoka (ORCID: 0000-0002-3434-4827):
kopoka@pwsz-ns.edu.pl, J. Ciuła (ORCID: 0000-0002-9184-9282): jciula@pwsz-ns.edu.pl
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Such a situation may be due to a failure to recognise microcracks
or other defects of the materials, which are not yet visible by means
of available service instruments or organoleptically, but those defects
may develop with the passage of time, especially when the vehicle
is driven in difficult road conditions. Damage which is not detected
promptly and which continues to develop will transform into fatigue
wear [30], with the element’s fracture being the consequence.
The influence of the technical condition of the suspension system
on driving comfort and safety, investigations were conducted aiming
at the analysis of the wear of the front suspension beam, especially
at the region of connection with the stabiliser rod. The authors are of
the opinion that in view of the operation conditions of the suspension
system, wear may occur at that place, which is impossible to verify
during technical inspections at diagnostics garages. As a consequence
of damage at the joint mentioned above, the development of fatigue
wear may take place, as a result of which the joint may be destroyed.
That is why an attempt was made to verify that thesis by firstly conducting operation and then laboratory tests.
Vehicles are used in various climate zones, which are distinguished
by vast differences in weather conditions (air temperature, rain and
snowfalls), and move on roads built in various technologies and in
various technical conditions. The accumulation of all those factors
makes the suspension system, in particular the beam, operate in harsh
conditions. That is why suspension systems should be distinguished
by long life and operational reliability. Structural design engineers
strive for the continuous improvement of suspension system components to improve their functional quality. This task is by no means
an easy one because, as mentioned previously, suspension systems
operate in conditions comprising many factors (Fig. 1). Those factors
rarely act on the suspension system at the same time, thus creating a
complex operation environment.
The leading factor affecting the technical condition of the front
suspension beam is the road pavement condition and therefore the dynamic impact on the vehicle. Road pavement irregularities are random
in nature and it is not possible to describe them with one function.
The vehicle passage on the irregularities and road pavement cavities
causes the deflection of both the sprung and unsprung weight. The
size of those displacements depends on the vehicle weight and road
pavement condition [10].
When a vehicle drives on roads, dynamic loads are generated on
wheel, which are transferred to the vehicle body through the components of the suspension system. The configuration of those elements
in the springing movement space changes continuously. Determination of dynamic loading for each possible configuration in the springing movement space is needed for capturing stress state in the sections
of the elements of the suspension and steering system [25].
The next material factors influencing the technical condition of the
front suspension beam are the environmental factors. Depending on
the pavement type, precipitation causes the increase of driving move-

ment resistance and therefore the reduction of the adhesion coefficient. Consequently, the vehicle driver is forced to break and change
the driving speed more often, due to which the additional displacements of the mating elements of the suspension system take place.
Those displacements occur in the micro space, however, long vehicle
operation time in such conditions will be conducive to the development of the wear of the suspension system tribological kinematic
pairs. Moreover, water from the road may penetrate into the gaps between the suspension beam and stabiliser mounting thus favouring the
faster wear of those elements.
In terms of its life, the front suspension beam is disadvantageously
affected by driving in the winter period, especially when low air temperatures, snowfalls and snow melt periods prevail. Works preventing
the occurrence of winter slipperiness as well as its elimination are
carried out then. Those works consist in making the road pavement
resistant to the formation of an ice or iced snow layer with the use
of chemicals lowering the water freezing point. Winter slipperiness
elimination, however, consists in the removal of ice and compacted
snow by means of chemicals, anti-skid agents or mechanic measures.
Using a vehicle on a road pavement where chemical deicing agents
have been used exposes, in particular, the suspension system to chemical reactions with its structural elements [19], which may lead to the
initiation of corrosion processes and, consequently, to the development of fretting wear.
Driving skills may be another factor influencing the technical condition of the suspension system. One of the fundamental vehicle driving rules is to obey the prudent and careful driving principle. This
principle requires the driver to analyse the road pavement and current
traffic environment conditions on an ongoing basis. The driver must
also know the loading on the vehicle. Speed selection and the skills
related to overcoming the obstacle etc. have the significant influence
on the operation of the suspension system [26] and therefore on the
damage to the beam or the development of beam wear and tear. The
vehicle driver should react to changing road conditions, ruts or cavities in the pavement early enough. The lack of the driver’s reaction
such as speed reduction, or uncritical driving into the cavities in the
road pavement, has considerable influence on the possible damage to
the suspension system elements [11-12].

2. Test methodology
2.1. Test object and its work environment

The tested object was represented by a front suspension beam of
a vehicle (Fig. 2). The beam is a component of suspension belonging to the group of independent suspension systems, which are distinguished by a separate system of guide elements permitting the independent wheel operation. In the case of that type of suspension,
increasing the number of wheel guide elements and the related increase of the number of wheel movement planes enhances the option
to ensure the appropriate transfer of forces to
the vehicle body.
Front suspension beams of five brand new
delivery vehicles at the same distance in comparable conditions were inspected. The vehicles
were used at various routes and roads and serviced both urban and rural areas. Fig. 3 shows
the results of road pavement evenness tests for
the selected road section, at which the vehicles
were operated. The tests were conducted in accordance with BN-68/8931-04 with the use of
the PD01 Omega planograph. The measurement
was conducted at a 400-500 m section, and the
planograph was set for the registration of maximum variances greater than 4 mm (the red line
in the diagram). The pavement requires comprehensive heavy repairs or even redevelopment.
Fig. 1. Components of the operation conditions of the front suspension beam and stabiliser rod mounting The following defects: ruts, fissures, cracks,
tribological kinematic pair
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After each day of vehicle operation, the
technical condition of the suspension beam and
other elements of the suspension system was
monitored, and the data base was created with
the type of damage and the number of kilometres
at which damage occurred. The place of connection of the beam with the stabiliser rod was an
exception. For technical reasons, that place was
not observed during vehicle operation.
The suspension beam was made in the
form of pressure-welded steel drawpieces
whose chemical composition is given in Table
2. The drawpieces were joined with each other
by means of pressure welding. The beam shape
and the manufacturing process ensure a suitably
strong spatial profile bolted to the vehicle body
and integrating the suspension components together.
Fig. 2. View of the front suspension beam mounted in a delivery vehicle
Table 2. Chemical composition of suspension beam steel [% by weight]
C

0.074

Fe

98.65

Si

Mn

0.095

0.744

P

< 0.005

S

< 0.005

Cr

0.014

Mo

< 0.001

Ni

0.024

Cu

< 0.005

Al

0.042

2.2. Test procedure and laboratory equipment

Fig. 3. Unevenness of road pavement in a form of a profile

reflection cracks, pavement chippings, potholes and roughness loss
were noted.
The monitored vehicles constituted the fleet of a courier company
and transported shipments of varied weight, as shown in Table 1.
Table 1. The mass of vehicle and kilometers
Laden vehicle mass
[kg]

Number of kilometres covered
[km ‘000]

2450

20

2100
2800
3150
3500

16
29
23
12

Each of the vehicles covered a comparable route with the total
length of approximately 100,000 km. It was assumed that the vehicles’ drivers are professionals and the have similar driving skills. Only
few cases of accidental driving into a rut which might pose a risk to
the suspension beam were noted. The vehicles were driven throughout the year, therefore temperature conditions varied within the range
from –15 to 30°C.
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The test programme was divided into two
stages. The first part pertained to vehicle operation tests and to the recording of damage to
the suspension system with special emphasis
on the suspension beam. The duration of those
tests was approximately equal to two years. The
second part of the investigations, however, consisted in laboratory tests permitting the beam
technical condition and degree of wear to be
determined.
The operation test methodology has been
discussed in the previous item. Laboratory tests
were performed following the preparation of test
specimens. The preparation of the test material
for laboratory tests consisted in the performance
of the following activities:
• dismantling of the suspension system from
the vehicle,
• determining evaluation of the technical condition of the front suspension beam,
• protecting damaged or worn-out places,
• decomposition of the suspension beam from the suspension system,
• cleaning with the use of the sand blasting technology at damage
zones protection,
• cutting out of samples and performing laboratory observations on
the samples.
As part of laboratory tests, macroscopic and microscopic observations with the EDS analysis of the chemical composition were performed and the beam surface profile and hardness were measured.
The macro-photographic observations of the damage regions were
conduced by means of use of the NIKON COOLPIX P900 camera
with 83x magnification.
The places with noted damage were subjected to microscopic observation with the use of the JEOL JSM-5510LV scanning electron
microscope. The investigations by means of scanning electron microscopy were performed in the backscattered electron composition
(BEC), backscattered electron shadow (BES) and secondary electron
image (SEI) modes with the electron beam acceleration voltage equal
to 20 kV.
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The quantitative and qualitative microanalysis of the chemical
composition at damaged surfaces was conducted by means of the
electron microscope equipped with the EDS INCA x-act Energy 350.v
spectrometer.
The topography of the suspension beam surface was measured by
means of the Form Talysurf Intra device by Taylor Hobson. The obtained data was used for the determination of roughness parameters
and for their graphic presentation with the use of TalyMap Platinum
5.1 software. Each measurement was conducted three times, and the
averaging results are presented in this work. Test specimens were selected of the beam in such a way as to ensure the measurement within
the area both affected and not affected by wear.
Beam hardness was measured by means of
the Vickers method in accordance with PN-EN
ISO 6507-1:2018 standard. The loading force
equal to 19.6 N (HV2) was applied. The test
plan assumed three measurement tests. As part
of each test, assumed was the hardness measurement at nine survey points (three in the area
affected by wear and six in the area not affected
by wear).

That damage, consisting in plastic deformations, did not affect
driving safety and was easy to locate during technical inspections,
that is why a detailed analysis of that damage is omitted in the further
part of this article. The main focus was on the wear following from
the natural operation process, which cannot be verified and removed
during diagnostic tests.
The detailed macrographic observations of the beam surface demonstrated peculiar changes of the surface profile at the point of connection of the stabiliser rod (Fig. 5). Visible wear traces occupy a
square area of 16 cm2. The wear-affected area is distinguished by high
waviness and a change of the top layer structure.

3. Test results
Front suspension beams of five delivery vehicles were examined. The results of the tests
and observations demonstrated top layer plastic
deformations of various sizes. After all the eleFig. 5. Front suspension beam fragment with visible wear traces
ments connected with the beam had been dismantled, considerable deformation of the beam
top layer at the point of connection of the staIt is appropriate to think that fretting is highly likely to be noticebiliser rod was found. In the authors’ opinion, that part of the beam
able at the point of connection of the stabiliser with the front suspenrequired detailed laboratory tests because, in addition to the change of
sion beam. To confirm that theory, however, further tests and analyses
the top layer profile, that place was distinguished by the grey and dark
are necessary. The required condition for the development of fretting
brown colour, which may suggest fretting wear.
wear in the case of the front suspension beam and stabiliser rod triboThe macrographic observations of the beam plating demonstrated
logical kinematic pair was fulfilled.
wear in the form of plastic deformations of a peculiar arched shape
As it can be noticed in other articles [8, 9, 16, 20], the following
(Fig. 4). The range of those deformations was insignificant and had no
conditions are realted to fretting:
influence on the change of the original beam shape. Linear scratches
• contact between two surfaces of the bodies – that condition is fulof the plating as well as hairline cracks of the minimum depth in the
filled as the beam mates with the stabiliser rod through bolted
beam plating were also noted. The cause of that kind of damage is
mounting, that is at the place where damage mentioned previously
sought in the contact of that element of the chassis with items makwas noted;
ing the road dirty, such as sand particles, stones etc., which may have
• small-amplitude oscillatory tangential displacements of body surfallen down from aggregate-carrying vehicles. Such items may have
faces as a result of the activity of a variable normal force or the
also been brought onto the road by vehicles joining the traffic from
tangential force to the contact surface. This condition occured, at
a construction area or aggregate collection points. Damage described
the vehicle moving along the road with various and significantly
above was located at the lower beam plating, where friction or impact
pavement profiles.
contact with obstacles present on the road may take place.
In order to recognise features of the wear zones, microscopic observations were conducted. Fig. 6 presents SEM
images of wear traces.
The microscopic observations confirmed the
macroscopic observations suggesting that the
main damage of the beam at the point of mounting the stabilisers rod is constituted by corrosion
or fretting wear. The following features were
observed: fatigue crack, corrosion pits, hairline
cracks and material build-ups, which become
plasticised and crumbled.
To identify wear products, conducted was the
analysis of the chemical composition of the beam
area containing peculiar traces indicating fretting
wear. Surface and spot analysis at three selected
places was performed. The results of those investigations are shown in Figures 7 and 8.
The surface analysis of the chemical composition of wear products demonstrated the presFig. 4. Beam damage in the form of plastic deformation
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ence of iron, oxygen, silicon, chlorine and manganese atoms.
The spot analysis of the chemical composition at another place
also demonstrated the presence of the same elements. Iron and
oxygen atoms prevail in the chemical composition of wear products. Such a result is the evidence of the penetration of oxygen
in between the mating surfaces, which leads to surface oxidation
and to the initiation of a phenomenon similar to corrosion. In
the case of fretting wear, iron and oxygen atoms are the prevailing components of the wear products, too [1, 21, 29]. Thus, the
thesis that the suspension system elements may be exposed to
fretting confirmed in this case as well.
Fig. 6. Sample SEM images of the wear products on the front suspension beam surface
The analysis of the chemical composition of wear products
demonstrated the presence of silicon and chlorine atoms. Silicon is the evidence of the presence of sand or other impurities
from the road in the space between the beam and stabiliser rod
mounting. This also proves the fact that the vehicles were moving on sand or unpaved roads. During vehicle operation, sand
grains trapped in the space between the mating elements move
in various directions thus causing, with the passage of time, the
development of friction wear and surface scratches on the micro
scale, which may also initiate the development of fatigue cracks.
The presence of chlorine atoms confirms that the vehicles were
moving on roads at which slipperiness was reduced by means of
road salt. During suspension system deflection, salt present on
the road would penetrate into the space between the beam and
stabiliser rod mounting. Road salt which will not be removed
from that space, will accelerate wear processes.
The examined beam surface at the place of wear showed conFig. 7. Surface analysis of the chemical composition of the front suspension beam wear
products
siderable changes in geometry in relation to the remaining part
of the beam, that is why surface roughness and
hardness were also measured.
The wear of the elements of the tribological
kinematic pair results in the changes of surface
geometry and in the top layer structure, which
arise as a result of the mutual influence of the
mating surfaces. The degree of wear depends,
first of all, on the work environment of that
tribological kinematic pair. One of the ways of
measuring the changes in surface geometry is
the evaluation of profile of the surfaces [17-18].
The configuration of the surface structure,
including the degree of surface isotropy, influences wear intensity. In view of contact
between the mating surfaces, which are influenced by the degree of isotropy, wear may be
intermittent or continuous [14]. Given a small
degree of isotropy, the ridges of the irregularities move on one another, and given a high degree of isotropy, the ridges of microirregularities rest on one another or find their way into
the cavities, ridge the opposite surface or become shorn [13]. In the latter case, there will
be more wear products and the surfaces may
demonstrate lower wear resistance. The lay of
the surface structure has significant influence
Fig. 8. Spot analysis of the chemical composition: a) SEM image, b) radiation spectrum peculiar for point 1,
on friction wear intensity, and the mating angle
c) radiation spectrum peculiar for point 2, d) radiation spectrum peculiar for point 3
between the structures will influence the wear
Chemical composition of wear products
mechanism [14]. Greater surface roughness reChemical element
Line
Area 1
Point 2
Point 3
Unit
duces corrosion resistance due to the increase of
the actual contact surface area of the corroding
Fe
Ka
62,582
77,679
60,096
wt.%
element. For that reason, the biggest influence
O
Ka
30,688
47,519
38,245
wt.%
on corrosion wear intensity is exerted by high
Cl
Ka
4,086
0,993
0,768
wt.%
surface roughness parameters and the radius of
curvature of microirregularity pits.
Si
Ka
2,166
–
–
wt.%
The results of the three-dimensional surface
Zn
Ka
0,478
–
0,446
wt.%
profile measurement are shown in Figures 9 and
Mn
Ka
–
0,434
0,603
wt.%
10, and the obtained parameters of the surface
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Fig. 9. The area without wear traces in profilometrical analysis

Fig. 10. The area affected by wear in profilometrical analysis
Table 3. Parameters of the surface geometry structure – the area without wear traces
Height

Spatial

Hybrid

Sa = 6.496 µm

Str = 0.7015

Sdq = 0.4660

Sp = 41.98 µm

Sal = 0.060481 mm

Ssc = 83.72 1/mm

Sq = 9.709 µm

Sv = 43.63 µm
Ssk = –0.7271
Sku = 6.022

Sz = 85.60 µm

Std = 112.2

Sds = 1088 1/mm2

Sdr = 10.16 %
Sfd = 2.481

Functional

Sbi = 0.3539

Sci = 1.330

Svi = 0.1968

Sk

Sk = 13. 7 µm

Spk = 11.49 µm
Svk = 19.92 µm

geometry structure are presented in Tables 3
and 4.
When analysing the obtained values of the
parameters for the area not affected by wear,
it may be noticed that the maximum surface
height Sz is 85.60 µm, the arithmetic mean surface height Sa=6.496 µm, the maximum peak
height Sp=41.98 µm, the maximum valley depth
Sv=43.63 µm and the root mean square height
Sq=9.709 µm. Quite quick fading of the ACF
function (the Sal parameter) is the evidence of
the dominant share of the random component in
the surface geometry structure. The distribution
of the data for the local summits is the normal
distribution with high kurtosis Sku=6.022 and
insignificant negative skewness Ssk=–0.7271,
which points out to the surface with a plateau
shape.
The uniform structure of the top layer was
evidenced in the regions without damages. This
was confirmed by the value of the texture aspect
ratio which takes Str=0.7015 (the isotropy level
70.15%).
When analysing hybrid parameters, attention
should be paid to the high local summit density
(Sds= 1088 1/mm2) and the large fractal dimension (Sfd=2.481). The surface has the smallest
core fluid retention index (Sci = 1.33) and the
highest valley fluid retention index (Svi=0.197)
given the bearing index Sbi=0.3539 compared
to the surfaces affected by corrosion.
In the case the area affected by wear, it may
be noticed that the maximum surface height
Sz is 143.2 µm, the arithmetic mean surface
height Sa=15.04 µm, the maximum peak height
Sp=69.68 µm, the maximum valley depth
Sv=73.52 µm and the root mean square height
Sq=18.93 µm.
All the height parameters even doubled in
comparison with the surface not affected by
corrosion. The quickly diminishing autocorrelation function (Sal=0.10691 mm) is peculiar to
random structures.
The distribution of the data for the local summits is also the normal distribution with high
kurtosis Sku=3.275 and with insignificant positive skewness Ssk=0.07224, which indicates the
surface with a pointed shape.
The surface affected by corrosion has a random isotropic structure, as evidenced by the
value of the texture aspect ratio Str=0.8574 (the
isotropy level 85.74%).
The local summit density decreased by the
factor of two compared to the surface not affected by corrosion (Sds= 531.13 1/mm2). A
large fractal dimension (Sfd=2.382) was also
obtained. The root mean square gradient was
equal to Sdq=0.664, the arithmetic mean summit curvature reached Ssc=93.03 1/mm and
the developed interfacial area ratio obtained
Sdr=20.20% doubled, confirming greater surface roughness.
In comparison to the surface not affected by
corrosion, the area affected by wear is distinguished by a greater core fluid retention index
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Table 4. Parameters of the surface geometry structure – the area affected by wear
Height

Spatial

Hybrid

Sa = 15.04 µm

Str = 0.8574

Sp = 69.68 µm

Sal = 0.1069 mm

Sq = 18.93 µm
Sv = 73.52 µm

Std = 57.75

Ssk =0.07224

Sdq = 0.6640

2

Sds = 531.13 1/mm
Ssc = 93.03 1/mm
Sdr = 20.20 %

Functional indices

Functional parameters

Sci = 1.526

Spk = 20.45 µm

Sbi = 0.4821
Svi = 0.1092

Sk = 49.84 µm

Svk = 19.31 µm

Sfd = 2.382

Sku = 3.275

Sz = 143.2 µm

Where:
Sa – Arithmetic mean height
Sq – Root mean square height
Sp – Maximum peak height
Sv – Maximum pit height
Ssk – Skewness		
Sku – Kurtosis
Sz – Maximum height

Str – Texture aspect ratio		
Std – Texture direction		
Sal – Auto-correlation length		
Sdr – Developed interfacial area ratio
Sfd – Fractal dimension of the surface

Sbi – Surface bearing index		
Sci – Core fluid retention index		
Svi – Valley fluid retention index		

Sk – Core roughness depth
Spk – Reduced peak height
Svk – Reduced valley depth

(Sci = 1.526) and diminishing valley fluid retention index (Svi=0.1092)
with the growing bearing index Sbi=0,4821.
The 2D course of the profile of the beam surface comprising the
area with and without wear (Fig. 11) confirms the loss of the material as a result of cyclical loading, the continuous generation of wear
products in the tribological kinematic pair (the joint between the suspension beam and the stabiliser rod mounting), which products, during vehicle operation, move over the entire joint length thus causing
surface scratches or the formation of micropits and microabrasion.
Those phenomena are conducive to fretting wear development.

Fig. 11. 2D roughness parameters of the surface comprising the area with and
without wear

Fig. 12 shows the results of the spot measurement of the beam
surface hardness. As part of one investigation, the measurement was
conducted at nine points comprising both the area unaffected and affected by wear.
The measured beam surface hardness varies from 179 to 186 HV2.
Following the analysis of the beam hardness results, the decrease of
surface hardness in the area affected by wear can be noticed. In that
area, surface hardness was equal to 179-181 HV2. Steel hardness reduction may be the cause of the reduced resistance of the element to
friction wear and plastic deformations, which are conducive to adhesion processes. Those factors create a suitable environment for the
development of fretting wear, whose consequence is the development
of fatigue wear and the cracking of the element.
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Sdq – Root mean square gradient
Sds – Summit density
Ssc – Mean summit curvature

4. Development mechanism of tribological kinematic
pair
Based on the analysis of vehicle operation conditions and test results, a development mechanism for the wear of the front suspension
beam and stabiliser rod mounting tribological kinematic pair may be
proposed (Fig. 13).
Factors related to the loading from the vehicle weight as well as
dynamic factors connected with road conditions act on the beam and
on the remaining elements of the suspension system of a moving vehicle. Due to the cyclical activity of those factors, the microdeflection
of the mating elements and, at the same time, their static microdisplacement, takes place. This situation is conducive to a change of the
profile of the elements’ surface and, as a result of friction, surface
micropullouts, microholes and micropits will come into being at the
beam surface.
During vehicle operation, impurities on the road, for example dust
particles, sand grains etc., will penetrate into the space between the
beam and stabiliser rod mounting through a gap created as a result
of the deflection of those elements. Water drops, the molecules of an
anti-skid agent and road salt will also penetrate along the same way.
Trapped impurities will move along the joint and cause the degradation of the elements of the tribological kinematic pair as a result of
abrasion. As a result of that activity, microholes and micropits become
deeper and abrasion traces appear. In the deeper microholes, more
impurities and surface abrasion products will accumulate thus leading
to the plastic deformation of the top layer of the elements.
Further vehicle operation will result in the rise of microcracks,
which will expand in the direction of the interior of the element’s top
layer thus causing the development of fatigue wear and, as a consequence, the cracking of the element. Road salt and water present in
the space between the elements will be conducive to the formation of
corrosion centres, which are an additional burden for the tribological
kinematic pair.

5. Summery and conclusion
The evaluation of the technical condition of the front suspension
beam as one of the elements of the suspension system is a crucial issue in terms of driving safety and comfort. Delivery vehicles cover
many thousands of kilometres a year, often in harsh conditions, which
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Fig. 12. Suspension beam hardness measurement results

Fig. 13. Development mechanism of the tribological wear in the suspension beam and stabiliser tribological kinematic pair

translates into the deterioration of the technical
condition the elements of the suspension system.
Failure to promptly recognise damage or any
wear, even minimal, will frequently lead to the
problem becoming more serious, which will result in the development of fatigue wear, which
may cause a road incident.
The purposes of the investigations presented
in this article has been to evaluate the wear of
the delivery vehicle’s front suspension beam,
particularly in places which are not subject to
standard inspections during diagnostic tests.
The operation conditions of the object, which
is a delivery vehicle in this case, significantly
influence the rate and degree of the wear of its
elements.
Based on the test results, the following conclusions may be drawn:
• The place of the maximum exposure to wear
is the point of connection of the stabiliser
rod to the suspension beam. In that zone, a
change of the surface structure and the grey
and dark brown colour of the surface were
noted.
• Other places on the beam featured insignificant plastic deformations as a result of the
vehicle driving onto an obstacle, or due to a
stone impact.
• On the suspension beam, fretting wear located at the point of connection with the
stabiliser rod is visible. That wear causes a
change of the surface profile thus increasing
roughness parameters, which adversely affects the technical condition of the element.
• The surface with the changed roughness
profile retains the features ensuring fluid retention between the stabiliser rod mounting
and the beam, which is disadvantageous as
that phenomenon supports the development
of corrosion and fretting wear. Based on the
noted changes of the Spk values, it may be
stated that intensive removal of the highest
profile peaks takes place, and the load-bearing ratio of the surface increases. The Spk
parameter doubled for the surface affected
by corrosion.
• The analysis of the chemical composition
of the wear products demonstrated the presence of elements such as oxygen, chlorine
and silicon in the joint. The presence of
those elements proves the contact of the surface with atmospheric air, roadway anti-skid
agents and sand, that is with factors conducive to fretting wear development.
The test results presented in this article have
demonstrated the significant influence of the
operation conditions of a given object on the
wear of its components. The point of connection of the stabiliser rod turns out to be the weak
part of the vehicle front suspension beam. During vehicle design, structural engineers should
take that place into account and propose a new
structural or engineering solution to prevent future dangerous road incidents due to the fatigue
wear of the suspension beam.
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Abstract

• Connotations of the mission reliability and main- Previous studies of reliability centered maintenance (RCM) rarely consider the maintenance quality for the operation condition monitoring of manufacturing system. Therefore,
tenance quality are expounded.
a quality-oriented maintenance approach for the multistate manufacturing system with the
• QSFN is established to characterize the evolution
aid of mission reliability is proposed. First, connotations of the mission reliability and mainof the mission reliability.
tenance quality of the multistate manufacturing system are expounded on the basis of the
• A quality-oriented mission reliability–centered operational mechanism. Second, a quality stochastic flow network (QSFN) model of the
maintenance method is proposed.
multistate manufacturing system is established, and a novel mission reliability model is
• A manufacturing system example of subway flow presented. Third, a quality-oriented mission reliability–centered maintenance framework for
multistate manufacturing systems is proposed, and the optimal integrated maintenance stratreceiver is implemented.
egy is obtained by minimizing the total cost. Finally, an industrial example of subway flow
receiver is presented to verify the proposed method. Results show that the proposed method
can simultaneously balance the maintenance cost and maintenance quality of the multistate
manufacturing system.
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nance quality, quality stochastic flow network.

1. Introduction
Quality reflects the degree by which the inherent characteristics of
the product meet the requirements. The inherent characteristics of the
product are formed in the design and manufacturing stages. Therefore, the ability to continuously output stable and reliable products is
the core function of the manufacturing system. When the manufacturing system has imperfect process control, no definite maintenance
plan, or irregular production operations, it leads to the production of
defective products. This system is called an imperfect production system [27]. Most production systems fall into the ranks of the imperfect
production systems. Product quality and machine reliability are two
key manufacturing system health indicators that are often degraded
by machine degradation [14]. Maintenance is an important way to ensure the performance and reliability of imperfect production systems
[31]. Scholars have conducted extensive research on manufacturing
system maintenance strategies to ensure the operational state of the
manufacturing system.
The evolution of maintenance strategies starts from an initial reactive maintenance strategy (corrective maintenance) to regular preven-

tive maintenance and then to predictive maintenance [9, 24]. Corrective maintenance focuses on the repair of failed equipment and has a
hysteresis. Preventive maintenance advocates the implementation of
regular maintenance activities for complex systems; the purpose of
which is to prevent or reduce equipment failures and improve equipment reliability [10, 19]. Formulating correct maintenance plans in
advance is difficult owing to the immaturity of current research on
prognostic technology, resulting in increased maintenance costs and
resource wastes. Regular maintenance strategy based on the running
time of equipment could hardly meet the current production demand.
The maintenance strategy based on the prediction of health states of
operational equipment has gradually attracted extensive attention
from scholars [12]. The development of sensing technology and data
processing technology provide rich information for reliability assessment and condition based maintenance [1, 2, 23]. Some scholars
proposed imperfect maintenance decisions based on the monitoring
of equipment degradation states in manufacturing systems [29, 32].
However, most of the above studies only considered the operating
condition of the component and ignored the reliability of the system.
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Reliability centered maintenance (RCM) theory is widely used for
maintenance requirements and the reliability analysis of the system
[3, 14, 25]. Yu [30] established a reliability model based on life estimation and then proposed an RCM scheme to guide maintenance
decisions. Li [20] considered the impact of maintenance activities
on component reliability and proposed a dual-objective maintenance
optimization method. Qiu [26] used the availability model of the system to obtain the optimal imperfect maintenance strategy. Most of
the above RCM studies only focus on the reliability information of
components, ignoring the performance state and reliability of the entire system.
From a perspective of systems engineering, the maintenance activities of manufacturing systems are also closely related to production
scheduling and product quality [15]. In recent years, researchers have
developed many integrated models of maintenance, production, and
quality [4, 11]. Considering the relationship among the three, preventive maintenance strategies for multistage manufacturing systems are
proposed [5, 6, 13]. The development of intelligent manufacturing
modes has made the manufacturing system exhibit structural complexity and performance polymorphism. Considering the functional
dependencies of components, Han [16] proposed a remaining lifedriven predictive maintenance method for multistate manufacturing
systems. Zhao [33] proposed a risk-oriented integrated maintenance
optimization method considering the quality loss of work in process
(WIP) in multistate manufacturing systems. However, most existing
methods for the reliability assessment and maintenance decisionmaking of multistate manufacturing systems are based on system- or
equipment-level performance degradation data. As a result, most of
the operational quality data available to characterize the functional
state of a manufacturing system are underutilized. Network theory
is widely used to organize operational quality data for the reliability
assessment of complex multistate systems [21]. Chen [7] and He [17]
proposed an extended state task network and an extended stochastic
flow network, respectively, to simplify the operation of manufacturing
systems. However, the operating mechanism and functional characteristics of the manufacturing system are ignored; therefore, the realtime operating state of the manufacturing system cannot be reflected,
and the maintenance activities cannot be guided scientifically.
Maintenance quality as an evaluation index of maintenance effect is often used to guide the optimization of maintenance strategy.
As the quality requirement of modern manufacturing changes from
“conformity” to “fitness,” maintenance quality evaluation should be
carried out from the perspective of fitness quality. Most maintenance
models ignore the uncertainty of maintenance quality [22]. Existing
ones are limited to the maintenance effect evaluation through the establishment of an evaluation index system, which has a certain degree
of subjectivity [18]. Most evaluation methods focus on the relevant
performance indicators of the equipment during and after the maintenance process and rarely pay attention to the precursor indicators
before failure occurs. In this case, taking scientific maintenance
measures in advance to prevent the occurrence of failure is difficult.
Maintenance resources should also be considered as an important
factor affecting the recovery of system performance [8]. Therefore,
introducing a maintenance quality evaluation method driven by the
operation health state of the manufacturing system on the basis of operational quality data for optimal maintenance decisions under limited
maintenance resources is needed.
A mission reliability–driven maintenance approach for multistate
manufacturing systems based on the quality stochastic flow network
(QSFN) is proposed in this paper to solve the above problems. The
main contributions to this article are as follows.
(1) Considering the operational mechanism of manufacturing
systems, the connotations of the mission reliability and maintenance quality of multistate manufacturing systems are proposed.
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(2) A QSFN model is proposed as a tool to simplify the operation
process of the multistate manufacturing system, and a mission
reliability modeling method is proposed based on QSFN.
(3) A mission reliability–centered maintenance quality evaluation method for multistate manufacturing systems is proposed
based on QSFN and RCM, and an optimal integrated maintenance strategy is further obtained.
The rest of this article is organized as follows. Section 2 introduces
the new connotations of mission reliability and maintenance quality, which take into account the operating mechanism and functional
characteristic of the manufacturing system. Section 3 discusses the
optimization of maintenance strategies of the multistate manufacturing system on the basis of mission reliability–oriented maintenance
quality modeling. Section 4 verifies the effectiveness of the proposed
method, and Section 5 gives the conclusions.

2. Basics of maintenance quality for manufacturing
systems
2.1. Connotation of mission reliability of multistate manufacturing systems
The operating mechanism of a manufacturing system is shown in
Figure 1. The goal of the manufacturing system is to convert the input
material into an output product according to the requirement of the
production task. With the prevalence of small batch custom production mode, the variability of production tasks, the polymorphism of
the machine performance and product quality promote the polymorphism of the performance state of a manufacturing system. The performance state of its components will inevitably decline during task
execution. On the one hand, the performance of the manufacturing
system degrades, resulting in failures that will cause production disruptions and orders not being delivered on time. On the other hand,
the degradation of the performance of the processing machine will be
reflected in the quality deviation of the WIP, which is transmitted to
the downstream station with the material flow and eventually leads to
the quality deviation of the product. The quality state of products can
be guaranteed by monitoring the key quality characteristics (KQCs)
of the product.
Different tasks require different processing techniques, resulting in
different system structures. The basic reliability of a manufacturing
system over the life cycle is determined, but its mission reliability
under different task requirements is variable. In addition, the recovery
level of mission reliability is different under the intervention of different maintenance strategies as shown in Figure 2. Therefore, mission
reliability assessment is superior to basic reliability in characterizing
the operating state of a manufacturing system.
The production task requirements of the manufacturing system
can be understood as the production of a specified number of qualified products within a specified time. Therefore, the mission reliability of manufacturing systems can be described by the evolution of
the performance states of the manufacturing system in state space.
The performance state of the manufacturing system can be further
described as the maximum number of qualified output products of
the manufacturing system under specified conditions. Correspondingly, as a component of the manufacturing system, the performance
state of the processing machine is defined as the maximum production
load that can be carried under normal working conditions. Therefore,
depending on whether the performance state of the machine meets
the requirement of the production task, the performance state of the
machine can be divided into two mutually exclusive subsets. When
the processing machine is within the acceptable subset, the machine
is considered capable of completing production tasks; otherwise, the
machine is considered unable to complete production tasks.
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The performance state of the machine can be thought of as a random process in time t. The performance state set can be defined as
Si = si ,1, si ,2 ,..., si , ki , which is composed of random variables. At
any time, the corresponding state probability vector set of machine
k
i is Pi (t ) = pi ,1 (t ), pi ,2 (t ),..., pi , ki (t ) and ∑ ji=1 pi , j (t ) = 1 . The mission reliability connotation of a manufacturing system can be defined
as a set of acceptable states for a manufacturing system to satisfy task
requirements under specific conditions and within a specified running
time. Assuming that the machines are independent of each other, the
mission reliability at any time is:

{

}

{

}

N ki

Rm (t ) = ∏ ∑ pi , j (t )1( si , j ≥ ti )
i =1 j =1

(1)

where 1(x) is the discriminant function, that is, 1(true) = 1 and
1(false) = 0. ti is the task requirement for production machine i.

incorporating mission reliability into RCM is needed to guide the
maintenance of multistate manufacturing systems.
From the perspective of fitness quality, maintenance is performed
for the prevention and repair of the physical and functional failures
of multistate manufacturing systems. In other words, through maintenance, the performance of the equipment can be restored, and the
manufacturing system can normally complete production tasks by
producing a certain number of products that meet the quality requirements. Mission reliability considers the functional characteristics of
the manufacturing system, reflects the operational state of the manufacturing system, and provides a reference for maintenance decision.
Therefore, the maintenance quality evaluation of manufacturing systems should also focus on the ability of maintenance activities to restore the mission reliability of manufacturing systems. Based on this
analysis, maintenance quality can be defined as the degree that the
mission reliability of the manufacturing system after maintenance
reaches the expected mission reliability level within acceptable cost
and time under the intervention of maintenance activities.

Fig. 3. Schematic diagram of RCM-oriented maintenance for multistate manufacturing systems

Fig. 1. Operating mechanism of the multistate manufacturing system

Based on the above analysis, maintenance quality reflects the effect of maintenance activities. When the mission reliability of the
manufacturing system deteriorates to a certain extent, maintenance
activities (including predictive and corrective maintenance) are needed to restore the performance of the manufacturing system. According
to the maintenance quality requirements and maintenance resource
constraints (cost), the optimal maintenance strategy can be obtained
through RCM modeling to guide the maintenance activities of manufacturing systems to ensure the stability of the mission reliability of
multistate manufacturing systems.

2.3. QSFN model of a multistate manufacturing system

Fig. 2. Mission reliability of the manufacturing system under different production tasks and maintenance activities

2.2. Principle of RCM-oriented maintenance for multistate
manufacturing systems
According to the operation mechanism of manufacturing systems,
maintenance decision-making should be based on the real-time operation state of the manufacturing system. As shown in Figure 3, mission
reliability integrates production machine performance state, production task execution state, and product quality state. It can characterize
the operating state of multistate manufacturing systems. Therefore,

Stochastic flow network (SFN) is widely used in the evaluation
of network reliability. In fact, a manufacturing system can also be
viewed as a SFN to represent its running process. According to the
input–output characteristics (production task and product quality) of
the manufacturing system, a QSFN is proposed to characterize the
evolution of the mission reliability of the manufacturing system. The
QSFN can clearly indicate the quantity and quality states of WIPs
under different production task requirements
The QSFN model of a simple manufacturing system is shown in
Figure 4. The simple manufacturing system with rework process is
shown in Figure 4a. It is abstracted into a QSFN model as shown in
Figure 4b. The QSFN describes the flow of materials in the manufacturing system and reflects the change in the quality states of the
products. The QSFN can be used for mission reliability modeling by
supplementing the parameters below.
According to graph and network theory, the relevant definitions of
the QSFN are given as follows.
Definition 1: Quality states ( sqij ). It represents the quality inspection results of the raw material, semi-finished products, and finished
products (represented by rectangles). It includes three types: acceptable state ( sqi1 ), reworkable state ( sqi 2 ), and discarded state ( sqi 3 ).
Only sqi1 can be accepted by downstream machines, and sqi 2 appears only in reworkable machines.
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(1) All the nodes are highly reliable. Only the arc is considered
in this paper.
(2) The flow of capacity for each arc follows the Markov process, and the transition intensity matrix is known.
(3) The capacity of each arc is independent of each other.
(4) A product is only allowed to be reworked once and can only
be reworked by the machine where it was first produced.

3. RCM-oriented maintenance approach for multistate manufacturing systems
3.1. Quality-oriented mission reliability–centered maintenance framework

Fig. 4. QSFN model of a simple manufacturing system

Definition 2: Task (T). T = {t1, t2, …, tn} represents the task requirement set, including the output quantity and quality requirements
of the node machine. Once the task requirements are determined, the
manufacturing system structure is also determined. ti represents the
task requirements for machine i under the total task requirement.
Definition 3: Machine performance states (S). The performance
state of the machine is divided into several discrete states to simplify
the calculation. The performance state of machine i is represented by
Si = {Si,1, Si,2, …, Si,ki}, where si ,1 and si , ki represent the best and worst
states of machine i, respectively, and ki represents the number of all
possible states of machine i. The state probability vector of machine
k
i is P (t )i = pi ,1 (t ), pi ,2 (t ),..., pi , ki (t ) , ∑ ji=1 pi , j (t ) = 1 . Given that
the machine performance state follows a Markov process for machine
i, the Markov transition intensity matrix of its performance state can
be expressed as:

{

}

λ(N , N −1)
 λ(Ni , Ni )
i i

λ
λ
 (Ni −1, Ni ) (Ni −1, Ni −1)

Xi = 


 λ
λ
(2, Ni −1)
 (2, Ni )
 λ
λ
(1, Ni −1)
 (1, Ni )

λ(N ,2 )
λ(N ,1) 
i
i

 λ(N −1,2 ) λ(N −1,1) 
i
i





λ(2,1) 
 λ(2,2 )
λ(1,2 )
λ(1,1) 




(2)

where λ(N , N ) is the transfer strength parameter. For any time t, the
i i
probability that machine i is in any performance state can be represented by vector Pi(t). The state probability vector of the processing
machine at any time t can be obtained by the Kolmogorov equation:
dpi (t )
dt

= pi (t )λ

(3)

Definition 4: QSFN model. It can be denoted as QSFN = (M, S, T,
Q, N), which is a five-variable equation. M = {m1, m2, …, mN} is the
set of arcs, and N is the number of machines. S = {s1, s2, …, sN} is the
set of flow through each arc. pij represents the proportion of materials
with quality states sqi1 of total materials transferred from machine i
to downstream machine j. Similarly, Q = {qi1, qi2, qi3} is a proportion
set representing the proportion of machine i outputting WIP with the
quality states sqi1, sqi2, and sqi3, respectively.
This paper proposes the following assumptions about the QSFN
model to facilitate subsequent modeling and simplifying calculations:
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On the basis of Section 2, a quality-oriented mission reliability–centered maintenance framework for multistate manufacturing systems is established as shown in Figure 5.
When the task requirements are given, the manufacturing
process is determined through products’ KQCs, including the
related machines that make up the manufacturing system. The
subtask of each machine are determined by the reverse decomposition of the general tasks. Furthermore, according to the
current state of the machine, the QSFN is established to obtain
the mission reliability of a single machine. Finally, the mission reliability of the manufacturing system is obtained by mapping relation.
When maintenance activities are involved, the mission reliability of
one or several machines will change accordingly, which will affect
the mission reliability of the whole manufacturing system. Therefore,
the maintenance quality of the manufacturing system can be obtained
on the basis of mission reliability variation. The optimal maintenance
strategy is proposed considering the economic cost and maintenance
quality.
The detailed steps are shown in Figure 5. A brief description of each
step is detailed as follows.
Step 1: Collect quality data. This step is to prepare for QSFN
modeling. Relevant operational quality data, failure, and maintenance
data are collected. Production task is determined, including the quantity and quality of products. The KQCs of products are determined
according to the task requirement. Accordingly, the related manufacturing processes and production machines are identified through mapping and decomposition processes.
Step 2: Establish the QSFN model. The output quality state of
each machine is identified by analyzing the quality state of the WIP
produced by the machine. According to the production mode determined by task requirements, the proportional set (the qualification
rate of each machine qi1 and the flow transmission probability pij
between machines) is calculated. The Markov state transition matrix
of the machine is determined based on the historical fault data and
maintenance data. The state probability function of the machine is
based on the Kolmogorov differential equation. The evolution of the
production task between the machines of QSFN is used to obtain the
subtask requirement of each machine based on reverse transmission.
Step 3: Calculate the mission reliability of the manufacturing
system. The minimum input flow is calculated based on the input–
output relationship and task requirements. Then, whether the input
flow required by subtasks meets the capacity constraint of each machine is checked. If it does not meet the capacity constraint, the production task cannot be completed, Rm = 0; if it meets the capacity
constraint, the subtask is completed with a certain probability. Then,
the minimum performance state of the machine is obtained. The state
probability function of machines is updated. On the basis of previous steps, the probability that the machine performance can provide
greater than or equal to the minimum performance state is calculated.
Then, the subtask reliability of each machine is calculated. The mission reliability model of manufacturing system is evaluated on the
basis of the logical relationship between machines.
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 x
n- x
Pr {X s = x qi1}=   q ix1 (1- qi1 )
n

(4)

where qi1 is the qualified product rate, and x = 1, 2, …, n represents
the amount of qualified products
According to statistical principles, the qualified product rate ranges
from 0 to 1 and obeys the beta distribution, Beta(a, b). Therefore, we
can use the standard beta distribution as the prior distribution and use
Bayesian estimation to estimate it. Then, the standard beta distribution is:
π ( pi1 ) =

Γ (a + b )

Γ (a )Γ (b )

b −1

q ia1−1 (1- qi1 )

,0 < qi1 < 1

(5)

Then, the likelihood function containing the qualified information
of the WIP is:
n- x

L(qi1 ) = Cnx q ix1 (1- qi1 )

(6)

Therefore, the posterior distribution of the qualified rate of the
work in process is:
π (qi1 | x) ∝ L(qi1 ) ⋅ π (qi1 )

(7)

After simplification,
π (qi1 | x) =

Γ (a + b + n )

Γ (a + x )Γ (b + n − x )

b + n − x −1

q ia1+ x −1 (1- qi1 )

,0 < qi1 < 1   (8)

Finally, the mathematical mean of the posterior expectation is estimated as:
qˆi1 = E (qi1 | x) =

Fig. 5. Mission reliability–centered maintenance framework

Step 4: Measure the maintenance quality of manufacturing system. The initial mission reliability can be determined according to
design specifications and production requirements. The mission reliability before and after maintenance can be calculated based on the
QSFN model. The maintenance quality of a manufacturing system
can be quantified considering the recovery time and effect.
Step 5: Optimize manufacturing system maintenance decisions.
The optimal preventive maintenance decisions are outputted based on
the evaluation results of the maintenance quality of the manufacturing
system and with consideration of maintenance costs.

The qualification rate of the WIP produced by a machine is a key
parameter reflecting the quality of the manufacturing process. It can
be expressed as the probability of the measured value of the sample
within the design threshold range of any inspection batch under the
current machine performance state. It represents the probability of the
current state of the WIP within sqi1, namely, qi1.
Assuming that a certain number samples are selected to do independent observation, the qualification of the WIP obeys a binomial
distribution. If the total number of trial samples is n, then the conditional probability of x qualified products when given qi1 is expressed
as:

(9)

3.2.2. Calculation of mission reliability under task T
The input amount of raw materials should be determined first to
ensure the normal delivery of orders and meet the minimum requirements of production tasks. The quantitative relationship between the
input and output flows of each arc in the QSFN model is expressed
as:

3.2. Mission reliability evaluation based on the QSFN model
3.2.1. Quantification of product quality states

a+x
a+b+n

miI = ∑ miO−1qi −1,1 pi −1,i

(10)

miO = miI qi1

(11)

where miI denotes the minimum input flow of machine i under production task T, miO denotes the output flow of machine i under production task T.
The quantitative relationship between the flow variation of the arc
in a general manufacturing process is represented by Equation (12),
and the quantitative relationship between the flow variation of the arc
with the rework process is expressed by Equation (13):

(mi,1

mi ,3 )= mi −1,1 (qi1 qi 3 ) pi −1,i
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(mi,1

mi ,2

q p
mi ,3 )= (mi −1,1 mi ,2 ) i1 i −1,i
 qi1

qi 2 pi −1,i
0

0 
 (13)
qi 3 

According to the input–output relationships of the manufacturing
system, the minimum input flow can be obtained as:
I=

T
N

Φ (r )∏ p j , j +1qi1

(14)

j =1

where T is the minimum amount of final product required by the production task, and r is the serial number of the machine which has a
rework process. When the system has no rework process, Φ (r ) = 1 ;
otherwise, Φ (r ) = ∏ (1 + pr 2 qr 2 ) .

Fig. 6. Mission reliability of the manufacturing system before and after maintenance

Once I is obtained, the input and output flows of each arc can be
calculated. Whether the input flow meets the capacity constraint of
each machine is checked in the QSFN.
The task load of each machine is determined when given a production task T. According to the definition of mission reliability from the
perspective of flow conservation, the mission reliability of machine i
is expressed as:

R0 is the initial given mission reliability of the manufacturing system
at time t0; Rb(t) is the mission reliability when the system needs maintenance, that is, the mission reliability threshold for maintenance;
and Rf(t) is the maximum achievable level of mission reliability after
maintenance and is equal to the initial mission reliability of the manufacturing system (R0). The manufacturing system can be restored to
any level of mission reliability between the residual and “as old” mission reliability, which is shown by Rf,(t) and Rf’,(t).
Based on previous analysis, the measure of the maintenance quality
of a manufacturing system should reflect the ease of recovery work
and the performance level achievable after restoration. These requirements imply that maintenance quality is a measure of the duration
of the restoration process and the achievable mission reliability after
restoration. Therefore, taking into account the recovery degree and
recovery time of the manufacturing system at the same time, maintenance quality can be calculated by the formula:

r

{

Ri = Pr Si ≥ miI

{

}

(15)

}

Obviously, Si ≥ miI is the set of acceptable states for processing
machine i; therefore, based on Equation (1), mission reliability can be
expressed as:
N ki

Rm (t ) = ∏ ∑ pi , j (t )1( Si ≥ miI )
i =1 j =1

(16)
Qm (t ) =

For a series system, the mission reliability of the manufacturing
system based on the logical relationship of each processing machine
in the manufacturing system is:

N

Rm (t ) = ∏ Ri (t )
i =1

(17)

3.3. Maintenance quality evaluation model based on mission reliability
The maintenance quality of the multistate manufacturing system
can be quantified with the aid of mission reliability. When the machine performs the task, the performance of the machine will degrade; therefore, the mission reliability of the entire manufacturing
system will also decline, regardless of the system being damaged and
interrupted. When the mission reliability of the manufacturing system drops to an unacceptable level, maintenance actions are taken to
restore the performance of the manufacturing system. Maintenance
activities and repair effects are different owing to the different degradation rates of different components. The mission reliability of repaired components will be restored to varying degrees. The mission
reliability of restoration is assumed to reach any desired level between
the residual reliability before repair and the reliability before degradation. Here, the achievable reliability after restoration is limited to the
level of maintenance rather than renewal or replacement.
A manufacturing system operating at a given mission reliability
level while taking into account the effects of degradation due to aging
was considered. The case described here is shown in Figure 6, where
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R f ′ (t ) − Rb (t )
R0 − Rb (t )

(18)

where Qm(t) represents the maintenance quality of the manufacturing
system, R f ′ (t ) ∈  Rb (t ), R f (t )  , when the manufacturing system can
be restored to “as new,” R f ′ (t ) = R f (t ) = R0 .

3.4. Maintenance strategy optimization for multistate
manufacturing systems
Scientific maintenance strategy is beneficial to ensure high maintenance quality under limited economic cost and thus improves the
stability and reliability of manufacturing systems. In addition, equipment downtime can be reduced, the quality level of output products
can be guaranteed, and production costs can be reduced by optimizing the maintenance strategy. Therefore, the optimization goal of the
maintenance strategy is minimizing comprehensive cost under the
constraints of maintenance quality and mission reliability.
During the operation of manufacturing systems, maintenance cost
considers three parts: (1) corrective maintenance costs (c1), (2) predictive maintenance costs (c2), and (3) manufacturing equipment production capacity loss (c3). Here, the worst state of the machine is regarded as a failure state. The values of relevant parameters regarding
maintenance costs can be obtained with the help of the manufacturer.
(1) Corrective maintenance costs (c1)
Various random failures will inevitably occur when the machine
performs production tasks. Corrective maintenance is a maintenance
activity aimed at restoring such failures. Obviously, the corrective
maintenance cost of the machine (the cost incurred) and the number
of random failures within this period of time have a linear relationship
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within a certain period of time. Therefore, the corrective maintenance
cost within the specified production task can be expressed as:

manufacturing system maintenance optimization model for maintenance quality assurance is:

E t

ε
c1 = cr  ∑ ∫ l λl dt + ∫ λE +1dt 
0
0
 l =1


Minimum CT = c1 + c2 + c3

ε =T −

E

∑ tl

l =1

− Eτ ′

(19)
subject to:
(20)

(21)

(3) Manufacturing equipment production capacity loss (c3)
During the production process, downtime due to equipment failures
or predictive maintenance activities will cause the loss of processing
capacity in addition to maintenance costs. That is, the manufacturing
system caused by the interruption of production cannot produce the
loss of the original normal profit. This loss has a linear relationship
with the downtime of the manufacturing equipment during the execution of the task, which is expressed as follows:
 E +1 t

c3 = α C p  ∑ τ ∫ l λl dt + Eτ ′ 
0
 l =1

K

τ = ∑ δ eter

(22)

(23)

e =1

Among them, α represents the cost of the loss of production and
processing capacity per unit, Cp represents the loss of production and
processing capacity per unit time, and τ represents the expected equipment downtime caused by a single equipment failure. The downtime
caused by different failure modes are different; therefore, the value of
τ can be obtained according to the proportion δe of different failure
modes and the accumulation of the corresponding downtime ter .
Hence, the final cost is:
CT = c1 + c2 + c3

M gj

R (t ) = ∏ ∑ pi , j (t )1( si , j − CtIi ≥ 0) ≥ Re
i =1 j =1

where E+1 represents the number of predictive maintenance cycles
generated during the predictive time period T, and E represents the
number of predictive maintenance cycles that occurred during this
t
time period. ∫ l λl dt represents the number of equipment failures in
0
the l predictive maintenance cycle. ε, called the remaining time, is the
time interval from the end of the last predictive maintenance activity
to the end of the predictive time period; it is the length of the E+1th
predictive maintenance cycle. τ′ represents the length of equipment
downtime caused by a single predictive maintenance activity.
(2) Predictive maintenance costs (c2)
Predictive maintenance activities are those that enterprises actively
carry out based on the operating states of the manufacturing system
and aim at ensuring the mission reliability of the manufacturing system. Predictive maintenance activities are carried out when the operating states of the machine of the manufacturing system drops to the
preset mission reliability threshold. The predictive maintenance cost
depends on the number of predictive maintenance activities within the
specified production task time T. This article assumes that the cost of
each predictive maintenance activity is constant, and cpm represents
the cost of a single predictive maintenance. The predictive maintenance cost incurred during the cycle can be calculated as follows:
c2 = Ec pm

(25)

(24)

Assuming that the minimal expected mission reliability level is Re,
and the minimum expected maintenance quality level is Q0, then the

Qm =

R f ′ (t ) − Rb (tb )
R0 − Rb (tb )

≥ Q0

(26)

pi , j (t ) ≥ 0
The comprehensive cost of the manufacturing system maintenance
is minimized under the constraints of mission reliability and maintenance quality, therefore determining the most reasonable maintenance
threshold, and further guiding the improvement of maintenance strategies.

4. Case study
4.1. Background
As a key component of the receiving system, the quality of the
flow receiver directly affects the power supply efficiency and effect
of the subway locomotive. A stable and reliable flow receiver is the
premise to ensure the power and safety of the subway. However, how
to reasonably arrange maintenance activities to ensure the stability of
the flow receiver’s operating state is still a puzzle for many subway
manufacturers. Therefore, the proposed method is applied to a flow
receiver producer. The application result provides a reference for its
predictive maintenance. The manufacturing process of the flow receiver is shown in Figure 7. The complex manufacturing process and
high-performance requirements make the reasonable maintenance of
the flow receiver manufacturing system a prerequisite to ensure the
stable completion of production tasks. Therefore, the maintenance
quality analysis based on the mission reliability analysis of the manufacturing system is an effective way to promote the optimization of
the maintenance strategy. Therefore, the key process corresponding
to the equipment M1, M2, M3, M4, and M5 and the manufacturing
system comprised by these equipment are used as the research objects
according to the design specification and expert analysis of the flow
receiver to simplify the modeling and calculation.

4.2. Numerical example
This chapter introduces the step-by-step application of the proposed
method based on Section 3. The proposed method has been verified
by the application of subway flow receiver.
Step 1 Collecting quality data
Based on the design principle of the flow receiver and expert analysis, the key process of the flow receiver manufacturing system is
analyzed by using the axiomatic mapping theory, and the key quality characteristics (KQCs) of the flow receiver and the corresponding
manufacturing process and production machine are obtained, as shown
in Table 1. Relevant quality data and parameters for maintenance
modeling can be obtained from the flow receiver manufacturer.
Step 2 Establishment of the QSFN model
The manufacturing system of the flow receiver can be characterized by five machines based on Table 1, where M2 has a rework process. Therefore, the quality states of M2 are sq21 , sq22 , and sq23 , and
the quality states of the other machines are sqi1 and sqi 3 (i = 1, 3, 4, 5).
Given that the production line of the flow receiver manufacturing system has no branch, pij = 1. The performance state Si and qualified rate
sqi1 of each machine are shown in Table 2.
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Fig. 7. The manufacturing system of the flow receiver

The QSFN model of the flow receiver is established on the basis of
the previous steps as shown in Figure 8.
The state transition intensity matrices of the machines are:
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The state probability function of each machine at any time t can be
calculated based on (3).
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Fig. 8. QSFN model of the flow receiver manufacturing system
Step 3 Mission reliability modeling of the flow receiver manufacturing system
The task requirement of the flow receiver manufacturing system
is T=150/day, and the minimum input flow of each machine can be
obtained by Equations 10–14.
m1I = I =

T
k

Φ (r )∏ p j , j +1qi1

= 188.949

j =1

Table 1. KQCs of the flow receiver
Manufacturing process
Cutting

Wire electrical discharge machining

Grind the outer circle

Fine boring shaft hole
Grind the end face
Welding
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Processing machine

Machine ID

KQC

Specifications
r1± 0.05

M1

Smoothness

Centerless grinder

M3

Diameter

φ2 = 12.19+−00..005
01

Special welding machine

M5

Weld length

d2 ± 0.04

Fine boring machine
Surface grinder

M2
M4

Coaxiality
Length
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φ1 = 0.15

74 ± 0.01

Table 2. Performance state data of machines

sqi1

Machine

State Si
0

Machine

sqi1

State Si
0

70

M1

0.96

140
210

280

45
M4

90

0.97

135
180

350

225

420

270

0

0

65

M2

0.94

130

195
260

50

M5

100

0.93

150
200

325

250

390

300

0

65

M3

0.92

130
195
260
325
390

m2I = 181.391 + 10.883 = 192.274

5

Rm ( t ) = ∏ Ri ( t ) .
i =1

m3I

= 180.738

m4I = 166.279
m5I = 161.291
The set of acceptable states of each machine that meets the mission
requirements includes s1,j ≥ 210, s2,j ≥ 195, s3,j ≥ 195, s4,j ≥ 180, and
s5,j ≥200. The subtask reliability of each machine is:

{

}

{

}

{

}

{

}

{

}

R1 ( t ) = Pr s1, j ≥ 210

R2 ( t ) = Pr s2, j ≥ 195
R3 ( t ) = Pr s3, j ≥ 195

R4 ( t ) = Pr s4, j ≥ 180
R5 ( t ) = Pr s5, j ≥ 200

The mission reliability of the flow receiver manufacturing system
can be obtained on the basis of the system logic relationship:

Step 4 Maintenance quality evaluation of the flow receiver
manufacturing system
The maintenance quality of the flow receiver manufacturing system can be calculated using (18).
Step 5 Maintenance strategy optimization for the flow receiver
manufacturing system
The comprehensive maintenance cost can be calculated using
Equations 19–25. Under the premise of guaranteeing the maintenance
quality, the optimal mission reliability threshold of the flow receiver
manufacturing system can be obtained using (26) by analyzing the
mission reliability thresholds before different maintenance activities
and the corresponding comprehensive costs.

4.3. Results and discussion
(1) Result analysis
In Section 4.2, the mission reliability of the flow receiver manufacturing system is determined based on a given task. Figure 9a represents the subtask reliability of each machine, and Figure 9b represents
the mission reliability of the entire manufacturing system. According
to the definition of maintenance quality, the variation trend of three
types of cost (c1, c2, and c3) and total cost with the mission reliability
threshold of each machine can be obtained as shown in Figure 10.
Taking machine 1 as an example, its minimum acceptable maintenance quality Q0 = 0.04. As shown in Figure 10a, the corrective maintenance cost gradually decreases, the predictive maintenance cost
gradually increases, and the production capacity loss during the maintenance period initially decreases and then increases with the increase
in mission reliability threshold. This outcome is due to low mission
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reliability threshold, in which frequent failure leads to frequent corrective maintenance, increased machine downtime, and increased
production capacity loss. The requirement of machine performance is
raised, the probability of random failure is reduced, and the corrective
maintenance cost and production capacity loss decrease correspondingly with the increase in mission reliability threshold. However, the
preventive maintenance activities and costs will increase, the downtime of the machine will increase, and the production capacity loss
will increase accordingly as the mission reliability threshold increases
to guarantee the healthy operation of the manufacturing system.
Therefore, the optimal maintenance strategy can be obtained by
adjusting the mission reliability threshold. As shown in Figure 10f
for machine 1, the minimum cost is 137300 when the mission reliability threshold is 0.974. In other words, when the minimum acceptable
maintenance quality is 0.4, the optimal mission reliability threshold
for maintenance for machine 1 is 0.974.
a)

b)

Second, assuming that the machine’s performance state is determined under a given task requirement, the change trend of the system’s mission reliability under different levels of qualified rates is as
shown in Figure 11b, because the high qualified rate will reduce the
amount of input flow for the same amount requirement of the product
under task T.
The change trends of three curves in Figure 11b show that a high
qualified rate contributes to the increase in mission reliability levels.
Third, the total maintenance costs of the manufacturing system
under different mission reliability thresholds are analyzed as shown
in Figure 12. The total maintenance cost initially decreases and then
increases when the mission reliability threshold increases. This outcome is because when the mission reliability threshold is low, the
manufacturing system’s performance takes a long time to degrade to
the preventive maintenance threshold during the long cycle; frequent
corrective maintenance will be needed, and the maintenance cost will
be high. The number of predictive maintenance becomes higher and
the maintenance interval becomes shorter with the improvement of
predictive maintenance threshold. The number of corrective maintenance required is reduced and the cost decreases accordingly owing to
the high mission reliability of the system. However, when the maintenance threshold is high, the maintenance interval will be shorter,
and the maintenance costs will increase as the number of preventive
maintenance increases.
In addition, when the mission reliability threshold is given, the
maintenance cost of the manufacturing system will increase with the
improvement of maintenance quality threshold as shown in Figure
12. This outcome is because the improvement of maintenance quality
threshold means higher requirements for the mission reliability recovery level of the system after maintenance. Therefore, investing more
economy to improve the maintenance effect is necessary, and the corresponding maintenance cost will be higher.
According to the above analysis, the most economical and effective maintenance strategy can be determined by adjusting the mission
reliability threshold that meets the maintenance quality requirements,
which is beneficial to support the manufacturer to make optimal maintenance decisions.

5. Conclusions

Fig. 9. Mission reliability model for the flow receiver manufacturing system:
a) mission reliability model of each machine, b) mission reliability
model of the overall manufacturing system

(2) Sensitivity analysis
The MATLAB software is adopted to explore the effect of critical
factors on the manufacturing system’s mission reliability and maintenance strategy as shown in Figure 11.
First, assuming that the qualified rate and performance state of
each machine is constant, the mission reliability of the manufacturing
system under different task requirements varies with time as shown
in Figure 11a.
With the increase in task requirement, the input flow of each machine increases accordingly, under a given performance state, and the
number of failures that allowed for the machine is reduced, which
results in the decrease in the mission reliability of the manufacturing
system.
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In this paper, a mission reliability–centered maintenance approach
is proposed, which provides valuable reference for the optimization
of maintenance strategies. According to the operation mechanism of
manufacturing systems, a new connotation of the mission reliability
of the manufacturing system is put forward considering the functional output characteristic of manufacturing systems. Then, the QSFN
model is proposed to characterize the operation process of manufacturing systems, which comprehensively analyzed the relationship between the task execution state, the machine performance state, and the
product quality state. A mission reliability evaluation method based
on the established QSFN was proposed to characterize the operation
state of the manufacturing system. A new connotation and modeling
method of maintenance quality with the aid of mission reliability are
proposed based on the RCM theory. Finally, an optimization method
for maintenance decisions is proposed based on the mission reliability
and maintenance quality modeling. The proposed method provides
guidance for manufacturers to make better maintenance decisions.
The following directions can be discussed and expanded in future
research to further improve the maintenance quality modeling and
optimize the maintenance strategy of the multistate manufacturing
system:
1) Further mining of state data for the mission reliability modeling and maintenance quality analysis of the multistate manufacturing system;
2) Mission reliability modeling method of the multistate manufacturing system considering inventory buffer;
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a)

b)

c)

d)

e)

f)

Fig. 10. Maintenance costs of the flow receiver manufacturing system: a) three types of maintenance cost for Machine 1, b) three types of maintenance cost for Machine 2, c) three types of maintenance cost for Machine 3, d) three types of maintenance cost for Machine 4, e) three types of maintenance cost for Machine
5, f) total maintenance cost for each machine

3) Production scheduling decision of the multistate manufacturing system based on mission reliability analysis and maintenance quality analysis.
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b)

a)

Fig. 11. Sensitivity analysis of the mission reliability model for the flow receiver manufacturing system: a) mission reliability under different task requirements,
b) mission reliability under different qualified rate levels

Fig. 12. Maintenance cost CT versus mission reliability threshold Rb
under different maintenance qualities Q0
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Highlights

Abstract

• Own procedures were added to the FE model to In this paper the problem of vibration reduction is considered. Generally, mechanical vibrations occurring during the operation of a system are undesirable and may have a negative
extend the MFC actuator model.
effect on its reliability. A finite element model of a single active blade is developed using the
• The influence of the MFC hysteresis on the conAbaqus software. This structure consists of a multi-layer glass-epoxy composite beam with
trol effectiveness was tested numerically.
an embedded macro fiber composite (MFC) piezoelectric actuator. For vibration control the
• The obtained numerical results were experimen- use of a positive position feedback (PPF) controller is proposed. To include the PPF controltally verified.
ler in the Abaqus software, a special subroutine is created. The developed control algorithm
• The PPF controller can be applied to protect the code makes it possible to solve an additional differential equation by the fourth order RungeKutta method. A numerical dynamic analysis is performed by the implicit procedure. The
beam against resonance vibrations.
beam responses with and without controller activation are compared. The control subsystem
model also includes the hysteresis phenomenon of the piezoelectric actuator. Numerical
findings regarding the PPF controller’s effectiveness are verified experimentally.
Keywords
This is an open access article under the CC BY license finite element method, positive position feedback control, composite structures, hysteresis
(https://creativecommons.org/licenses/by/4.0/)
phenomenon, macro fiber composite.

1. Introduction
Composites are modern materials that have taken on an immense
significance in the 21st century. Although their applications can be
found everywhere, the most interesting are those in specialized devices. For example, helicopter rotor or wind turbines blades are made
of composite materials. Rotating elements are subjected to different
loads, e.g. those induced by variable wind speed [19]. As a result,
mechanical vibrations of the blades may be produced. Additional oscillations may affect the operating condition and reliability of a system. High amplitude-resonance vibrations can cause sudden structural
damage. These undesirable resonance regions can be detected by an
experimental modal analysis. Such modal research for small aircraft
is presented in [10]. The smaller oscillations with long-lasting are also
dangerous, because the fatigue effect can be observed. For example, a
fatigue problem analysis for a composite wind turbine blade is shown
in [5]. The reliability of modern systems requires monitoring of vibration level and its reduction under certain conditions. In paper [2]
has been shown that the vibrations reduction can significantly reduce
the dynamic loads. The obtained dynamic forces and moments were
lower when the control was activated. The above arguments confirm
that the blades dynamics should be controlled to avoid undesirable vibrations. The literature review shows a large number of dynamic and

control studies on such structures. In [18] the results of an experimental modal analysis for a real main rotor blade were presented. Natural
frequencies and vibration modes were specified for one blade from
the IS-2 helicopter. The knowledge of basic dynamic parameters is insufficient to fully evaluate the system dynamics. However, studying a
helicopter in flight is complicated and expensive. Therefore, scientists
often study the rotor with blades or single blade models. The scaled
rotors with 2, 3 or 4 blades were investigated in [17]. The authors of
the study developed an experimental stand with the most important
elements of the mechanism included. Consequently, it was possible
to vary the pitch angle of the blades during rotor rotation. This way
of modelling made it possible to study the aerodynamic properties of
the model. In [14] a more simplified model of the helicopter rotor was
presented. In this model three blades were clamped to the rotor hub. In
effect, only constant pitch angle setting during hub rotation was possible. The study evaluated the influence of the centrifugal force in natural frequencies. The authors used piezoelectric actuators attached to
the surface of the composite blades. Although in the aforementioned
study the actuators were used as excitation generators, they can also
be used to control vibration. This application for piezoelectric actuators was described in [22]. Special piezoelectric patches were embedded inside the blade structure so that they generated strains in a direc-
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tion deflected at ±45° to the spanwise axis. For such piezoelectric
actuator orientation it is possible to obtain the maximum blade torsion
control. The study has shown the effect of active twist control on vibration and noise reduction. Piezoelectric actuators of this type were
also tested in other studies. Gawryluk et al. developed a finite element
model of a blade with a piezoelectric element [7]. The modelling was
based on previous studies [14] in which static and eigenvalue problems were considered. New simulations were made in time domain
using an implicit solver. The role of the MFC actuator was limited to
that of an excitation generator. In [6] the role of the MFC actuator was
extended to vibration control. Experimental and numerical resonance
characteristics of the system with the proportional controller were
compared. The results showed significant discrepancies in the location of resonance peaks. It was found that the desired control load and
the actuator load are different. A new approach was proposed, where
both loads (desired and applied) were related by a first order inertial
term. The study showed that the correct mapping of system dynamics
had to consider the properties of a piezoelectric element. In [13] the
response of a piezoelectric actuator on changing its voltage using step
or triangular signals was investigated. This type of testing allowed for
the visualization of main nonlinear properties of PZT elements. The
results revealed the presence of creep and hysteresis. The authors proposed using the fractional order Maxwell resistive capacitor model for
modelling these effects. Kedra and Rucka suggested that piezoelectric
hysteresis could be described using different models, e.g. the Preisach
model, the Duhem model, the Backlash model, the Prandtl-Ishlinski
model, the Bouc-Wen model [9]. However, they decided to use the
Bouc-Wen model and described the methodology for identifying its
parameters. The Bouc-Wen model and its modifications were employed in many studies, for example: the identification method of its
constants from experimental data [4] and investigation of the asymmetry aspect of the hysteresis characteristic [12]. In paper [15] it was
shown that the discrepancy between desired control load and piezoelectric patch load may result not only from the actuator’s properties
but also from the properties of its amplifier. In a mathematical model,
the Bouc-Wen hysteresis model and the first order inertial term were
applied. Results showed that hysteresis may affect the effectiveness of
a selected control algorithm. For a rotating cantilever beam, different
controllers can be used. In [8] macro fiber composite actuators and
sensors were used for vibration control in a rotating blade. Vibration
reduction was ensured via the use of a positive position feedback controller. Obtained characteristics indicated the possibility of vibration
control in a specific frequency range. Generally, a single PPF controller can be used to control one vibration mode. However, the use of
several PPF controllers simultaneously leads to multimodal vibration
suppression [11]. This kind of controller outside the zone of favorable control can generate unwanted vibration. This can be avoided
by selecting optimal controller parameters, as shown in [3]. It is also
possible to use other control algorithms. Vadiraja and Sahasrabudhe
applied the optimal linear quadratic Gaussian controller to vibration
control of rotating thin-walled beams [21]. Optimal control load depends on the estimated state and control gain obtained from the Riccati equation. Generally, the procedure for voltage determination is
more complex than that for PPF control. For the purpose of this study,
PPF control was selected, owing to the simplicity of the algorithm and
the possibility of combining optimal single controllers to reduce many
vibration resonances.
This paper is a continuation of the research on the development of
an active rotor blade. Results of previous studies were published in
a series of research papers [6, 7, 14]. However, these studies did not
consider the influence of MFC actuator hysteresis on vibration control efficiency. In the finite element analysis described in this paper,
two dependencies on the desired load and that generated by a piezoelectric actuator are compared. The first order inertial term and the
Bouc-Wen model are used. The consideration of these factors requires
the creation of an appropriate subroutine for subsequent integration
steps, using the Abaqus software. The first attempts were made with

the use of Euler’s method [6]. In this study, the fourth order RungeKutta method is applied because Euler’s method was found to be
unsatisfactory. The numerical analysis has shown that hysteresis can
affect the PPF controller’s efficiency. In addition, the trends obtained
numerically were experimentally verified. This paper consists of the
following sections: FE model of an active beam, numerical results,
experimental findings, and conclusions.

2. FE model of an active beam
In this study a simplified model is considered, with one blade taken from the rotor and mounted on an electrodynamic shaker TIRA
GmbH TV501-01. The applied experimental setup is shown in Figure 1. The composite beam was made of unidirectional glass-epoxy
prepreg TVR380M12/26%R-Glass using autoclave technique. The
structure had six layers with the fiber orientation [±45/90]S. The beam
geometry was described by a total length of 350 mm (beam length
after clamping was 316 mm), a width of 34 mm, and a thickness of
1.8 mm. More details about, e.g. strength parameters, can be found in
[14]. Vibration of the composite beam was generated with a shaker.
To control the beam vibration level, an actuator and a sensor were applied. Owing to its high flexibility, the macro fiber composite actuator
was used to this end. This is a special type of actuator produced by
Smart Materials Corp., wherein the piezoelectric material fibers are
embedded in the resin and between the electrodes. With an appropriate configuration of the electrodes, it is possible to obtain the d31 or
d33 effect [20]. Since higher efficiency can be obtained using an actuator with the d33 piezoelectric effect, such MFC element (M-8528-P1)
was used. The symbol 8528 defines an active area of the actuator. It
is a rectangle with the sides 85 mm and 28 mm. The MFC patch was
attached near the clamp, and the distance between the handle and the
beginning of the active area was about 16 mm. This location was selected based on the recommendation for cantilever structures given in
[16]. Real-time control requires the use of a controller. The proposed
device is based on a digital signal processor (DSP). The desired control algorithm can be defined in a DSP controller code. Generally, the
controller output has an electric signal with a maximum voltage of
about ±10 volts. The MFC actuator must, however, be powered with
high voltage. The d33 actuators can be supplied with a voltage ranging
from 500 V to 1500 V. Therefore, a high voltage amplifier was used.
In this way, the voltage from the controller could be increased by two
hundred times.
For the proposed system, a finite element model was developed
in the Abaqus software. Based on previous research [7], the composite beam was modelled using SC8R continuum shell elements and
the layup-ply technique was used to make its individual layers. The
piezoelectric actuator was modelled using C3D20RE solid elements
that are associated with piezoelectricity properties. Generally, the
MFC actuator has a very complex structure. A simplified description
of the piezoelectric element was applied. For example, instead of real
many pairs of electrodes, the model had only one such pair. Basic assumptions of the simplifications applied were presented in [7], while
the reduced parameters of the MFC model were taken from [6]. Both
parts – the beam and the actuator, were connected by TIE interactions
[1]. Kinematic excitation was generated using mechanical boundary
conditions. The points on one end of the beam could only move vertically by the function:
zshaker = z0 sin ωt

(1)

where z0 , ω are the amplitude and the frequency of excitation, respectively.
The DSP controller modelling required the use of an UAMP subroutine. Figure 2 shows the diagram illustrating the relationship between the subroutine object and the rest of the model. Displacement
of a selected beam point was used as an input. The developed own
code was used to calculate a subroutine output. The output was a volt-
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a)

b)
Fig. 2. Scheme of the control concept in Abaqus

series were used to determine the characteristics of amplitude vibration via excitation frequency. Vertical displacement of two points on
the beam, zbeam , was measured. The first point corresponded to the
sensor location (x=60 mm). A signal from this point was necessary
for vibration control and we called it Abaqus sensor signal. The free
end of the beam (x=316 mm) was the other point. By knowing its
displacement it is possible to determine maximum beam vibration.
The absolute vertical displacement zbeam and the shaker armature
motion zshaker were used to determine beam deflection, its relative
motion w being:
w = zbeam − zshaker

c)

(2)

Obtained results were divided into three cases: for a system without
control, for a system with ideal control, and for a system with nonideal control.

3.1. System dynamics without control

Fig. 1. Scheme of the experimental setup (a) and images of an active beam
(b) and a control subsystem (c)1- electrodynamic shaker TIRA GmbH
TV501-01, 2- composite beam, 3- MFC M-8528-P1 patch, 4- strain
gauge control sensor, 5- accelerometer Piezotronics PCB352A24 for
shaker control, 6- additional accelerometer Piezotronics PCB352A24,
7- DSP controller, 8- High Voltage Amplifier Smart Materials
HVA1500/50-4, 9- external D/A signal converter.

age for powering the piezoelectric actuator. This signal was assigned
the properties of electrical boundary condition of the MFC element.
In this study, the basic code version describes the positive position
feedback control. This is a so-called ideal control case where the desired and realized MFC voltages are proportional. Code modifications
took into account additional first-order differential equations. These
equations describe specified properties of the actuator. Consequently,
the desired and the realized voltage can be different because the hysteresis phenomenon is included. More details are provided in the next
section of this paper, where selected simulation results are presented.

3. Numerical results
This section presents selected results of the numerical simulations.
In the numerical calculations, the kinematic excitation (1) with an amplitude of z0 = 1 mm was applied. The frequency was changed from
7.5 to 10.5 Hz. It was the first bending resonance zone. Obtained time
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This subsection is devoted to an analysis of the dynamics of a system without control. In this case, the controller was deactivated. Beam
vibration was induced in two ways. In the first variant, beam motion
was excited kinematically by an electrodynamic shaker. In the other
variant, the embedded MFC actuator served as a generator of beam
vibration. A comparison of the obtained resonance curves is shown in
Figure 3. It can be observed that the excitation from the shaker with
an amplitude of z0 = 1 mm produced a low-amplitude vibration of
the beam. Curves similar to those obtained for a linear oscillator can
be observed (Fig. 3a). The observed maximum vibration amplitude is
about 14% of the beam length. For the first bending mode, the resonance frequency is ω0 ≈ 57.8 rad/s (9.2 Hz).
In the second tested variant, the beam vibration was only induced by
the MFC actuator. The voltage on its electrodes, U MFC , was changed
periodically with an amplitude of 500 V. The results demonstrate that
it is possible to obtain the maximum vibration of about 55 mm. This
is very good information because it means that the piezoelectric actuator has enough power to suppress beam vibration. This assumption is
based on the fact that the maximum amplitude in the second variant
(Fig. 3b) is higher than in the first variant (Fig. 3a). Therefore, the
MFC patch load can be higher than the impact of kinematic excitation
and can thus effectively suppress beam vibration.

3.2. System dynamics with ideal control
The selected control algorithm was tested via numerical simulations. Previous studies indicate that for cantilever beams, positive
position feedback control is recommended [11]. The practical implementation of this type of control requires writing differential equation
in the DSP controller code. This control equation has the following
form:
2
Ucontrol + ωcontrol
U control + 2nU control = γ 1wsensor
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(3)

a)

b)

Fig. 4. Control signal versus supply voltage of the MFC patch

K1 = Vcontrol ,i −1
2
M1 = −ωcontrol
U control ,i −1 − 2nVcontrol ,i −1 + γ 1wsensor ,i −1

1
K 2 = Vcontrol ,i −1 + ∆tM1
2
1
1
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M 2 = −ωcontrol
 U control ,i −1 + ∆tK1  − 2n  Vcontrol ,i −1 + ∆tM1  + γ 1wsensor ,i −1
2
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K3 = Vcontrol ,i −1 + ∆tM 2
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M 3 = −ωcontrol
 U control ,i −1 + ∆tK 2  − 2n  Vcontrol ,i −1 + ∆tM 2  + γ 1wsensor ,i −1
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K 4 = Vcontrol ,i −1 + ∆tM 3
Fig. 3. Resonance characteristics of the systems without control and with excitation from: shaker (a) and MFC element (b)

where U control is the calculated control signal, ωcontrol and n are the
control parameters, and wsensor , γ1 are the signal from the sensor and
input gain, respectively. Based on the desired control signal, the voltage applied to the MFC element U MFC is calculated as:
U MFC = γ 2U control

(4)

where the gain γ 2 includes high voltage amplifier gain and control
gain. It is assumed that γ 2 = 1000 . It is an idealized control method
where both signals U MFC and U control are proportional (Fig. 4). In
a real system there may occur many additional factors that are not
considered in this description.
For the controller in question, a subroutine code was developed.
The starting point for developing this code was a study [6], where the
codes were written for the P and PD controllers with the first order
inertial term. For integration, the Euler’s method was used. The first
attempts to program the PPF controller were made by this method.
However, the Euler’s method did not yield satisfactory results. Therefore, a more complicated notation with the fourth order Runge-Kutta
method was employed. The index i is used in the code. This parameter
provides information about a moment in time, where i is the considered time, i-1 is the previous moment ( ti −1 = ti − ∆t ).
An own code based on the following dependencies was written in
the UAMP subroutine:

2
M 4 = −ωcontrol
(U control ,i −1 + ∆tK3 ) − 2n (Vcontrol ,i −1 + ∆tM 3 ) + γ1wsensor ,i −1

U control ,i = U control ,i −1 +

Vcontrol ,i = Vcontrol ,i −1 +

∆t
(K1 + 2 K 2 + 2 K3 + K 4 )
6

∆t
(M1 + 2M 2 + 2M 3 + M 4 )
6

U MFC ,i = γ 2U control ,i

(5a-5k)

where the symbol Vcontrol in the code is equivalent to U control , because leaving the dots could be ambiguous. The designations K1, K2,
K3, K4 and M1, M2, M3, M4 define the indirect calculations in the RK4
algorithm. They are employed to calculate state variables in a new
iteration. Ki and Mi are used to calculate Ucontrol, Vcontrol respectively.
The above procedures (5a-5k) are the same as the code that should
be written in the DSP controller. The simulations were performed for
the following PPF control parameters: γ 1 = 50000 s −2 , γ 2 = 1000 ,
ωcontrol = 58.12 rad/s , n = 2 rad/s . The controller natural frequency ωcontrol is related to the so-called dynamic vibration elimination point. The absence of damping (n=0) and the excitation frequency equal to ω = ωcontrol ensure that there is no beam vibration
(w=0). However, the maximum reduction in vibration at one point
( ω = ωcontrol ) results in an undesired increase in the resonances amplitudes of the system with control. In practice, a compromise has to
be found. This can be done by selecting an appropriate value of the
controller damping n. A comparison of the resonance curves for the
system without and with control is shown in Figure 5. The results
indicate the possibility of a significant reduction of beam vibration
in the resonance zone. An approximately 60% reduction in the maximum beam vibration is observed. This significant decrease in beam
vibration is accompanied by a slight increase in the vibration outside
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the resonance zone, for the excitation frequency higher than 9.6 Hz or
lower than 8.9 Hz.
a)

3.3. System dynamics with non-ideal control
In a real control system many additional effects may occur, for
example hysteresis. Therefore, the description of the control process
was extended. Based on previous studies [6, 15], two variants of modification were introduced. In the first variant, the first- order inertial
term was added:
2
Ucontrol + ωcontrol
U control + 2nU control = γ 1wsensor

(6a)

τ U MFC + U MFC = γ 2U control

(6b)

where τ is the time constant.
In [6] it was argued that Equation (6b) could be used to describe
some global properties of a control subsystem. It can be assumed
that this may result from, for example, the characteristics of a highvoltage amplifier. On the other hand, in [15] the nonlinear properties
of a piezoelectric actuator were emphasized. One way of modelling
piezoelectric hysteresis is via using the Bouc-Wen model. In the other
variant, the following model was used:

b)

Fig. 5. Comparison of the resonance curves for a system without and with
ideal control, and the results of: Abaqus sensor signal (a), free end
response (b)

2
Ucontrol + ωcontrol
U control + 2nU control = γ 1wsensor

(7a)

z = αU control − β z U control − δ U control z

(7b)

U MFC = γ 2U control − λ z

(7c)

In both of these modifications hysteresis loops can be obtained.
Examples of the shapes (Fig. 7) were simulated from (6b) and (7b-c),
for the following parameters: U control = 0.5sin (2π ft ) , f = 8 Hz ,
γ 2 = 1000 , τ = 0.0215 s , λ = 0.2075 , α = 471.4 , β = 2.38 V −1 ,
δ = 0.0326 V −1 . In the first mechanism based on Equation (6b), an
ellipse-shaped loop can be observed (Fig. 7a). In this case the loop
size only depends on the time constant τ . In the Bouc-Wen model
however, a more complex shape can be obtained (Fig. 7b). In Equation (7c) there are three parameters: α , β , δ , which can change the
loop shape. The loop size can be changed by applying a new value of
the λ parameter in Equation (7c).
The curves of U MFC versus U control are different than those obtained for ideal control (Fig. 4). An analysis of a system with hysteresis was called as a test with non-ideal control. To perform this test,
the UAMP subroutine code had to be modified.
For the first variant, Equations (6a-b), the UAMP subroutine code
includes the following dependencies:
K1 = Vcontrol ,i −1
2
M1 = −ωcontrol
U control ,i −1 − 2nVcontrol ,i −1 + γ 1wsensor ,i −1

N1 =

1
( −U MFC ,i −1 + γ 2U control ,i −1 )
τ
1
K 2 = Vcontrol ,i −1 + ∆tM1
2

Fig. 6. Resonance curves of the voltage supplied to the MFC actuator

In the simulations, the voltage from the electrical boundary condition U MFC was also measured. As a result, it was possible to determine the extent of the MFC actuator’s capability. Generally, the voltage U MFC can range from −500 V to 1500 V. For the selected control
algorithm, a symmetric voltage range from −500 V to 500 V is useful.
In this study only 45% of this range was used (Fig. 6).
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1
1




2
M 2 = −ωcontrol
 U control ,i −1 + ∆tK1  − 2n  Vcontrol ,i −1 + ∆tM1  + γ 1wsensor ,i −1
2
2






1 
1
1

N 2 =  −  U MFC ,i −1 + ∆tN1  + γ 2U control ,i −1 + ∆tK1 
τ 
2
2


1
K3 = Vcontrol ,i −1 + ∆tM 2
2
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1
K 2 = Vcontrol ,i −1 + ∆tM1
2
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M 2 = −ωcontrol
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2
2
2
2
2







1
K3 = Vcontrol ,i −1 + ∆tM 2
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2
M 3 = −ωcontrol
 U control ,i −1 + ∆tK 2  − 2n  Vcontrol ,i −1 + ∆tM 2  + γ 1wsensor ,i −1
2
2




1
1
1
1
1



 

N3 = α  Vcontrol ,i −1 + ∆tM 2  − β  zi −1 + ∆tN 2  Vcontrol ,i −1 + ∆tM 2 − δ  Vcontrol ,i −1 + ∆tM 2  zi −1 + ∆tN 2
2
2
2
2
2



 


K 4 = Vcontrol ,i −1 + ∆tM 3
2
M 4 = −ωcontrol
(U control ,i −1 + ∆tK3 ) − 2n (Vcontrol ,i −1 + ∆tM 3 ) + γ1wsensor ,i −1

N 4 = α (Vcontrol ,i −1 + ∆tM 3 ) − β ( zi −1 + ∆tN3 ) Vcontrol ,i −1 + ∆tM 3 − δ (Vcontrol ,i −1 + ∆tM 3 ) zi −1 + ∆tN3

b)

U control ,i = U control ,i −1 +
Vcontrol ,i = Vcontrol ,i −1 +
zi = zi −1 +

∆t
(K1 + 2 K 2 + 2 K3 + K 4 )
6

∆t
(M1 + 2M 2 + 2M 3 + M 4 )
6

∆t
(N1 + 2 N 2 + 2 N3 + N 4 )
6

U MFC ,i = γ 2U control ,i − λ zi

Fig. 7. Comparison of two hysteresis mechanisms. (a) first order inertial term,
(b) Bouc-Wen model

1
1




2
M 3 = −ωcontrol
 U control ,i −1 + ∆tK 2  − 2n  Vcontrol ,i −1 + ∆tM 2  + γ 1wsensor ,i −1
2
2






1 
1
1

N3 =  −  U MFC ,i −1 + ∆tN 2  + γ 2U control ,i −1 + ∆tK 2 
τ 
2
2


K 4 = Vcontrol ,i −1 + ∆tM 3
2
M 4 = −ωcontrol
(U control ,i −1 + ∆tK3 ) − 2n (Vcontrol ,i −1 + ∆tM 3 ) + γ1wsensor ,i −1

N4 =

1
− (U MFC ,i −1 + ∆tN3 ) + γ 2U control ,i −1 + ∆tK3
τ

(

U control ,i = U control ,i −1 +
Vcontrol ,i = Vcontrol ,i −1 +
U MFC ,i = U MFC ,i −1 +

)

∆t
(K1 + 2 K 2 + 2 K3 + K 4 )
6

∆t
(M1 + 2M 2 + 2M 3 + M 4 )
6
∆t
(N1 + 2 N 2 + 2 N3 + N 4 )
6

(8a-8o)

For the second tested variant, Equations (7a-c), the UAMP subroutine code includes other dependencies:
K1 = Vcontrol ,i −1
2
M1 = −ωcontrol
U control ,i −1 − 2nVcontrol ,i −1 + γ 1wsensor ,i −1

N1 = αVcontrol ,i −1 − β zi −1 Vcontrol ,i −1 − δ Vcontrol ,i −1 zi −1

(9a-9p)

Additional designations of the indirect calculations N1, N2, N3, N4
are given in Equations (8) and (9). They are used to calculate new
state variable from the hysteresis differential equation.
Simulations of the non-ideal control system were performed for
the following PPF control parameters: γ 1 = 50000 s −2 , γ 2 = 1000 ,
ω0 = 58.12 rad/s , n = 2 rad/s and two sets of hysteresis parameters.
For the model with the first-order inertial term, the values τ = 0.005 s
and τ = 0.0215 s were applied. In the Bouc-Wen model, the only
changed values were: λ = 0.2075 and λ = 0.6225 . Other parameters
were constant, i.e. α = 471.4, β = 2.38 V −1, δ = 0.0326 V −1.
A comparison of the resonance curves for a system without control
and with the first variant of non-ideal control is presented in Figure 8.
For a small time constant value of τ = 0.005 s , the characteristic is
similar to that obtained for the ideal control system (τ = 0 s). Nevertheless, some differences can be observed. The most significant change
induced by the presence of the first-order inertial term is the change in
the height of amplitude peaks. The first peak is smaller and the second
peak is larger, compared to the system with ideal control. A continuation of this trend is observed for a larger value of the time constant,
i.e. τ = 0.0215 s . Now, the first peak is much smaller (and thus cannot be detected) while the second peak is considerably higher. Based
on the data, it can be concluded that an increase in the time constant
τ significantly changes the beam dynamics. As a result, the control
efficiency is reduced.
A similar analysis was performed for the second tested variant of
non-ideal control (Fig. 9). For the low Bouc-Wen hysteresis parameter λ = 0.2075 , the characteristics are similar to those obtained for
the ideal control system (λ=0). A comparison of the resonance peaks
reveals that the Bouc-Wen model has a lower first peak and a higher
second peak than is the case with the ideal control system. The application of the larger value λ = 0.6225 changes the amplitude peak
height. The first peak cannot be detected and the second peak is much
higher. Based on the data, it can be concluded that increase in λ results in lower control efficiency.
The results obtained for the two tested non-ideal control variants
indicate similar trends. Generally, the shapes of hysteresis loops are
different for the model with the inertial term and the Bouc-Wen model. However, both approaches induce the same qualitative changes,
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a)

b)

Fig. 8. Comparison of the resonance curves for a system without control and with the first variant of non-ideal control, and the results of: Abaqus sensor signal (a),
free end response (b)

a)

b)

Fig. 9. Comparison of the resonance curves for a system without control and with the second variant of non-ideal control, and the results of: Abaqus sensor signal
(a), free end response (b)

a)

b)

Fig. 10. Comparison of the curves showing the voltage supplied to the MFC actuator for the first variant of non-linear control (a) and the second variant of nonlinear control (b)

i.e. the disappearance of the first resonance peak and the increase in
the second one.
Interesting observations can be made regarding the voltage curves
of the MFC actuator (Fig. 10). For the model with the first-order inertial term and τ > 0 s, the maximum voltage values are similar (Fig.
10a), but the widths of the resonance peaks are visibly different. In
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Figure 10b these relationships are reversed. The widths of the peaks
for λ > 0 are similar but their maximum amplitudes differ to a significant extent.
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4. Experimental findings
In previous sections were presented the research object and its finite element model (Section 2) and numerical analysis results (Section 3). This section presents some experimental details and obtained
experimental data which were used to verify the numerical results.
To compare numerical and experimental results, both the numerical
analysis and the experiment must be performed under the same conditions. This section describes two problems that occurred during the
experiment and how they were resolved. One of the key elements of
the test stand is a DSP controller (see Figure 1). Signals from the
sensor and to the high voltage amplifier are analogue. However, operations performed by the processor are based on digital signals. Consequently, the conversion from analogue to digital signal, and vice
versa, is necessary. The first problem occurred already at the stage of
writing the code in the DSP controller. Generally, the DSP controller
code was based on Equations 5a-k, but the value gains γ1, γ2 had to
be appropriately recalculated. This was due to the fact that in the FE
model, the γ1 parameter also included the gain of the high voltage
amplifier and the influence of the A/D and D/A converters had to be
taken into account, too. In effect, the gains used in the DSP controller
code were calculated from the following dependencies:

γ 1 = 50000γ A− D

(10a)

1000γ D − A
200

(10b)

γ2 =

where the values 50000, 1000, 200 are γ1, γ2 used in the FE model
and high voltage amplifier gain, whereas γA-D, γD-A are the gains of
the converters: from analogue to digital and from digital to analogue,
respectively. The values of these gains depend on the type of applied
converters. Based on the specifications of both converters, the values
of γA-D and γD-A were assumed to be 0.00030525 and 6553, respectively. The controller configuration was checked for correct operation
in two steps. An analysis of the controller equation (3) revealed that
for the signals wsensor=0 or wsensor=0.1sin(58.12t), free or forced vibrations of a single linear oscillator should be obtained. The expected vibration amplitudes of such oscillator can easily be determined from the
vibration theory for linear systems. In the first step, free vibration of
the controller was observed. The following parameters were applied:
γ1=0 s-2 (instead of wsensor=0), n=0 rad/s, ωcontrol =58.12 rad/s, γ2=5γD-A ,
and the controller initial conditions were Ucontrol=0.1 V, Vcontrol=0 V/s.
For a well-selected parameter γD-A at the controller output (before the high voltage amplifier), free undamped vibration with an
amplitude of 0.5 V should be observed. The parameters used in
the second step were as follows: γ1=500γA-D, γ2=5γD-A, n=2 rad/s,
a)

ωcontrol=58.12 rad/s, wsensor=0.1sin(58.12t) (signal from the signal
generator), and the controller initial conditions were Ucontrol=0 V,
Vcontrol=0 V/s. For this case, with a well-selected parameter γA-D forced
vibration with an amplitude of about 1.0754 V should be observed.
Results of both tests of the PPF controller are shown in Figure 11. In
the first case (Fig. 11a), the controller response is in accordance with
the assumptions, i.e. one can observe periodic oscillations with an
amplitude of 0.5 V. In the other case, the obtained response is similar to the expected one (Fig. 11b). The small observed discrepancy
may result from the precision of the applied signal generator. The experimental results confirm that the controller operates properly. The
presented time series confirm that the gains γA-D and γD-A describing
signal conversion must be taken into account, because it is the only
way to obtain the desired controller response.
In the numerical tests, a relative displacement of the selected point
(x =60 mm) was used for control, which we called an Abaqus sensor signal. The second problem in the experiments was related to
direct determination of this relative displacement. The experimental
setup consisted of three sensors: two accelerometers and one strain
gauge. One accelerometer was fixed to the shaker armature to provide information about excitation. It was used for shaker control.
The other accelerometer and the strain gauge were fixed to the beam
at a distance of x =60 mm from the clamping. This location was the
same as that of the Abaqus sensor signal. Both sensors measured the
beam’s response, with the accelerometer measuring absolute motion
while the strain gauge measured relative motion. Double integration
of the difference between signals from the accelerometers makes it
possible to determine the amplitude of beam relative motion wsensor.
However, this approach is useless for real-time control. The use of
the strain gauge as a controller input is more convenient. In this case,
strain should be converted into displacement. The proposed simple
conversion method involves comparing resonance curves from both
beam sensors (strain gauge and accelerometer). Figure 12 shows the
resonance characteristics for the system without control, where the
beam vibration describes the deformation ε from the strain gauge
(Fig. 12a) or relative displacement calculated from the accelerometer signals wsensor (Fig. 12b). The black curves are similar, but the
values of the vertical axis are approximately scaled by the constant
wsensor/ε≈0.0075 m/V. Finally, the signal from the strain gauge was
used as a controller input (ε instead of wsensor) in the controller efficiency tests. As a result, one of the controller gains (10a) had to
include this change and thus be modified to the form:

γ 1 = 0.0075 ⋅ 50000γ A− D = 375γ A− D

(11)

A new gain value γ1 allows a proportional conversion of strain into
data about displacement. Finally, the numerical and experimental reb)

Fig. 11. PPF controller tests. Obtained controller responses: free vibration (a) and forced vibration (b)
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a)

b)

Fig. 12. Comparison of resonance curves obtained in the measurements made using: strain gauge ε (a) and accelerometers wsensors (b)

the vibration amplitude levels for systems with hysteresis are higher
than for ideal control and are lower than the experimental data. The
maximum voltages are different, too. The lowest value is obtained for
the system with Bouc-Wen hysteresis. The maximum voltage yielded
by the first hysteresis model ( τ = 0.005 s ) is similar to that obtained
experimentally.
All numerical conditions were reproduced in the experiments with
due diligence. The experimental results confirm the existence of some
discrepancies in relation to the model with ideal control. The numerical models with the proposed descriptions of the hysteresis effect
make it possible to correct the responses obtained in order to make
them closer to the experimental results. However, the comparison of
the characteristics does not give a clear answer as to which hysteresis
model describes the occurring phenomena better. Real objects can be
characterized by additional factors which are not taken into account in
numerical models, e.g. small time delays. This can render a complete
fit of experimental and numerical data difficult, if not impossible.
Fig. 13. Experimental resonance curves of voltage supplied to the MFC actuator

sults can be compared because the DSP controller calculations are
based on the converted displacement.
Following the controller correction, dynamic tests with active control were performed. Figure 12 presents the comparison of experimental curves for a system with and without control.
The experimental characteristics (Figs. 12 and 13) were then compared with the numerical results: ideal control (Figs. 5a and 6), nonideal control with the first order inertial term (Figs. 8a and 10a), and
non-ideal control with Bouc-Wen hysteresis (Figs. 9a and 10b). The
values of the characteristic points are listed in Table 1. Some important trends can be observed based on the data in this table. All
curves have similar maximum amplitudes in the first resonance zone.
At the dynamic elimination point, the vibration amplitudes are the
same for ideal control and non-ideal control with a time constant. On
the other hand, the amplitude for the model with Bouc-Wen hysteresis
is closer to that obtained experimentally. As for the second resonance,

5. Conclusions
Long-lasting vibrations are undesirable as they can affect rotor reliability. It is therefore of interest to investigate ways by which vibration could be reduced. A comparison of the curves with and without
control reveals a significant vibration reduction after controller activation. It should minimize a negative vibration effect on the system’s
reliability. However, a large number of existing studies in the broader
literature have only examined the problem of ideal control (without
hysteresis, time delays, etc.). This paper described two variants of the
hysteresis effect affecting the effectiveness of vibration control. The
systems with ideal and non-ideal control were compared using the
Abaqus software. The novelty of the finite element model developed
in this study consisted of writing our own UAMP subroutine codes.
The results demonstrated that hysteresis could reduce the PPF controller effectiveness. The use of this controller increased the number
of resonance zones because it considered an additional equation of
motion (3). The most significant negative changes were mainly related to the second resonance peak (Figs. 8-9). For larger values of

Table 1. Comparison of PPF control efficiency results from different numerical models and the experiment
Non-ideal control (7)

1.032

1.032

1.16

220

245

Ideal control (3)

Dynamic vibration elimination
ω/ωcontrol=1 (mm)
Maximum voltage (V)

First resonance peak (mm)

Second resonance peak (mm)

476

Non-ideal control (6)

Amplitude from resonance
curve x=60 mm

1.222
1.21

τ = 0.005 s
1.114
1.41

λ = 0.2075
1.2

1.34
208
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Experiment
1.217

1.206

1.782
257.9

the time constant τ or the parameter λ , a larger hysteresis loop was
obtained but the controller effectiveness was reduced. Therefore, a
larger hysteresis was found to be undesired. Although the vibration
characteristics showed similar quality trends for both hysteresis variants under analysis, the obtained different shapes of voltage curves
(Fig. 10) suggested different hysteresis mechanisms. Experimental
tests were thus performed to investigate that problem. The experimental findings confirmed that the real system dynamics differed from
the idealized case. The proposed inclusion of hysteresis enhanced the
agreement between numerical and experimental results. The influence
of hysteresis on the control efficiency was confirmed, but the study
did not make it possible to unanimously determine which of the two
descriptions was better to that end – the first order inertial term or

the Bouc-Wen model. Based on the results, it can be concluded that
the hysteresis effect should be taken into account when modelling
piezoelectric actuators. In this study only one selected control method (PPF) was investigated. This research is planned to be continued
because the knowledge about the sensitivity of different algorithms to
hysteresis is of vital importance. Future research should investigate
how hysteresis can change the effectiveness of various controllers and
which of these controllers require hysteresis compensation.
Acknowledgments
This research was supported by the Polish National Science Center,
under research grant No. NCN 2016/23/B/ST8/01865. Calculations
were supported in part by the PLGrid Infrastructure.

References
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.

Abaqus 6.14 documentation, <http://130.149.89.49:2080/v6.11/pdf_books/CAE.pdf> (08.04.2022).
Albaghdadi AM, Baharom M, Sulaiman S. Hybrid methodology using balancing optimization and vibration analysis to suppress vibrations
in a double crank-rocker engine. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2022; 24(1): 53-61, http://doi.org/10.17531/
ein.2022.1.7.
Fenik S, Starek L. Optimal PPF controller for multimodal vibration suppression. Engineering Mechanics 2008; 15(3): 153-173.
Gan J, Zhang X. Nonlinear hysteresis modeling of piezoelectric actuators using a generalized Bou-Wen model. Micromachines 2019; 10(3):
1-12, https://doi.org/10.3390/mi10030183.
Gao JX, An ZW, Ma Q, Bai XZ. Residual strength assessment of wind turbine rotor blade composites under combined effects of
natural aging and fatigue loads. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2020; 22(4): 601–609, http://dx.doi.
org/10.17531/ein.2020.4.3.
Gawryluk J, Mitura A, Teter A. Dynamic control of kinematically excited laminated, thin-walled beam using macro fibre composite actuator.
Composite Structures 2020; 236(2): 1-7, https://doi.org/10.1016/j.compstruct.2020.111898.
Gawryluk J, Mitura A, Teter A. Dynamic response of a composite rotating at constant speed caused by harmonic excitation with MFC
actuator. Composite Structures 2019; 210: 657-662, https://doi.org/10.1016/j.compstruct.2018.11.083.
Hamed YS, Kandil A, Machado JT. Utilizing Macro Fiber Composite to control rotating blade vibrations. Symmetry 2020; 12: 1-23, https://
doi:10.3390/sym12121984.
Kedra R, Rucka M. Modelling of mechanical behaviour of high-frequency piezoelectric actuators using Bouc-Wen model. Metrology and
measurement systems 2017; 24(2): 413-424, https://doi:10.1515/mms-2017-0022.
Kilikevicius A, Rimsa V, Rucki M. Investigation of influence of aircraft propeller modal parameters on small airplane performance.
Eksploatacja i Niezawodnosc – Maintenance and Reliability 2020; 22(1): 1-5, http://dx.doi.org/10.17531/ein.2020.1.1.
Kwak MK, Heo S. Active vibration control of smart grid structure by multiinput and multioutput positive position feedback controller.
Journal of Sound and Vibration 2007; 304: 230-245, https://doi.org/10.1016/j.jsv.2007.02.021.
Li CX, Li LL, Gu GY, Zhu LM. Modeling of rate-dependent hysteresis in piezoelectric actuators using a Hammerstein-like structure with a
modified Bouc-Wen model. Intelligent robotics and applications 2016: 672–684, https://doi:10.1007/978-3-319-43506-0_58.
Liu Y, Shan J, Gabbert U, Qi N. Hysteresis and creep modeling and compensation for a piezoelectric actuator using a fractional-order
Maxwell resistive capacitor approach. Smart Materials Structures 2013; 22(11): 1–12, https://doi.org/10.1088/0964-1726/22/11/115020.
Mitura A, Gawryluk J, Teter A. Numerical and experimental studies on the rotating rotor with three active composite blades. Eksploatacja i
Niezawodnosc – Maintenance and Reliability 2017; 19(4): 571–579, http://dx.doi.org/10.17531/ein.2017.4.11.
Mitura A, Warminski J. Influence of piezoelectric actuator hysteresis on saturation control efficiency. Proceedings of the Institution of Mechanical
Engineers. Part C: Journal of Mechanical Engineering Science 2020; 235(20): 4749-4759, https://doi.org/10.1177/0954406220946066.
Padoin E, Fonseca JSO, Perondi EA, Menuzii O. Optimal placement of piezoelectric macro fiber composite patches on composite plates for
vibration suppression. Latin American Journal of Solids and Structures 2015; 12(5): 925-947, https://doi.org/10.1590/1679-78251320.
Panayotov F, Dobrev I, Massouh F, Todorov M. Experimental study of a helicopter rotor model in hover. Matec Web of Conferences 2018;
234: 1-5, https://doi.org/10.1051/matecconf/201823401002.
Parafiniak M, Skalski P. Vibration testing of a helicopter main rotor composite blade. Prace Instytutu Lotnictwa 2011; 218: 72-76.
Romanski L, Bieniek J, Komarnicki P, et al. Operational tests of a dual-rotor mini wind turbine, Eksploatacja i Niezawodnosc – Maintenance
and Reliability 2016; 18(2): 201–209, http://dx.doi.org/10.17531/ein.2016.2.7.
Smart materials, <http://www.smart-material.com/MFC-product-mainV2.html> (08.04.2022).
Vadiraja DN, Sahasrabudhe AD. Vibration analysis and optimal control of rotating pre-twisted thin-walled beams using MFC actuators and
sensors. Thin-Walled Structures 2009; 47(5): 555-567, https://doi.org/10.1016/j.tws.2008.10.004.
Wilbur ML, Wilkie K. Active-twist rotor control applications for UAVs. Transformational Science and Technology for the Current and
Future Force. Proceedings of the 24th US Army Science Conference, 2006: 185-192.

Eksploatacja i Niezawodnosc – Maintenance and Reliability Vol. 24, No. 3, 2022

477

Eksploatacja i Niezawodnosc – Maintenance and Reliability
Volume 24 (2022), Issue 3

journal homepage: http://www.ein.org.pl

Article citation info:
Duan R, Chen L, He J, Huang S. A fault location strategy based on information fusion and CODAS algorithm under epistemic uncertainty.
Eksploatacja i Niezawodnosc – Maintenance and Reliability 2022; 24 (3): 478–488, http://doi.org/10.17531/ein.2022.3.9.

A fault location strategy based on information fusion
and CODAS algorithm under epistemic uncertainty

Indexed by:

Rongxing Duan a,*, Li Chen a, Jiejun He a, Shujuan Huang a
a

Nanchang University, School of Information Engineering, Nanchang 330031, China

Highlights

Abstract

• Failure probability of components is obtained Application of new technology in modern systems not only substantially improves the perbased on expert evaluations.
formance, but also presents a severe challenge to fault location of these systems. This paper
presents a new fault location strategy for maintenance personnel to recover them based
• Sensor’s information is fused to optimize the
on information fusion and improved CODAS algorithm. Firstly, a fault tree is adopted to
maintenance process.
develop the failure model of a complex system, and failure probability of components is
• An interval CODAS algorithm is introduced to determined by expert evaluations to handle the uncertainty problem. Moreover, a fault tree
determine the best fault location strategy.
is converted into an evidence network to obtain importance degrees, which are used to construct a diagnostic decision table together with the risk priority number. Additionally, these
results are updated to optimize the maintenance process using sensor information. A novel
dynamic location strategy is designed based on interval CODAS algorithm and optimal
fault location strategy can be obtained. Finally, a real system is analyzed to demonstrate the
feasibility of the proposed maintenance strategy.
Keywords
This is an open access article under the CC BY license fault tree, expert evaluations, evidence network, information fusion, CODAS algorithm.
(https://creativecommons.org/licenses/by/4.0/)

1. Introduction
The high technological application and innovation in modern engineering systems significantly improves the performance of these
systems, but also greatly enhances their complexity, which adds more
difficulty to the maintenance of complex systems. Once these systems
fail, major security incidents may occur. Therefore, it is particularly
important to design an effective location strategy that can quickly locate the fault. Recently, a lot of efficient fault location approaches
have been proposed. Sehgal et al. [28] present a fault location procedure for the tribo-mechanical systems based on matrix approach and
graph theory, which is used to identify the fault sources and failure
paths. However, the calculation of this method is complicated. A new
diagnosis approach for multi-value attribute systems is developed using a rollout algorithm. It can obtain an optimal fault location sequence
[15]. Garshasbi and Jamali [11] present an end-to-end method using
passive measurements and adopt the heuristic algorithm for fault localization. This method reduces the total test cost but ignores the inherent uncertainty in network alarms. Aiming at this issue, Garshasbi
[10] proposes a scheme for locating the fault in computer networks
based on Ant Colony algorithm. It combines active measurement into

passive measurement. Bayesian Network (BN), is an effective tool
for reasoning in the field of fault diagnosis. Reference [1] develops
a data-driven methodology for fault diagnosis based on BN and principal component analysis. Nevertheless, this approach needs lots of
fault data. In general, typical application of redundancy technology
enhances the reliability of these systems in engineering systems. Its
high reliability causes these systems to be in the early period of the
lifetime. As a result, only little fault data can be collected, causing the
epistemic uncertainty, which brings the huge difficulty in fault location. Considering the uncertainty is a critical point to be solved in the
fault location of complex systems. In recent years, theories such as
D-S evidence theory, interval value method and fuzzy sets theory have
been proposed to resolve epistemic uncertainty. D-S evidence theory
has a powerful capability to handle epistemic uncertainty. Reference
[12] proposes a new analysis model to deal with uncertainty and dynamic situations using D-S evidence theory and fuzzy number. Zhang
et al. [38] combine the uncertainty theory and the probability theory
into a chance theory and establish a probability‐uncertainty mixed
model. To satisfy the duality and subadditivity of uncertain variables,
a quantification approach for structural reliability based on uncertain
random variables is proposed. Then the conception of structure reli-

(*) Corresponding author.
E-mail addresses: R. Duan (ORCID: 0000-0003-3683-5870): duanrongxing@ncu.edu.cn, L. Chen (ORCID: 0000-0002-7156-7210):
411016620088@email.ncu.edu.cn, J. He (ORCID: 0000-0002-7571-5305): 1760751951@qq.com, S. Huang (ORCID: 0000-0002-7540-5534):
shujuan-june@139.com
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ability is presented and its formula is derived to uniformly evaluate
the reliability under the epistemic and mixed uncertainty. Reference
[4] proposes the fuzzy linguistic term sets to handle the epistemic uncertainty. Some decisions are made on the established attribute model.
By discussing D-S evidence theory and traditional evidence network,
Mi et al. [24] present a dynamic evidence network-based method to
implement the reliability analysis of complex systems. Multiple life
distributions are integrated into dynamic evidence networks to address
the epistemic uncertainty and challenges of mixed life distributions. A
reliability analysis framework for dynamic systems is proposed based
on expert elicitation and intuitionistic fuzzy sets theory [17]. This
approach uses linguistic fuzzy sets to describe the evaluation value
from experts, which can tackle the uncertainty, and solves temporal
fault trees using Petri nets and BN-based method. A new maintenance
strategy is proposed based on the integrated importance measure [6,
36], which can improve its performance. However, these approaches
determine the maintenance strategy only based on importance measures and ignore multi-source information, which may have effect on
the maintenance performance. On this basis, a diagnosis strategy that
takes full advantage of fuzzy sets theory and multi-attribute decision
making is developed [9]. This approach constructs the fault model using the dynamic fault tree and deals with epistemic uncertainty using
the fuzzy sets theory and expert elicitation. The VIKOR algorithm is
used to make decisions for obtaining the optimal diagnosis sequence.
However, these methods fail to incorporate sensor information into
the diagnosis process.
Information fusion is a comprehensive step that deals with the information acquired from some sensors. It can guarantee the integrity
of information from different angles. Since diagnosis method only
based on single information cannot reflect the overall situation, the
diagnosis system is required to optimize the diagnosis process based
on multi-source information. Dugan et al. [3] propose a simple diagnostic sensor model, in which sensors are added to the fault tree
directly. It utilizes the logic gates to represent the evidence information from sensors and simplifies the feature function of the system
to reduce the number of diagnosed components for enhancing the
diagnosis efficiency. However, it only considers single attribute to determine the diagnosis sequence. Reference [22] presents a diagnosis
strategy for the real automobile equipment based on the optimal sensor placement using Bayesian network. The mutual information is exploited to evaluate the diagnostic ability of different sensors, and the
optimal placement of sensors is found by maximizing the diagnostic
ability based on the number of the expected sensors. Nevertheless,
the economic consequences caused by sensor failure are overlooked.
Aiming at this point, a fault diagnosis method for multi-source information fusion is discussed based on D-S evidence theory in [23].
This method adopts the fuzzy membership function to build the basic probability assignments of three bodies of evidences, and finally
gives making-decision rules for fault diagnosis. The diagnosis results
show that it not only boosts the reliability of supporting the diagnosis
goal significantly, but also correctly diagnoses the fault in the case of
sensor failure. However, the risk assessment of failure mode for the
system is not carried out. Therefore, Deng and Jiang [7] conduct a risk
evaluation on the failure mode under an environment involving fuzzy
uncertainty. The proposed method is an extension of traditional D-S
evidence theory, which proposes a new D numbers model to evaluate potential failure modes and rank their risk priority number based
on multi-sensor information fusion. For the purpose of indicating the
sequential relationship of failures between sensors and components,
PAND gates are added in the static fault tree [29]. However, this approach fails to handle dynamic fault characteristics. Therefore, an effective diagnosis approach is developed based on reliability analysis
and sensors data, which can renew the qualitative and quantitative information based on the evidence information from sensors to improve
the diagnostic efficiency [8]. A new more reliable diagnosis method
is put forward based on multi-source information fusion [37], which
deduces the fault degree of power element through Bayesian network.

Nevertheless, there is an unresolved issue in fusion, that is, if some
strongly conflict elements exist in Bayesian network reasoning, the
correctness of results will be affected. Xiao et al. develop a comprehensive diagnosis approach for wind turbine transmission system using information fusion [33]. It regards the output probabilities of the
least square support vector machine as the basic probability distribution of evidence fusion, and accomplishes the diagnosis process by
combining decision rules with D-S synthesis.
The decision-making algorithms for fault diagnosis are mainly used
to determine the diagnosis sequence to locate the faulty components.
Generally, minimum cut sets, importance degrees, and posterior probability of components are considered in diagnosis algorithms based
on reliability analysis. Dugan et al. [3] develop the diagnostic importance factor (DIF) of components to obtain the fault location sequence
based on Markov chain. Major drawbacks are the state explosion
problem and decision-making based on a single attribute. To this end,
an effective fault strategy is introduced by reference [30] based on
the growing algorithm. This strategy finds the appropriate test points
for some fault states, which avoids the backtracking problem of traditional algorithms and enhances diagnosis efficiency. Aiming at the
complexity of rotating machinery and the ambiguity of fault characteristics, a new algorithm combining fuzzy theory and neural network
is proposed in [32]. To a certain extent, this proposed method can improve the diagnostic accuracy. For the problem of incomplete weight
attributes in the intuitionistic fuzzy environment, reference [31] gives
a decision-making algorithm based on the improved VIKOR to obtain
the best location result, which uses a new linear programming model
to calculate the attribute weights and replaces the distance measure
with a projection model to improve the traditional VIKOR method.
Nevertheless, the constraint condition of the weight is directly given
by the domain experts, which makes the deviation of the diagnosis
results greater. Huang et al. [14] present an optimal diagnosis strategy
for complex systems using multi-source heterogeneous information
and VIKOR algorithm based on reliability analysis and intuitionistic
fuzzy linguistic sets, which can locate the fault quickly and improve
the diagnosis efficiency. However, this method fails to conduct the
risk assessment of failure modes, and cannot incorporate the sensor
information and current diagnosis results into the diagnosis process.
Inspired by the above problems, a fault location algorithm for complex systems is proposed in this paper based on reliability analysis and
information fusion considering epistemic uncertainty shown as Fig.1.
A fault tree model is constructed based on failure modes and effects
analysis. The failure probability of components is obtained by expert
evaluations to resolve the epistemic uncertainty. In particular, a fault
tree is converted into an evidence network to obtain some importance
degrees. Furthermore, a diagnostic sensor model is built, and sensor
information is incorporated to update importance degrees dynamically. Additionally, a decision table is constructed based on the obtained
importance degrees and risk priority number. Finally, the optimal
location strategy is determined by the improved CODAS algorithm
which can recover the system as quickly as possible.
The remainder of this article proceeds as follows. Section 2 mainly
introduces the D-S evidence theory, the evaluation method based on
domain experts for the failure probability of components, and the calculation of importance degrees. Section 3 develops a sensor model
and proposes a fault location strategy based on the CODAS algorithm
and sensor information. In section 4, a concrete urban rail power battery traction system is analyzed to demonstrate the feasibility of the
proposed method. The last part draws conclusions and gives recommendations for the future research.

2. Construction and analysis of fault model
A fault tree is a graphical model that depicts the logical interrelationships between malfunctions of components and caused symptoms. The model is established by analyzing the direct and indirect
causes of system failures. Fault tree analysis is an effective means for
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Pl ({F }) = m({F }) + m({W , F })

(5)

Bel ( F ) ≤ P ( F ) ≤ Pl ( F )

(6)

Bel (W ) = 1 − Pl ( F )

(7)

Pl (W ) = 1 − Bel ( F )

(8)

The BPA in the evidence network can be obtained using the
following equations:

m({W }) = 1 − PX

m({F }) = PX

m({W , F }) = PX − PX

(9)

where Bel ({F }) = PX , Pl ({F }) = PX .
Fig. 1. A fault location strategy based on information fusion and CODAS algorithm
considering epistemic uncertainty

reliability analysis and fault diagnosis. It is of great help to improve
the design and analysis of reliability. Additionally, the probability of
the top event can be calculated by quantitative analysis, while given
the failure probability of components in the system. The construction
process of a fault tree is as follows.
• Analyze the system and determine the causes of failure.
• Determine the top event, intermediate event, and bottom events.
• Clarify the logical relationships between events and select appropriate logic gates.
• Construct a fault tree and simplify it reasonably.

2.1. D-S evidence theory and evidence network (EN)
D-S evidence theory proposed by Dempster and developed by
Shafer, is a common tool for solving complex problems with uncertainties.
Considering all events with two states: “occur” (F) and “not occur” (W). In the D-S evidence theory [20], Θ={W,F} is the knowledge
framework of a component, and the focal sets of events can be defined
as:
2Θ = {∅,{W },{F },{W , F }}

∑

m(θ ) = 1

(2)
(3)

To express the upper and lower bounds of the belief level, the belief
function (Bel) and the plausibility function (Pl) are established according to the mass function:
Bel ({F }) = m({F })
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A = {〈 x, µ A ( x),υ A ( x)〉 x ∈ X }

(10)

where µ A ( x) and υ A ( x) are membership function and non-membership
function
respectively,
which
satisfies
0 ≤ µ A ( x ) + υ A ( x ) ≤ 1, ∀x ∈ X .

α = 〈 µ A ,υ A 〉 is called a pair of intuitionistic fuzzy number (IFN),
supposing there are two pairs of IFNs α1 = 〈 µα 1,υα 1〉 ,α 2 = 〈 µα 2 ,υα 2 〉
,

the following algorithms are introduced:

α1 + α 2 = 〈 µα 1 + µα 2 − µα 1µα 2 ,υα 1υα 2 〉

(11)

α1 × α 2 = 〈 µα 1µα 2 ,υα 1 + υα 2 − υα 1υα 2 〉

(12)

λ

Based on the focal set, the basic probability assignment (BPA) also
called mass function is defined to depict the support degree for the
hypotheses, which satisfies the following formula:

θ ⊆Θ

Intuitionistic fuzzy sets (IFS) [25] proposed by Atanassov in
1986, is an extension of the classic fuzzy sets theory proposed by
Zadeh in 1965. The IFS is defined as follows.
Let X be a fixed set, then the IFS A in X is introduced as follows:

(1)

where {F}, {W}, and {W,F} denote the failure state, working state,
and uncertain state of components or systems respectively.

m(∅) = 0

2.2. Intuitionistic fuzzy sets

(4)

λα = 〈1 − (1 − µα ) ,υαλ 〉 , λ > 0

(13)

2.3. Expert evaluations
(1) Evaluating the failure probability of components
Determining the failure probability of components is a significant
step for locating the faults in the complex system. Generally, many
studies from domestic and foreign assume that the failure probabilities are precise values. However, it is unrealistic and may lead to enormous errors in the results of the whole analysis. For this problem, the
failure probabilities of components expressed in interval values are
obtained by domain experts to reflect epistemic uncertainty.
Suppose that we seek the view of experts about the probability of
a binary event state (Θ={W,F}), as shown in Table 1. Furthermore, if
there are multiple experts for evaluation, the maximum and minimum
values of expert evaluations are taken as the interval failure probability of the component [18].
Hence, the uncertainty about the states of the system can be described using probability bounds as:
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2.4. Conversion of a fault tree to an EN

Table 1. Failure probability of a binary event state
State

E1

E2

P2=0.85

P1=0.75

{W}

P2=0.15

P1=0.25

{F}

 P1 = 0.75 ≤ P ({W }) ≤ P2 = 0.85

 P2 = 0.15 ≤ P ({F }) ≤ P1 = 0.25
The Bel and Pl of the event can be obtained from the failure probabilities evaluated by domain experts according to Equation (6). Therefore, Bel({W})=0.75, Pl({W})=0.85, Bel({F})=0.15, Pl({F})=0.25.
Since {W} and {F} are both singleton focal sets, based on Equation
(4), m({W})=Bel({W})=0.75, m({F})=Bel({F})=0.15. The summation of all the focal sets’ belief masses is one according to Equation (3), then the probability of the component’s uncertain state is
m({W,F})=1-m({W})-m({F})=0.1.
(2) Estimation of risk priority number
Risk priority number (RPN) [18] is a greatly vital evaluation parameter in the reliability analysis and fault diagnosis. The higher the
RPN, the more important the component, and it should be checked
preferentially. The RPN is determined by three factors: the probability
of failure occurrence (O), the severity of the failure (S), and the probability of the failure not being detected (D). It can be calculated using
the following equation:

For convenience’s sake, “0” and “1” indicate a working state and a
failure state respectively. “A” and “B” represent the basic events, and
“E” represents the output of a logic gate.
Static logic gates mainly include OR gate, AND gate, NOT gate
and voting gate. The logic AND gate and OR gate are taken as examples to introduce the conversion of a fault tree to an EN. The logic
AND gate is utilized to show that the output event occurs when all the
input events occur. A logic AND gate and its corresponding EN model
are shown in Fig. 2, and the conditional mass distribution table of the
node E in the logic AND gate is given in Table 3. The logic OR gate
is utilized to show that the output event occurs when any input event
occurs. A logic OR gate and its corresponding EN model are shown in
Fig. 3, and the conditional mass distribution table of the node E in the
logic OR gate is given in Table 4 [27].

(14)

RPN = O × S × D

For the sake of the calculation of RPN, it needs to evaluate O, S,
D respectively. In this paper, only S and D need to be evaluated since
O has already been obtained by expert evaluations. Due to the growing complexity of the evaluated system and the lack of knowledge
or data in the relevant field, it is difficult to accurately evaluate the
risk factors. As such, the intuitionistic fuzzy terms are chosen for the
evaluation of the risk factors S and D, and the individual evaluation
grade is described as an IFN. The linguistic terms and their IFNs are
shown in Table 2 [19, 34].
IFNs, expressed by different experts can be aggregated using the
intuitionistic fuzzy weighted averaging (IFWA) algorithm [16]. Let
α i = 〈 µα i ,υα i 〉 be an n-dimensional set of IFNs, and the IFWA algorithm is defined as:
n

ωi

n

ωi

IFWA (α1,α 2 ,,α n ) = ω1α1 + ω2α 2 +  + ωnα n = 1 − ∏ (1 − µα i ) , ∏ (υα i )
i =1

i =1

Fig. 2. A logic AND gate and the corresponding EN
Table 3. Conditional mass distribution table of the node E in an AND gate
A

B

{W}

{W}

{W}

{W,F}

{F}

{F}

{W}
{F}

{F}

{W,F}

{W,F}

{W,F}

{F}

{W}

{W,F}
{W}
{F}

{W,F}

E
{W}

{F}

{W,F}

1

0

0

1
1

1

0

0

1

0

0

0
0

0

1

0

0

0

0

0
0

0

0

1

0

1

1

(15)
where ωi is the corresponding weight, and

n

∑ i =1ωi = 1 .

Table 2. Linguistic terms for rating the risk factors
Linguistic terms

IFNs

Extremely low (EL)

<0.10,0.90>

Low (L)

<0.30,0.60>

Very low (VL)

Medium low (ML)
Medium (M)

Medium high (MH)
High (H)

Very high (VH)

Extremely high (EH)

<0.25,0.70>
<0.40,0.50>
<0.50,0.50>
<0.60,0.30>

Fig. 3. A logic OR gate and the corresponding EN

<0.70,0.20>
<0.75,0.20>
<0.90,0.10>
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Table 4. Conditional mass distribution table of the node E in an OR gate
A

B

{W}

{W}

{W}

{W,F}

{F}

{F}

{W}
{F}
{F}

{W,F}
{W,F}
{W,F}

{F}

{W}

{W,F}
{W}
{F}

{W,F}

E
{W}

{F}

{W,F}

0

1

0

1

0
0
0
0
0
0
0

0

0
1
1
1
0
1
0

0

1
0
0
0
1
0

scending order. According to the number of sensors, components with
high DIF values should be monitored.
This paper proposes a sensor model based on the EN (only consider
the case where all sensors do not fail at the mission time). At the position of the monitored component, an evidence node is added directly
as the sensor model for placement. And the logical relationship is
from the monitored node to the evidence node. Fig. 4 shows the sensor diagnostic model. S1 is a sensor, which monitors the component
X1. And the conditional mass distribution table of S1 is shown in Table 5. To reflect the contribution of components to the system failure
in real time, the reliability results are updated dynamically through
sensor information, which makes it possible to provide more reliable
diagnostic data for fault location. The specific formula of DIF under
the evidence information is as follows:

1

DIFi′ = P (i S , E ) =

2.5. Calculation of reliability results
Once the static fault tree model is established, it is converted into
the corresponding EN based on the above method. This paper uses the
software Netica for simulation and applies the inference algorithm of
EN to calculate some importance degrees such as diagnostic importance factor (DIF) and risk achievement worth (RAW).

P (i, E , S )
P ( S ) DIFE

(18)

where i, S and E represent components, systems and evidence information respectively.

(1)
DIF
DIF [2] refers to the failure probability of the component while the
system also fails, which indicates the contribution of the component
to the system failure. The higher the DIF, the more significant the
component. It can be calculated as:
DIFX i = P ( X i =1| S =1) = [ Bel ({FX i |S }), Pl ({FX i |S })]

(16)

where DIFXi represents the DIF of the component Xi; Xi is the i-th
component of the system; P(Xi=1|S=1) means the failure probability
of the component Xi when the system fails; [Bel({FXi|S}), Pl({FXi|S})]
denotes the interval failure probability of the component Xi when the
system fails.
(2)
RAW
RAW [21,35] refers to the ratio of system failure probability given
a component has occurred over the system unreliability. It denotes the
importance of keeping its current level of reliability for components.
The traditional formula of RAW does not take the uncertainty into
account, so an extension of RAW is developed to solve this problem.
The specific formula is as follows:
RAWX i =

P ( S = 1| X i = 1) [ Bel ({FS =1| X i =1}), Pl ({FS =1| X i =1})]
=
(17)
[ Bel ({FS =1}), Pl ({FS =1})]
P ( S = 1)

where RAWXi represents the RAW of the i-th component; Pl({FS=1|Xi=1})
and Bel({FS=1|Xi=1}) indicate the plausibility and belief measures that
the system is in a failure state given the component has failed.

3. Fault location strategy based on CODAS algorithm
and information fusion
3.1. Construction of sensor model
It can be seen from the previous section that DIF of a component
reflects the contribution of the component to the system failure. The
higher the DIF, the more important the component. Therefore, DIF is
chosen as the basis for determining the potential position of sensors.
After the fault characteristics are analyzed, the DIF of each component is calculated based on the evidence network and sorted in a de-
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Fig. 4. A model of a diagnostic sensor
Table 5. Conditional mass distribution table of S1
S1

{W}
{F}

{W,F}

{W}
1

0

0

X

{F}
0
1

0

{W,F}
0
0

1

3.2. Fault location strategy of interval multi-attribute based
on an improved CODAS algorithm
In actual situations, the fault location strategy is usually affected
by multiple attribute values, so a multi-criteria decision-making
(MCDM) method is used to deal with it. Combinative Distancebased Assessment (CODAS) [5,26] is a new distance-based MCDM
method developed in 2016, which utilizes the Euclidean and Taxicab
distances to search for the best alternative. In particular, the Euclidean
distance is the primary measure for evaluation. The Taxicab distance
will be chosen for comparison if the Euclidean distances of the two
alternatives are approximate significantly. And the distance from the
negative ideal solution is farther, the plan is better. Uncertainty is one
of the important factors affecting the process of locating the fault. The
interval value CODAS algorithm is adopted to handle the uncertainty
problems of fault location in this paper. Assuming we have m alterna-
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tives and n attributes, the specific steps of the interval value CODAS
algorithm are shown below.
A. Construct a decision matrix with interval-valued data
[ X ijL , X ijU ] , where Xij represents the value of the i-th

 mn
(i∈{1,2,...,m}) alternative under the j-th (j∈{1,2,...,n}) attribute.
B. Calculate the normalized interval-valued decision matrix
 NijL , NijU  :


 X ijU
 X ijL

, j∈B

,
j
∈
B
 maxXU
 maxXU
ij
ij
 i
, NijU =  i
NijL = 
L
L
 min X ij
min
X

ij
i
i


, j∈N
, j∈N
 X ijL
 X ijU



(19)

scores are sorted in descending order, and components with
higher scores are diagnosed first:
m
(27)
H i = ∑ k =1 hik
As can be seen from the above steps, determining the weight is crucial to the entire decision-making process, and it can directly affect the
outcome of the decision. However, in many cases, the traditional CODAS algorithm does not consider the influence of the attribute weight
and the weights are given directly by the decision makers, which leads
to more subjective results. This paper improves this defect by introducing the entropy weight method to determine the attribute weight.
It is a relatively objective evaluation method.

Firstly, the entropy value Hj under attribute Cj is obtained by:
m

H j = − K ∑ m( Fij )ln m( Fij )
i =1

where B and N are associated with a benefit-type attribute and a
cost-type attribute, respectively.
C. Calculate the weighted normalized interval-valued decision

where K = 1 / ln n( K > 0,0 ≤ m( Fij ) ≤ 1) , if m( Fij ) = 0, m( Fij )ln m( Fij ) = 0.
Then, the deviation degree coefficient αj under the attribute Cj is
obtained as follow:

matrix  rijL , rijU  :


rijL

α j =1− H j
= ω j NijL

, rijU = ω j NU
ij

where ωj is the attribute’s weight, and

(20)

∑ nj =1ω j = 1 .

D. Determine the interval-valued negative ideal solution.

{

}

{

(29)

Finally, the weight value of each attribute can be determined according to the following equation:

ωj =

}

NS j =  r1− L , r1−U  ,  r2− L , r2−U  ,,  rn− L , rn−U  = min rijL , rijU   (21)

 



i

E. Calculate the Euclidean and Taxicab distances of the alternatives based on the negative ideal solution:

(28)

where

∑

αj
n
α
j =1 j

(30)

n

∑ ω j = 1, 0 ≤ ω j ≤ 1 .
j =1

Ei =

n

n

∑ j =1(rijL −r j− L )2 + ∑ j =1(rijU −r j− L )2
n

n

Ti = ∑ j =1| rijL − r j− L | + ∑ j =1| rijU − r j− L |

(22)

(23)

F. Develop the relative evaluation matrix:
Ra = [hik ]mn

(24)

4. Case study
To verify the feasibility and effectiveness of the proposed method,
this paper takes the urban rail power battery traction system [13] as
an example to analyze the fault characteristics. Due to the maturity
of lithium battery technology and the advancement of electronic and
electrical technology, the power battery traction system has gradually
become one of the effective traction solutions for urban rail transit.
This power battery traction system is mainly composed of three parts:
battery pack system, battery management system, and security moni-

hik = ( Ei − Ek ) + (ϕ ( Ei − Ek ) × (Ti − Tk ) ) (25)
where k∈{1,2,...,m} and φ represents a
threshold function to judge the equality
of the Euclidean distances of two alternatives which can be calculated as follows:
1, if | x |≥ τ
ϕ ( x) = 
0, if | x |< τ

(26)

where τ is the threshold parameter, which
is set as 0.02 for this paper. Generally, it is
suggested that 0.01< τ <0.05.
G. Calculate the final evaluation score of
each alternative. To determine the optimal diagnosis sequence, the evaluation

Fig. 5. A fault tree model of power battery traction system
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Table 6. Names and interval failure probabilities of components
Components
X1, X19

X2, X18, X20
X3

X4

Name

Interval failure probabilities

BMS failure

[3.60e-04,5.40e-04]

Short circuit in battery

[1.46e-01,2.19e-01]

Circuit breaker failure
Voltage sensor failure

X5

Flame retardant failure
of the battery shell

X7

Connector failure

X6

Battery overcharging

X8

Wind turbine controller
failure

X10

Cable failure

X9

X11

Battery contamination
External short circuit

X12

Current sensor failure

X14

circuit breaker protection failure

X16

Charger failure

X13
X15

X17

Fuse failure

Motor failure

Temperature sensor
failure

[5.80e-03,8.70e-03]

[0.60e-03,0.90e-03]

[1.20e-03,1.80e-03]

[1.68e-01,2.52e-01]
[0.82e-02,1.23e-02]
[0.36e-03,0.54e-03]

[2.60e-03,3.90e-03]
[0.40e-04,0.60e-04]
[6.18e-02,9.27e-02]

[4.80e-03,7.20e-03]
[1.52e-03,2.28e-03]
[2.20e-03,3.30e-03]
[2.20e-03,3.30e-03]

[0.88e-02,1.32e-02]
[0.54e-03,0.81e-03]

Table 7. Evaluation of S and D by three domain experts
Risk factors
Experts
Components

E1

E2

E3

E1

L

ML

ML

M

H

MH

H

ML

H

MH

H

M

X1, X19

MH

X3

VH

X5

ML

X7

MH

X9

L

X2, X18, X20
X4

X6

X8

X10

VL

M

MH

M

MH

M

MH

EL

MH

MH

MH

H

MH

H

ML

L

EH

L

H

M

M

ML

MH

MH

MH

M

MH

VH

X14

ML

X16

L

M
H
L

VH

VH

H

MH

L

E2

ML

ML

VL

D

M

M

X13

X17

H

M

ML

MH

X15

H

L

X11

X12

S

L

L

M

ML

MH

H

H

M

M

E3

ML

M

MH

L

L

M

M

ML

ML

L

ML

M

MH

H

MH

M
H

MH
L

H

MH

ML

ML

M

M

ML

ML

Table 8. Group evaluation information of O, S, D
Risk factors
Components

O

D

X1, X19

<0.00580,0.99130>

<0.61879,0.29733>

<0.43194,0.50000>

X3

<0.00060,0.99910>

<0.71597,0.20000>

<0.54270,0.40760>

X5

<0.00120,0.99820>

X2, X18, X20
X4
X6
X7
X8
X9

X10
X11
X12
X13
X14
X15
X16
X17

<0.00036,0.99946>

<0.14600,0.78100>
<0.16800,0.74800>
<0.00820,0.98770>
<0.00036,0.99946>
<0.00260,0.99610>
<0.00004,0.99994>
<0.06180,0.90730>
<0.00480,0.99280>
<0.00152,0.99772>
<0.00220,0.99670>
<0.00220,0.99670>
<0.00880,0.98680>
<0.00054,0.99919>

toring unit. The fault tree model shown in Fig. 5 is constructed by
taking the faults “electric shock, fire outbreak, and explosion” as the
top event (T1) to describe the safety performance of the urban rail
power battery traction system. The construction of this fault tree model is based on the composition and working mode of the system. The
model contains 14 intermediate events and 17 basic events. The basic
events and their corresponding interval failure probabilities evaluated
by domain experts are shown in Table 6. Taking the component X1
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S

<0.37161,0.52811>
<0.66341,0.23521>
<0.43194,0.50000>
<0.66341,0.23521>
<0.50608,0.42896>
<0.31766,0.59494>
<0.22406,0.72071>
<0.57231,0.34969>
<0.56265,0.36801>
<0.56265,0.36801>
<0.71597,0.20000>
<0.33164,0.56806>
<0.81008,0.16245>
<0.33164,0.56806>
<0.63308,0.26564>

<0.53238,0.42896>
<0.33164,0.56806>
<0.54270,0.40760>
<0.43194,0.50000>
<0.54270,0.40760>
<0.33164,0.56806>
<0.63307,0.26564>
<0.53238,0.42896>
<0.63308,0.26564>
<0.67296,0.22587>
<0.33164,0.56806>
<0.67296,0.22587>
<0.41580,0.52811>
<0.43194,0.50000>
<0.47189,0.50000>

as an example, the estimated failure probability of component X1 by
experts E1, E2, and E3 are 5.80e-03, 6.20e-03, 8.70e-03, respectively.
Then the interval failure probability of component X1 is [5.80e-03,
8.70e-03].
According to the knowledge in Section 2.3, three domain experts
(E1, E2, E3) are selected to evaluate the risk factors S and D of each
component, and the results are shown in Table 7. In order to show the
difference and credibility of each expert, additionally, this paper as-
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Table 9. Risk priority number of components
Components

RPN

Components

[0.00007,0.00015]

X12

X1

[0.00155,0.00305]

X3

[0.00023,0.00043]

X2
X4
X5
X6
X7
X8
X9

X10

[0.03212,0.07235]

X18

[0.00037,0.00080]

X19

[0.00001,0.00002]

X2

[0.00036,0.00079]

X17

[0.00004,0.00010]

[0.00182,0.00352]

X13
X16

[0.00225,0.00416]

Components

[0.02201,0.04303]

X15

[0.04814,0.09636]

RPN

X11
X14

[0.00028,0.00053]

Table 10. Multi-attribute decision table

X20

[0.00049,0.00111]
[0.00074,0.00130]

X1

X2

X3

X4

X5

H

Components

-5.6236

X12

-4.2197

-5.5828

X8

-5.8346

X10

X14

26.3068

16.1689

X9

X13

25.4781

X6

X7

X11

X15

X16

1.8254

X17

X1

X2

X3

X4

X5

X6

X7

X8

X9

X10

0.4100

0.1232

0.0003

0.0039

0.0068

X14

X15

X16

X17

X18

X19

X20

[0.00225,0.00416]

[0.00303,0.00433]

[0.00037,0.00080]

[0.01257,0.01274]

[0.43583,2.29923]

H

3.3367

-5.0683

-5.7361

-5.6856

-5.6503

-3.9974

-4.6369

X12

0.5337

[0.23484,0.23800] [12.47162,43.55733]
[5.14831,18.52444]

0.8405

0.1719

0.0164

0.0030

0.0043

0.0053

0.0331

0.0294

0.0264

0.1104

0.0004

signs a corresponding weight value for each expert, which is 0.3, 0.4,
and 0.3 respectively.
After quantifying the corresponding IFNs, the individual evaluations of risk factors S and D from each expert are synthesized into the
group evaluations by Equation (15), and the values of O are converted
into the form of intuitionistic fuzzy number. The results are shown in
Table 8. RPN of components can be calculated using Equation (14)
and be converted into interval numbers, as shown in Table 9.
DIF and RAW of each component can be obtained based on reliability analysis. These importance degrees together with RPN are
used to construct an interval multi-attribute decision table shown in
Table 10.

X7

X9

X11
X12
X13
X14
X15
X16
X17

X18

X19

X20

[0.03212,0.07235]

[0.00028,0.00053]

[0.00047,0.00049]

0.0066

0.6627

[2.29340,8.14851]

[0.00007,0.00015]

[0.72973,0.72989] [264.8221,912.3449]

X10

R

X13

[0.76891,0.78866]

X5

[0.00007,0.00015]

[0.00155,0.00305]

Components

0.0082

X4

[0.46194,2.43247]

R

X11

[0.00023,0.00043]

[0.00038,0.00056]

-5.8312

0.0317

[3.09733,15.99883]

[3.09733,15.99883]

X8

Table 12. Relative closeness of components
Components

[0.00427,0.00457]

[0.00256,0.00274]

[0.00007,0.00015]

X20

-5.6146

X3

[0.52511,2.71247]

-4.7688

X19

[0.00155,0.00305]

[0.20258,0.28309]

[0.00016,0.00029]

RPN

[3.09733,15.99883]

X6

X18

-5.7068

RAW

[0.04125,0.04405]

[0.00126,0.00285]

Table 11. Evaluation score of components
Components

DIF

X1

[0.06180,0.09270]

[0.50780,2.54509]
[0.43551,2.29661]

[0.00152,0.00228]

[0.43674,2.30619]

[0.00220,0.00330]
[0.00222,0.00332]
[0.05000,0.05422]

[0.43632,2.30315]
[0.43979,2.31855]

[2.47416,12.77583]

[0.01885,0.01912] [15.20216,52.97985]

[0.01257,0.01274] [15.20216,52.97985]

[0.20248,0.20481] [15.20216,52.97985]

[0.00036,0.00054]

[0.43583,2.29923]

[0.04814,0.09636]

[0.00004,0.00010]
[0.00001,0.00002]
[0.02201,0.04303]
[0.00182,0.00352]
[0.00036,0.00079]
[0.00049,0.00111]
[0.00074,0.00130]
[0.00126,0.00285]

[0.00016,0.00029]

[0.00007,0.00015]

[0.00155,0.00305]
[0.00007,0.00015]

Table 13. Evaluation score of components without using entropy weight
method
Components

H

Components

-5.7047

X12

-4.8696

X14

-5.6705

X1

-4.3318

X3

-5.6543

X2

X4

25.9212

X6

21.1088

X5

X7

21.0966
0.8968

X8

-5.8612

X10

-5.7037

X9

-5.7095

X11

X13

X15

X16

X17

X18

X19

X20

H

5.6739

-5.7328

-5.6227

-4.1307

-4.8553

-4.9760

-0.0200

-5.8547

According to the entropy weight method, the weights of three attributes ω1=0.3364, ω2=0.3316, ω3=0.3319 are determined using Equation (28)-(30). Furthermore, based on the CODAS, the evaluation
score (H) of the fault location strategy can be obtained, as shown in
Table 11. It can be seen that the fault location strategy is:
X5>X4>X6>X11>X7>X19>X16>X1>X17>X18>X12>X3>X10>X
2>X15>X14>X9>X13>X20>X8.
Obviously, the first component to be checked is X5. If X5 fails, the
maintenance process ends. Otherwise, the next component X4 will be
diagnosed until the fault is detected.
To verify the effectiveness of the improved CODAS method, in this
paper, a TOPSIS method is adopted for comparative analysis. It provides a descending ranking for all the alternatives by taking the rela-
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Table 14. Updated multi-attribute decision table
Components

DIF

[9.74111,53.07966]

[0.00155,0.00305]

X3

[0.01416,0.01445]

[9.74111,53.07966]

[0.00023,0.00043]

[0.00849,0.00867]

X5

[0.00123,0.00183]

X6

[0.29582,0.36692]

X7
X8
X10
X11
X13

[0.66631,3.34139]

[16.92894,62.41633]

[0.00482,0.00722]

[0.41419,2.43258]

[0.00228,0.00338]

X16

[0.16108,0.16480]

X17
X18
X20

-3.9779

X13

-3.8754

X5

-7.6820

X6

14.5781

X8

-7.7263

X7
X9

X10

X11

22.4662
-7.5760

-3.0806
0.8393

H

X12

-7.2472

X14

-7.5985

X15

X16

X17

X18
X19

X20

-7.6469

-7.5622

-1.4462
7.5595
7.2109

21.7829
-7.7436

tive closeness to the ideal solution. As shown in Table 12, the component with higher relative closeness is first diagnosed. As you can see
from Table 12, the fault location strategy can be obtained as follows:
X5>X4>X6>X11>X7>X19>X16>X1>X17>X18>X12>X3>X10>X
2>X15>X14>X9>X13>X20>X8
It is consistent with the location strategy obtained by the improved
CODAS method, which proves the effectiveness and feasibility of the
improved CODAS method.
However, there is a defect when the TOPSIS algorithm is used for
decision-making, because its optimal scheme is determined by selecting the scheme with the shortest distance from the positive ideal solution and the longest distance from the negative ideal solution. When
the index values of the two evaluation objects are symmetrical about
the positive ideal solution and the negative ideal solution, the accurate
results cannot be obtained, but the CODAS algorithm can make up
for this defect.
Furthermore, a comparative experiment is also added in this section to compare the differences between the weight determined by the

486

[0.42804,2.50405]

[7.55821,41.16724]

[52.16353,189.87244]

[0.00036,0.00054]

Components

X3

[0.41596,2.44702]

[0.73273,0.73351]

H

-1.2742

[0.41734,2.45826]

[52.16353,189.87244]

Table 15. Updated evaluation score of components

X1

[0.41299,2.42275]

[0.06822,0.06847]
[0.04548,0.04565]

X19

[0.50566,2.92507]

[0.00164,0.00166]

[0.00222,0.00332]

X15

[0.72704,3.96024]

[0.00420,0.00549]

[0.00154,0.00230]

X14

[0.41289,2.42195]

[42.59458,154.96607]

[0.06182,0.09271]

X12

[9.74111,53.07966]

[0.84590,0.84654]
[0.00044,0.00062]

X9

X2

RPN

[0.13683,0.13935]

X2

Components

RAW

X1

[52.16353,189.87244]
[0.41419, 2.43258]

[0.00007,0.00015]
[0.00028,0.00053]
[0.04814,0.09636]
[0.00225,0.00416]
[0.00004,0.00010]
[0.00037,0.00080]
[0.00001,0.00002]
[0.02201,0.04303]
[0.00182,0.00352]
[0.00036,0.00079]
[0.00049,0.00111]
[0.00074,0.00130]
[0.00126,0.00285]
[0.00016,0.00029]
[0.00007,0.00015]
[0.00155,0.00305]

[0.00007,0.00015]

entropy weight method and the expert evaluation. Table 13 gives the
results that the weight is determined without using the entropy weight
method. And the fault location sequence is as follows:
X4>X6>X5>X11>X7>X19>X16>X1>X17>X12>X18>X15>X3>X
14>X10>X2>X9>X13>X20>X8
Obviously, the fault location sequence without using the entropy
weight method has changed significantly, which will lead to a more
subjective output.
DIF of all components are shown in Table 10, which can be used
to determine the potential location of sensors. Supposing that the system only allows one sensor to be installed, and it can be observed that
the DIF of component X4 is the highest from Table 10. Therefore, the
sensor S1 is chosen to be installed on component X4. The evidence
information (X4 works or fails) will be fused into the EN and the importance degrees such as DIF and RAW, can be recalculated. In this
paper, assuming that component X4 is detected to be in a working state
and the updated decision table is constructed as given in Table 14.
The updated evaluation score of components can be obtained in
the same way, as shown in Table 15. After incorporating the sensor
information, the fault location sequence is as follows:
X7>X19>X6>X17>X18>X11>X1>X16>X10>X3>X2>X12>X15>
X9>X14>X13>X5>X8>X20.
Obviously, after fusing the sensor information, the diagnosis sequence has changed significantly, which indicates that it is necessary
to fuse sensor information for fault location.

5. Conclusion
Based on reliability analysis and information fusion, a fault location strategy is presented for complex systems under uncertainty in
this paper. To describe epistemic uncertainty, the failure probability
of components is evaluated with interval values by domain experts;
Afterward, the fault tree is employed for modeling fault characteristics, which is converted into an evidence network to obtain some
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importance degrees such as DIF and RAW for quantitative analysis;
Furthermore, the sensor information is used to update dynamically
these results. An interval multi-attribute diagnostic decision table is
constructed based on the obtained importance degrees and the evaluated risk priority number. Besides, for realizing fault location rapidly,
the CODAS algorithm is used to determine the best fault diagnosis
sequence to provide some decision support and the entropy weight
method is incorporated into this algorithm to calculate the weights of
attributes, which avoids experts’ subjectivity. Finally, the feasibility of

the proposed method is demonstrated by an urban rail power battery
traction system.
In the future, we will emphatically focus on the dynamic correlation and common cause failures among complex systems.
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Abstract

• This study explored the stability of the AZ31 Machining vibrations are an important issue as they occur in all types of machining processes. Due to its negative impact on machining results, this phenomenon is undesirable,
magnesium alloy milling process.
and so there have been continuous efforts to find solutions that will minimise it, and thus
• Vibration analysis was performed based on the
improve the stability and safety of the machining process. The paper attempts to determine
displacement and acceleration signals.
the impact of toolholder type and cutting condition on the vibrations generated while milling
• The influence of toolholder type and cutting con- an AZ31 magnesium alloy. The tests were performed using the three most common types of
dition on vibration was determined.
toolholders: ER, Shrink Fit and hydraulic. The vibration displacement and acceleration sig• Chatter frequency was detected based on the FFT nals were analysed based on parameters such as Peak-to-Peak, Peak, and Root Mean Square.
Composite Multiscale Entropy was also applied to check the stability of cutting processes
spectrum.
and define the level of signal irregularity. To determine the frequencies of vibrations and to
detect chatter vibrations Fast Fourier Transform was performed. This provides information
on the stability and enables vibrations to be minimized by avoiding unfavourable cutting
conditions.
Keywords
This is an open access article under the CC BY license vibration, stability, magnesium alloy, milling.
(https://creativecommons.org/licenses/by/4.0/)

1. Introduction
Vibrations are a major issue in any production process. They have
a significant influence on the safety of machining processes and on
their effects, mainly on the accuracy and surface quality of manufactured machine and device components. Therefore, it is necessary
to minimize the vibrations, since their complete elimination is unfortunately not possible. The usual division of vibrations is as follows: free (transient), forced, and self-excited (chatter) vibrations. In
the context of machining, chatter vibrations are the most interesting
and, at the same time, dangerous type, which can result in specific
machining issues. These vibrations exist when there is no effect on
the exciting force and are caused directly by the loss of stability by the
machine-holder-workpiece-tool (MHWT) system. Among the many
reasons for the loss of stability, the two most common are: internal
feedback in the mass-dissipation-elastic system (MDE) and machineholder-workpiece-tool (MHWT) as well as between the parameters of
working processes (WP); feedback by so-called regenerative chatter
(vibration reproduction) [25, 40].

The main factor that affects vibrations are the machining conditions
with which the cutting process is carried out [39, 46]. The increase of
technological parameters may significantly change the dynamics of
the process and thus the tendency to generate vibrations. As a rule,
an improvement in stability is obtained by decreasing technological
parameters, but this results in a simultaneous decrease in process efficiency. Therefore, the selection of appropriate parameters that will
ensure sufficient machining stability while maintaining satisfactory
productivity is extremely important. As a process optimization criterion, indicators such as the quality of the machined surface or the
favourable form of chips are also adopted [45, 49]. Stability can also
be influenced by the machining tool, more specifically its rigidity, geometry or material [1, 22]. The tool must provide adequate chip evacuation and sufficient sharpness. For this purpose, tools with different
shapes of cutting edges and different helix and pitch angles [7, 41].
Important for the stability of the machining can also be the inclination
angle of the tool in relation to the material being machined [34]. It has
been shown in [13] that also the tool wear rate can have a significant
impact on the dynamics of the machining process. The process stability can also be improved by selecting an appropriate toolholder. There
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are currently vibration-reducing holders on the market, but their cost
is very high. However, satisfactory results can be obtained by using
commonly available holders or by applying coatings to them [5, 42].
The intensity of vibrations also depends strongly on the type of machined components. In the case of thin-walled elements, vibrations
can have a critical impact on the deformations, therefore vibration
reduction is particularly important here. These types of elements are
usually shaped using tools with a long overhang, which additionally
intensifies the generated vibrations [15, 44]. An even greater risk of
vibration occurs when machining components with curved surfaces
where motion interpolation occurs [38]. The machining strategy can
also be a way of improving stability. Trochoidal milling, where the
cyclic exit of the tool from the workpiece prevents vibration from
escalating to high levels, is increasingly being used. However, this is
associated with an increase in machining time [3, 26, 43]. The main
reasons for the loss of stability during cutting of various construction
materials are also [25, 34]: high friction coefficient at the tool-workpiece interface, vibrations in the direction of resistance force Fp may
generate vibrations in the direction of main cutting force Fc and vice
versa (the phenomenon is also called feedback by so-called displacement), and vibrations causing the variable undeformed chip thickness
(so-called external modulation).
Chatter vibrations may also leave characteristic chatter marks [6,
9] on the machined surface. This is mainly the effect of vibrations
between the tool and the workpiece. Marks on the machined surface
caused by vibrations significantly deteriorate the quality of the manufactured elements, which requires the use of additional finishing operations or re-manufacturing the element [10, 39]. It was also observed
in [20] that high waviness and roughness occurred on the machined
surface as a result of excessive vibration. There could also be problems in achieving the appropriate accuracy of the machined components. Therefore, in addition to the deterioration in the quality of the
machined surface, vibrations can affect the durability and service life,
and cause accelerated or even catastrophic wear of the surfaces of
tools actively involved in cutting [47, 48]. In addition, the high amplitude of vibrations may pose a risk of damage to toolholders and
even entire machining units, and might also be a health hazard (high
frequencies and excessive noise). The presence of vibrations is often
related to the decrease in efficiency and effectiveness of machining,
which means a longer machining time (deterioration or limitation of
machining parameters) [15].
There are the following options to improve the stability of machine
tools [40]: design changes (adding damping elements, increasing stiffness), adding vibration absorbers to the machine structure, and modifying the external modulation (disturbing the phase coincidence in
adjacent tool vibrations). Furthermore, a few methods can be applied
to increase the dynamic stiffness and vibration stability of tools: the
use of anisotropic mandrels, the use of materials with a high Young’s
modulus and good damping properties, so-called passive dynamic absorbers with inertial mass, and the use of active vibration control by
means of active vibration dampers. Active methods usually minimise
vibrations on the basis of recorded frequencies, which also take into
account the tooth passing frequency and its multiples. However, they
are a natural part of the machining process. However, milling chatter
suppression is described in [30], which allows for adaptive vibration
suppression, which increases productivity.
It is also possible to classify the vibration elimination methods according to the division in [25]. In-process methods are based on continuous monitoring of the machining process and immediate change
of the machining conditions when undesirable vibrations are detected
[4, 16, 21]. The methods in this group require the collection of a lot
of data about the process being carried out and the development of an
advanced algorithms. However, a significant advantage is the high
autonomy of the system, without the need for substantial human involvement [17, 18]. Out-of-process methods are much more popular;
they involve the selection of parameters based on the stability lobe
diagram (SLD). These graphs allow to identify stable machining areas
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in which vibrations should not occur. Hence, they can be the basis
for adjusting the appropriate values of the process parameters, i.e.
rotational speed and axial depth of the cut [2]. Unfortunately, SLDs
also have some disadvantages, the biggest of which being the static
approach to obtaining input data (during the machine “standstill”,
the so-called static test). This does not take into account important
and key “dynamic parameters” of the spindle system, such as spindle
system stiffness, thermal expansion and various other factors with a
direct effect on the workpiece (mechanical and damping properties,
changes in the cross-section of the undeformed chip thickness, structure heterogeneity and material defects, etc.) [19, 23]. Therefore, in
addition to theoretical considerations (determining the SLD curve),
a particularly important and relevant aspect is the practical verification during milling in dynamic real conditions. The paper [32] also
presents an attempt to determine the stable areas based on numerical
analysis for the process described by the Duffing method.
The methods and types of chatter damping are also listed in [23],
which also describes how to select the damping method depending on
the machining conditions (workpiece machinability and stiffness of
the MHWT system). Paper [14] also considers the impact of the cutter diameter on the shape of the SLD curves (an increase in diameter
may extend the stable machining area; an increase in the number of
tool blades significantly increases the useful range of rotational speed
n and also the range of applicable cutting speed vc). Other methods are
also used in scientific works on milling process stability. Paper [34]
contains a list of these methods, including the chase plane method and
Poincare method. It discusses the relationship between the maximum
Lyapunov exponent (index 0.61 – non-linear vibration criterion) and
the milling parameters (spindle speed and milling depth). The higher ap
is, the more the Lyapunov exponent increases. In [33], an external forcing was applied to control the milling process with the use of MatlabSimulink (numerical tests based on the Runge-Kutta fourth order method with a variable integration step using a proportional-derivative PD
controller – closed loop control). A non-linear model with two degrees
of freedom was analysed, including phenomena such as non-linearity,
and tool and workpiece susceptibility. Lower vibration values were
obtained through optimal selection of the process parameters (based
on SLD stability curves), the use of the PD controller, and external
forcing. A common method of attempts to avoid vibrations is also the
selection of technological parameters based on the prediction [28].
The displacement or acceleration of vibrations is often used in the
diagnostics of machines and devices. Vibration measurements are usually made using transducers, tactile sensors (e.g. accelerometers, acceleration measuring instruments) or laser sensors (e.g. laser vibrometers). Due to the relatively high versatility, vibration sensors can be
used not only to assess the stability of the machining process, but also
for structural health monitoring of machining machines [12]. Measurement of the vibration signal has a number of advantages, including
the easy installation of the sensor, the small size of the sensor, and the
cost of the sensor itself (lower compared to expensive dynamometers,
for example). Vibration measurements allow us to obtain as much information about the course of the process as in the measurement of the
total cutting force components (good correlation of vibrations with
the force signal). But the main disadvantage is the susceptibility to interference (sensor installation point) [29, 43]. The recorded vibration
signals are usually analysed as a function of time, but an analysis as
a function of frequency is also possible. This allows to determine the
frequencies of vibrations during machining, making it possible to detect chatter vibrations and check the stability in the cutting process [3,
27]. The knowledge of the frequencies at which chatter vibrations occur allows for the selection of the appropriate spindle speed at which
the machining can be performed with greater safety [11]. A useful tool
for analysing the signals recorded during machining, such as vibrations or cutting forces, is Composite Multiscale Entropy (CMSE) [30,
42]. It defines the irregularity and uncertainty of the obtained signal
for a better understanding of the phenomena occurring during the cutting process. Composite Multiscale Entropy was developed on the ba-
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sis of the previous Multiscale Entropy (MSE), which was affected by
some errors. The new algorithm assumes the graining procedure for
all data series, not only for the first one, like in the MSE. This solution
is to ensure greater accuracy of results, even for high values of the
scale factor [36, 37].
The process of aluminium alloy milling and the formation of chatter
vibrations during such machining are quite well known and described.
Many scientific papers have been devoted to analysing the machinability of popular and frequently used aluminium alloys, including:
2024-T351, 6061-T6, 6063, 7050-T7451, 7075 T6/T7. The machining tools used in this regard are often (3- or 5-axis) milling centres,
but in research studies, these are also industrial robots (e.g. Kuka) [24,
46] with special tools for machining (e.g. tungsten carbide end mill of
the special protection part under the cutting edge). Still, there is no
broader analysis of machinability (including vibration) for magnesium
alloys, although we can observe a slow trend of interest in such publications and research. For example [8] during the vibration-assisted
micro-milling of AZ31B magnesium alloy is investigated in terms of
size effect and material removal mechanism. It is found that vibration
frequency has a significant influence on the machining mechanism.
However, the presented paper applies to micro-milling, which is difficult to compare with machining processes conducted under typical
production conditions. The literature review shows that the number
of available research on the machining of magnesium alloys is much
lower than in the case of other light metal alloys. Magnesium alloys
have quite a wide range of applications, and therefore it is believed
that a broader analysis is needed for the phenomena accompanying
the machining of this group of materials. Despite the relatively high
similarity of aluminium alloys to magnesium alloys, the results of the
conducted research, and thus the values of the machinability indexes
obtained for this group of materials, cannot be directly translated into
magnesium alloys. Therefore, an independent analysis of the phenomena accompanying the milling of these materials is necessary.
Based on the literature review, it is stated that machining vibrations are a significant impediment to the implementation of machining processes on various materials. They lead to the loss of process
stability, which may lead to faster or even catastrophic tool wear, as
well as damage to the machines on which the machining is carried out.
All these factors have a crucial impact on the reliability of production processes, as unexpected machine failure can result in production
downtime. An important issue is also the quality and accuracy of the
manufactured products, which can be significantly deteriorated as a
result of the impact of vibrations. In the case of magnesium alloys,
this is particularly important as components for the automotive, aircraft and aerospace industries are produced from them. The manufactured products must therefore meet the highest quality criteria. Due
to their lightness, magnesium alloys make it possible to significantly
reduce the weight of vehicles, and thus reduce emissions to the environment, and thus fit perfectly into the current ecological trends. For
this reason, a further increase in the use of these materials is expected
in the coming years.
The main novelty of the research described in the paper is the analysis of process stability during milling of the AZ31 magnesium alloy
based on, among others, Composite Multiscale Entropy or Fast Fourier Transform. The number of papers on the analysis of phenomena
during the processing of this group of materials is significantly lower
than in the case of other construction materials. It is believed that
knowledge on their machinability is currently insufficient and should
be significantly expanded, especially due to the growing popularity
of magnesium alloys in many industries. The main objective of the
research was to analyse the vibrations generated during the AZ31
magnesium alloy milling process as widely as possible and to determine the factors that may have a significant impact on their formation.
The study attempts to determine whether changing the tooling and
machining conditions may prove to be an effective method of minimizing vibrations, without the need for large investments in advanced
monitoring systems. The latest publications on the dynamics of ma-

chining processes indicate that the problem of vibrations is still a valid
issue, despite the ongoing research in this area and the development
of new solutions to reduce vibrations. Each step taken to increase
the stability of the machining is crucial to improving the safety, efficiency and reliability of the manufacturing processes. The conducted
research will provide knowledge about the intensity of vibrations that
can be expected in the process of machining the magnesium alloy,
and whether it is possible to improve the stability without the need to
reduce the efficiency of the process. Another novelty of the paper is
the use of Multiscale Composite Entropy for stability assessment as
an alternative to commonly used indicators. A Fast Fourier Transform
was also used for the analysis, which made it possible to determine the
frequency of vibrations and the potential susceptibility of the process
to the occurrence of chatter.

2. Materials and Methods
The tests involved an analysis of vibrations occurring during the
milling process of AZ31 magnesium alloy, as per the diagram shown
in Fig. 1. The cutting process was performed on an AVIA VMC 800HS
vertical milling centre, without any cooling agents. It is equipped with
an electro-spindle with a maximum rotational speed of 24,000 rpm,
sufficient for high-speed machining. Three types of toolholders were
used for the test: ER by Seco, Shrink Fit by Seco and hydraulic Tendo
E by Schunk. The manufacturers of these holders guarantee a balance
quality grade of G2.5 up to a rotational speed of 25,000 rpm, as per
ISO 21940-11:2016. However, this is the result declared for the holder
itself, without the cutting tool attached. For this reason, the toolholder-tool assembly balance was checked with a Cimart RT610 balancing
machine. For the tool mounted in the ER holder, the balance was 7.67
gmm, compared to 7.24 gmm in the hydraulic holder. The Shrink Fit
toolholder is the only type of holder that allows to adjust the balance
yourself, and therefore its result was 4.27 gmm. It is therefore concluded that in all cases, the holder-tool set was balanced in grade G6.3
up to a rotational speed of 20,000 rpm. The tool used during machining was a 16 mm diameter end mill from Fenes made of solid carbide
(VHM). The tool is equipped with two cutting edges and has a helix
angle of λs = 30°. The overall length of the tool is 92 mm, while the
length of cut is 26 mm. The working part of the tool is covered with
TiAlN coating, commonly used for machining light metal alloys such
as magnesium and aluminium alloys.
Table 1 shows the experiment plan used for carrying out the test.
In addition to the type of holder, the variables included two process
parameters: cutting speed vc and feed per tooth fz. The cutting speed
was changed in the range of 400–1000 m/min, and the main limitation was the maximum rotational speed of the spindle. The feed per
tooth was changed in the range of 0.05–0.30 mm/tooth. The ranges
of parameters used result mainly from the research carried out so far
and the authors’ experience in the machining of magnesium alloys.
Additionally, the cutting speed was limited due to the spindle speed to
which the holders were balanced by the manufacturers. The constant
factors were the axial depth of cut ap = 6 mm and the radial depth of
cut ae = 14 mm. The generated stability curves were also considered
when selecting the machining parameters.
Two vibration parameters were recorded during the cutting process: displacement and acceleration. The machining vibrations were
analysed in the Y axis of the machine tool, which is in accordance
with the direction of the tool feed movement. The vibration displacement was measured with an optoNCDT LD1605-2 laser sensor by
Micro-Epsilon, with a measuring range of 2 mm. The laser beam was
aimed at the front wall of the workpiece. Vibration acceleration measurements were recorded using a PCB 352B10 piezoelectric accelerometer by Piezotronics, attached to the front surface of the material.
Both vibration sensors were connected to an LMCS SCADAS Mobile
data acquisition system coupled with a computer with the Test.Xpress
4A software. Both the displacement and acceleration measurements
were recorded at a sampling frequency of 10 kHz.
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Fig. 1. Scheme of tests
Table 1. Experiment plan
Toolholder type Cutting speed vc [m/min]
400
600
800

ER

1000
800
400
600
800

Shrink Fit

1000
800
400
600
800

Hydraulic

1000
800
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Feed per tooth fz [mm/tooth]

0.15
0.05
0.10
0.15
0.20
0.25
0.30
0.15
0.05
0.10
0.15
0.20
0.25
0.30
0.15
0.05
0.10
0.15
0.20
0.25
0.30

The vibration signals recorded during milling were analysed
in the full cutting area, i.e. ignoring the tool entry and exit zones.
Vibration signals as a function of time were analysed on the
basis of three parameters: Peak-to-Peak, Peak, and Root Mean
Square (RMS) value. The Peak-to-Peak parameter was defined
as the difference between the maximum value and the minimum
value, while the Peak parameter was the difference between the
maximum value and zero. To avoid distortions caused by single
signal spikes, the maximum and minimum values were set as the
average of the 10 highest and 10 lowest values, respectively. The
RMS parameter values for vibration displacement and acceleration were calculated successively according to Eq. 1 and 2:
xRMS =

1T 2
∫ x ( t ) dt
T0

(1)

aRMS =

1T 2
∫a ( t ) dt
T0

(2)

where: T – time interval, x(t) – displacement as a function of
time, a(t) – acceleration as a function of time.
Composite Multiscale Entropy was calculated according to
the standard procedure [31, 36, 37] using the Matlab software.
With one-dimensional time series x of total length N, the value
of coarse-grained time series y(τ ) was determined for the adopted
scale factor τ in accordance with Eq. 3:
i = jτ + k −1

1
τ
yk( , )j =
∑ xi ,1 ≤ j ≤ N τ ,1 ≤ k ≤ τ
τ i =( j −1)τ + k

(3)

In the next step, the SampEn sampling entropy was determined to specify the probability that two successive data chains
of length m will be similar to each other with tolerance r. Com-

Eksploatacja i Niezawodnosc – Maintenance and Reliability Vol. 24, No. 3, 2022

posite Multiscale Entropy is defined as averaging of τ SampEns:
MSE ( x,τ , m, r ) =

(

1 τ
(τ )
∑ SampEn yk , m, r
τ k =1

)

(4)

The calculations were performed for scale factor τ = 50 and
data chain length m = 2. Tolerance r was set at 10% of the standard deviation of the original time series.

3. Results
Before starting the milling tests, a modal analysis was carried
out to generate SLD for the machined material. The stability
curves shown in Fig. 2 were generated for each type of toolholder with mounted cutting tool. The chart also presents the
points corresponding to the process parameters applied for the
material milling process. The rotational speeds corresponding
to the applied cutting speeds were as follows: 7,962; 11,943;
15,924; and 19,904 rpm, while the axial depth of the cut was
constant ap = 6 mm.
Based on the curve analysis, it was concluded that the applied depth of the cut is close to the border of the stable area,
which should be free of chatter vibrations. However, the stability curves should be used with some caution, because the modal

Fig. 3. Time series of vibration displacement obtained during milling with cutting speed
vc = 600 m/min with the use of: a) ER; b) Shrink Fit; c) Hydraulic toolholder

The values of individual signal parameters recorded at a given cutting speed were similar for different types of toolholders.
In general, we could observe a tendency of parameter values to
increase as a result of higher cutting speeds. However, at a cutting speed of 1000 m/min, the values of the analysed parameters
decreased, which may be connected with entering the HSM
(High Speed Milling) area. The exceptions are the results for the
tool mounted in the Shrink Fit toolholder, where the value also
decreased slightly at cutting speed vc = 600 m/min. The parameter values were recorded in the following ranges: 0.018–0.045
Fig. 2. Stability lobe diagrams for tool clamped in ER, Shrink Fit and Hydraulic toolmm for Peak-to-Peak, 0.009–0.023 for Peak and 0.003–0.011
holders
mm for RMS. The lowest values of the Peak-to-Peak and Peak
parameters were obtained in the hydraulic holder at the cutting
analysis was done in a static system, which may differ significantly
speeds of 400 m/min and 1000 m/min, and in the ER holder for the
from the conditions during the cutting process.
Therefore, a more reliable assessment of the
process stability is possible only on the basis of
experimental tests.

3.1. Vibration displacement analysis
Vibration displacement signals were recorded during milling tests with the use of various
types of toolholders and with variable process
parameters. Examples of time series fragments
for vibration displacement recorded during machining at cutting speed vc = 600 m/min and
with the use of a tool mounted in various holders are shown in Fig. 3.
The recorded vibration displacement signals
are modulated, without sudden signal spikes.
Despite using the same process parameters
during milling, the signals differed depending
on the type of toolholder used. The recorded
signals were analysed on the basis of three basic parameters: Peak-to-Peak, Peak, and Root
Mean Square (RMS). The influence of changing the cutting speed and the type of toolholder
on the value of the respective parameters is presented in Fig. 4., while Fig. 5. shows the effects
of changing the feed per tooth.

Fig. 4. Effect of cutting speed on: a) Peak-to-Peak value; b) Peak value; c) RMS value of vibration displacement
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speed of 600–800 m/min. However, in the case of the RMS parameter, the lowest values were recorded for the ER holder at the cutting
speeds of 400 and 800 m/min, for the Shrink Fit holder at the cutting
speed of 600 m/min, and for the hydraulic holder at the cutting speed
of 1000 m/min. All of the results are also characterised by a small
standard deviation, which indicates the absence of considerable individual signal spikes.

est values in the entire range of cutting speed changes were recorded
when using the ER holder. The parameter ranges were as follows:
Peak-to-Peak – 6.89–32.69 m/s2, Peak – 3.44–16.35 m/s2, and RMS –
1.43–8.39 m/s2. Furthermore, the results showed a small dispersion of
values, which demonstrates a high repeatability of the signal.
As in the case of changes in the cutting speed, increasing the feed
per tooth resulted in a gradual rise in the values of the analysed parameters. In the feed per tooth range of fz = 0.05–
0.15 mm/tooth, the parameter values increased
slightly, while the highest, several-fold increase
was observed in the range of fz = 0.20–0.30 mm/
tooth. Regardless of the type of toolholder used,
the obtained values remained at a similar level.
The values increased from 0.99 to 29.24 m/s2
for Peak-to-Peak, from 2.97 to 58.30 m/s2 for
Peak and from 0.99 to 29.24 m/s2 for RMS.
The results obtained during the research
show that by changing the technological parameters the dynamics of the milling process
can be effectively controlled, both in terms of
displacement and vibration acceleration. This is
particularly noticeable when changing the feed
per tooth, where the values of individual parameters describing vibrations increase several
times with increasing feed value. The cutting
speed is also a factor influencing the intensity of
vibrations, however to a much lesser extent than
feed. In order to minimise vibration, it is recommended to carry out machining at low values of
technological parameters.

Fig. 5. Effect of feed per tooth on: a) Peak-to-Peak value; b) Peak value; c) RMS value of vibration displacement

3.3. Composite Multiscale Entropy
(CMSE) analysis

Vibration measurements were also carried out during milling
tests with variable feed per tooth in the range of fz = 0.05–0.30
mm/tooth. As a consequence of the change in the feed per tooth,
the values of the analysed signal parameters changed indefinitely/irregularly, regardless of the type of toolholder, and remained
within the range of 0.019–0.057 mm for Peak-to-Peak, 0.009–
0.029 mm for Peak and 0.005–0.012 mm for RMS. The largest
change was observed during machining with feed per tooth fz =
0.30 mm/tooth, where the values increased to 0.082 mm, 0.041
mm and 0.021 mm for Peak-to-Peak, Peak, and RMS, respectively. However, in most cases, the lowest values of the signal
parameters were obtained for the tool mounted in the ER holder.
Similarly, to changes in the cutting speed, the results were characterised by a small dispersion of values.

3.2. Vibration acceleration analysis
The tests also involved measurements of the vibration acceleration during milling machining with a tool mounted in various types of toolholders and with variable process parameters.
Fig. 6 presents examples of time series fragments recorded during machining at cutting speed vc = 600 m/min.
The vibration acceleration signals recorded during milling
with the use of different toolholders have a similar waveform, Fig.
but differ in values. As in the case of vibration displacement,
the obtained signals were analysed on the basis of the following
parameters: Peak-to-Peak, Peak, and Root Mean Square (RMS).
The values of individual parameters obtained as a result of changes in
the cutting speed are shown in Fig. 7, while changes in feed per tooth
are presented in Fig. 8.
Increasing the cutting speed resulted in an approximately linear
increase in the value of the analysed signal parameters. The obtained
values were similar for individual types of toolholders, but the low-
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6. Time series of vibration acceleration obtained during milling with cutting
speed vc=600 m/min with the use of: a) ER; b) Shrink Fit; c) Hydraulic toolholder

The analysis of the recorded vibration displacement and acceleration signals was also based on Composite Multiscale Entropy (CMSE).
It is an indicator that determines the signal entropy, which can be successfully used for analysing the stability of machining processes. The
procedure for determining CMSE was carried out for the scale factor
of 50, but the greatest changes occurred in the range of τ = 0–20, and
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Fig. 7. Effect of cutting speed on: a) Peak-to-Peak value; b) Peak value; c) RMS value of vibration acceleration

Fig. 8. Effect of feed per tooth on: a) Peak-to-Peak value; b) Peak value; c) RMS value of vibration acceleration

therefore it was decided to limit the scope of the graphs to this area.
The CMSE waveform for the vibration displacement signal obtained
for the tool mounted in different toolholders during machining with
variable process parameters is shown in Fig. 9. A similar analysis was
also conducted for the vibration acceleration signals, the results of
which are presented in Fig. 10.
The entropy waveforms for the vibration displacement signals recorded during milling with the extreme cutting speed values of vc =
400 m/min and vc = 1000 m/min are noticeably different. When machining is done at the lowest cutting speed, the entropy value initially
increases, but then stabilises at a scale factor of approx. 14. In the case
of signals for cutting speed vc = 1000 m/min, the value of entropy in
the range of τ = 0–10 remains constant, and then drops, which indicates an increase in the stability of the machining process. The nature
of entropy waveforms was similar for different types of toolholders,

however, at both cutting speeds the lowest entropy values were obtained for the tool mounted in the ER holder, and the highest for the
tool in the hydraulic holder.
During machining with variable feed per tooth, the entropy waveforms are very similar regardless of the type of toolholder and change
in feed per tooth. In the initial range of the scale factor, a slight increase in entropy can be observed, however, it is much lower than
during a change in the cutting speed. The obtained waveforms are
very gentle, without clear fluctuations in values, which shows the high
stability of the machining processes.
For the vibration acceleration signals recorded during machining
at variable cutting speed, the entropy value decreases throughout the
analysed range of scale factor τ = 0–20, which proves the process
stabilisation. Despite that, some spikes in value can be observed in
the waveform. For both the higher and the lower cutting speeds, the
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Fig. 9. CMSE for vibration displacement signals obtained during milling with Fig. 10. CMSE for vibration acceleration signals obtained during milling with
different: a) cutting speed; b) feed per tooth
different: a) cutting speed; b) feed per tooth

Fig. 11. FFT spectrum of vibration acceleration signals obtained during milling with ER toolholder and
different cutting speed: a) vc = 400 m/min; b) vc = 600 m/min; c) vc = 800 m/min; d) vc = 1000 m/
min

entropy values remained at a similar level for all toolholders used.
However, at cutting speed vc = 1000 m/min, the lowest entropy value
in the final range of the scale factor was obtained for the tool in the
Shrink Fit holder. At cutting speed vc = 400 m/min, the waveforms intersected in many values of the scale factor, so it is difficult to indicate
the signal with the most favourable waveform.
The change in feed per tooth resulted in greater changes in entropy.
For feed per tooth fz = 0.05 mm/tooth, the entropy values decreased
throughout the range of the scale factor, while for the highest feed per
tooth, the entropy initially increased, and decreased only in the range
of τ = 6–20. In the case of the lowest feed per tooth, the entropy waveforms are similar, but the lowest level of signal irregularity was found
for the hydraulic holder, while the ER holder was characterised by the
most irregular signal. The signals obtained for individual toolholders
during machining with the highest feed per tooth fz = 0.30 mm/tooth
had very similar waveforms and entropy values.
Composite Multiscale Entropy analysis has shown that the recorded vibration signals are characterised by a low level of disorder. This
applies to both displacement and acceleration signals, for which low
entropy values were obtained. The vibration acceleration signals were
characterised by a higher level of order, due to decreasing entropy
values with increasing scale factor. In the case of vibration displacement signals, an increase in entropy could be observed, however, it
eventually stabilised at a low level. On this basis, it is concluded that
the vibration occurring during milling were not intense and the machining process was stable.
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3.4. Fast Fourier Transform (FFT) analysis
The obtained vibration acceleration signals were also subjected to
Fast Fourier Transform to analyse the waveforms as a function of frequency. This type of analysis allows us to distinguish the individual
vibration frequencies that make up the recorded signal. It is one of the
methods to detect self-excited vibrations during machining processes.
The FFT spectrum of vibration acceleration signals obtained during
milling with different cutting speed vc is shown in Fig. 11–13, while
the results for variable feed per tooth fz are presented in Fig. 14–16.
Analysis of the signals recorded during machining using the ER
holder (Fig. 11) at variable cutting speed demonstrated that the highest peaks occurred for tooth passing frequencies. For the analysed cutting speeds of 400, 600, 800 and 1000 m/min, these frequencies were
265, 398, 531 and 663 Hz, respectively. In addition to them, the spectrum also includes frequency components corresponding to harmonic
vibrations. These are multiplications of the tooth passing frequency.
In most cases, these peaks decrease with increasing frequency, and
there are no other large peaks, which indicates a fairly high stability
of the milling process.
In the frequency domain analysis for signals obtained during milling with the use of the Shrink Fit toolholder (Fig. 12), the situation
was a bit different. The highest peaks were again obtained for the tooth
passing frequency, with the exception of cutting speed vc = 1000 m/
min. However, the value of harmonic vibrations remained constant,
instead of decreasing. During machining at cutting speed vc = 600 m/
min, peaks were observed for the frequencies of 1750 and 2138 Hz,
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Fig. 12. FFT spectrum of vibration acceleration signals obtained during milling with shrink fit toolholder
and different cutting speed: a) vc = 400 m/min; b) vc = 600 m/min; c) vc = 800 m/min; d) vc = 1000
m/min

Fig. 13. FFT spectrum of vibration acceleration signals obtained during milling with hydraulic toolholder
and different cutting speed: a) vc = 400 m/min; b) vc = 600 m/min; c) vc = 800 m/min; d) vc = 1000
m/min

which are not harmonic vibrations. So it is supposed that chatter occurred here. In the case of the spectrum for cutting speed vc = 800 m/
min, the harmonic vibration values increased for the frequencies of
1593 and 2124 Hz, which may mean susceptibility to chatter vibrations. The FFT analysis for the highest cutting speed showed that the
harmonic vibration frequency of 1989 Hz was dominant. It is much
higher than the peak for the tooth passing frequency, which suggests
the occurrence of chatter vibration.
The FFT analysis for signals obtained during machining with a tool
mounted in the hydraulic holder (Fig. 13) showed that tooth passing
frequencies were dominant. For cutting speed vc = 400 m/min, the harmonic vibrations gradually decreased with the increasing frequency.
In the case of vc = 600 m/min, there was a slight increase in harmonic
vibrations at the frequencies of 1592 and 1990 Hz. A much greater
increase was recorded at the frequencies of 1593 and 2124 Hz during
machining at cutting speed vc = 800 m/min, similar to the Shrink Fit
toolholder. On the spectrum for cutting speed vc = 1000 m/min, the
highest peak occurred for the 2nd harmonic at the frequency of 1989
Hz, which indicated instabilities in the process.

The FFT analysis was also conducted for the vibration acceleration
signals obtained during machining with the feed per tooth changed
in the range of 0.05–0.30 mm/tooth. Since the change in the feed per
blade did not affect the spindle’s rotational speed, the tooth passing
frequency of 531 Hz was the same in all cases. As can be seen in Fig.
14, during milling with a tool mounted in the ER holder with low
feed per tooth values of fz = 0.05–0.15 mm/tooth, the highest peaks
occurred for the 2nd harmonics at a frequency of 1593 Hz, while the
subsequent harmonic vibrations decayed. During machining with
higher feed per tooth fz = 0.20–0.30 mm/tooth, the tooth passing frequency was dominant, while the amplitude value increased with the
increasing feed value. The height of the peaks of the harmonic vibrations was small, and their number was low.
During milling with a tool in the Shrink Fit toolholder (Fig. 15) at
low values of feed per tooth fz = 0.05–0.10 mm/tooth, the highest amplitudes were observed for the harmonic vibrations, similar to the use
of the ER holder. High peaks with a value similar to the tooth passing
frequency also occurred at 1814 Hz, suggesting chatter. With feed fz
= 0.15 mm/tooth, the highest amplitude values occurred for the tooth
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Fig. 14. FFT spectrum of vibration acceleration signals obtained during milling with ER toolholder and
different feed per tooth: a) fz = 0.05 mm/tooth; b) fz = 0.10 mm/tooth; c) fz = 0.15 mm/tooth; d) fz
= 0.20 mm/tooth; e) fz = 0.25 mm/tooth; f) fz = 0.30 mm/tooth

Fig. 15. FFT spectrum of vibration acceleration signals obtained during milling with shrink fit toolholder
and different feed per tooth: a) fz = 0.05 mm/tooth; b) fz = 0.10 mm/tooth; c) fz = 0.15 mm/tooth;
d) fz = 0.20 mm/tooth; e) fz = 0.25 mm/tooth; f) fz = 0.30 mm/tooth
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Fig. 16. FFT spectrum of vibration acceleration signals obtained during milling with hydraulic toolholder
and different feed per tooth: a) fz = 0.05 mm/tooth; b) fz = 0.10 mm/tooth; c) fz = 0.15 mm/tooth;
d) fz = 0.20 mm/tooth; e) fz = 0.25 mm/tooth; f) fz = 0.30 mm/tooth

passing frequency, but the harmonic vibrations were equally high.
High peaks for the tooth passing frequency, increasing with the feed
per tooth, occurred at high values of feed fz = 0.20–0.30 mm/tooth.
This was accompanied by low amplitudes of the harmonic vibrations,
which decayed.
The frequency domain analysis of signals recorded during machining with the hydraulic holder (Fig. 16) showed that at low values of
feed per tooth fz = 0.05–0.10 mm/tooth, the highest peaks occurred for
the 2nd harmonics, as in the case of the other two holders. In the range
of feed per tooth fz = 0.15–0.30 mm/tooth, tooth passing frequencies
are dominant, while their amplitude increases for higher feed values.
We could also observe the decay of harmonic vibrations. Regardless
of the type of toolholder used, it was found that as the feed per tooth
increased, the number of peaks other than the tooth passing frequency
and its multiplication also decreased. With higher feed per tooth values, the floor noise value also increases, but it does not hinder the
detection of high peaks.
The analysis of vibration signals as a function of frequency showed
that the signal is dominated by vibrations at the tooth passing frequencies and its harmonics, which are multiples of the fundamental
component. On the obtained FFT spectrum, no clear peaks resulting
from chatter vibrations were observed. A few small peaks appear
mainly during machining with the highest cutting speed and low feed
per tooth. However, they are relatively small and therefore it can be
concluded that the process is quite robust against chatter vibration.
High machining stability is therefore ensured over a wide range of
technological parameters.

4. Conclusions
The paper presents and discusses the influence of the type of toolholder and basic process parameters on vibrations during the milling
process of AZ31 magnesium alloy. Based on the analyses, we have
formulated the following main conclusions:
1. Changes in process parameters such as cutting speed and feed
per tooth have a significant impact on the vibrations generated
during milling. This applies to both displacement and acceleration of vibrations. Increasing the cutting speed results in an approximately linear increase in the value of the analysed vibration parameters. However, the greatest increase in vibrations is
caused by changes in the feed per tooth, which is particularly
noticeable for vibration acceleration.
2. The type of toolholder also has an impact on the value of the
generated machining vibrations, but to a much lesser extent
than a change in the process parameters. Due to the similar
values of the analysed parameters obtained for individual machining conditions, it is not possible to clearly indicate the
toolholder that is best for reducing vibrations.
3. Composite Multiscale Entropy can be successfully used for
analysing the vibration displacement and acceleration signals.
The analysis showed that the recorded time series are characterised by a relatively low level of signal irregularity. The
vibration acceleration signals were characterised by lower uncertainty, and their entropy value decreased for higher values
of the scale factor.
4. The FFT spectrum is dominated by tooth passing frequencies
and their multiples, which are harmonic vibrations. This indicates the high stability of machining processes. However,
when performing milling at the highest cutting speed and low
feed per tooth, the process shows susceptibility to chatter vibration.
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In conclusion, the milling process of the AZ31 magnesium alloy
can be performed with relatively high stability. However, this requires
the selection of an appropriate configuration of technological parameters. In a wide range of machining condition, the milling process carried out did not show a clear tendency to generate chatter vibrations. It
is therefore concluded that the milling of the magnesium alloy can be
conducted in a safe manner with respect to machining vibrations. Despite the different design of the tool holders, the conducted research
did not show any significant differences in the obtained results. Therefore, the stability of the cutting process can be maintained regardless
of the type of tool holder used. It has been found that the main factor
enabling the control of machining vibrations are technological parameters - cutting speed and feed per tooth. The obtained results of the parameters describing the vibrations, as well as the FFT analysis showed
that in order to reduce the vibrations, the AZ31 magnesium alloy is
preferably processed with the lowest possible values of technological parameters. Various methods of vibration signal analysis used in
the study showed that each of these methods can be used to assess

the stability of the process. The choice of method depends largely on
the type of information the researcher wants to obtain, because each
of these methods provides different information about the vibration
signal. Despite the relatively large use of AZ31 magnesium alloy in
various industries, the available knowledge on the processing of this
material alloy is quite limited. Therefore, the conducted research provided valuable information on the dynamics of the milling process
of this material. The obtained results indicate that the machining of
AZ31 alloy is more stable than in the case of the most popular magnesium alloy AZ91D. This may be related to the higher plasticity of this
alloy, which contributes to better vibration damping capacity.
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Highlights

Abstract

• Selectivity of water and hydrogen sorption through The first research objective was the assessment of the selectivity of water and hydrogen
adsorption by the 3A molecular sieve (MS) in the terms of the safety of using the DGA
a 3A molecular sieve was shown.
(Dissolved Gas Analysis) method as a diagnostic technique. The second objective was to
• Use of 3A MS does not affect the diagnostics of
demonstrate the efficiency of drying the insulation system consisting of cellulose insulation
transformers using the DGA method.
impregnated with various insulating liquids in terms of improving safety and extending the
• Effectiveness of drying insulation using a 3A MS service life of power transformers. In order to achieve the assumed objectives, measurement
has been demonstrated.
systems were prepared and material tests were carried out, based mainly on chromatograph• Drying efficiency was proved for cellulose im- ic analyzes and measurements of water content using the Karl Fischer titration method. On
the basis of the obtained test results and the conducted physical analyzes, the selectivity of
pregnated with various liquid dielectrics.
MS sorption was shown and it was explained that the facilitator of the adsorption of water
molecules is their polar nature related to their large dipole moment. The high efficiency of
drying cellulose insulation impregnated with various insulating liquids using MS was also
demonstrated.
Keywords
This is an open access article under the CC BY license power transformer, insulation system, drying, molecular sieve, mineral oil, natural ester,
(https://creativecommons.org/licenses/by/4.0/)
synthetic ester.

1. Introduction
Power transformers are key elements of an electric power system.
Their technical condition largely determines the reliability of electricity supply to the end user. During the long-term operation of a
transformer, often exceeding 30 years, the condition of its insulation
system is gradually deteriorating. One of the reasons is the increase
in moisture of electrical insulating materials. For the construction of
the transformer insulation system, mainly fibrous materials such as
cellulose and aramid are used, which are impregnated with electrical
insulating liquids, e.g. mineral oil, synthetic ester, natural ester, or
silicone oil. Regardless of the materials used, the transformer insulation system gradually increases its level of moisture, especially the
insulation system made of cellulose materials.
There are three main reasons for the presence of water in the transformer insulation system: (i) incomplete drying of the insulation system at the production stage – a well-dried transformer is characterized
by moisture at the level of about 0.5% [19, 21], (ii) moisture penetration inside the transformer – in case of power and distribution transformers with a membrane-sealed conservator preservation system, the

rate of water contamination is about 0.03% to 0.06% per year [5], (iii)
oxidation of cellulosic materials and oil [17, 20].
Water is both a product and a catalyst in the degradation of electrical
insulating materials. Its presence leads to the hydrolysis of cellulose,
which reduces the degree of polymerization of this material. As a result, the mechanical strength of cellulose-based materials deteriorates.
It may lead to a failure caused by winding movement resulting from
high mechanical stresses during a short circuit [4]. The high level of
moisture in the insulation system also contributes to the reduction of
its electrical strength. With the increase in the relative saturation of
the insulating liquid with water, a decrease in its breakdown voltage
is observed [1]. The high level of water content in the insulation also
reduces the inception voltage of partial discharges and their intensification [26]. Moreover, as the water content of cellulose insulation
increases, there is a greater risk of a dangerous bubble effect [16, 24],
which may cause pressure increase in the transformer tank and may
be the cause of partial discharges.
Taking the above into account, it can be concluded that a high
level of moisture in the transformer’s insulation system may lead to
its failure and requires a decision to reduce its load. To avoid serious

(*) Corresponding author.
E-mail addresses: M. Cybulski (ORCID: 0000-0001-8316-8842): mateusz.e.cybulski@doctorate.put.poznan.pl, P. Przybyłek (ORCID: 0000-0002-5258-5894):
piotr.przybylek@put.poznan.pl
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consequences related to the high level of moisture in the transformer’s
insulation system, its moisture level should be monitored, and, if necessary, temporary drying should be carried out.
There are several methods available on the market for drying the
transformer insulation system. These methods can be divided into two
groups.
The first group of drying methods is based on the use of a vacuum.
For these methods, it is necessary to drain the oil from the transformer
tank, heat the insulation system, and apply a suitable underpressure.
A very important part of the drying procedure is the heating of the
insulation system. Heating of the insulation system can be carried
out in several ways, the most effective of which include: heating
the windings with a low frequency current (LFH—Low Frequency
Heating) [3, 14] and heating the insulation elements using the vapor
condensation heat of a liquid called solvent [2, 12]. Undoubtedly, the
greatest advantage of vacuum drying methods is their high efficiency.
Unfortunately, these methods also have several disadvantages. Cellulose deimpregnation due to pressure reduction may cause a reduction
in its local electrical strength, leading to partial discharges. In the case
of distribution transformers, there is often a problem with the application of a suitable underpressure, which results from the leakage of the
transformer construction or the low compressive strength of the tank,
which in many cases does not exceed 0.5 bar below atmospheric pressure. The use of such a reduced pressure does not allow proper drying
of the insulation system. On the other hand, when the insulation system is heated with solvent vapors, there is a risk of explosion.
The second group of drying methods is based on the use of a liquid dielectric as the drying medium. This method uses the effect of
the insulation system striving to the moisture balance. As a result of
the moisture gradient, water migrates from cellulosic materials with
higher relative humidity to the insulating liquid with lower relative
water saturation. To keep the water content in the insulating liquid
low, it is dried by means of an oil treatment plant connected to the
transformer tank or using a container filled with hygroscopic material.
The use of an oil treatment plant for drying transformer insulation is
an ad hoc procedure, i.e. it is carried out when a high level of moisture
is detected. After the drying process, the oil treatment plant is disconnected from the transformer. In turn, the adsorbers can be used for
both ad hoc and continuous drying of insulation, which allows to keep
the moisture of the solid insulation at a low level throughout the entire
operation period. This approach allows extending the transformer insulation life and contributes to a significant improvement in the safety
of its operation.

2. Application of a molecular sieve for drying the
transformer – state of art, problems to be solved
The effectiveness of the drying process of the transformer solid
insulation with the application of an insulating liquid, in which the
water content is reduced with the use of an adsorbent, depends primarily on its specific surface area. Figure 1 compares the water content
of various hygroscopic materials (aluminum oxide, silica gel, 3A molecular sieve) conditioned in air at 50°C and with different relative
humidity forced by saturated salt solutions (2.11% - cesium fluoride,
11.10% - lithium chloride, 12.38% - lithium iodide, 30.54% - magnesium chloride, 45.44% - magnesium nitrate, 74.43% - sodium chloride) [11]. The results of the research presented in Figure 1 were obtained by the authors of the article at the stage of preliminary studies,
the aim of which was to select a hygroscopic material characterized
by a high steepness of the water sorption isotherm for low values of
relative humidity.
Based on the data presented in Figure 1, it can be concluded that
for low values of relative humidity, the 3A molecular sieve is characterized by a much higher water sorption capacity than silica gel and
activated alumina. This is a key feature to keep the moisture content
of the transformer insulation system low. Figure 2 shows the water
sorption isotherms for new cellulose. For a relative humidity equal

Fig. 1. Dependence of water content in adsorbents as a function of relative
humidity of air at 50°C

to 5% and for cellulosic material temperature in the range of 30°C to
70°C (typical operating temperature range of a power transformer),
the water content in this material ranges from 0.6 to 1.2%. It is a low
level of moisture in cellulose insulation that allows to limit its aging processes and significantly improves the operational safety of the
power transformer.
There are various types of molecular sieves available on the market, e.g. 3A, 4A, 5A, 13X, which differ significantly in structure. Their
structure can be described by a general formula in the form [25]:
M nm/+m ⋅ [ Si1− n Aln O2 ] ⋅ zH 2O

(1)

where: M – metallic cation, m – cation charge, n – number of metal
atoms, z – the number of moles of water.
Their basic feature is the presence of a crystal structure with a homogeneous pore system. The extended internal surface of the sieve is
available only for particles with a diameter smaller than the critical
pore diameter. In the case of the 3A, 4A, 5A, and 13X sieve, only particles smaller than 3 Å, 4 Å, 5 Å, and 9 Å, respectively, can penetrate
through the pores of the sieve. Therefore, when choosing a molecular
sieve as the material used in the drying process, not only the specific
surface of the sieve, which determines its adsorption capacity but
most of all the pore size in this material, must be taken into account.
In the case of drying insulating liquids, it is important that the molecular sieve adsorbs only water molecules. Adsorption of other molecules may result in the occupation of active centers, which may result
in a reduction of the adsorption capacity for water molecules.
Attention should also be paid to the diagnostic aspect of the presence of gases in electrical insulating liquids. Increased concentration
of gases such as hydrogen, carbon monoxides, and hydrocarbons in
the oil may indicate an imminent failure of the device. The presence
of these gases is related to the chemical decomposition of the insulating liquid and cellulose insulation resulting from high temperature, as
well as partial and high energy discharges.
Figure 3 shows the diameter of water and gas molecules present
in insulating liquids in relation to the size of the pores in the 3A molecular sieve.
The data presented in Figure 3 show that the only molecules that
can be adsorbed by the 3A molecular sieve are water and hydrogen, the
particle diameter of which is respectively 2,64 Å i 2,89 Å. However,
it should be taken into account that the increase in temperature causes
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Fig. 2. Water sorption isotherms of new cellulose (degree of polymerization
equal to 1360); based on [22]

Fig. 3. Dimensions of water and gas molecules present in insulating liquids;
based on data from [27]

greater flexibility of the crystal lattice of the sieve, thus enabling the
adsorption of larger molecules [25]. According to the authors of [8],
the gas molecule that can also be adsorbed by the 3A molecular sieve
is acetylene. It is characterized by an uneven distribution of the space
charge, which may cause it to be attracted to the molecular sieve.
However, such adsorption can only take place at temperatures close to
130°C. This temperature can be achieved in a transformer, especially
in the so-called hot-spot. It should be noted, however, that the molecular sieve reservoir is to operate outside the transformer tank, which
will limit the temperature of the oil flowing through the molecular
sieve to a value well below 100°C. This eliminates the problem of
acetylene adsorption by the molecular sieve.
The possibility of adsorbing hydrogen molecules by the molecular
sieve remains a problem. Hydrogen is a characteristic gas generated
mainly as a result of the partial and high energy discharges in the insulating liquid [23]. In the case of hydrogen adsorption by the molecular sieve, problems may arise in the interpretation of the test results
obtained by the DGA (Dissolved Gas Analysis) method. It should be
noted that this is the basic diagnostic method for power transformers.
In this paper, the authors present the results related to the study of
the selectivity of hydrogen and water adsorption by a 3A molecular
sieve. These studies are important in terms of the effectiveness of the
use of a molecular sieve for drying the insulation system and the pos-
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sibility of using the DGA diagnostic method in the case of transformers dried with this sorbent.
In the previously published studies on the use of a molecular sieve
for drying the transformer insulation system, the authors presented,
inter alia, the results of research on the influence of temperature on
the drying efficiency of insulating liquids. These studies show that the
dynamics of liquid drying increases with the temperature increase.
The papers [7,10] showed that the molecular sieve can also be used
in the drying of liquids alternative to mineral oil, such as synthetic
and natural esters. When considering the insulating system of a power
transformer, it must be borne in mind that it consists of insulating liquid and cellulose materials. Due to its high hygroscopicity, cellulose
insulation contains over 95% of the water present in the entire transformer insulation system. Therefore, drying only the liquid insulation
does not solve the problem of high moisture of the entire insulation
system. Drying of the insulating liquid causes a moisture gradient.
The oil-paper insulation system strives to moisture equilibrium. In
such a situation, the water migrates from the moist cellulose insulation to the mineral oil dried by a molecular sieve. In this way, the water content in the solid insulation is gradually reduced. The authors of
the work [15] demonstrated the effectiveness of this method of drying
in the case of two 49-year-old transformers, in which cellulose insulation was impregnated with mineral oil.
Currently, more and more emphasis is placed on the use of natural
and synthetic esters mainly due to their good fire properties (high flash
and fire points) and high biodegradability [6,9]. One of the features of
these liquids is the much higher water solubility than in mineral oil.
The authors put forward a thesis that by using a molecular sieve as a
drying agent, it is possible to significantly reduce the water content
in cellulose materials, regardless of the electro-insulating liquid used
in the transformer’s insulation system. This effect can be achieved at
the normal operating temperature of the transformer. Research confirming the effectiveness of this method of drying cellulose insulation
impregnated with natural and synthetic esters is important due to the
aging, and thus the dampening process, of an increasing population of
this type of transformers.

3. Selectivity of the 3A molecular sieve in terms of
water and hydrogen adsorption
3.1. Materials preparation and measurement procedure
In order to check the sorption selectivity of the 3A molecular sieve,
it was necessary to prepare mineral oil with increased water and hydrogen content. To obtain the appropriate humidity of the oil, it was
moistened in a climatic chamber forcing an air temperature of 30°C
and relative humidity of 40%. The moisture content of the mineral oil
prepared in this way was 26 ppm. In turn, to obtain a high hydrogen
content in the analyzed mineral oil sample, the HG 2200 hydrogen
generator was used. Generated hydrogen was injected into an oilfilled bottle. The oil prepared in this way was left in a closed bottle for
two weeks to allow the hydrogen to dissolve in it.
Thereafter, 16 vials were prepared each with a volume of 57 ml.
The vials were divided into four sets of four samples. All four sets of
vials were filled with mineral oil, while the 3A molecular sieve was
added to the vials of Sets II and IV. The amount of sieve added was
about 1% of the weight of the oil. The 3A molecular sieve (Sigma
Aldrich Cat no. 105704) of the following formula was used in the
research:
K9 Na3 ( AlO2 )12 (SiO2 )12 ⋅ 27 H 2O

(2)

Before adding to the vials, the sieve was activated at 260°C for 6
hours and then further degassed for 2 hours in a vacuum chamber at
0.2 mbar and 90°C.
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Then all vials were closed with aluminum crimp caps with ptfe/
silicone septum. The vials were placed in a heat chamber to ensure
a constant temperature of 35°C. In order to assess the selectivity of
water and hydrogen sorption through a molecular sieve, their concentrations were measured after 2 and 7 days from the moment of closing
them in vials. After 2 days, the concentration of water and hydrogen
was tested in the samples from the first set (I - MO), which contained
only oil, and from the second set (II - MO + MS), which contained oil
with molecular sieve. The same was done for the third (III - MO) and
fourth (IV - MO + MS) sets after 7 days. Table 1 presents the list of
samples prepared for the tests.
The water content in the oil was measured using the Karl Fischer
coulometric method (KFT) in accordance with IEC 60814 [13]. The
831 KF Coulometer by Metrohm was used for the measurements. The
Hydranal - Coulomat CG reagent was used as the catholyte, while the
Hydranal - Coulomat Oil reagent was used as the anolyte.
The hydrogen content of the oil was measured using a 8610C Toga
gas chromatograph by SRI Instruments. Extraction of hydrogen from
the oil was performed by headspace technique (70°C, 2 h). To measure the hydrogen concentration, a chromatograph equipped with a column with a 5A molecular sieve and a thermal conductivity detector
was used.

3.2. Research results and their discussion
Table 1 shows the results of measurements of hydrogen and water
content in mineral oil. To check the selectivity of the molecular sieve
for the adsorption of water and hydrogen, it was decided to perform
measurements after 2 and 7 days from the preparation of the samples.
Previous studies by the authors show that this time is sufficient for
drying the oil by means of molecular sieve.
Figures 4a and 4b compare the average values of hydrogen and water concentration in mineral oil without and with the molecular sieve,
respectively, after 2 and 7 days from the preparation of the samples.
The main aim of the research was to compare the effect of the
presence of a molecular sieve on the concentration of hydrogen and

water in mineral oil. Analyzing the average results of hydrogen and
water concentration, measured two days after the preparation of the
samples, presented in Figure 4a, it can be clearly stated that the presence of a molecular sieve did not affect the reduction of hydrogen in
the mineral oil, but caused its considerable drying. The concentration of hydrogen in the mineral oil remained at around 7700 ppm in
both cases, while the water content decreased by 16 ppm, i.e. around
62%. The lack of influence of the molecular sieve on the hydrogen
concentration is also confirmed by the results presented in Figure 4b,
presenting the results obtained after 7 days from the preparation of the
samples. In this case, the hydrogen content in the oil with and without
molecular sieve remained at the level of about 5700 ppm, while the
water content decreased to the level of 7 ppm. The differences in hydrogen concentrations for the samples of non-dried oil and those dried
with molecular sieve for two days are small and are within the range
of measurement uncertainty using the DGA method used for the tests.
The same conclusions can be drawn when comparing the hydrogen
concentrations for the samples of non-dried oil and those dried with
molecular sieve for seven days.
The difference in the hydrogen content in the samples tested after
two (7700 ppm) and seven days (5700 ppm) is mainly due to the hydrogen infiltration at the glass-ptfe interface. Vials dedicated to gas
chromatography, closed with an aluminum cap with a silicone septum
covered on one side with polytetrafluoroethylene, were used for the
tests. This material is a barrier to hydrogen. However, due to the small
diameter of the hydrogen molecules, they can easily penetrate any
leaks. All vials were closed using a crimper with the same pressing
force. The loss of hydrogen in the oil from vials 8 to 16 was at the
same level, thus not due to the adsorption of hydrogen through the
molecular sieve that was placed in vials 13 to 16.
Due to the size of the molecule, both hydrogen and water can penetrate the intercrystalline space of the 3A molecular sieve. However,
as it turns out, this is not sufficient for the sieve to be able to adsorb
hydrogen. The difference in the ability of the 3A molecular sieve to
adsorb water and hydrogen should be seen in the polarity of both mol-

Table 1. Water and hydrogen content in oil - a summary of the measurement results

After two days

Time

Set

I – MO

After seven days

II – MO+MS

III
MO

Sample No

Weight of oil, g

Weight of molecular sieve, g

Hydrogen
content in oil,
ppm

Water content in
oil, ppm

2

25.723

0

7745

27

1
3
4

24.748
25.333

Average:

0
0
0

7759
7915
7632
7763

26
28
26
27

5

25.594

0.305

7996

10

7

25.421

0.309

7547

10

6
8
9

26.373
25.750

Average:

25.348

0

12

26.095

14

15

16

0.301
0

25.193

11

0.315

25.625

10

13

IV – MO+MS

25.339

Average:

24.778

25.781

24.874

25.942

Average:

0
0
0.312

0.300

0.307

0.307

7761
7503

10
10

7702

10

5976

25

5820
5698
5593
5772
5677

5463

5991

5776
5727
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26
24
27
26
7

7

8

8
7
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• conditioning of pressboards impregnated with various insulating
liquids in the climatic chamber (40°C, 16%rH, 240 h),
• measurement of water content in pressboards impregnated with
various insulating liquids using the Karl Fischer titration method
(KFT) in accordance with the standard [13].

Fig. 4. Comparison of the average values of hydrogen and water concentration in mineral oil samples without (MO) and with molecular sieve
(MO + MS) after two (a) and seven (b) days from the preparation of
the samples

ecules. The water molecule is polar and its dipole moment is 1.85
D [18]. Hydrogen is a symmetrical diatomic molecule that does not
have a dipole moment. It is the polar nature of water that allows it to
be attracted and adsorption by a molecular sieve. Among the diagnostic gases found in insulating liquids, carbon monoxide, propylene,
and propane also have a dipole moment greater than zero, respectively (0.112 D), (0.366 D), and (0.084 D), but due to the size of the
molecules, none of these gases can be adsorbed by the 3A molecular
sieve.

Each of the three sets of pressboard materials was placed in a separate 2-liter bottle. The bottles were filled with mineral oil (Orlen Trafo
EN), natural ester (FR3), and synthetic ester (Midel 7131). The initial
water content of these liquids was measured by the KFT method. Table 2 presents information on the sets of cellulose materials impregnated with various insulating liquids prepared for drying with the use
of a molecular sieve.
Figure 5 shows a diagram of the measurement system used in the
process of drying insulation materials with the use of a molecular
sieve.
This system consisted of four basic elements connected by silicone
hoses:
(1) bottle (B) with cellulose materials (CM) impregnated with
electro-insulating liquid (EL),
(2) peristaltic pump (PP) forcing the liquid to flow in the system,
(3) three-way valve (TWV), which enables a liquid sample to be
taken with a syringe (S) for testing the water content by the
KFT method,
(4) cartridge with molecular sieve (MS).

Table 2. Summary of data on cellulose materials and insulating liquids prepared for drying with the use of a molecular sieve
Set

Set I
Pressboard impregnated with mineral oil

Set II
Pressboard impregnated with natural ester

Set III
Pressboard impregnated with synthetic ester

Water content in
pressboard 0.5 mm,
%

Water content in
pressboard 6 mm, %

Water content in the
liquid, ppm

Weight of 3A molecular sieve, g

3.29

2.85

50

58

3.36

3.59

3.04

2.89

27

200

58

58

4. Drying efficiency of cellulose insulation impregnated with various insulating liquids
4.1. Materials preparation and measurement procedure
The aim of the research was to check the possibility of using a molecular sieve for effective drying of cellulose insulation impregnated
with mineral oil, natural ester, and synthetic ester. The drying conditions of the materials were to correspond to the conditions occurring
during the operation of a typical power transformer. Therefore, drying
was carried out at 50°C. The ratio of the weight of cellulose to the
volume of the insulating liquid was 0.12. The dried cellulose materials
were two types of pressboard, one 0.5 mm thick and the other 6 mm
thick, with the initial moisture content given in Table 2. The weight
ratio of thin to thick pressboards was 0.2. Three twin sets of pressboards were prepared to be impregnated successively with mineral
oil, natural ester, and synthetic ester.
Preparation of pressboards for drying comprised the following
stages:
• preparation of three sets of pressboards consisting of 7 pieces
of thick pressboard strips with dimensions 280:19:6 mm and 18
sheets of thin pressboards with dimensions 235:26:0.5 mm,
• drying of the pressboard in a vacuum chamber (90°C±5°C, 0.2
mbar, 48 h),
• conditioning of pressboards in a climatic chamber (40°C, 16%rH,
264 h),
• impregnation of three sets of pressboards successively with mineral oil, natural ester, and synthetic ester in a vacuum chamber (10
mbar, 0.5 h),
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Fig. 5. Scheme of the measuring system used for drying cellulose materials
with the use of a molecular sieve; B – bottle, CM – cellulosic materials, EL – electro-insulating liquid, PP – peristaltic pump, TWV – threeway valve, S – syringe, MS – molecular sieve, HC – heat chamber

The system was placed in a heat chamber (HC), the task of which
was to maintain a constant temperature at 50°C. After the pump was
turned on, the liquid circulated between the molecular sieve reservoir
and the bottle containing the cellulosic materials. To assess the dynamics of the drying process, samples of the pressboard and insulating liquid were taken at certain time intervals. The water content in
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both cellulose materials and insulating liquids was determined using
the KFT method. The total drying time was two months. At the same
time, cellulose materials impregnated with mineral oil, natural ester,
and synthetic ester were dried using three twin measuring systems
shown in Figure 6.

Fig. 7. Water content in a 0.5 mm thick pressboard at different stages of its
drying with marked expanded measurement uncertainty for the confidence level equal to 95%

Fig. 6. Three measuring systems placed in a heat chamber used for drying
cellulose materials impregnated with mineral oil, natural ester, and
synthetic ester

4.2. Research results and their discussion
Figures 7 and 8 show the results of the research on the water content in thin and thick pressboards at various stages of their drying.
Table 3 presents the results of measurements of water content in
electrical insulating liquids (WCL) at various stages of the drying
process. Relative saturation (RS) of the liquids was calculated by the
formula (3). For the calculations, the water saturation limit (S) was assumed for mineral oil, natural ester, and synthetic ester, respectively,
equal to 155 ppm, 1437 ppm, and 2739 ppm [22]. The results of these
calculations are shown in Figure 9:
RS =

WCL
⋅ 100
S

(3)

The use of a molecular sieve allowed to maintain a low level of
moisture in insulating liquids throughout the drying process (Fig. 9).
After 7 days from the beginning of the drying process, the relative
humidity of all insulating liquids was kept below 5%. According to

Fig. 8. Water content in a 6 mm thick pressboard at different stages of its
drying with marked expanded measurement uncertainty for the confidence level equal to 95%

the data from Figure 2, such a low level of relative humidity should
allow drying of the cellulose insulation to the level of about 1%. In
the case of the 0.5 mm thick pressboards, the water content of 1% was
achieved for both esters after about two weeks. In the case of mineral
oil, this time was much longer and amounted to approximately 59
days.
In the case of drying the pressboard with a thickness of 6 mm, a
significant effect of the type of insulating liquid on the drying rate was
also observed. In the case of mineral oil, the drying efficiency was
the lowest. In the case of mineral oil, two-month drying allowed to
reduce the water content in the 6 mm thick pressboards to the value of
2.2%, and in the case of both esters to the level of approx. 1.8%. When
analyzing the graphs in Figure 9, it can be concluded that the drying

Table 3. Results of measurements of water content in insulating liquids during the drying process
Time, day

Mineral oil

Natural ester
Synthetic ester

S, ppm

0

27

3

10

7

14

34

59

8

8

5

5

RS, %

17.3

6.3

4.9

4.9

3.5

3.0

RS, %

3.5

1.7

1.7

2.0

2.1

2.2

7.3

1.0

1.1

1.2

1.0

1.1

S, ppm
S, ppm
RS, %

50

200

24

27

25

30

29

32

30

28
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Fig. 9. Relative saturation (RS) of insulating liquids as a function of drying
time with marked expanded measurement uncertainty for the confidence level equal to 95%

process of thick pressboard is not finished. The drying efficiency in
both the first and the second month was similar.
The lower drying efficiency in the case of thick cellulosic materials
is explained by the long time necessary for water to migrate from the
inside to the outer structures. In this case, the type of insulating liquid
does not substantially affect the drying rate. The situation is different
in the case of thin materials, where the solubility of water in the insulating liquid is of great importance.

5. Conclusions

It has been shown that water is adsorbed from the mineral oil flowing through the molecular sieve, while the presence of the sieve does
not affect the concentration of hydrogen. Although the water and hydrogen molecules’ size allows them to penetrate through the pores of
the sieve into its intercrystalline space, due to their polarity, it is the
water molecules are attracted and adsorbed by the sieve. This is a very
important conclusion that allows to state that the use of a molecular
sieve will not affect the interpretation of the DGA results used for
transformer diagnostics.
The conducted research also allowed to demonstrate the efficiency
of drying using a molecular sieve the insulation system consisting
of cellulose insulation impregnated with various electro-insulating
liquids. Moreover, it was found that it is possible to effectively dry
the insulation system, the temperature of which is 50°C, which corresponds to the transformer operating temperature. In the case of a
higher temperature of the insulating system, greater drying efficiency
should be expected because with increasing temperature the solubility
of water in insulating liquids increases, while the hygroscopicity of
cellulose decreases.
The obtained test results allow to demonstrate the safety and efficiency of drying the transformer insulation system during its operation with the use of a 3A molecular sieve. This method does not
require the transformer to be switched off during the drying process.
Moreover, it is free from the disadvantages of methods requiring the
application of vacuum and high insulation temperature.
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Highlights

Abstract

• An original measuring device for transverse vi- The article presents the detection of damage to rollers based on the transverse vibration signal measured on the conveyor belt. A solution was proposed for a wireless measuring device
brations of the conveyor belt was presented.
that moves with the conveyor belt along of the route, which records the signal of transverse
• The possibility of spectral detection of cooperation
vibrations of the belt. In the first place, the research was conducted in laboratory conditions,
of the damaged roller and belt was presented.
where a roller with prepared damage was used. Subsequently, the process of validating the
• An auto encoder algorithm has been prepared to adopted test procedure under real conditions was performed. The approach allowed to verify
improve the effectiveness of detection.
the correctness of the adopted technical assumptions of the measuring device and to assess
• The process of validation of the test procedure un- the reliability of the acquired test results. In addition, an LSTM neural network algorithm
was proposed to automate the process of detecting anomalies of the recorded diagnostic
der real conditions was conducted.
signal based on designated time series. The adopted detection algorithm has proven itself in
both laboratory and in-situ tests.
Keywords
This is an open access article under the CC BY license belt conveyor; conveyor belt; belt vibrations; diagnostics; roller; idler; LSTM; autoencoder.
(https://creativecommons.org/licenses/by/4.0/)

1. Introduction
The quality of the rollers used, and effective monitoring of their
condition is extremely important for the reliable operation of the belt
conveyor [29, 32, 36, 57]. Poor technical condition of the rollers may
result in the occurrence of mechanical damage to the belt, most often
resulting from blocking a single roller in the set [16, 49]. Blockades of
the rollers cause excessive friction between the tube and the belt, and
consequently accelerated wear, which may lead to a fire focus on the
conveyor route [3]. One of the most common causes of roller blockade is bearing damage [1, 55]. In addition, worn bearings significantly
increase the resistance to movement, which results in an increase in
the demand for electricity [11, 25, 42]. Under operating conditions,
roller bearings are exposed to many factors accelerating their wear:
dynamic loads, moisture, operating temperature, vibration and dust
[43]. Nearly 50% of all conveyor bearing failures are caused by the
presence of moisture and dust, which is why the design and quality of
the seal is an extremely important factor determining the undisturbed
periods of the conveyor [17]. Bearing life is also affected by the lubricants used [12, 35]. Friction between the belt and the blocked roller
causes abrasion of the jacket surface until it is destroyed [34]. Local
abrasion of the tube also changes the values of dynamic unbalance
and radial run-out, the main performance parameters of the rollers

[5], which may result in excessive vibrations of the route structure and
pose a serious threat of resonance [7]. Damage to rollers very often
develops without clear signs, so it is very important to use methods of
preventive monitoring of their technical condition [37]. The key indicators assessing the technical condition of rollers during the operation of the rollers are noise levels, vibrations, temperature increases
and changes in the properties of the lubricant used [21, 30, 41, 45].
The most used are diagnostic methods using a vibroacoustic signal to
evaluate [13, 27, 38, 56]. Algorithms are used consisting in general
measurement of the vibration level of bearing nodes, measurement
of the peak coefficient, analysis of the signal envelope, surge pulse
method, fuzzy logic or wavelet transform [4, 10, 18, 24]. Methods
based on the measurement of the vibroacoustic signal are very affordable in the implementation of solutions based on machine learning
[33, 52, 53] with high increase of usage in monitoring the operating
status of belt conveyors [26, 39]. The second group of methods for assessing the condition of rollers is related to temperature control [32].
The DTS (Distributed Temperature Sensing) method measures the
operating temperature of the rollers using optical fiber [51]. Thermal
imaging methods are also widely used [9, 34, 47]. Many of the solutions presented require direct installation of measuring devices on the
conveyor route or measurements of individual idler sets. In the case
of long conveyor routes and hard-to-reach places such as underground
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mines, these are not optimal solutions, which is why inspection robots [15, 46] or drones [8] are being used more and more commonly.
However, there are locations where their use is not possible due to
the limited space of the excavation, e.g. narrow drifts with dense construction of the conveyor route or other barriers preventing access to
the entire conveyor, such as local changes in the geometry of drift or
local accumulations of water. The article proposes a method of detecting damage to rollers based on the transverse vibration signal of a
moving, unloaded conveyor belt, measured directly on its surface [6].
A methodology for measuring input signals, filtration and decomposition was proposed to acquire useful data for assessing the state of failure, based on standard frequency analysis. The characteristics of the
interference of the signal from the belt are described. A simple LSTM
(Long Short-Term Memory) neural network with time memory was
built to verify the possibility of detecting damage based on time signals. Tests of the proposed model were conducted on data measured
in the laboratory with prepared damage to the roller tube and data
measured on the conveyor under mining conditions. The proposed
measurement method enables effective detection of the damaged
roller and the belt cooperation on sections of routes with difficult access or in the case of long conveyors. Compared to current diagnostic
methods, it eliminates the need for additional equipment installed on
the conveyor structure and reduces the number of people operating the
process. Shortening the measurement time and simplifying the inference process through an autonomous algorithm allows to increase the
frequency of diagnostic tests.

the troughed support was also 133 mm. The tests were conducted only
at the nominal belt speed, i.e. 1.81 m/s because the conveyor was not
equipped with a speed control system. The pre-tension of the belt was
caused by a gravity take-up device, at the level of approx. 10.5 kN.
To simulate the damage on the laboratory conveyor, a 133 mm diameter roller with point damage on the surface of the steel tube was
used (Fig. 2). The damage is designed to correspond to characteristic
tube defects under real operating conditions [31], where abrasive wear
of the steel surface arises due to excessive friction with the belt and
the process is accelerated by the presence of abrasive materials. The
form of damage simulates the local loss of the steel surface and the
characteristic sharp edges, which in laboratory conditions affect the
change in the geometry of the tube and force the belt to vibrate.

2. Materials and methods
2.1. Test rigs
Laboratory tests were conducted on a short conveyor with a length
of approx. 8 m, with a 0.8 m wide EP-200 textile belt installed (Fig.
1a). The conveyor was equipped with 5 idler supports (three rollers)
with a roller diameter of 133 mm. The average distance between the
sets was 0.95 m. The stand allowed for smooth adjustment of the belt
speed up to 5.3 m/s. The tests were conducted at 3 selected speeds: 0.4
m/s, 0.9 m/s and 1.3 m/s. The measurement of the linear velocity of
the belt and the circumferential velocity of the roller jacket was performed by the installed incremental encoders. Speed control allowed
to control a change in the characteristic frequency of the damaged
roller [14]. Because the transverse vibrations of the belt depend on the
tensile force, a constant tensioning force was provided at the level of
approx. 2 kN [6]. The measurement of the tensioning force was made
possible by strain gauges installed on the stand.
Field tests were conducted on the PT-1000/60 conveyor with a
length of 78 m and an angle of inclination of 16°, used to transport aggregate in a granite mine (Fig. 1b). On the conveyor was installed textile belt Z4P - 630 - 1- I - 1000 [19]. The diameter of the roller tube in
a)

Fig. 2. Prepared point damage to the test roller tube

2.2. Methodology
In the research, original measuring device enclosed in a sealed
housing and fixed to an unloaded belt was used (Fig. 3). This approach allowed to eliminate the occurrence of inertial movements
caused by vibrations of the belt itself. The device moved from the
return pulley to the drive pulley, recording vibration signals along the
entire length of the route.

2.3. Characteristics of the measuring device
The most important element of the measuring device is a microcontroller that performs the acquisition of measurement data from the
vibration sensor, their initial processing, and data recording on the SD
card. The system is equipped with a battery power supply. An analog
accelerometer was used to measure the acceleration of vibrations in
the vertical direction. The accelerometer allows the measurement of

b)

Fig. 1. Measuring stations: a) laboratory conveyor, b) PT-1000/60 conveyor in aggregate mine
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a)

b)

Fig. 3. Measuring device: a) located on the laboratory conveyor belt, b) on the PT-1000/60 conveyor

the vibration signal in 3 axes, but because the belt vibration signals
are dominated by transverse vibrations, it was decided to simplify the
analysis of the results and measure only the vertical component [22].
The stabilization of the supply voltage was solved by adding a converter to the system. The output signal is monitored for free-fall signal
detection to eliminate signals that may be caused by contact-loss of
the measuring device from the belt, e.g., due to faulty mounting. The
device allows you to sample the signal at a frequency of 2500 Hz.
This means the possibility of recording the frequency of characteristic
failures up to 1250 Hz. The presented method is dedicated to detecting
damage to the surface of the roller tube, unbalance of the rollers and
radial run-out due to poor roller quality or bearing degradation. All
these factors affect the quality of the roller – belt contact. These are
damages with low characteristic frequencies, causing vibrations of the
belt of significant amplitude.
Acquiring the correct absolute value of the measured vibration accelerations required a preliminary calibration of the accelerometer.
Calibration allows to acquire a precise value of vibration acceleration in relation to the analyzed system. It was conducted through the
installation of the measuring device in a state of equilibrium, isolation
of the system from all external vibrations and long-term measurement
of the indications of analog outputs of the sensor. The measured signal
during the measurements was reduced by the average value acquired
during calibration. Based on the known measurement resolution of
the microcontroller and the sensitivity of the sensor, the voltage signal
was transformed into the result in acceleration units.

a)

3. Results
3.1. Frequency analysis

b)

Figure 4 demonstrates examples of time signals acquired for a
conveyor during its normal operation and a conveyor with simulated,
point damage to the roller tube. This chapter details the data processing for one recorded speed of 0.9 m/s. The length of the recorded
signal is in relation to the speed of the belt. In the time-frequency
analysis, a characteristic algorithm for detecting local damage to rotating elements was used [54]. The main objective of the analysis was
to determine the presence of frequencies characteristic damage in the
signal, cyclicity and distribution of frequency changes dominant during the conveyor operation with damage in relation to the distribution
for normal operating conditions.
A clear signal was acquired, generated by the forced damage to the
roller. The discussed case of roller damage detection in laboratory conditions is a simple issue, because for effective detection it is enough to
use classic diagnostic models based on changes in the vibration amplitude. However, such an approach is not possible in the case of the
analysis of signals recorded on a mine conveyor, which is discussed
later in the article. At this stage, the focus was on the possibility of detecting the characteristic frequencies in the belt signal, the description
of the cyclical nature of the recorded phenomena and the influence of
the belt damping properties and environmental disturbances on the
acquired results. Measurement of vibration acceleration by means of
electronic accelerometers in mechanical systems is burdened with
noise and disturbances, as a result of the action of acoustic vibrations
[48]. In order to reduce the interference, a three-stage input signal
filtering algorithm was used. Due to the wave nature of the damage

Fig. 4. Acceleration of transverse vibrations along the length of the laboratory conveyor: a) without damaged roller, b) with damaged roller
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a)

b)

Fig. 5. Acceleration of transverse vibrations along the length of the laboratory conveyor after filtration: a) without a damaged roller, b) without a damaged roller

signal, filtering with wavelet decomposition was used first [44, 58].
Then, a one-dimensional median filter was used, which allows for
effective elimination of point interference, and at the same time does
not cause distortion of the slopes [59]. The last stage of filtration was
the use of a Butterworth low-pass filter to eliminate high-frequency
interference characteristic of electronic accelerometers [60]. The filter
parameters were selected on the basis of the spectral analysis of the
input signal (signal density and the range of the read interferences).
Figure 5 presents the time signals after decomposition and filtration,
which were used for further frequency analysis.
The damage is located in the last segment of the input signal, therefore the last signal fragment with a duration of 3 s was separated for
further processing. Figure 6 demonstrate spectrograms (SPC), timefrequency characteristics of the normal and faulty signals. For this
purpose, the short-time Fourier transform (STFT) was used, which in
the continuous domain is represented by the equation [28]:
STFT { x ( t )} = X (τ , ω ) =

∞

∫ x (t ) w (t − τ ) e

−iωt

dt

(1)

−∞

a)

b)

where: w (t ) – window function, x (t ) – transformed time signal,
ω – frequency.
The discrete form of the STFT for splitting a time signal into overlapping data frames has the form [28]:
STFT { x [ n ]} ( m, ω ) = X ( m, ω ) =

∞

∑ x [ n] w[ n − m] e− jω n

(2)

n =−∞

where: x [n ] – signal, w [n ] – an analysis window that is assumed to
be non-zero only in the range [0, N − 1].
X ( n, k ) = X ( n, ω )

2π
ω= k
N

=

∞

∑ x [ m] w[ n − m] e

m =−∞

−j

2π
km
N

(3)

For the above conditions, the spectrogram representation can be
declared as:
SPC { x ( t )} (τ , ω ) ≡ X (τ , ω )

2

(4)

The SPC (Fig. 6) is presented considering the significant frequency
range up to 100 Hz.

Fig. 6. Transverse vibration spectrogram of the time segment with the identified damage after filtration: a) normal signal, b) faulty signal

At this stage of the analysis, low-frequency damage signals are
characteristic for the point damage of the roller tube, which is a slowrotating element. Visible are cyclical pulses from the damaged roller,
with a large amplitude compared to the normal signal. In order to confirm the cyclical nature of the events coming from the roller rotation,
the signal autocorrelation (ACF) will be performed in the next step.
The autocorrelation function makes it possible to exclude the random-
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a)

b)

c)

d)

Fig. 7. Spectral autocorrelation of transverse vibrations of time segments with a localized test roller: a) for the roller without damage (normal signal), b) for roller
damaged at 0.4 m/s, c) for roller damaged at 0.9 m/s, d) for roller damaged at 1.3 m/s

ness of the signal (it determines its origin from the non-random factor,
which in this case is the mantle damage) and to determine the cycle
length. Autocorrelation for continuous signals is defined as [23]:
ACF (τ ) =

∞

∞

−∞

−∞

∫ x ( t + τ ) x ( t )dt = ∫ x ( t ) x ( t − τ )dt

(5)

where: τ – lag, x (t ) – complex conjugate x (t ) .
The ACF for a discrete signal is: [23]:
ACF (ξ ) =

∑ x ( n ) x ( n − ξ )�

n∈Z

(6)

where: ξ – lag.

PF ( t ) = argmaxω P ( t , ω )

Figure 7 demonstrates the normalized spectral autocorrelation of
the normal and damaged signals for the analyzed speed variants. Normalization was performed on the basis of the mean. The plots were
prepared for a lag of 0.5 s
From the acquired spectral autocorrelation plots, the disturbances
and the result for the zero lag were filtered out, when for obvious
reasons the autocorrelation value was equal to one. The ACF of the
fault signal indicates a clear maximum (not visible with the ACF of
the normal signal), with a lag of approximately 0.1 s, which translates
into a fault frequency of 10 Hz. The acquired result is consistent with

514

the analysis of the periodicity of the maximum amplitudes presented
after filtration in Figure 5. Detailed analysis reveals a slight increase
in the failure frequency with increasing speed from 9 Hz for a speed
of 0.4 m/s to 10.2 Hz for a speed of 1.3 m/s. ACFs have one distinct
common component with a lag of approximately 0.18 s (5.6 Hz). The
best results were acquired for the highest belt speed, which is due to
the limited impact of broadband high-frequency interference.
Because the SPC of the normal and faulty signal (Fig. 6) are quite
different, the characteristic features of the signal can be distinguished
and used to determine changes in the frequency domain associated
with the appearance of point tube damage. Mean peak frequencies
(mPF) were used as an indicator of the condition of the roller. In the
case of describing the spectrogram as a function of two variables
P (t , ω ), the peak frequency (PF) can be defined as [61]:
(7)

On the other hand, the mean peak frequency is described by the
relation [61]:
mPF =

1T
∫ PF ( t ) dt
T0

(8)

The segmentation function was used to divide the signals into 13
smaller segments. The number of samples in each segment determines
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a)

b)

c)

Fig. 8. Change of the mean peak frequency during the movement of the device from the return pulley to the drive pulley: a) for a speed of 0.4 m/s, b) for a speed of
0.9 m/s, c) for a speed of 1.3 m/s

the total number of signal samples (the higher the tested speed was,
the smaller the number of samples in the segment). Determined mPF
for each segment. Figure 8 demonstrates the changes in the mPF of
the normal and faulty signal during the movement of the measuring
device on the laboratory conveyor from the return pulley to the drive
pulley, for all analyzed speed variants. The test roller location point
was also marked to identify mPF changes in this segment.
Figure 8 demonstrates the change in mPF at the location of the test
roller between the normal signal and the damage test signal. The slight
differences between the results acquired on the basis of the ACF result
from the inaccuracy of the segmentation grid. The limitations of the
diagnostic method, consisting in the assessment of mPF changes during the operation of the conveyor along the route, are low-frequency
environmental signals of the conveyor’s operation, which should not
be interpreted as a source of potential damage.
In the case of mine conveyors, changes in the mPF in the range
of low frequencies (characteristic for damage to the surface of rollers) may be unclear, and the standard diagnostic method of rotating
elements, based on the above assumptions, may not be practical. The
analysis presents, that point changes in the peak value of the vibration amplitude bring much more valuable information. An automated
detection system based on a manually defined alarm threshold of exceeding the permissible peak amplitude value may generate erroneous
alarm signals. The result of this state is a dynamic load on the belt due
to a randomly changing stream of bulk material [20]. The solution
to reduce future errors are autoencoder algorithms, which enable the

reconstruction of the signal based on the known characteristics of the
device operation under normal conditions.

3.2. Autoencoder application
Automation of the time signal anomaly detection process, based
on changes in the peak value of the vibration amplitude, was based
on the LSTM autoencoder model, an artificial, recurrent neural network (RNN) [50]. LSTM uses deep learning to reconstruct nonlinear
time series. The basis of the system’s operation is a signal defined
as the normal operating state, which the embedded neural network
learns. On this basis, anomaly points in the reconstructed signal can
be identified [40]. The idea of the autoencoder operation is presented
in Figure 9.

Fig. 9. Diagram of autoencoder operation for discrete time series anomaly
detection [2]
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The general equations of the autoencoder is presented in the figure
above take the form [2]:

(

)

(9)

(

)

(10)

1
1
h = f ( x ) = σ 1 W ( ) x + b( )

2
2
x′ = g ( h ) = σ 2 W ( )h + b( )

where: f – encoder function, g – decoder function, g  f ( x ) – reconstructed input x , h – the encoded representation of the input x ,
1
2
1
σ1 , σ 2 – activation functions, W ( ) , W ( ) – weight matrices, b( ) ,
2
b( ) – bias vectors.
The autoencoder loss function to minimize the reconstruction error
is defined as [2]:
L ( x, x′ ) = x − x′

2

( (

2
1
1
=|| x − σ 2 (W ( ) σ1 W ( ) x + b( )

)) + b( ) ||
2

2

(11)

The diagram of the neural network used is demonstrated in Figure 10.

Fig. 11. A slice of the scaled time signal (without damage) for training the
neural network

and test data. The red line presents the course of the expected normal
distribution.
The learned algorithm was used to predict anomalies in the signal
from the laboratory conveyor (Fig. 14). For the
purposes of these studies, the thresholding parameter was defined as the maximum value of
the vibration magnitude of the normal signal.
3.2.2. PT-1000/60 conveyor

Fig. 10. Scheme of the application of the neural network

For a conveyor operated in real conditions,
the normal signal was assumed as a time slice
with a standardized distribution with respect to
other segments. Figure 15 demonstrates short
time slices of signals used to train the neural
network.
Figure 16 presents the acquired model losses
during successive iterations for the training and
test data recorded on the conveyor in full scale.

Layer 3 and layer 6 are responsible for the regularization of the data
in order to overfitting the model and improve its efficiency. Layer 4
repeats the input vector according to the defined number of backward
time steps. For the model, this parameter was set to 30 samples. Finally, layer 7 creates a time vector with a length equal to the number of
outputs from the previous layer. As the loss index, the mean absolute
error (MAE) was used, defined as:
MAE =

1 n
∑ xi − x 'i
n i =1

(12)

where: n – number of data points, x – actual value, x ' – value predicted by the model used.
3.2.1. Laboratory conveyor
In the case of laboratory tests, the signals of the normal operation
of the conveyor (Fig. 11) were defined for the work with the roller in
good technical condition (recorded before the damage was prepared).
Figure 12 demonstrates the model losses acquired during successive iterations for training and test data at a speed of 0.9 m/s.
The places where the test loss (faulty signal) is lower than the training loss (normal signal) may mean that the failure variant considered
by the model was trivial to predict, significantly different from the
data defined as the normal state. This situation is illustrated in Figure 4 as the signal peaks at the location of the damaged roller. The
next figure (Fig. 13) demonstrates the MAE distribution for training
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Fig. 12. Model learning loss for successive iterations

In this case, a potentially faulty signal is the signal collected during
the full travel of the device on the route, from the return pulley to the
drive pulley. Over the entire length of the route, there were over 90
idler supports, which were verified.
As in the case of laboratory tests, Figure 17 demonstrates the distribution of MAE for the normal signal and the complete signal recorded
on the conveyor.
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a)

b)

Fig. 13. MAE histogram with the determined normal distribution: a) for training data (normal), b) for test data (faulty)

a)

b)

c)

Fig. 14. Detection of anomalies in a scaled laboratory signal: a) for a speed of 0.4 m/s, b) for a speed of 0.9 m/s, c) for a speed of 1.3 m/s

The results of roller anomaly detection with the use of the autoencoder are demonstrated in Figure 18, and the on-site inspection confirmed the place of their occurrence in the indicated sections of its
route.

In the recorded signal, the autoencoder detected 3 locations of potential damage to the roller. The first point of damage was found at
the point of loading the material onto the conveyor, at the very beginning of the route (approx. 2 seconds). The registered signal anomalies
were caused by damage to the roller bearing (Fig. 19a), which lost its
functional properties due to damage to the seal or degradation of the
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Fig. 15. A slice of the scaled time signal (without damage) for training the network

a)

Fig. 16. Model learning loss for successive iterations

b)

Fig. 17. MAE histogram with determined normal distribution: a) for training data (normal), b) for test data (potentially faulty)

of damage (approx. 10 seconds) was caused by abrasion of the roller
tube (Fig. 19c), which was replaced immediately after the tests.

4. Summary and conclusions

Fig. 18. Anomalies were detected in the transverse vibration signal of the fullscale conveyor

joint between the rollers tube and the hub. The work of this particular
roller was much louder than the other rollers in the same set. The second point of damage (approx. 7 seconds) was related to the friction of
the belt against the blocked tracking roller (Fig. 19b). The third point
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The article presents a method of roller diagnostics based on analysis of recorded signal of transverse vibrations using a measuring device located on the surface of the belt. The research was conducted
in laboratory conditions with prepared damage to the roller tube, in a
known location along the route, and then the process of validating the
adopted test procedure in real conditions was performed. The recorded
vibration signals were filtered and decomposed to reduce noise, and
then subjected to standard frequency analysis. There were differences
in the measurement results acquired for signals recorded in the presence of a damaged element and in the normal state (without damage),
which were characterized by different values of signal amplitude.
Studies have proven that for laboratory conditions it is possible to
find the location of the damaged element based on the change in the
average peak frequency over time and spectral autocorrelation. The
use of spectral autocorrelation proved the cyclicity of the signal in
the case of a damaged roller and allowed to indicate its frequencies of
excited vibrations.
The limitation of the use of the diagnostic method, consisting in the
assessment of mPF changes during conveyor operation in real conditions, are numerous, low-frequency signals related to the specificity of the operating conditions, which can be mistakenly treated as
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a)

b)

c)

Fig. 19. Anomalies found on the belt conveyor route: a) damaged roller bearing, b) blocked belt tracking roller, c) damaged roller tube

a source of potential damage, but in fact are only signal interference.
This prompted the authors to develop an autoencoder model that required building an LSTM neural network algorithm with time memory, where damage detection is based on a comparison of recorded time
signals with a signal used for deep learning and corresponding to normal operating conditions. The adopted detection algorithm effectively
located the damaged roller at the laboratory stand and indicated potential areas of existing or developing damage to the rollers built on the
mine conveyor, which was confirmed by the local inspection of the
facility. The use of the auto encoder also resulted in the automation
of the damage detection process, which can be extremely valuable
when assessing the operation of long-distance conveyor routes. The
proposed system of non-invasive diagnostics of the cooperation of the
conveyor belt with the roller, as well as the presented method of interpretation of the recorded signals is characterized by high application
potential. It can be used both to identify local damages, determine the
causes of their occurrence, but also to conduct a preventive inventory
of the technical condition of the operated transport routes.

Further work will be focused on improving the measurement algorithm. The recorded transverse vibrations of the belt come from many
phenomena occurring along the entire length of the upper conveyor
rod. Faulty cooperation of the belt and the roller is a very complex
issue, not related only to the damage to the roller itself. The measurement method should allow to identify all anomalies on the conveyor
route, as well as ensure their classification. For this, it is necessary to
continue research on real objects with different design and operational
parameters. This will provide a sufficient training database for effective detection and classification of roller damage.
Founding
The research work was funded with the research subsidy from the
Polish Ministry of Science and Higher Education granted for 2022.
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Highlights

Abstract

• A research method aimed at evaluating light com- This paper presents an analysis of the results of daily observations from the execution of
mercial vehicles (LCV) operation process was transport orders by three types of vehicles over a period of 2 years. The purpose of the
proposed.
research was to evaluate the operation process and determine the influence of important
technical and operational variables on the economic efficiency of the operation process. A
• Statistical analysis and operational indicators
set of 7 quantitative variables, previously not considered in the evaluation of the commercial
were used to evaluate vehicle operation.
vehicle operation process, was subjected to statistical data analysis. An indicator analysis
• The economic efficiency of three types of LCV and evaluation of the intensity of use of the following types of vehicles was conducted:
was evaluated.
Renault Master, Fiat Ducato and Citroen Jumper. Based on the results of the research, the
• A mathematical model was developed based on vehicle with the highest efficiency was determined and possible assumptions of the strategy
variables not previously considered in the re- applied in the company were indicated. The analysis and evaluation of vehicle efficiency
gave rise to the identification of independent variables determining the company's income.
search.
Using the indicator method and the multivariate regression model, transport companies can
• The developed mathematical model provides a evaluate the efficiency of transport tasks undertaken.
tool for forecasting the effects of vehicles operation.
Keywords
This is an open access article under the CC BY license vehicle operation, light commercial vehicles, economic efficiency, regression modelling.
(https://creativecommons.org/licenses/by/4.0/)

1. Introduction
In the era of constantly increasing demand for transport services,
transport companies operate vehicles in such a way as to achieve the
highest possible level of profitability whilst operating them at maximum intensity. The multifaceted nature of operation tasks and dynamic character of transport systems means that effective methods are
constantly being sought to evaluate individual processes. Conducting
research in the field of operation is primarily aimed at providing units
managing operation of vehicles with information necessary to make
rational operational and strategic decisions. The need for research
concerns the determination of the influence of designated factors on
technical and operational characteristics of interest, e.g. reliability,
technical readiness, and the search for optimal solutions for managing
vehicle operation.
Statistical analyses are predominantly used in the area of motor
vehicle management in transport companies, with the aim of minimizing operating costs and maximizing income [18]. Both theory and
practice are focused on increasing economic efficiency determined by
the level of reliability and durability of vehicles. Research in this area

has focused on verifying vehicle failure rates [4, 9, 26] and formulating conditions under which preventive replacements increase the
readiness of vehicle operating systems and contribute to an increase
in income per unit of time of vehicle operation [20]. On the basis of
recorded operational events, a detailed analysis is conducted of the
factors shaping the level of reliability of vehicles, taking into account
all phases of their existence [30].
The activities of transport companies are aimed at minimizing vehicle operating costs, which is why the literature addresses the subject
of predicting the frequency of vehicle damage [2, 31] and the wear
and tear of elements of vehicle functional systems and their durability
[16, 24]. With the technological development, construction of modern
vehicles, the fatigue strength of structural materials and the effects of
operational loads on selected components, e.g. vehicle bearings [10,
23] and leaf springs [8], are constantly being studied. The objective
of the ongoing research in the field of operation can be to analyse the
operational capability of vehicles and improve the operation process
by introducing an indicator that informs about the equivalent vehicle
availability [22]. Both in theory and practice, appropriate methods are
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sought to predict the profitability of transport tasks and to minimize
the discrepancies between the actual and assumed characteristics of a
motor vehicle. Using the method of driving test synthesis, the values
of evaluated, zero-dimensional characteristics defining the performance of the vehicle can be determined, and the probabilistic properties
of these quantities can be evaluated [6]. Available studies analyse the
intensity of use of vehicles taking into account characteristics such as
mileage, fuel consumption, operating costs.
This paper presents a set of variables so far not considered in the
evaluation of LCV operation, namely: operating time, standstill time,
overloading coefficient. A paucity of studies relating to the comparative analysis and evaluation of the intensity of use of a diverse fleet
led the authors to seek a relationship between efficiency and following
types of vehicle: Renault Master, Fiat Ducato and Citroen Jumper.
Increasingly, transport companies use the resources of specialized
information systems of TMS (Transport Management System) class
in their operational activities. The most common are on-board computers based on GPS (Global Positioning System) technology [13],
telematics systems [3, 32], and platforms that enable GIS (Geographic
Information System) data collection and analysis [14, 19]. They act
as an on-line advisor and controller, continuously monitoring fuel
consumption, informing about “idling” time, temperature inside the
refrigerated superstructure. They also feature an eco-driving function
that collects data on the number of accelerations and decelerations
and thus evaluates driving efficiency and forms the basis for minimizing operating costs. These systems are confirmed to reduce fuel costs
by 5% to 15% through ongoing monitoring of fuel consumption [25,
34] and help to ensure that vehicles are maintained in a roadworthy
condition [28]. The problem of systems supporting vehicle operation
processes is increasingly becoming an object of research for artificial
intelligence. Attempts to use evolutionary algorithms to model the use
of smart vehicles and highways have been presented in papers [15].
Multi-objective evolutionary algorithms have been used to evaluate
and model vehicle performance [36, 39], resource utilization and safe
operation of electric vehicles [38].
Available research points to the use of specialized transportation
systems, whose implementation costs are often an obstacle to their
implementation in the structures of micro and small enterprises. In
theory as well as in practice, there was no method of modelling the
LCV operation process using multivariate regression. According to
the results presented, the method provides an opportunity to estimate the parameters that determine the dependent variable, namely
income. In practice, it can therefore support transport companies in
their decision-making regarding the efficiency of their transport tasks.
Combined with the indicator method presented here, it can support
decisions concerning the allocation of vehicles to tasks, the ongoing
monitoring and the intensity of vehicle use. The developed method
can also be a tool supporting the assumptions of the operation strategy
adopted by a company.
The analysis of the literature, both Polish and foreign, indicates the
theoretical and practical interest in motor vehicle operation, particularly in relation to the use and maintenance of trucks with a maximum
authorized mass of over 3.5 tonnes. Available research boils down to
methodological and systematic analysis of individual areas of vehicle
operation systems and most often concerns: strength tests, increasing
vehicle reliability, performance tests, vehicle damage, service costs
forecasting. There is a small number of studies concerning research
on sets of technical and operational characteristics describing LCV
and presenting their comparison and evaluation of the operation process.
The research presented in this article refers to the evaluation of the
operation process of LCVs, which, due to their specificity and difficulties in collecting data describing the process of their operation,
are not often the object of the authors’ research. Statistical analysis
of significant variables determining the efficiency of vehicles, a set
of operation indicators and a method of proceeding for modelling the
operation process presented in the study provide in the opinion of the

authors a contribution to the theoretical knowledge in the area of vehicle operation.

2. Methods for evaluating the vehicle operation process
Evaluation of the vehicle operation process is possible only on the
basis of its technical and operational parameters collected over the
longest possible study period. These parameters determine the individual specifics of the use of a particular vehicle. It is possible to
analyse and evaluate the given process only on the basis of the collected information about the vehicle. In a company with a diverse
fleet, it seems necessary to conduct detailed analyses to determine the
performance, efficiency or reliability of each vehicle. For this purpose, statistical analysis and indicator analysis can be used, which can
synthetically characterize the operation process of each vehicle and
compare its effects.
Descriptive statistics deals with methods of statistical description
of data by which concise and generalized characterizations of important properties of the population under study are obtained. The purpose of performing mathematical statistics of unknown probability
distributions of random variables is to verify statistical hypotheses
using statistical tests (parametric or non-parametric).
A synthetic description of the distributional properties of each variable is presented using:
a) measures of position:
–– arithmetic mean:
x=

x1 + x2 + … + xn
=
n

n

∑ i =1xi

(1)

n

where: x – the symbol for the arithmetic mean, xi – variants of
a measurable characteristic, n – the size of the studied population, is a measure of the tendency of the “central distribution” of
given variable;
b) measures of variability:
–– range:
R = xmax – xmin , defines the range between the minimum and
––
maximum values of the variable;
–– the variance of variable X is the arithmetic mean of squares of
deviations of individual values of the variable from the arithmetic mean of the whole population:
s2 =

1 n
2
∑ (xi − x )
n i =1

(2)

–– standard deviation indicates the average deviation of the values
of the studied variables from the arithmetic mean value of the
given population:
s=

1 n
2
∑ (xi − x )
n i =1

;

(3)

c) measures of asymmetry and concentration:
–– coefficient of variation:
Vs =

s
⋅ 100
x

(4)

where: V is the symbol for the coefficient of variation, and the subscript s indicates the type of absolute measure of dispersion used in
the calculation. It is a measure of the variability of a variable, most
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often expressed as a percentage; a coefficient of no more than 30% is
assumed to indicate low variability.
Performing statistical analysis on a data set for each vehicle and
for individual quantitative variables can provide a basis for evaluating
the process of operation of each vehicle. The analysis carried out is
worth supplementing with the indicator method, which boils down to
the construction of relations between different quantities [7, 37]. The
choice of indicators depends on the purpose of the research. The following indicators can be used to evaluate the process of motor vehicle
operation in transport enterprises:
d) Vehicle operating time utilization indicator E1 :
Cu1
·100%
Ew

E1 =

(5)

where:
Cu1 – total vehicle operating time [h];

Ew – maximum total vehicle operating time [h].

For the period studied, it was assumed that the maximum total
vehicle operating time is 5463 h with the assumption that vehicles do not operate on Sundays and holidays and their maximum
daily operating time is 9 h.

J u1
·100%
Cu1

(6)

where:
J u1 – total vehicle driving time [h].

f) Vehicle use intensity indicator E3 , E4 :
E3 =

Pu1
J u1

(7)

where:
Pu1 – total mileage traveled [km].

E4 =

M u1
Pu1

y = β 0 + β1x1 + β 2 x2 + … + β k xk + Ɛ
where:

M u1

– total cargo weight transported [t].
g) Vehicle technical readiness indicator E5 :
E5 =

Cu1
Cu1 + C NZ

(9)

where:
C NZ – total vehicle down time [h].

a) Vehicle economic efficiency indicator E6 :
E6 =

Du1
M u1·Pu1

(10)

(11)

β j – model parameters (regression coefficients);
Ɛ– random component.

The coefficients β j are theoretical values, the determination of
which would require measuring an infinite number of observations.
Therefore, sample-based estimates of these coefficients should be
used. The estimate of the multivariate regression equation takes the
form:
y = b0 + b1x1 + b2 x2 + … + bk xk

For vehicles in repair after a breakdown, the total vehicle down
time was determined according to the formula C NZ = Ld 1·Lzt , where:
Ld 1 – Number of days the vehicle is in repair, Lzt – average duration
of a transport order.
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Statistics provides tools to verify already known relationships between variables or to detect hitherto unknown correlations. Correlation and regression theory provides a basis for accurately determining
the degree and direction of relationship between variables. Regression
analysis is used to model the relationship between random variable
Y (dependent, explanatory) and one or more explanatory variables
(called predictors, independent, explanatory): X1, X2, . . . Xn, where
for n = 1 we have a simple regression, while for n > 1 we have a multivariate regression. The complexity of the vehicle operation process
in transport companies means that a number of characteristics are observed and their effects on the dependent variable are analysed, hence
the multivariate regression modelling method seems to be appropriate
for modelling the vehicle operation process.
Given n observations of variables x1 , x2 , x3 ,.. xk influencing
variable y, the linear multivariate regression model takes the following form:

(8)

where:

where:

The evaluation of the vehicle operation process can be the basis
for the development of effective diagnostic models, providing information about the changing condition of the vehicle and the relationships and dependencies between individual parameters characterizing
the process. A precisely built model can serve as a tool supporting
strategic business decisions. The operation process model is aimed at
finding effective methods of eliminating problems and disruptions in
the flow of cargo and increasing the economic efficiency of transport
enterprises. In operation practice, mainly mathematical models are
developed [29], which usually constitute the basis for evaluation or
forecasting of the condition of a given system, vehicle [5, 33]. The literature on the subject deals with the modelling of operation processes
based on statistical methods. The most common are reliability models [1, 12, 17] and vehicle operation models developed using Markov
chain theory [21, 23].
Many studies consider methods of minimizing vehicle operating
costs and the risk of undesirable events during vehicle operation [11,
27, 35]. As a result, preventive measures are proposed to reduce the
susceptibility of vehicles to the occurrence of such events, resulting in
lower operating costs.

3. Regression modelling assumptions

e) Effective vehicle operation indicator E2 :
E2 =

Du1 – total earned income [PLN].

(12)

In practice, it is not possible to obtain complete information on
the entire population. The regression function determined by the least
squares method from a sample drawn from the general population is
an approximation of the regression in the general population. Related
to the determination of the regression function is the problem of assessing the differences describing the discrepancy between the values
of the dependent variable and the values calculated from the model.
The standard deviation of the residuals can be used as a measure of
this discrepancy. In statistics, the accuracy of an estimator is measured
by its variance. The standard error of estimate informs about the aver-
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age size of empirical deviations of the dependent variable from the
values determined by the model and is defined by the formula:

∑ i =1(yi − yi )

2

n

Se =

n−2

(13)

where:
yi – empirical values;
yˆi – theoretical values;
n – number of elements.

4. A study of the vehicle operation process in a transport company on a set of real data

The smaller the value of the standard error of estimate Se , the
better model fit.
In regression modelling, it is necessary to determine the coefficient
of determination. The basis for determining the coefficient of determination is the sum of squares of deviations of individual observations
from their mean, which can be described by the following relation:
n

2

∑ ( yi − y )

i =1

tion process, which are typically interpreted in a probabilistic sense.
The use of multivariate regression analysis to evaluate and model the
process of vehicle operation in transport companies appears to be a
suitable method for verifying the measurable information that can
be obtained from a set of independent variables with respect to the
dependent variable. It also provides an opportunity to recognize the
magnitude and type of influence of one variable on another and to
predict the value of the dependent variable.

n

2

n

2

= ∑ ( yˆi − y ) + ∑ ( yi − yˆi )
i =1

i =1

(14)

A transport company providing trucking services across the country
was analysed. The company has 3 LCVs in use. Each of the vehicles
in the period from 1/1/2016 to 31/12/2017 performed transport services on the basis of the terms and conditions specified in the transport
order. Each transport order represents an observation that is the basis
for the study carried out to evaluate and then model the vehicle operation process. The company’s fleet is diverse and includes 3 different
types of delivery vehicles, namely Renault Master – RM, Fiat Ducato
– FD, and Citroen Jumper – CJ. The initial mileages of the vehicles
at the start of the study ranged from 113000 km to 396000 km. The
permissible payload of the vehicles oscillates between 1100–1230 kg.
The technical specifications of the vehicles are shown in Table 1.

Table 1. Technical specification of vehicles in the transport company

Vehicle
No.

Type
of vehicle

Year of production

Unladen
weight
[kg]

Permissible
payload
[kg]

Engine displacement
[dm3]

Initial mileage
as of 1/1/2016
[km]

Factory mixed
cycle fuel
consumption
[dm3/100km]

P1

RM

2011

2400

1100

2.3

203362

12

P3

CJ

2010

2300

1200

2.2

113610

13

P2

FP

2011

2270

where:
n

2

– total sum of squares;

2

– the explained sum of squares describing the variabiity
explained by the model;

∑ ( yi − y )

i =1
n

∑ ( yˆi − y )

i =1
n

2

1230

3.0

396725

13

Each observation refers to the daily execution of a transport order
by one vehicle. It is described by 7 quantitative variables which are a
set of characteristics that represent an important property of the phenomenon under study. The vehicle operation process in the studied
transportation company is characterized by the following variables:

– the residual sum of squares describing the variability
unexplained by the model;

Du

– Gross revenue, which determines the value of the economic surplus/deficit earned from a transport order;

The coefficient of determination represents the ratio of explained
variation to total variation and is defined by the following equation:

Kk

– The total cost of transport order execution;

Pu

– The number of kilometres travelled in the execution of a
given transport order;

Cu

– Driver working time including driving time, stops, breaks
and other work (loading, unloading);

Wu

– A numerical quantity expressed as a percentage that represents the ratio between the actual weight of the cargo and
the permissible payload of the vehicle;

Su

– Fuel consumption in dm3 per 100 km;

Ju

– Driving time of the driver, not including stops, breaks,
other work (loading, unloading);

∑ ( yi − yˆi )

i =1

R2 =

n
i =1
n
i =1

2

∑ ( yˆi − y )
2
∑ ( yi − y )

(15)

The introduction of additional variables to the model increases the
R2 coefficient, while the aim of the research is to show the relationship between variables while trying to maintain the highest possible
value of the coefficient of fit. When the independent variables are
correlated, then they deprive each other of explanatory power. In this
situation, the use of a corrected (adjusted) R2 is justified. The value of
the adjusted R2 decreases when variables that do not cause a significant increase in the sum of squares of deviations are introduced into
the model.
Conducting research on simplified models provides the necessary
support to assess performance, predict behaviour, and minimize the
likelihood of problems and disruptions in the motor vehicle opera-

The procedure for evaluating the operation process follows three
steps. The first is a statistical analysis of the variables that characterize the process for each vehicle. Tables 2 – 4 present a comparative
parametric characterization of the variables to each vehicle type.
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Table 2. Statistical analysis of variables for Renault Master
ValidN

Average

Minimum

Maximum

Variance

Standard
deviation

Coefficient
of variation

Gross income [PLN]

590

273.87

−2374.34

976.76

38770.35

196.90

71.90

Daily mileage [km]

590

348.40

120.00

650.00

7763.68

88.11

25.29

Variable

Cost of transport order execution [PLN]
Operating time [min]

Overloading coefficient [%]
3

Fuel consumption dm /100km

Driving time [min]

Standstill time [min]

590

590

590

590

590
590

501.40

466.00
1.50

15.33

419.00
47.00

315.42

3112.34

159.00

810.00

0.89

2.18

13.00

0.01

132.94
0.07

0.12

0.35

17.00

1.86

1.37

170.00

0.00

0.03

144.00

780.00

0.00

17672.31

0.01

26.51
23.03
23.29
8.91

0.07

24.44
79.74

Table 3. Statistical analysis of the variables for Fiat Ducato
Variable
Gross income [PLN]

Cost of transport order execution [PLN]

Daily mileage [km]

Operating time [min]

Overloading coefficient [%]
3

Fuel consumption dm /100km
Driving time [min]

Standstill time [min]

ValidN

Average

Minimum

Maximum

Variance

Standard
deviation

Coefficient
of variation

579

293.02

−916.88

1034.15

33489.11

183.00

62.45

579

579

579

579

579

579

579

523.94

374.36

515.00
1.36

15.49

449.00
66.00

350.98

1753.28

236.00

780.00

120.00
0.80

13.00

13541.71

116.37

22.21

650.00

10294.03

101.46

27.10

2.07

0.10

0.31

23.09

18.00

0.01

0.09

2.17

1.47

25.79
9.52

144.00

780.00

0.01

0.08

26.97

0.00

210.00

0.00

0.03

70.96

Table 4. Statistical analysis of variables for Citroen Jumper
Variable
Gross income [PLN]

ValidN

Average

Minimum

Maximum

Variance

Standard
deviation

Coefficient
of variation

563

184.03

−1551.53

875.79

34203.30

184.94

100.49

365.81

170.00

110.02

29.08

Cost of transport order execution [PLN]

563

486.33

Operating time [min]

563

532.00

Daily mileage [km]

Overloading coefficient [%]

Fuel consumption dm3/100km

Driving time [min]

Standstill time [min]

563
563

563

563

563

1.15

14.26

438.00
93.00

328.78

2166.53

16864.03

129.86

219.00

900.00

0.01

0.10

0.83

13.00

204.00

When analysing the set of variables for each vehicle type, it should
be noted that the Renault Master carried out the most transport orders
in 2016-2017 – 590, while the Citroen Jumper carried out the least –
563. Taking the average number of orders carried out, the Fiat Ducato
has the highest average income, which is 37% higher than that of the
Citroen Jumper and 7% higher than that of the Renault Master. At the
same time, the Fiat Ducato shows the highest average value of the
variable: cost of transport order execution, daily mileage, fuel consumption and driving time. The highest value of the operating time
variable was recorded for the Citroen Jumper, for which the standstill
time represents 17% of the total operating time, where for the Renault Master the ratio of standstill time to operating time is 10% and
for the Fiat Ducato 13%. Citroen Jumper also has the lowest average
value of the variable: income, cost of order execution, overloading
coefficient and fuel consumption. The Renault Master had the highest
average overloading coefficient of 150% and also the lowest average
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0.00

650.00
2.00

17.00

780.00

300.00

12103.75
0.02

0.71

0.01

0.00

0.15

0.84

0.09

0.03

26.70

25.86
12.87
5.91

28.04

50.47

mileage and operating time. The lowest value of average income was
recorded for Renault Master at PLN -2374, where as a comparison
for Fiat Ducato it was PLN -917. This vehicle was also characterized
by the highest maximum value of the costs of transport order execution of PLN 3112, and for Fiat Ducato this variable took the value of
PLN 1753. For each vehicle type, the range between daily minimum
and maximum mileage varied from 120 km to 650 km. The average
value of the overloading coefficient for each type of vehicle reaches a
value of not less than 80%, the highest maximum value of this coefficient of 218% was achieved by the Renault Master. Each vehicle
type had large variance values of the variables: income, cost of order
execution, and mileage. The highest value of variance of 38770.35 of
income variable and standard deviation of 196.90, as well as the value
of 17672.31 and standard deviation of 132.94 for the cost of order execution variable were recorded for Renault Master. The highest value
of variance of 12103.75 and the highest value of standard deviation of
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Table 5. Summary of operation indicators for the three vehicle types
Type
of vehicle
Renault Master

Fiat Ducato

Citroen Jumper

Vehicle operating time utilization indicator
[%]

Effective
vehicle operation indicator [%]

Vehicle use
intensity indicator [km/h]

Vehicle use intensity indicator
[t/km]

Vehicle
technical
readiness
indicator

Vehicle economic efficiency indicator
[PLN/tkm]

84%

90%

50

0,0047

0,98

0,00081

91%

91%

88%

83%

110.02 for the mileage variable was taken by Citroen Jumper. For this
type, the coefficient of variation for the standstill time variable takes
a value between 30% and 70%, which indicates an average degree of
variation in the values of this variable. For the Renault Master and
Fiat Ducato, the coefficient of variation for the variables income and
standstill time takes a value above 70%, which confirms the strong
degree of variation in the value of the variable. The income variable
for the Citroen Jumper vehicle type has the highest degree of variation
in the value of the variable.
In the second stage of the study, an analysis was conducted in which
operation indicators were used to evaluate three types of vehicles used
in the transport company. The results of the performed analysis are
presented in Table 5.
The results of the indicator analysis showed that the Renault Master
vehicle type is characterized by the lowest value of the operating time
utilization indicator, which is confirmed by the lowest average value
of the operating time presented in the statistical analysis (Table 2).
This vehicle maintained the highest value of the effective operation
indicator of 90%, vehicle use intensity indicator of 0.0047 t/km, and
thus achieved one of the two highest values of economic efficiency
indicator of 0.00081 PLN/tkm. The Fiat Ducato, with one of the two
highest values of the operating time utilization indicator – 91%, also
achieved the lowest technical readiness indicator value of 0.97, thus
achieving one of the two highest economic efficiency indicator values
along with the Renault Master. Citroen Jumper is characterized by
the lowest value of economic efficiency indicator, namely 0,00065
PLN/tk, the lowest value of effective operation indicator of 83%, the
lowest value of use intensity indicator of 0.0038 t/km and at the same
time it is the vehicle type with the highest level of technical readiness
indicator – 0.99.
The purpose of operation of the studied types of vehicles in the
transport company is the assumed (always subjectively assessed)
level of economic efficiency, indicating the profitability of the company, which in the presented set is characterized by the gross income
variable. In the next stage of the study, taking into account the main
objective of the company, modelling of the operation process will be
carried out for the vehicle, the use of which brings the highest income
to the company. The purpose of modelling will be to determine the
independent variables that determine the dependent variable which is
the income of the company.
The statistical and indicator analysis carried out showed that the
Fiat Ducato vehicle type shows the highest average value of the income variable and thus obtains, together with the Renault Master, the
highest value of the economic efficiency indicator. Figure 1 shows the
average income values for each vehicle type earned in each month
from 2016 to 2017. Figure 2 shows the average income value for vehicles.
In practice, the attempt to evaluate the vehicle operation process
usually focuses on the analysis of costs generated by the use of a given
vehicle and its profitability. The transport company analysed has a diverse fleet. The study conducted in the first and second stage indicated
that the most efficient vehicle in terms of economy is the Fiat Ducato,
which has the highest average value of income from transport orders
execution. Thus, in the next step, the modelling of the Fiat Ducato
vehicle operation process using the multivariate regression modelling
method will be presented. The purpose of the conducted modelling

49

50

0,0045

0,0038

0,97

0,99

0,00081

0,00065

Fig. 1. Average monthly income from transport orders execution

Fig. 2. Average value of income from transport orders execution

is to assess the impact of significant technical and operational variables on the efficiency of the operation process of the selected type
of vehicle, which is characterized by the highest profitability in the
company. The modelling takes into account a set of variables describing the vehicle in the process of its operation. The types and nature of
the 7 variables are shown in Table 6.
To achieve the stated goal of modelling the vehicle operation process, the following assumptions were made:
–– the dependent (output) variable was defined: Du ;
–– a set of independent, quantitative (input) variables was defined:
K k ; Pu ; Cu ; Wu ; Su ; J u ;
–– each observation relates to the actual execution of a transport
order by a given vehicle;
–– the time scale of the model covers the period from 01/01/2016
to 31/12/2017.
The limitations of the model are identified:
–– only applicable to LCV;
–– daily mileage: Pu ≤ 650 km;
–– vehicle payload: 1100 kg ≤ £ p ≤ 1230 kg;
–– operating time Cu ≤ 9 h.
Various variants of both linear and nonlinear models with statistically significant variables were considered for multivariate regression
modelling. The regression model for the Fiat Ducato vehicle operation process was built based on the variables most correlated with the
output variable, i.e. Pu – Daily mileage, Wu – Overloading coefficient, K k – Cost of transport order execution. Entering statistically
insignificant variables into the regression model i.e. Cu – Operating
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Table 6. Summary of significant technical and operational variables of the Fiat Ducato vehicle operation process
No.

Name of the variable

Mark

Label

Variable type

[PLN]

Quantitative

[km]

Quantitative

[%]

Quantitative

1

Gross income

Du

3

Daily mileage

Pu

2

4

Cost of transport order execution

Kk

Operating time

Cu

5

Overloading coefficient

Wu

7

Driving time

Ju

6

Su

Fuel consumption

[PLN]

Quantitative

[min]

Quantitative

[dm3/100 km]

Quantitative

[min]

Quantitative

Table 7. Summary of multivariate regression of the dependent variable Income Du for Fiat Ducato
b*
Absolute term

std. error
of b*

Pu daily mileage [km]

0.25

0.08

Cost of transport order execution Kk [PLN]

−0.75

0.03

Overloading coefficient Wu [%]

0.34

0.08

R

Adjusted R^2

0.64

0.64

0.40

0.40

0.41

Std. error of estimation

14.89

0.41

14.89

time, Su – Fuel consumption, J u – Driving time was the reason for
the decrease in the goodness of fit coefficient value. The result of the
study was the formulation of a linear equation for the three predictors
most correlated with the output variable:
Du = b0 + b1Pu + b2Wu + b3 K k +
Ɛ

(16)

The results of the multivariate regression performed for the Fiat
Ducato vehicle are presented in tables 7 – 8.
The determined regression model for the Fiat Ducato vehicle has
the following form:
Du1 = 604,89 + 0, 45 Pu + 201,15Wu − 1,19 K k ± 14,89 	 (17)

The value of the coefficient of determination R2= 0.41 means that
41% of the total variation in the variable Income Du is explained by
the model. The remaining 59% was hidden in the random factor. The
standard error of estimation amounting to 14.89 represents the average deviation of the variable Income Du observed in the sample from
the value determined from the model.
The regression coefficients determined from the sample are estimates of the regression coefficients for the entire population. They
are subject to error in the form of mean error of estimation of the parameters, which is an estimate of the average discrepancy between the
model parameters and its possible estimates. For the operation process
regression model for the Fiat Ducato, the following was obtained:
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std. error
of b

t

p

604.89

109.99

5.49

0.00

201.15

51.94

3.87

0.00

0.45

−1.19

–– the ratings
109,99;
–– the ratings
0,15;
–– the ratings
51,94;
–– the ratings
0,06.

Table 8. Results of regression analysis for Fiat Ducato

R^2

b

0.15

0.06

2.92

−19.31

0.00

0.00

for parameter b0 deviate from this parameter by
for parameter b1 deviate from this parameter by
for parameter b2 deviate from this parameter by
for parameter b3 deviate from this parameter by

Estimating the absolute term b0 = 604.89, the possible error is on average 109.99, therefore the error of estimation is 109.99/604.89=0.18.
The estimation errors and significance of the obtained parameters
confirm the good fit of the model. A tolerance greater than 0.1 indicates that there are no redundant variables in the model (Table 9). In
the next step, model validation is performed.
In conclusion, the selection of the modelling method, which is
the multivariate regression, and its individual stages, i.e. estimation
of the regression model estimators, the standard error of estimation,
the coefficient of determination R2, the redundancy index, and the
verification of statistical hypotheses, made it possible to develop a
mathematical model that provides the basis for predicting the value
of the variable Income Du in the Fiat Ducato vehicle operation process. The next step in modelling is the verification of the regression
model. Performing verification effectively detects deviations from a
valid regression analysis. Analysis of the residuals allows the detection of outliers that can significantly affect the regression model. Removing the outlier can then lead to completely different results from
the analysis performed. Therefore, after estimating the model parameters in the next step, it is necessary to analyse the residual values. A
correctly constructed model should be characterized by certain properties of the residuals, i.e. normality, constancy of variance, lack of
autocorrelation and expected value equal to 0. First, the assumption
of normality of residuals was verified using the Shapiro-Wilk test,
where the hypothesis of normality of the distribution of residuals was
verified at the significance level of α=0,05. The resulting p-value =
0, which dictates the acceptance of the alternative hypothesis that the
distribution of the residuals is not close to a normal distribution. The
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lated DW statistic=1.43. This means that there is positive autocorrelation of the model residuals, as shown in
Redundancy
Tolerance
R-squared
Figures 4 – 5.
Pu daily mileage [km]
0.138851661
0.861148339
The methodology presented allowed for the analysis
and
evaluation of the vehicle operation process and proOverloading coefficient Wu [%]
0.12989955
0.87010045
vided a basis for determining the most efficient type of
Cost of transport order execution Kk [PLN]
0.66530687
0.33469313
LCV in the company. The development of the multivariate regression model for the Fiat Ducato was carried out
in accordance with the assumptions made and provided
histogram of the residuals is shown in Figure 3. This means that there
a basis for forecasting the effects, i.e. the value of income from the
are dependencies left unexplained in the model.
vehicle operation in the transport company.
Table 9. Regression model redundancy analysis for the Fiat Ducato vehicle operation process

5. Summary

Fig. 3. Residuals histogram

Next, the homoskedasticity of the residuals was verified. White’s
test was used for this purpose, for which the null hypothesis is that
there is homoskedasticity of the residuals. The obtained p-value=0.1
means that the null hypothesis should be accepted. The next step
was to verify the autocorrelation of the residuals. It was conducted
using the Durbin Watson test. For the model where the number of
observations is n=588 and the number of predictors is k=3, the outliers dl= 1.84 and dg=1.87 were determined. The value of the calcu-

Fig. 4. Autocorrelation of residuals

The studies conducted based on statistical methods, indicator analysis and regression modelling gave the basis for evaluating the process of operation of various vehicles in the transport company.
The statistical results confirmed that the Fiat Ducato showed the
highest efficiency in the operation process. The management strategy adopted for the Fiat Ducato favours achieving the greatest daily
mileage. It thus earns the highest income from execution of orders
over a period of 2 years. This is 5% higher than the income of the Renault Master, which had the highest average overloading coefficient
of 150% and the lowest average mileage. The economic efficiency of
the Fiat Ducato is also 39% higher than the revenue generated by the
Citroen Jumper. Fiat Ducato obtained one of the two highest values of
operating time utilization indicator E1 = 91% and the lowest value of
technical readiness index E5 = 0.97. This may indicate that the nature
of operation of the Fiat Ducato, aimed at achieving long and profitable distances, involves the greatest risk of vehicle downtime and
unfitness. Nonetheless, this vehicle showed one of the two highest
values of the economic efficiency indicator E5 = 0.00081 during the
study period.
The use of the multivariate regression procedure provided a
basis for determining the relationships occurring between the
dependent variable income and the independent variables describing the dynamic process of vehicle operation. The results
of the studies using the regression model gave the basis for determining the independent variables which determine the Fiat
Ducato operation process, namely: Daily mileage Pu, Overloading coefficient Wu and Cost of transport order execution Kk.
Evaluating the efficiency of the operation process, we received
information that with an increase in the daily mileage Pu by 1
km, the income Du increases by 0.45 PLN, with an increase in
the overloading coefficient Wu by 100 %, the income Du increases by PLN 200.16, while in the case of the variable: cost
of transport order execution Kk, with an increase by PLN 1, the
income Du decreases by PLN 1.19. The developed form of the
model explains 41% of the overall variability of the dependent
variable, which confirms that the value of income is also influenced by other variables not included in the study and often
difficult to measure, i.e. speed of taking up the order, flexibility,
and number of loading and unloading places.
Theoretical assumptions and model presented in the article
can be a tool to support and evaluate the effectiveness of the
undertaken transport tasks. The indicator method developed on
a set of variables not previously considered in research (operating time, standstill time, overloading coefficient) gives the
possibility of ongoing control of the intensity of vehicle use.
The research method presented in this paper adds to the theoretical knowledge in the area of LCV operation. In practice, it is a
ready-to-implement tool that can support the assumptions of the
adopted operation strategy in transport companies.
Developed methodology and presented tools inspire to continue research towards issues related to the impact of overloading LCV on the safety of road traffic, the driver and the trans-

Fig. 5. Partial autocorrelation
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ported cargo, and to develop operational strategy for micro transport
companies.
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Abstract

• A PCK method with adaptive strategy is proposed The practical application of time-variant reliability analysis is limited by its computationally
expensive models which describe the structural system behavior. This paper presents a new
to estimate the time-variant reliability.
adaptive PC-Kriging (APCK) approach to accurately and efficiently assess the time-variant
• ·The U- and H- learning functions are integrated
reliabilities. Time interval is firstly discretized with a series of time instants and then the
to update the PCK models.
stochastic process is reconstructed by standard normal random variables and deterministic
• ·The proposed method is efficient for time-variant function of time. PC-Kriging (PCK) models are built at each time instant to predict the inreliability problems with implicit LSF.
stantaneous responses of performance function. To improve the accuracy and efficiency, a
new update strategy based on the integration of U- and H- learning functions is developed to
refine the PCK models of instantaneous responses. One or two best samples are identified by
the proposed learning criterion for updating the PCK models. Finally, Monte Carlo simulation (MCS) is used to estimate the time-variant reliability based on the updated PCK models.
Four examples are used to validate the accuracy and efficiency of the proposed method.
Keywords
This is an open access article under the CC BY license time-variant, reliability analysis, instantaneous response, adaptive PC-Kriging, learning
(https://creativecommons.org/licenses/by/4.0/)
function.

1. Introduction
Structural performance fluctuates since the existence of various
uncertainties in realistic engineering. Reliability, as a significant engineering requirement, aims at calculating the probability that a structure fulfills its intended function within a specified period of time and
under specified conditions by considering the input randomness [41].
Many structural reliability methods were developed in the past decades. The most probable point (MPP)-based methods are one of the
classic reliability analysis techniques, including the first order reliability method (FORM) [38, 39] and the second order reliability method
(SORM) [2]. Expect for the MPP-based methods, the moment-based
methods [34] and the surrogate-based methods [16] are also utilized to
evaluate the time-invariant reliability. In fact, the degradation of material properties, stochastic loadings, and etc. indicate that uncertainties have time-variant characteristics, which result in the decrease of
reliability over time. For this case, time-invariant reliability methods
are not applicable and extensive attention is concerned on the timevariant reliability analysis. The introduction of time factor greatly increase the computational cost and difficulty of time-variant reliability
problem. It is a great challenge to obtain the time-variant reliability in
an accurate and efficient way.

Outcrossing rate based method first developed by Rice [29] is one
of the dominant approaches for time-variant reliability analysis. The
core content of this type of methods is to approximate the failure
rate by the outcrossing rate. Based on this theory, many improved
methods were developed in the past decades. Kanjilal and Manohar
[14] estimated the conditional probability with respect to the random
system parameters based on the outcrossing rate, and then computed
its expectation to obtain the time-variant reliability. Zhang et al. [43]
combined the Gauss-Legendre quadrature and outcrossing rate to efficiently estimate the time-variant reliability. Breitung [3] derived the
analytical expression of outcrossing rate for stationary Gaussian processes by asymptotic approximations for integrals. For nonstationary
non-Gaussian performance functions, Cai et al. [4] proposed a new
analytical formula to obtain the mean outcrossing rate by transforming
the performance functions into a standard Gaussian process. AndrieuRenaud et al. [1] developed the PHI2 method which applies FORM
to the parallel system time-invariant reliability analysis to computes
the outcrossing rate. The accuracy of the PHI2 method greatly depends on the time step size, thus Sudret [33] proposed the improved
PHI2 method to reduce the impact of time step size. Ebrahimian et al.
[7] developed a PHI2 based algorithm for evaluating the time-variant
reliability of the passive heat removal system. Instead of using the
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outcrossing rate, Quezada del Villar et al. [28] estimated the distribution of the first passage time in the outcrossing events to obtain
the time-variant reliability. All the above-mentioned outcrossing rate
based methods may successfully obtain the time-variant reliability.
However, most approaches in this category are based on linear approximation and may result in large error and limited their applications, which lead to the worse accuracy for nonlinear cases.
The extreme value based methods are another tools for time-variant reliability analysis, which employ the information of response
extreme value of structural performance function during service
time. Chen and Li [6] used the probability density evolution method
(PDEM) to evaluate the probability distribution of extreme value for
obtaining time-variant reliability. A sampling approach was combined
with saddlepoint approximation to estimate the extreme value distribution for time-variant reliability problem with one input stochastic
process [10]. Xu [37] derived the equivalent extreme value distribution of structural response based on the maximum entropy principle
to assess the dynamic reliability of structural systems. In general, the
extreme value of structural response is highly nonlinear, therefore it
is difficult to obtain an accurate estimation for the tail of its probability distribution which is the key domain for reliability analysis. For
this reason, constructing a surrogate model for the response extreme
value is a promising approaches. Wang and Wang [36] developed a
nested extreme value surface (NERS) method, which combines the
efficient global optimization (EGO) [21] and Kriging to construct a
nested time prediction model for converting time-variant reliability
problem into a time-invariant one. Hu and Du [11] proposed a mixed
EGO algorithm to improve the efficiency of building up surrogate
model for the extreme response by sampling random variables and
time simultaneously. The above-mentioned surrogate model methods
with double-loop process has the drawback of low efficiency. Therefore, Hu and Mahadevan [12] developed a single-loop Kriging surrogate model approach based on the elimination of the optimization
loop. Qian et al. [26, 27] provided a decoupling strategy to avoid the
inner optimization loop in the double-loop procedure by establishing
the kriging model of extreme value response. Hu et al. [9] focused on
the concept of ﬁrst failure instant to efficiently construct a single-loop
Kriging model for time-variant reliability analysis.
Except for the aforementioned two categories of classic methods,
some different approaches for time-variant reliability analysis are also
reported. Composite limit state methods (CLS) [23] discretize the time
interval of interest to obtain the instantaneous limit state function as
the components of a series system, and then the time-variant reliability is assessed by time-invariant series system reliability methods. Li et
al. [19] proposed an improved composite limit state method, Kriging
models of all time nodes and one CLS are constructed to estimate the
time-variant reliability. Zhang et al. [42] also inspired by the transformation of a time-variant reliability problem into time-invariant reliability problem, and presented a kriging-assisted stochastic process
discretization method to obtain the time-variant reliability. On the basis of the concept of the composite limit state, Li et al. [18] presented a
sampling-based method for high-dimensional time-variant reliability
analysis by using the generalized subset simulation (GSS). Straub et
al. [32] computed the interval failure probability by subset simulation,
and then used FORM to evaluate the cumulative failure probability.
Chakraborty and Tesfamariam [5] developed a subset simulationbased method for reliability problem with space-time variant. Regardless of the outcrossing rate based methods, extreme value based
methods or composite limit state random methods, most of them are
based on analytical approximation, surrogate models or sampling. It is
still a thorny issue to balance the accuracy and efficiency for estimating the time-variant reliability.
In this work, an adaptive PC-Kriging method is developed for
time-variant reliability analysis. It uses the PC-Kriging with better
accuracy and efficiency [31] to model the instantaneous responses instead of the traditional Kriging. A new updating strategy combining
the U- and H- learning functions is proposed to refine the PCK models

of instantaneous responses. One or two best samples are identified for
updating the PCK models in each updating process until the new stopping criterion is satisfied.
This paper is organized as follows. The definition of time-variant
reliability problem is provided in Section 2. Section 3 describes the
proposed adaptive PC-Kriging method in detail. In Section 4, four
examples are employed to illustrate the performance of the APCK
method. Conclusions are drawn in Section 5.

2. Time-variant reliability problem
The performance of a structure is dynamic since the existence of
time-variant uncertainties such as the loading condition characterized
by stochastic process. Therefore, the probability that a structure performance satisfies the design requirement varies with time. In other
words, reliability is a function of time. The time-variant reliability in
a time period of interest 0, t f  is defined as:

( )

{

}

R 0, t f = Pr G = g (X ,Y (t ), t ) > 0, ∀t ∈ 0, t f 

(1)

where ∀ means “for all”. G is the structural response, and G > 0
indicates the structure is in safe state; otherwise a failure occurs.
Here, g ( ) represents the limit state function (LSF) of the structure, [X1, X 2 , X n ] is the input random vector with n-dimensions,
Y (t ) = Y1 (t ), Y2 (t ),, Ym (t ) is the m-dimensional stochastic process vector, and t is time factor.
Correspondingly, the cumulative failure probability is given by:

( )

( )

{

} (2)

Pf 0, t f = 1 − R 0, t f = Pr G = g (X ,Y (t ), t ) < 0, ∃t ∈ 0, t f 

where ∃ stands for “there exists at least one”. In this study, we calculated the cumulative failure probabilities with respect to time to complete the time-variant reliability analysis.

3. Proposed method
3.1. Overview
Four main modules are involved in the proposed APCK method
which are designed to assess the time-variant reliability problem with
random process. Discretization of stochastic process is the first module of the APCK method, which aims to compute the probabilistic
characteristics of input stochastic process in a time-variant reliability
analysis problem. This module makes it possible to obtain the timedependent response for estimating the time-variant reliability. The
next module is the construction of PCK models for the instantaneous
responses of a LSF. Based on the constructed PCK models, the timedependent responses can be predicted to obtain the failure samples
for calculating the cumulative failure probabilities. In order to improve the efficiency of PCK models construction and reduce the error
of time-variant reliability, the module of a new updating strategy is
developed. In this module, the U- and H- learning functions are combined to search the best updating samples to refine the constructed
PCK models, and a stopping criterion is used to determine whether
the PCK models meet the given required tolerance. The last module
employs MCS to calculate the cumulative failure probabilities based
on the time-dependent responses predicted by the final PCK models.
The modules of the APCK method as shown in Fig. 1.
One new contribution to the APCK method is to estimate the timevariant reliability by employing the PCK models to approximate the
instantaneous responses directly instead of modeling the response extreme values. The high-precision of the PCK models of the instantaneous responses is easy to implement since the response itself is less
nonlinear than its response extreme value. In addition, the repeated
process of obtaining the response extreme values is avoided and then
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involving random variables and explicit time parameter, which is described as:
g (X , Y (t ), t ) = g ( X , Z ,t )

(5)

Thus, the time-dependent responses can be calculated by generating the samples of random variables X and Z based on their probability distributions. Then, the cumulative failure probability can is
rewritten as follow:

( )

{

}

Pf 0, t f = Pr G = g ( X , Z , t ) < 0, t ∈ 0, t f 
Fig. 1. Modules of the APCK method

the computational cost is reduced. A new update strategy is proposed
to refine the PCK models in terms of the sign misjudgment probability
and the uncertainty of model prediction. Both U- and H- learning functions are integrated to identify one or two best samples to improve the
accuracy and updating efficiency of PCK models. Correspondingly, a
new stopping criterion based on the combination of U- and H- learning criteria is also presented to terminate the updating process.

3.2. Discretization of stochastic process
Generally, the LSF of a time-variant reliability problem is a complex stochastic process due to the propagation of the input random
variables X and random processes Y (t ) . The samples of time-dependent random response of the LSF are the basis for assessing the
cumulative failure probability in a time interval. Therefore, generating
samples of random variables X and realizations of stochastic process
Y (t ) is the first step for time-variant reliability analysis. Discretization strategy is an effective way to deal with stochastic processes
Y (t ) . The commonly used discretization methods mainly include
the orthogonal series expansion (OSE) method [25], the KarhunenLoüve (KL) method [13] and the expansion optimal linear estimation
(EOLE) method [17]. In this work, the EOLE is utilized to discrete the
stochastic processes Y (t ) .
The EOLE method uses a set of random variables and time to
represents a Gaussian process characterized by its mean function
µY (t ) , standard deviation function σ Y (t ) and autocorrelation function ρY (t ) . The time interval 0, t f  is firstly discretized into s
time instants ti , i = 1, 2,, s with a step size ∆t , and s = t f / ∆t + 1 .
Then the correlation matrix C of time instants ti can be described
as:

(3)

Although the discretization method tackle the issue of input random samples generation, the acquisition of responses as a stochastic
process still cannot be directly realized. For this reason, the time-dependent response G within the time period 0, t f  is represented
by its instantaneous responses Gti = g ( X , Z , t ) at all time instant
ti (i = 1, 2,, s ) in this work.

3.3. PC-Kriging model construction for instantaneous response
It is very time-consuming to perform direct MCS with the original
LSF for evaluating the time-variant reliability. In order to reduce the
computational cost, constructing a surrogate model for the original
LSF is a popular and efficient strategy to predict the true instantaneous response Gti .
Kriging model is widely applied in reliability analysis due to its advantages of unbiased minimum variance estimation. A Kriging model
includes two parts: a deterministic regression part and a random process, which are used to provide global and local approximation for the
response of computational model, respectively. Let W denotes the
input random variables [X , Z ] for simplification. The time-variant
LSF for a given time instant ti (i = 1, 2,, s ) is only the function of
input random variables W , so it can be replaced by Kriging model
as follows:
gti (w ) = f T (w )β + z (w )

l

Y (t ) = µY (t ) + σ Y (t )∑

i =1

Zi T
ξi CY (t )
ηi

(4)

where ηi and ξi are the eigenvalues and eigenvectors of the correlation matrix C , respectively. Z i are independent standard normal
random variables. CY (t ) is a time-dependent function vector whose
components are ρY (t , ti ), i = 1, 2,, s . l is the number of major eigenvalues of C used to construct the random process.
Once the random process is discretized, the LSF with both random variables and stochastic process is converted into one that only

534

(7)

where f (w ) = [ f1 (w ), f 2 (w ),, fb (w )]; is the vector of basis function and b is the number of basis function. β = [β1, β 2 ,, βb ] represents the b-dimensional basis function coefficient vector. z (w ) is a
stationary Gaussian process with zero mean. The covariance function
of z (w ) is:

(

( ))= σ 2 R (wi , w j )

cov z (wi ), z w j

(

After the Eigen decomposition of correlation matrix C , the stochastic processes Y (t ) is reconstructed by:

(6)

(8)

)

in which σ 2 is the variance of z (w ) , R wi , w j is the correlation
function between two samples wi and w j . Gaussian correlation
function is the most widely used correlation function, and its formula
is given by:
n

R wi , w j = ∏ exp −θ k wik − wkj

k =1

(

)

(

) 
2

(9)

where n is the number of variables in W , wik is the kth component
of wi , θ k is the kth correlation parameters, respectively.
Obviously, the solutions of parameters β , σ 2 and θ k are
the basis for building a Kriging model. Given N samples
W = [w1, w2 ,, w N ] and their corresponding instantaneous responses Gti = Gt1i , Gt2i ,, GtNi  , and the generalized least squares regres
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sion is employed, then the basis function coefficient vector and the
variance of z (w ) can be estimated respectively by:

(

)

βˆ = F T R −1F F T R −1Gti
σˆ 2 =

1
Gti − F βˆ
N

(

) R−1 (Gt
T

i

(

(10)

− F βˆ

)

(11)

( )

1
N

θ = arg min  ln σ 2 + ln det (R ) 
θ 2
2


(

gˆ tKi (w ) = µ ˆ K (w ) = f T (w )βˆ + r T (w ) R −1 Gti − F βˆ
gt

i

)

T

)

−1


u (w ) − r T (w ) R −1r (w )    (14)


where u (w ) = F T R −1r (w ) − f (w ) .
PC-Kriging (PCK) is an improved meta-modeling technique which
takes advantages of polynomial chaos expansion (PCE) and Kriging
model. In PCK, PCE is utilized to replace the regression basis function part of the original Kriging to enhance the global approximation
accuracy since its capability to capture the global behavior of computational model, and the local variability is still approximated by the
Gaussian process of original Kriging [30].
In PCE theory, a random response G with n-dimensional input
independent random variables w = [w1, w2 ,, wn ] can be approximated by an infinite series of polynomials:
G (w ) =

∞

∑ ci ψi (w )

(15)

i =0

n
j

( )

(16)

( )

where ϕi j w j is the polynomial of degree i j in the j th variable
w j , and it satisfies the following orthogonality:
0, j ≠ k
ϕi j (w ),ϕik (w ) = ∫ ϕi j (w )ϕik (w ) fWi (w )d w = 
1, j = k

(17)

(19)

Thus, the truncated PCE is given by:
G (w ) =

P −1

∑ ci ψi (w )

(20)

i =0

Finally, the PCK prediction of instantaneous response can be built
by replacing the regression part in Eq. (7) with Eq. (20):
gˆ tPCK
(w ) =
i

P −1

∑ ci ψi (w ) + z (w )

i =0

(21)

The set of polynomials in Eq. can be determined by the least angle
regression selection (LARS), and then the PCK model is calibrated as
a usual Kriging model for construction [15, 40].

3.4. A new updating strategy for PCK model of instantaneous response
In the case of small sample data, the accuracy of time-variant reliability analysis highly depends on the fidelity of the PCK models
of the instantaneous responses. In view of the characteristic of PCK
prediction obeying the normal distribution, a new adaptive update
strategy based on the U-learning function [8] and H-learning function
[22] is developed for improving the accuracy and efficiency of PCK
model construction.
The U-learning function chooses a best sample to refine the model
from the perspective of probabilistic theory. For the PCK model of
instantaneous responses at any time instant ti (i = 1, 2,, s ) , the Ulearning function is expressed as:

in which ci are the PCE coefficients. ψi (w ) are multivariable PCE
basis and it can be expressed as the tensor product of univariate polynomials:
ψi (w ) = ∏ ϕi j w j

p+n
p !n !

P=

(13)

in which r (w ) =  R (w , w1 ), R (w , w2 ),, R (w , w N ) is the vector
of correlation between the sample w and all the given samples. The
Kriging variance can be expressed as:

(18)

The cardinality of the multi-indices set A is the number of polynomials retained in the truncation, it can be calculated by:

(12)

As a result, the prediction of instantaneous response at an arbitrary
sample w is given by:

(

n


A = i j ∈ N n , ∑ i j ≤ p 
j =1



)

where F =  f j (wi )
, R =  R wi , w j 
is the correlation

 N ×N
N ×b
matrix. However, the correlation parameters θ k in Eq. (10) and (11)
are still to be determined, it can be obtained by the maximum likelihood estimation:


σˆ 2ˆ K (w ) = σˆ 2 1 + uT (w ) F T R −1F
gt

i

Note that fWi (w ) is the i th marginal probability density function
of w .
To make PCE feasible, the series in Eq. (15) can be truncated after
p terms. The most commonly used strategy is to retain polynomials whose total degree not exceeding a given order p , which corresponds to a multi-indices set:

U ti (w ) =

µ ˆ PCK (w )
gt

i

σ ˆ PCK (w )

(22)

gt

i

where µ ˆ PCK (w ) and σ ˆ PCK (w ) represent the mean value and
gt

i

gt

i

standard deviation of instantaneous response PCK model gˆ tPCK
(w )
i
at the sample w , respectively. U ti (w ) ≥ 2 means that the wrongsigned probability of sample w is less than 0.0228. The accuracy
of PCK model is considered to be accurate when all the samples in
the sample pool meet this condition. Thus, the stopping criterion is
given by:
min U ti (w ) ≥ 2
w∈D
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where D is a sample pool. And then the best sample used to refine the
PCK model is determined by:
wtUnew
= arg min U ti (w )
i

(24)

w∈D

The H-learning function refines the model based on the information entropy theory. The H-learning function for PCK model of instantaneous responses is expressed as:
H ti (w ) = − ∫

=

g + (w )

f

PCK
g − (w ) gˆ t
i

(gˆtPCK (w ))ln f gˆ (gˆtPCK (w ))d gˆ
PCK
ti

i

i

PCK
ti

(w )

 2σ PCK (w ) − µ PCK (w ) 
gˆ t

1   gˆti

i
ln  2πσ ˆ PCK (w ) +  Φ 

gt
2 
σ ˆ PCK (w )
i


gt
i


 −2σ PCK (w ) − µ PCK (w ) 
gˆ t
gˆ t

1 

i
i
− ln  2πσ ˆ PCK (w ) +  Φ 

gt
2 
σ ˆ PCK (w )
i


gt
i


2σ ˆ PCK (w ) − µ ˆ PCK (w )  2σ ˆ PCK (w ) − µ ˆ PCK (w ) 
gt
gt
gt
 gti

i
i
i
−
φ

2
σ ˆ PCK (w )


gt
i


2σ ˆ PCK (w ) + µ ˆ PCK (w )  −2σ ˆ PCK (w ) − µ ˆ PCK (w ) 
gt
gt
gt
gt


i
i
i
i
−
φ

w
2
σ
( )


gˆ tPCK
i



(25)

where g + (w ) = 2σ

gtPCK

(w ) and

g − (w ) = −2σ

i

gtPCK
i

(w ) . Φ ( ) and

φ ( ) are the cumulative distribution function (CDF) and probability
density function (PDF) of standard normal variable, respectively. The
value of H ti (w ) represents the information entropy of the sample w
, which can be used to measure the uncertainty degree of PCK model
prediction for this sample. Therefore, the sample with maximum uncertainty is chosen as the best sample to update the PCK model:
wtHnew
= arg max H ti (w )
i
w∈D

w∈D

(27)

in which ε H is set to 0.3 in this work as suggested in [8].
In reliability analysis, the basis of samples selection that contributes to the improvement of the surrogate model is divided into two
aspects: the probability of sign misjudgment and the uncertainty of
model prediction. The U-learning function identifies the sample with
the highest probability of sign misjudgment to update the surrogate
model and the H-learning function selects the one with the maximum
prediction uncertainty to refine the model. Therefore, the proposed
update strategy integrates the U- and H- learning functions to improve
the accuracy and updating efficiency of PCK model from both aspects
of sign misjudgment and prediction uncertainty. The correctness of
sign predicted by the PCK model of instantaneous response has big
influence on the final result of time-variant reliability analysis, which
results in the dominate position of the U-learning function in the proposed updating strategy. While the H-learning function is a complement to the U-learning function.
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(

= GtHnew
= g wtHnew
, ti
responses Gtnew
i
i
i

) arePCKadded into the training

sample set T to update the PCK model gˆ ti (w ) ; otherwise, the
PCK model gˆ tPCK
(w ) is considered to be accurate enough to termii
nate the updating process.
When Eq. (23) is not satisfied, which indicates that the sign of prediction of PCK model gˆ tPCK
(w ) is not credible. At this point, both
i
the U- and H- learning functions are employed to improve the PCK
model gˆ tPCK
(w ) . For that, a new stopping criterion is developed as
i
follows:
max Kti (w ) =
w∈D

H ti (w )

U ti (w )

(28)

≤ εK

where ε K is obtained according to the thresholds of the stopping criteria for the U- and H- learning criteria, and its value is 0.15. If Eq.
(28) holds, the accuracy of PCK model gˆ tPCK
(w ) meets the requirei
ment without a subsequently updating process. Conversely, the new
 are chosen based on Eq. (24) and
=  wtUnew
samples wtnew
; wtHnew
i
i
 i

Eq. (26), respectively, and their corresponding true instantaneous responses Gtnew
= GtUnew
= g wtUnew
, ti ; GtHnew
= g wtHnew
, ti  are
i
i
i
i
 i

added into the initial training sample set T to update the PCK model
gˆ tPCK
at this
(w ) . It is worth to point out that the new sample wtHnew
i
i
moment is selected by the H-learning function in the sample pool D1
where D1 = w U ti (w ) ≥ 2, w ∈ D . The detailed update procedure is
presented in section 3.4.

(

)

{

(

)

}

Let gˆ tAPCK
(w ) denote the predicted instantaneous response by the
i
final PCK model, then an indicator function is defined as:

(26)

Then, the stopping criterion of H-learning function is defined by:
max H ti (w ) ≤ ε H

The first step is to determine whether the signs of samples in the
sample pool D are all correct based on Eq. (23). If the stopping criterion of U-learning function in Eq. is satisfied, it is considered that
the sign predicted by PCK model gˆ tPCK
(w ) is accurate, and then the
i
H-learning function is used to refine the PCK model gˆ tPCK
(w ) . In
i
this case, if the convergence condition in Eq. is not satisfied, then the
new sample wtnew
= wtHnew
and its corresponding true instantaneous
i
i

I (w )0,t


where I (w )0,t


j 

f 

1, min gˆ tAPCK (w ) < 0
i

=  0≤ti ≤t j
0,otherwise

(29)

is the indicator function in the time interval of inter-

est 0, t j  . Based on Eq. (29), the cumulative failure probability in
the time interval 0, t j  is estimated by MCS as follows:

( )

Pf 0, t j =

1

N MCS

N MCS

i =1

∑ I (wi )0,t j 

(30)

when t j changes from 0 to t f , one can obtain a cumulative failure
probability curve with respect to time, which is much more meaningful than a point estimation for reliability discussion.

3.5. Implementation procedure
The implementation procedure of the APCK method for timevariant reliability analysis is shown in Fig. 2. The detailed steps are
presented as follows:
1. Parameter setting. Set the time step size ∆t , the highest order
p of PCK model, the number of initial samples N for constructing the initial PCK model.
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2. Discretization of stochastic process. Time interval is 0, t f 
firstly discretized into s = t f / ∆t + 1 time nodes ti , i = 1, 2,..., s
with time step size ∆t . Then, the stochastic process Y (t ) is
converted into a function of the standard normal variables Z
by EOLE method.
3. Generation of initial training sample set. Generate sample pool
D . Then, select N samples W from D and evaluate their
corresponding performance function instantaneous responses
Gti = g (W , ti ), i = 1, 2,, s . W and Gti constitute the initial
training sample set T = W , Gti  .
4. PCK model construction. Build the PCK models based on T
by using the MATLAB toolbox UQLAB [24]. The Gaussian
correlation function is used here as mentioned in section 3.2.
5. Judgment of the correctness of samples signs. Check whether
the prediction signs of samples in D are all credible based on
the stopping criterion of U-learning function expressed in Eq.
(23). If Eq. (23) is satisfied, then go to step 6. Otherwise, the
samples in D that satisfy Eq. (23) are composed into the sample pool D1 = w U ti (w ) ≥ 2, w ∈ D , then go to step 9.
6. Identification of the best sample by the H-learning criterion.
Search the best sample wtnew
= wtHnew
in D based on the Hi
i
learning criterion described in Eq. (26).
7. Stopping criterion of the H-learning function. Check whether
the stopping criterion of H-learning function expressed in Eq.
(27) is satisfied. If not, go to step 8, otherwise go to step 12.
8. Evaluation of the true instantaneous response at the best sample. Calculate the true instantaneous response of performance
function Gtnew
=g wtnew
, ti at sample wtnew
. Add wtnew
and
i
i
i
i
new
Gti into the training set W and Gti , respectively, denoted
 and Gt = Gt ; Gtnew  . Then, back to step 3.
as W = W ; wtnew
i
i


 i i 
9. Identification of the two best samples by the U- and H- learning

criteria. Search the two best samples wtnew
=  wtUnew
; wtHnew
i
i
 i

Unew
based on the U- and H- learning criteria. It is note that wti
is searched in D and wtHnew
is searched in D1 .
i
10. The proposed stopping criterion. Check whether the proposed
stopping criterion expressed in Eq. (28) is satisfied. If not, go
to step 11, otherwise go to step 12.
11. Evaluation of the true instantaneous responses at the two best
samples. Calculate the true instantaneous responses of performance function Gtnew
=  g wtUnew
, ti ; g wtHnew
, ti  at
i
i
i


Unew
Hnew
new
new
and wti
. Add wti and Gti into the insamples wti

{

}

(

)

(

) (

)

itial set W and Gti , respectively, denoted as W = W ; wtnew 
i


 . Then, back to step 3.
and Gti = Gti ; Gtnew
i


12. Estimation of the cumulative failure probabilities. Perform
MCS on the final PCK model to predict instantaneous responses and then the cumulative failure probability curve can
be obtained by Eq. (30).

4. Illustrative examples
Four examples are used to demonstrate the performance of the
APCK method in this section. MCS, PHI2 and independent EGO
[11] are also employed to solve these examples for the comparison of
APCK method. To make sure that the results from MCS has a small
coefficient of variance, 106 samples were used in the first three illustrative examples.

4.1. A mathematical example
A mathematical example [35] is adopted to demonstrate the performance of the APCK method. The time-variant performance function is given by:
g (X ,Y (t ), t ) = X12 X 2 − 5 X1 (1 + Y (t ))t + ( X 2 + 1)t 2 − 20 (31)
where X = [X1, X 2 ] are the input normal random variables, Y (t )

is a Gaussian process with zero mean and unit variance, t ∈ [0,1].
The detailed distribution information of input random parameters are
listed in Table 1.
Table 1. Distribution information of the mathematical example
Variables

Distribution

Mean

X2

Normal

3.5

X1

Y (t )

Normal

Gaussian
process

Std

Autocorrelation function

0.25

N/A

3.5

0.25

0

1

N/A

(

2

ρ (t1, t2 ) = exp − (t2 − t1 )

)

In this example, ∆t was set to 0.05 and then the time interval
was discretized into s = 21 time instants. Thus, the 21 eigenvalues of the correlation matrix for stochastic process Y (t ) were

[0,1]

Fig. 2. Flowchart of the APCK method
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The results from direct MCS, APCK, PHI2 and independent EGO
methods are presented in Table 2 and Fig. 5. It can be seen from the
results that the time-variant probabilities of failure obtained by APCK
is very close to those estimated by direct MCS within the whole time
interval. The overall accuracy of PHI2 is low, while the independent
EGO has a large error in the time period with small failure probability. The term of NOF in Table 2 represents the number of function
evaluations. In Fig. 4, the orange solid lines are the 25 initial sample
functions of the LSF response used in APCK to construct the initial
PCK models and the purple dashed lines are the 36 updating sample
functions for updating the PCK models. One sample function means
that one function evaluation so that the total NOF of APCK is 61. In
terms of efficiency, a total of 640 and 7977 function evaluations were
needed by the PHI2 and independent EGO to achieve the results of
time-variant probabilities of failure. Therefore, APCK can obtain an
accurate results of time-variant reliability analysis with less computational cost.

Fig. 3. Eigenvalues of Y(t)

achieved, as shown in Fig. 3. It can be seen that the first two eigenvalues dominate the Gaussian process. As a result, two standard normal random variables Z = [Z1, Z 2 ] are utilized to represent Y (t ) .
Then, the input random variables of this mathematical example is
W = [X1, X 2 , Z1, Z 2 ] .
MCS was employed as the benchmark approach in this work. 106
samples of W were used by MCS to calculate the instantaneous responses of LSF at each time instants for obtaining the time-variant
probabilities of failure. In the APCK method, the highest order p is
set to 3 according to experience in the open literature and the initial
PCK models for instantaneous responses at 21 time nodes were built
by N = 25 initial samples of W . Then, the updating strategy proposed in section 3.3 were utilized to refine the 21 initial PCK models
until the convergence condition is satisfied. After the 21 updated PCK
models of instantaneous responses at 21 time instants were obtained,
the time-variant probabilities of failure was estimated by performing
MCS on Eq. (30).

Fig. 5. Time-variant failure probability curves of the mathematical
example

Table 2. Time-variant probabilities of failure for the mathematical example
Time
interval

MCS

APCK (Error %)

PHI2 (Error %)

0.03080

0.03104 (0.78)

0.02930 (4.87)

[0, 0.2]

0.00132

[0, 0.6]

0.11910

[0, 0.4]
[0, 0.8]

[0, 1.0]
NOF

0.22052

0.29946
10

6

0.00128 (3.03)
0.119 (0.08)

0.00120 (9.09)
0.11043 (7.28)

0.22077 (0.11)

0.19620 (11.03)

25 + 36

640

0.30012 (0.22)

0.25757 (13.99)

Independent EGO
(Error %)

4.2. A corroded beam structure

In this section, the corrosion problem in a steel bending
beam is used to demonstrate the performance of APCK. The
corroded beam structure [20] is shown in Fig. 6, and it has
0.03034 (1.49)
a length of L = 5 m and a rectangular cross section with
0.11880 (0.25)
width b0 and height h0 . The beam is uniformly loaded by
its own weight, which is expressed as d = ρ st b0 h0 (N/m ) .
0.22128 (0.34)
ρ st =78.5 kN/m3 is the steel density. In addition, a dynamic
0.29871 (0.25)
concentrated load F (t ) is also applied at the mid span si7977
multaneously.
The corrosion phenomenon is a process which depends on
time. Assuming that the stiffness has been lost in the corroded
area of beam, the remained cross section with intact stiffness after a
period of time t is given by:

0.00086 (34.85)

S (t ) = b (t )h (t )

(32)

where b (t ) = b0 − 2kt and h (t ) = h0 − 2kt is the parameter indicating the rate of corrosion. Then, the bending moment of beam at the
midpoint is derived as:
M (t ) =

F (t )L
4

+

ρ st b0 h0 L2
8

The ultimate bending moment for the beam is given by:
Fig. 4. Sample functions of the LSF used in the mathematical example
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(33)

Fig. 6. A corroded beam structure

M u (t ) =

b (t )h 2 (t )
4

(34)

fy

As a result, the time-variant LSF of the beam is expressed as:
g (X ,Y (t ), t ) = M u (t ) − M (t ) =

b (t )h 2 (t )
4

 F (t )L ρ st b0 h0 L2 
fy − 
+

 4

8



(35)
where f y is the steel yield stress. f y , b0 and h0 are all random
variables with lognormal distribution. F (t ) is a Gaussian process and
t ∈ [0, 20] years. The distribution parameters are gathered in Table 3.
Table 3. Distribution information of the corroded beam structure
Variables
(MPa)
(m)
(m)
(N)

Distribution

Lognormal

Mean

Std

Autocorrelation
function

0.2

0.01

N/A

240

Lognormal
Lognormal

0.03

Gaussian process

3500

24

0.003
700

N/A
N/A

Fig. 7. Time-variant failure probability curves of the corroded beam structure

It can be observed from Table 4 that the computational results of
PHI2 and independent EGO are very inaccurate, while the maximum
error of APCK in the whole time interval is 1.98%. This shows the
good performance of APCK in accuracy, and it also can be verified
in Fig. 7. Compared with PHI2 and independent EGO, the proposed
APCK has a good computational efficiency. 80 initial evaluations of
LSF were employed to build the 21 initial PCK models and 95 evaluations for updating stage. In other words, the total computational cost
of APCK is only 175 evaluations of LSF. This is about the 12% of the
computational cost of PHI2 and much less than the 21044 evaluations
of independent EGO. It demonstrates that APCK is efficient and accurate in solving the time-variant reliability problem.

4.3. Hydrokinetic turbine blade

The time interval [0, 20] was discretized into s = 21 time instants with a step ∆t = 1 year. Then, the stochastic process loading F (t ) was reconstructed by the first six maximum eigenvalue
of its correlation matrix and six standard normal random variables
Z = [Z1, Z 2 ,..., Z 6 ] . Then, there are 9 input random parameters
W =  f y , b0 , h0 ,Z1, Z 2 ,..., Z 6  for the corroded beam example.
The reference result were provided by the direct MCS using 106
samples of W . The highest order p = 3 was adopted for the PCK
model generation in the APCK method. N = 80 initial samples of
W were used to build the initial PCK models of the instantaneous
responses at 21 time nodes in sequence. Then, 95 updating samples
were chosen to refine the 21 PCK models by using the developed
updating strategy. The cumulative failure probabilities of the corroded
beam over five sub-intervals are presented in Table 4. The time-variant probability of failure curves for direct MCS, APCK, PHI2 and
independent EGO are shown in Fig. 7.

Hydrokinetic turbine is a mechanism that realizes the conversion of
the kinetic energy of water through its blades rotation driven by flowing water. The time-variant reliability analysis of its blade is used to
demonstrate the performance of the APCK method. The cross section
of a hydrokinetic turbine blade [35] determined by three geometry
parameters d1 , d 2 and d3 are shown in Fig. 8. The monthly velocity
of river loaded on the blade is characterized by a stochastic process
v (t ) with mean µv (t ) , standard deviation σ v (t ) and autocorrelation function ρv (t1, t2 ) . µv (t ) , σ v (t ) and ρv (t1, t2 ) are given by:

Table 4. Time-variant probabilities of failure for the corroded beam structure
Time
interval
[0, 4]

[0, 8]

[0, 12]

[0, 16]

[0, 20]
NOF

MCS

0.01416

0.02137

0.02930

0.03787

0.04702
106

APCK (Error %)
0.01388 (1.98)

0.02146 (0.42)

0.02923 (0.23)

0.03812 (0.66)

0.04735 (0.71)
80 + 95

PHI2 (Error %)

0.04574 (223.02)

0.09029 (322.51)

0.14238 (385.94)

0.20214 (433.77)

0.26910 (472.31)
1441

Independent EGO
(Error %)
0.00687 (51.48)

0.01409 (34.07)

0.02346 (19.93)

0.03188 (15.82)

0.04202 (10.63)
21044

4

(

µv (t ) = ∑ aim sin bimt + cim
i =1

σ v (t ) =

4



j =1



)

∑ a sj exp − (t − b sj )/c sj 

ρv (t1, t2 ) = cos (2π (t2 − t1 ))

(36)

2




(37)

(38)

where the constant parameters a , b and c can be found in
[35]. Then, the bending moment at the root of blade is calculated by:
Mb =

1 2
ρ v (t )Cm
2

(39)

Note that ρ = 103 kg/m3 is the water density, and
Cm = 0.3422 is the coefficient of moment. Thus, the LSF of
hydrokinetic turbine blade is defined by:
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Fig. 8. Cross section of the turbine blade

g (X ,Y (t ), t ) = ε allow −

d2M b
EI a

(40)

where ε allow is the allowable strain of the material. E = 14 GPa is
the Young’s modulus, and I a is the moment of inertia at the root of
the blade, which is expressed as:
Ia =

(

2
d1 d 23 − d33
3

)

(41)

The detailed statistical information of the inputs are listed in Table 5.
Table 5. Distribution information of the hydrokinetic turbine blade
Variables
(m)

(m)

(m)
(m)

(m/s)

Distribution

Normal

Normal

Normal
Normal

Gaussian process

Mean
0.22

Std

2.2×10-3

0.025

2.5×10-4

0.025

-4

0.019

-4

1.9×10
2.5×10

Autocorrelation
function
N/A

N/A
N/A
N/A

Fig. 9. Ten realizations of LSF for the turbine blade

characteristic of the cumulative failure probability curve, and its calculation results are all 0 in the time period [0,6] . This indicates that
the accuracy of independent EGO method is significantly limited in
the case of LSF with strong nonlinearity. In comparison, the errors of
APCK are all acceptable and the minimum error is 1.29%. In the same
time period, the errors of APCK are all less than those of PHI2 and
independent EGO methods. In addition, APCK is much more efficient
than the PHI2 and independent EGO methods. A total of 145 function
evaluations were required for APCK, it is far less than 3398 function
evaluations used in the PHI2 method and 282015 function evaluations
used in the independent EGO method. It is noted that the computational cost of the updating state is only 95 function evaluations in case
of the strong nonlinearity of this example. This illustrates the high
efficiency of the learning strategy of the proposed method.

4.4. Turbo engine
The turbo engine is a kind of powerplant with extremely complex
structure, which is widely used in various flight vehicles. A failure of
turbo engine may lead to a catastrophic event. In this application, the

Table 6. Time-variant probabilities of failure for the hydrokinetic turbine blade

A time step ∆t = 0.2 month was used to
discretize the time interval [0,12] months into
Time interval
MCS (10-4)
APCK (10-4)
PHI2 (10-4)
Independent EGO (10-4)
s = 61 time instants. Then, the eigen analysis
[0, 2]
0.10
0.07 (30.00%)
0.07 (30.00%)
0 (100%)
was performed on the correlation matrix of
[0, 3]
0.40
0.37 (7.50%)
0.48 (20.00%)
0 (100%)
the random process v (t ) for obtaining the
[0, 4]
5.00
5.16 (3.20%)
5.24 (4.80%)
0 (100%)
eigenvalues and eigenvectors. Finally, two
largest eigenvalues and two standard normal
[0, 5]
6.40
6.57 (2.66%)
9.46 (47.81%)
0 (100%)
random variables Z = [Z1, Z 2 ] are utilized
[0, 6]
6.70
7.05 (5.22%)
13.83 (106.42%)
0 (100%)
to represent the stochastic process v (t ) . Let
[0, 7]
16.30
16.09 (1.29%)
29.15 (78.83%)
22.76 (39.63%)
W = [d1, d 2 , d3 , ε allow , Z1, Z 2 ] denotes the random inputs of the hydrokinetic turbine blade,
[0, 8]
16.30
16.09 (1.29%)
29.95 (83.74%)
22.76 (39.63%)
and then the dimension of turbine blade prob6
50 + 95
3398
282015
NOF
10
lem is 6.
The direct MCS was performed on the LSF
of the hydrokinetic turbine blade with 106 samproposed APCK method is employed for the time-variant reliability
ples for achieving the time-variant probability of failure. Fig. 9 shows
analysis of a turbo engine.
ten realizations of the LSF, which indicates that the LSF is highly
As shown in Fig. 11, the turbo engine is mainly composed of turbo
nonlinear. p is set to 2 in the APCK method, and then the 61 initial
fan, turbo compressor, turbo disk and casing. The support stiffness (
PCK models of instantaneous responses were constructed by N = 50
K1 , K 2 ) and support damping ( C1 , C2 ) are considered as random
initial samples of W . The results are provided in Table 6 and Fig. 10,
variables and obey normal distribution. A time-variant loading F (t )
and the values in brackets of Table 6 are errors.
described as stochastic process is acted on the turbo fan shaft, which
Table 6 and Fig. 10 show that the APCK method can achieve sufwill lead to the displacement of the turbo fan. In this case, it is asficient accuracy over the whole time interval with low computational
sumed the displacement of the turbo fan is greater than the allowable
cost. Bothe PHI2 and independent EGO methods have large comgap as a failure event. The implicit limit state function of turbo engine
putational errors, and the PHI2 method is much more efficient than
is described as follow:
the independent EGO method within the entire time period. It can
be observed that the independent EGO method loses the local trend
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The FE model of turbo engine is presented in Fig. 12, in which 6800
nodes and 7426 elements are employed in this FE model. The stochastic loading F (t ) is represented by 4 standard normally distributed
variables Z = [Z1, Z 2 , Z 3 , Z 4 ] , and the random inputs of turbo engine
FE model are W = [K1, K 2 , C1, C2 , Z1, Z 2 , Z 3 , Z 4 ] . The turbo engine
FE model is solved in [0,1] hour with a time step ∆t = 0.05 hour for
a dynamic analysis.

Fig. 10. Time-variant failure probability curves of the hydrokinetic turbine
blade
Fig. 12. The FE model for the turbo engine

In this example, N = 70 runs of FE model of the turbo engine were used to obtain the displacement samples of the turbo
fan for constructing the 21 initial PCK models at 21 time nodes.
The 21 initial PCK models of the turbo fan displacement were
refined by the 15 FE updating computations. The time-variant
reliability results of the turbo engine obtained by APCK method
is presented in Table 8 and Fig. 13.
Table 8. Time-variant probabilities of failure for the turbo engine
Time

APCK (10-3)

Time

APCK (10-3)

0.05

3.29

0.6

4.71

0

3.01
3.50

0.65

4.72

0.2

4.00

0.75

4.98

0.3

4.56

0.85

5.06

0.4

4.71

0.95

5.07

0.5

4.71

NOF

70 + 15

3.51

0.25

where δ allow = 0.9mm is the allowable gap between the turbo fan and
casing. δ ( ) is the turbo fan displacement which can be obtained by
the finite element method (FEM). All the parameters information are
summarized in Table 7.

4.72

0.8

4.56

0.45

(42)

0.7

4.00

0.35

g (X ,Y (t ), t ) = δ allow − δ (K1, K 2 , C1, C2 , F (t ))

4.71

0.1

0.15

Fig. 11. Simplified model of a turbo engin

0.55

4.98

0.9

4.71

5.06

1

5.07

It can be seen from Fig. 13 that the failure probability of turbo engine increases rapidly from 3.01 × 10−3 to 4.71 × 10−3 over the time
period [0,0.4] hour, then gently reaches the peak value 5.07 × 10−3
for the remaining 0.6 hour. The final failure probability at the ending
time is 1.68 times of the initial failure probability, which indicates that
the time-variant reliability analysis is critical significant for the safety

Table 7. Distribution information of the turbo engine
Variables

K1 (N/m)

Distribution

Normal

Mean
7

3.28×10

N/A

1000

100

N/A

10000

1000

Normal

1.08×107

C2 (N·s/m)

Normal

1000

F (t ) (N)

Normal

Gaussian process

6

3.28×10

K 2 (N/m)

C1 (N·s/m)

Std

1.08×106
100

Autocorrelation function

N/A

N/A

(

2

ρ (t1, t2 ) = exp − ((t2 − t1 ) / 0.5 )
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Fig. 13. Time-variant failure probability curves of the turbo engine

of turbo engine. In terms of computational efficiency, a total of 85 FE
computations were needed by the proposed APCK. If the direct MCS
are used to calculate the time-variant reliability for the implicit problems with FE model, the computational cost would be unacceptable.

5. Conclusions
This work presents an adaptive PC-Kriging method (APCK) that
provides an estimation of cumulative failure probability curve for
time-variant structural reliability analysis. The basic idea is to employ multiple PCK models to reconstruct the structural responses at

different time instants with an adaptive updating strategy. EOLE is
employed to represent the input random process with a set of functions of random variables and time. Then, the PCK models at each
time instants are constructed with a few initial samples and their corresponding instantaneous responses. In order to make the updating
process adaptively, the characteristics of U- and H- learning functions
are integrated to compose a new update strategy for the refinement of
PCK models. PCK models are updated by one or two best samples in
each updating stage to improve the accuracy and efficiency. In this
update strategy, a new stopping criterion for the two best samples update is also presented. The time-variant failure probabilities can be
achieved by performing MCS based on the final APCK models. The
accuracy and efficiency of APCK are demonstrated by four examples.
It can be seen from the results that the errors of APCK are acceptable
in the whole time interval, which indicates that its accuracy is stable. In addition, the accuracy of APCK can be maintained even in the
cases of strong nonlinearity and small probability of failure. In terms
of efficiency, the number of function evaluations for APCK is close
to the PHI2 and far less than the independent EGO. This shows that
the computational cost can be greatly reduced by the APCK method.
Furthermore, the APCK method is also efficient in solving the timevariant reliability problem with implicit limit state function. In future
work, the APCK method will be extended to reliability-based design
optimization and robust design optimization.
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Highlights

Abstract

• A novel random warranty is proposed by incorpo- Although renewing pro-rate replacement warranty (RPRW) can help producers obtain some
rating a refund and job cycles.
compensation from users, there seldom exists a two-dimensional random RPRW with a
refund (2D-RRPRW with R) where a refund can guarantee the fairness of users. In addition,
• The refund is used to guarantee users’ fairness.
although random periodic replacement last (RPRL) can extend the service span after the
• A random periodic replacement last with PM expiry of the warranty, RPRL considering preventive maintenance (PM) has been seldom
(RPRL with PM) is modeled.
modeled to further lengthen the service span after the expiry of the warranty. In view of
• RPRL with PM can further lengthen the service these, a 2D-RRPRW with R is devised to guarantee the fairness of users by integrating the
limited job cycles and a refund into RPRW. Under the case where 2D-RRPRW with R warspan after the expiry of the warranty.
rants products with job cycles, a RPRL with PM is modeled to further lengthen the service
span after the expiry of the warranty and reduce the failure frequency. It shows that to shorten the warranty period can makes the warranty cost of 2D-RRPRW with R to be less than
the warranty cost of classic RPRW; and the performance of RPRL with PM outperforms the
performance of classic RPRL.
Keywords
This is an open access article under the CC BY license random RPRW, refund, replacement last, PM, failure frequency.
(https://creativecommons.org/licenses/by/4.0/)

1. Introduction
From the viewpoint of marketing, a warranty is a type of advertising tool. Due to this, if producers (manufactures) offer each product
an attractive warranty, then the corresponding warranty becomes a
powerful promotion tool. From the users’ perspective, warranty is an
assurance of the product’s reliability. In view of this, if a product under an attractive warranty is purchased, the product’s reliability before
the expiry of the warranty (i.e., the product’s reliability in the warranty
period) can be strongly ensured at no cost or at partial cost. Therefore,
producers and users (consumers) can benefit from warranties.
Warranties (i.e., warranty policies, similarly hereinafter) have been
extensively researched in recent years. The research direction on warranties can be summarized as three directions. The first direction aims
to devise condition-based warranty by using a stochastic degradation
process in [16, 22] to characterize the deterioration of the product. For
example, the deterioration of items is modeled by an inverse-Gaussian
(IG) process and an optimal condition-based renewable warranty was
suggested in [2]; the deterioration of the product was modeled by an

IG process and condition-based renewing free replacement warranty
was optimized in [17]. The second direction focuses on the design
of lifetime-based warranty by setting the lifetime of the product to
follow a distribution function. For example, [31] modeled the first
failure time as a distribution function and designed warranty menu for
a two-dimensional warranty; [25] modeled the failure time as a distribution function and studied a warranty which is a combination of base
and extended warranties; [15] set the lifetime of the product to obey
a distribution function and optimized a three-dimensional warranty;
other warranty research can be founded in [3, 5, 7, 26, 29]. The third
direction designs performance-based warranty by modeling simultaneously the deterioration of the product as a stochastic degradation
process and a distribution function. For example, [27] modeled the
deterioration of the product as a stochastic degradation process and a
distribution function, and studied a performance-based warranty for
products, which includes competing hard and soft failures.
[17] divided warranties into one-dimensional warranties, two-dimensional warranties, simple warranties and combination warranties.
Among all warranties, renewing (renewable) warranty (RW) is one of

(*) Corresponding author.
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the most attractive warranties. As a kind of special RW, renewing free
replacement warranty (RFRW) [8, 28] requires that the failed product
before the expiry of the warranty is replaced free of charge with a new
identical product under RFRW. If the product’s reliability is higher
and the production cost is lower, then RFRW is obviously an ideal
warranty. For the product with a lower reliability and a higher production cost, RFRW can make producers incur the higher warranty costs.
In this case, RFRW is no longer an ideal warranty. For the product
with a lower reliability and a higher production cost, one of its ideal
warranties is renewing pro-rate replacement warranty (RPRW) [6,
15]. This is because RPRW can make producers to obtain some compensation from users, in the form of charging a pro-rate fee to perform
a replacement triggered by a failed product.
Lately, warranties with refunds [9, 12] were studied and focused
in academia and industry. Because this kind of warranty requires that
producers offer a partial or full refund to users when the product’s
performance before the expiry of the warranty can’t meet requirements, it is also one of the most attractive warranties. If a refund is
integrated into an original RW, then RW will become a most attractive warranty, compared with original RW and original warranties
with refunds [14]. However, few original RW has been redesigned
by integrating a refund.
From the viewpoint of the reliability management, the reliability
management in the life cycle of the product includes two types. The
first type is that the reliability management before the expiry of the
warranty (i.e., the reliability management in the warranty period),
which is in the charge of the manufacturer; the second type is that
the reliability management after the expiry of the warranty (i.e., the
reliability management in the post-warranty period), which is not in
the charge of the producer. In view of this, users tend to focus on
how the product’s reliability after the expiry of the warranty is guaranteed. From the user’s viewpoint, some maintenance policies have
been modeled to guarantee the product’s reliability after the expiry of
the warranty. For example, by using a stochastic degradation process
in [30, 32, 35, 36] to characterize the deterioration of the product, [17]
investigated an optimal condition-based maintenance to ensure the
product’s reliability after the expiry of the warranty. In addition, by
modeling the lifetime of the product as a distribution function, some
maintenance policies have been developed to guarantee the product’s
reliability after the expiry of the warranty. For example, [4] defined
that the lifetimes of components follows some distribution functions
and investigated optimization maintenance models for warranted coherent systems that are composed of n components ( n ≥ 1 ), which
were used to guarantee the product’s reliability after the expiry of the
warranty; the product’s lifetime was modeled as a distribution function
and then the replacement strategy with minimal repairs was adopted
to ensure the product’s reliability after the expiry of the warranty in
[10, 19] modeled a maintenance–replacement policy to guarantee the
product’s reliability after the expiry of the warranty, under the case
where the product’s lifetime was set to follow a distribution function.
Recently, wireless monitoring system (WMS) integrated with the
advanced technologies (such as in-situ sensors, industrial networks,
control technologies) are being applied extensively in the prognostic
and health management of the product. In addition, WMS can monitor job cycles of the product which does successive missions at job
cycles. In other words, WMS can help in real time measure the total
working time of the product. This signals that the product’s reliability
can be ensured by means of WMS. By defining each working time
as an independent random variable (i.e., random working time) and
integrating it into some classic maintenance policies, [13] has been
modeled some maintenance policies to ensure the product’s reliability, which are called random maintenance policies in [13]. Besides,
[33] proposed replacement first and last, under the case at which all
working cycles are modeled as independent and identically distributed random variables; [20] proposed general age replacement, replacement first, replacement last and replacement next, which are modeled
by integrating random working time; [34] studied age and periodic

replacement last models with continuous and discrete policies, under
the case where all working cycles were defined as variable working
cycles.
Similarly, by introducing job/working cycles to the reliability management before the expiry of the warranty, some random warranties
can be designed from the producer’s perspective; by introducing job/
working cycles to the reliability management after the expiry of the
warranty, some random maintenance policies to guarantee the product’s reliability after the expiry of the warranty can be modeled from
the user’s perspective. Considering these, by incorporating random
working cycles into the life cycle of the product, [21] earlier proposed
two random warranties to guarantee the product’ s reliability before
the expiry of the warranty and two random maintenance policies to
guarantee the product’ s reliability after the expiry of the warranty. Although two random warranties have been proposed earlier in the above
literature, authors have neglected a fact that a refund can remove the
unfairness of users whose warranty expires before the warranty period
at the accomplishment of the limited random working cycles. In addition, to extend the service span after the expiry of the warranty, a
random periodic replacement last to guarantee the product’s reliability
after the expiry of the warranty has been modeled earlier in the above
literature, authors did not consider a reality that preventive maintenance (PM) can improve the product’s reliability, which can further
lengthen the service span after the expiry of the warranty and further
reduce the failure frequency.
In this paper, we incorporating both the limited job cycles and a refund into original RPRW and devise a two-dimensional random RPRW
with a refund (2D-RRPRW with R) from the producer’ perspective.
The devised 2D-RRPRW with R stipulates that ① if the failure does
not happen until the warranty period or until the accomplishment
of the limited job cycles, whichever comes first, then the producer
charges the user a pro-rata fee to replace the failed product with a new
identical product under the same warranty; otherwise, 2D-RRPRW
with R will expire at the warranty period or at the accomplishment
of the limited job cycles, whichever comes first; ② if 2D-RRPRW
with R expires before the warranty period at the accomplishment of
the limited job cycles, then the producer will provide users a partial
refund to guarantee the fairness of users whose warranty expires before the warranty period at the accomplishment of the limited random
working cycles. Extending 2D-RRPRW with R to the reliability management after the expiry of the warranty, a users’ random maintenance
policy is modeled to ensure the product’s reliability after the expiry
of the warranty. The random maintenance policy of the user satisfies
that ① if the first job cycle (i.e., the first job cycle after the expiry of
the warranty, hereinafter similarly) is accomplished after the planned
time, then the product through 2D-RRPRW with R is replaced after
the planned time at the accomplishment of the first job cycle; otherwise the product through 2D-RRPRW with R is replaced after the accomplishment of the first job cycle at the planned time; ② if the first
job cycle still is not accomplished until the planned time, then PM is
done at the planned time to improve the product’s reliability, which
can further lengthen the service span after the expiry of the warranty
and further reduce the failure frequency; ③ minimal repair removes
all failures before replacement. Obviously, the random maintenance
policy mentioned above includes a random periodic replacement last
(which is composed of ① as well as ③) and a PM, thus such random
maintenance policy can be referred to as a random periodic replacement last with PM (RPRL with PM) policy.
The contribution of this paper is listed as three key aspects: (1) by
introducing the limited job cycles and a refund to an original RPRW,
a novel warranty is proposed to ensure the product’s reliability before
the expiry of the warranty; (2) a refund is used to guarantee the fairness of users whose warranty expiration occurs before the warranty
period at the accomplishment of the limited job cycles; (3) by incorporating the limited job cycles and a PM into the service span after the
expiry of the warranty, RPRL with PM is modeled to further lengthen
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the service span after the expiry of the warranty and to further reduce
the failure frequency.
The paper structure is listed as follows. Section 2 provides model
assumptions, devises the producer’s random warranty with a refund,
and evaluates the warranty cost. In Section 3, RPRL with PM is presented, and the cost rate model is derived. In Section4, numerical experiments to perform sensitivity analysis and to illustrate the proposed
approaches are offered. Section 5 draws conclusions.

2. Random warranty of producers
2.1. Model assumption
The used assumptions are listed as:
• The product is repairable.
• The product can be continuously monitored and performs successive missions at job cycles.
• The time to replacement, PM or minimal repair is disregarded.
• Each warranty claim is accepted.
• Each abbreviation for warranty represents a corresponding warranty policy.
• All information is symmetric, which means that the producer and
customer know all parameters and cost items.
• All job cycles are independent random variables with an identical
distribution function which is memory-less.

2.2. Warranty devising
As far as the warranty term is concerned, if removing the pro-rata
fee in RPRW, then RPRW is reduced to RFRW. This means that RFRW
is a special case of RPRW and that RPRW is a generalized warranty.
By incorporating the random working cycle into classic maintenances
policies, [13] designed and modeled some new maintenances policies,
which were called random maintenance policies in [13]. Without exception, by incorporating the limited job cycles into RPRW and considering ‘whichever comes first’, we can devise a two-dimensional
random RPRW (2D-RRPRW) at which the warranty period w and
the number m ( 0 < m < ∞ ) of job cycles are two warranty limits.
When such 2D-RRPRW warrants the product, the warranty service of
the user with a higher product job frequency and a shorter product job
cycle expires very easily before the warranty period w at the accomplishment of the m th job cycle. This type of users may be aware that
they are not treated as equal as other users whose warranty expiration
occurs before the accomplishment of the m th job cycle at the warranty period w . From the viewpoint of the warranty theory, the refund
is one of methods to guarantee the fairness of users with a higher
product job frequency and a shorter product job cycle.
Based on the above analysis, by integrating the limited job cycles
and a refund into RPRW, we devise a two-dimensional random RPRW
with a refund from the producer’s perspective, as shown below.
1) If the failure does not happen until the warranty period w or
until the accomplishment of the m th job cycle, whichever
comes first, then the warranty expires meanwhile the product
goes through warranty.
2) If the failure occurs before the warranty period w or before
the accomplishment of the m th job cycle, whichever comes
first, then the product does not go through warranty meanwhile
a new identical product warranted by the present warranty will
be adopted to replace the failed product.
3) The producer charges users a pro-rata fee to perform each replacement triggered by the failure.
4) If the warranty expiration occurs before the warranty period w
at the accomplishment of the m th job cycle, then the producer
will provide users a partial refund to make users have the sense
of fairness.
Note that ① obviously, w and m are two types of warranty
limits, thus the warranty region of the devised warranty is given by
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(0, w] × (0, m] ; ② the replacement is done in the form of charging
a pro-rata fee; ③ for users with a higher product job frequency and
a shorter product job cycle, their warranty expiration happens very
easily before the warranty period w at the accomplishment of the
m th job cycle, therefore a partial refund is offered to them in order
that they are treated as equal as other users whose warranty expiration happens before the accomplishment of the m th job cycle at the
warranty period w . In view of these, similar to the name of random maintenances in [13], thus it is reasonable that such warranty
is regarded as a two-dimensional random RPRW with a refund (2DRRPRW with R).

2.3. Warranty cost evaluation
Let X be the time of the product first failure. Then, the distribution and reliability function of X are denoted by F ( x) and F ( x)
, where F ( x) + F ( x) = 1 . And let G ( y ) be an identical distribution
function of all job cycles Yi ( i = 1, 2,, ). According to the reliability theory, then the distribution and reliability function of the working time Sm (where Sm =
s
0
( m)

m

∑ Yi ) are denoted by a Stieltjes convo-

i =0

lution G ( m) ( s ) = ∫ G ( m −1) ( s − u )dG (u ) and a Stieltjes convolution
G ( m) ( s ) = 1 − G ( s ) , respectively. Obviously, 2D-RRPRW with R
expires before the accomplishment of the m th job cycle at the warranty period w or before the warranty period w at the accomplishment of the m th job cycle. By summing probabilities, then the probability q that 2D-RRPRW with R expires can be computed as:
w
0

w
0

q = Pr {w < Sm , w < X }+ Pr {Sm < w, Sm < X } = G ( m) ( w) F ( w) + ∫ F (u )dG ( m) (u ) = 1 − ∫ G ( m) (u )dF (u )

(1)
By 2D-RRPRW with R, if the failure happens before the warranty
period w or before the accomplishment of the m th job cycle, whichever comes first, then 2D-RRPRW with R is renewed rather than expiring. This event can be characterized as an inequality X < min( w, Sm ) .
Thus, the probability p that 2D-RRPRW with R does not expire can
be computed as:
w
0

p = Pr{ X < min( w, Sm )} = ∫ G ( m) (u )dF (u )

(2)

Clearly, q + p = 1 .
j − 1 failures have occurred in the warranty region (0, w] × (0, m]
until the j th product ( j = 1, 2, ) goes through 2D-RRPRW with R.
According to the probability theory, the number j − 1 satisfies the
geometric distribution p j −1q . Furthermore, until the first product
goes through 2D-RRPRW with R, the expected value E[ j − 1] of the
replacements triggered by all failures can be modeled as:
E[ j − 1] =

∞

∑p
j =1

w

( m)
p
∫ G (u )dF (u )
q ⋅( j − 1) = = 0 w
q 1 − G ( m) (u )dF (u )
∫

j −1

(3)

0

Let X k ( k = 0,1, 2, ) be the lifetime of the k th product which
fails in the warranty region (0, w] × (0, m] . Obviously, This event can
be characterized as an inequality X k ≤ min( w, Sm ) . Then, the lifetimes X k ( k = 0,1, 2, ) are independent and follow an identical distribution function H ( x) :
x

( m)

∫ G (u )dF (u )
H ( x) = Pr {X k < x | X k ≤ min( w, Sm )} = 0w
( m)
∫0 G (u )dF (u )
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where X 0 = 0 and 0 < x < w .
Assume that the pro-rata fee that the producer charges is only affected by the working time t ( 0 < t ≤ w ), then the pro-rata fee P (t )
at the working time t is modeled as:
P (t ) = at b

(5)

where 0 < a < 1 , 0 < b < log w (CR / a ) and CR is the producer’s unit
replacement cost.
For the k th product which failed in the warranty region
(0, w] × (0, m] , its working time is equal to its lifetime X k . Then,
its pro-rata fee is given by P ( X k ) . Furthermore, after the k th failed
product is replaced, the producer suffers a net replacement cost
CR − P ( X k ) . Therefore, after the ( j − 1) th failed product is replaced,
the producer’s total replacement cost TRC j −1 is given by:

TRC j −1 =

j −1

j −1

k =0

k =0

∑ (CR − P( X k ) ) = ∑ (CR − a( X k )

b

)

(6)

As mentioned above, X k follows H ( x) in (4) and j − 1 satisfies
p j −1q . Therefore, the expected value E[TRC ] of the producer’s total
replacement cost TRC j −1 can be represented by:
∞

(

)

E[TRC ] = E[ ∑ p j −1q ⋅ TRC j −1 ]= E[ j − 1] ⋅ E[ CR − a( X k )b ] =
j =1

∫0 ( CR − ax
w

b

) G(m) ( x)dF ( x)

w ( m)
G (u )dF (u )
0

1− ∫

(7)
where

(

E[ j − 1]
b

)

has

w
0

E[ C R − a ( X k ) ] = ∫

been

(CR − ax ) G
b

offered
( m)

by

(3)

and

w ( m)
G (u )dF (u ).
0

( x ) dF ( x ) / ∫

By the definition of 2D-RRPRW with R, when 2D-RRPRW with
R expires before the warranty period w at the accomplishment of the
m th job cycle, the producer provides the user a partial refund. Let
R ( Sm ) be a refund at the working time Sm , then the refund R ( Sm )
is represented by:
C − α ( Sm ) β ,
R( Sm ) =  R
0,

for Sm < w
for Sm ≥ w

(8)

qw is represented by qw = Pr{w < Sm , w < X } = G ( m) ( w) F ( w) . The
probability Qw that the first product survives 2D-RRPRW with R before the accomplishment of the m th job cycle at the warranty period
w can be computed as:
Qw =

∞

q

∑ p j −1qw = 1 −wp =
j =1

Qm =

∞

w

∑p

( m)
q
q
∫ F (u )dG (u )
qm = m = m = 0 w
1− p
q 1 − G ( m) (u )dF (u )
∫

j −1

j =1

Pr {Sm < s, Sm < X }

s

( m)

∫0 F (u )dG (u )
Pr {Sm < w, Sm < X } w F (u )dG ( m) (u )
∫0
=

Since qw + qm = q , the equation Qw + Qm = 1 holds.
The probability Qw that the first product goes through 2D-RRPRW
with R before the accomplishment of the m th job cycle at the warranty period w has been offered in (10) and the probability Qm that
the first product goes through 2D-RRPRW with R before the warranty
period w at the accomplishment of the m th job cycle has been offered in (11). Since the working time Sm follows K ( s ) in (9), the
expected value R of the refund R ( Sm ) can be represented by:

As mentioned above, the case that 2D-RRPRW with R expires can
be divided two cases. The first case is that 2D-RRPRW with R expires
before the accomplishment of the m th job cycle at the warranty period w . The second case is that 2D-RRPRW with R expires before
the warranty period w at the accomplishment of the m th job cycle.
Let qw be the probability that 2D-RRPRW with R expires before the
accomplishment of the m th job cycle at the warranty period w , then

w

w
0

R = Qw ⋅ 0 + Qm ⋅ E[ R ( Sm )] = Qm ⋅ ∫ R( s )dK ( s ) =

β

( m)

∫0 (CR − α s )F ( s)dG
w
1 − ∫ G ( m) (u )dF (u )
0

(s)

(12)
According to the definition of 2D-RRPRW with R, the warranty
cost of 2D-RRPRW with R includes the expected value E[TRC ] of
the total replacement cost TRCi −1 and the expected value R of the
refund R ( Sm ) . By summing (7) and (12), the warranty cost WC of
2D-RRPRW with R is evaluated as:

∫0 ( CR − ax
w

b

) G(m) ( x)dF ( x) + ∫0w (CR − α s β )F (s)dG(m) (s)
w
0

1 − ∫ G ( m) (u )dF (u )

(13)

( m)

When m → ∞ , G (•) → 1 . This means that when m → ∞ , the
warranty limit m fails and 2D-RRPRW with R is reduced to renewing pro-rata replacement warranty (RPRW) [6, 15]. Therefore, when
m → ∞ , the warranty cost WC of 2D-RRPRW with R can be simplified as a warranty cost of RPRW, i.e.:

(9)

where 0 < s < w .

(11)

0

where 0 < α < 1 and 0 < β < log w (CR / α ) .

K (s) =

(10)

0

Let qm be the probability that 2D-RRPRW with R expires before the
warranty period w at the accomplishment of the m th job cycle, then
w
qm is represented by qm = Pr{Sm < w, Sm < X } = ∫ F (u )dG ( m) (u ) .
0
Furthermore, the probability Qm that the first product goes through
2D-RRPRW with R before the warranty period w at the accomplishment of the m th job cycle can be computed as:

WC = E[TRC ] + R =

When 2D-RRPRW with R expires before the warranty period w
at the accomplishment of the m th job cycle, the working time of the
product is equal to Sm . In this case, the distribution function K ( s ) of
the working time Sm can be derived as:

qw
G ( m) ( w) F ( w)
=
q 1 − w G ( m) (u )dF (u )
∫

∫0 ( CR − ax
w

lim WC =

m →∞

b

) dF ( x)

F ( w)

(14)

Besides, axb = 0 (i.e., P ( x) = 0 ) means that the pro-rata fee is
removed, and m → ∞ means that the warranty limit m fails. Therefore, when axb = 0 (i.e., P ( x) = 0 ) and m → ∞ , the warranty cost
WC of 2D-RRPRW with R can be simplified as a warranty cost of
renewing free replacement warranty (RFRW) [8, 28], i.e.:
lim WC =

axb →0
m →∞

CR F ( w)
F ( w)
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3. The users’ random maintenance model
As mentioned above, the user’s focus is how the product’s reliability after the expiry of the warranty is ensured. In this section, by
defining that 2D-RRPRW with R warrants the product with job cycles, a random maintenance policy of users is planned to guarantee the
product’s reliability after the expiry of the warranty, as shown below.
It is planned that the product’s reliability after the expiry of the
warranty is ensured by a random periodic replacement last with PM
(RPRL with PM) policy satisfying ① the product through 2D-RRPRW
with R is replaced at the accomplishment of the first job cycle or at the
planned time T , whichever comes last; ② if the first job cycle is not
accomplished until the planned time T , then PM will be done at the
planned time T to lengthen the service span after the expiry of the
warranty and to reduce the failure frequency; ③ all failures before replacement undergo minimal repair. Obviously, if PM is removed from
RRL with PM, then RPRL with PM is simplified as a random periodic
replacement last (RPRL) [21] at which the replacement is carried out
at the accomplishment of the first job cycle or at the planned time T
, whichever comes last, and all failures before replacement undergo
minimal repair.
Obviously, according to the definition of RPRL with PM, RPRL
with PM includes two kinds of replacement. The first kind is to replace the product through 2D-RRPRW with R after the planned time
T at the accomplishment of the first job cycle; the second kind is to
replace the product through 2D-RRPRW with R after the accomplishment of the first job cycle at the planned time T .
For convenience, define that the product’s life cycle begins in installation completing and ends in replacement occurring at the expense of users [10], which is a sum of the time span of 2D-RRPRW
with R and the service span of RPRL with PM). By means of this
definition, the cost rate model related to RPRL with PM can be derived, as shown below.

3.1. Life cycle cost computation
Hereinabove, it has been assumed that the distribution function
G ( y ) is memory-less. This assumption signals that the remainingtime-to-accomplishment of a job and all job cycles after the expiry of
the warranty are independent random variables with the distribution
function G ( y ) . Therefore, let Y f be the first job cycle after the expiry of the warranty, then Y f follows G ( y ) . For the product through
.
2D-RRPRW with R, when it is replaced in the form of the first kind
of replacement, the first job cycle Y f satisfies Y f > T . When this
case occurs, the first job cycle Y f follows the distribution function
H ( y) :
H ( y ) = Pr{Y f < y | Y f > T } =

G( y)
G (T )

(16)

κ

C pm (T ) = η cI ((1 − ϕ ) ⋅ ( w + T ) )

Furthermore, for the product through 2D-RRPRW with R, when it
is replaced in the form of the second kind of replacement, the first job
cycle Y f satisfies Y f < T . When this case occurs, the first job cycle
Y f follows the distribution function I ( y ) :
I ( y ) = Pr{Y f < y | Y f < T } =

G( y)
G (T )

(17)

where y < T .
If the first job cycle still is not completed until the planned time T ,
the product through 2D-RRPRW with R before the accomplishment
of the m th job cycle at the warranty period w will undergo PM at the
planned time T . Similar to [11, 23], age reduction is used to characterize the reliability improvement. Denote ϕ ⋅ ( w + T ) ( 0 < ϕ < 1 ) by

(18)

where η , κ > 0 and cI ( cI > 0 ) is a cost coefficient on the reliability improvement.
For the product through 2D-RRPRW with R before the accomplishment of the m th job cycle at the warranty period w , when it is
replaced after the planned time T at the accomplishment of the first
w
(T ; Y f ) after the
job cycle, the user’s total minimal repair cost C pw
1
expiry of the warranty can be represented by:
T
0

Yf
0

w
C pw
(T ; Y f ) = cm ∫ r ( w + u )du + cm ∫
1

r (ϕ ⋅ ( w + T ) + u )du

(19)

where r ( w + u ) and r (ϕ ⋅ ( w + T ) + u ) are the failure rate function at
the warranty period w and at the virtual age ϕ ⋅ ( w + T ) .
Since Y f in (19) follows H ( y ) in (16), the expected value C1w (T )
w
of the user’s total minimal repair cost C pw
(T ; Y f ) can be rewritten
1
as:
∞
cm
T
∞ w
w
C1 (T ) = C pw1 (T ; y )d H ( y ) =
T

(

T

y

∫ ∫0 r (w + u )du + ∫0 r (ϕ ⋅ (w + T ) + u ) du

∫

) d G( y)

G (T )

(20)
For the product through 2D-RRPRW with R before the accomplishment of the m th job cycle at the warranty period w , when its replacement is carried out after the accomplishment of the first job cycle at
the planned time T , the user’s total minimal repair cost C2w (T ) after
the expiry of the warranty can be given by:
T
0

C2w (T ) = cm ∫ r ( w + u )du

(21)

The probability that the first kind of replacement occurs is given
by G (T ) = Pr{Y f > T } and the probability that the second kind of
replacement occurs is given by G (T ) = Pr{Y f < T } . Thus, for the
product through 2D-RRPRW with R before the accomplishment of
the m th job cycle at the warranty period w , when RPRL with PM
ensures its reliability after the expiry of the warranty, the expected
total minimal repair cost C w (T ) of RPRL with PM is:
C w (T ) = G (T ) ⋅ C1w (T ) + G (T ) ⋅ C2w (T )

where y > T .
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a virtual age after MP at the planned time T , then the age reduction
resulting from PM is given by (1 − ϕ ) ⋅ ( w + T ) . Furthermore, PM cost
C pm (T ) is modeled as an increasing function with respect to the age
reduction (1 − ϕ ) ⋅ ( w + T ) , i.e.:

(

)

∞ y
T
T
= cm  G (T ) ⋅ ∫ r ( w + u )du + ∫ ∫ r (ϕ ⋅ ( w + T )+u ) du d G ( y ) + G (T ) ∫ r ( w + u )du 
T 0
0
0


∞ y
T


= cm  ∫ r ( w + u )du + ∫ ∫ r (ϕ ⋅ ( w + T )+u ) du d G ( y ) 
T 0
 0


(

)

(22)
For the product through 2D-RRPRW with R before the accomplishment of the first job cycle at the warranty period w , the expected total
cost TC w (T ) of RPRL with PM is represented by:
∞
T
κ
TC w (T ) = C pm (T ) + C w (T ) + Cr = η cI ( (1 − ϕ ) ⋅ ( w + T ) ) + cm  ∫ r ( w + u )du + ∫
T
 0

( ∫ r (ϕ ⋅ (w + T ) + u ) du ) d G( y)  + C
y
0

r

(23)
where Cr represents the user’s unit replacement cost.
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For the product through 2D-RRPRW with R before the warranty
period w at the accomplishment of the first job cycle, by replacing w
in TC w (T ) with Sm , the expected total cost TC m (T ; Sm ) of RPRL
with PM is expressed as:
κ
∞
T
TC m (T ; Sm ) =η cI ( (1 − ϕ ) ⋅ ( Sm + T ) ) + cm  ∫ r ( Sm + u )du + ∫
T
 0

( ∫ r (ϕ ⋅ (S
y
0

m

)

+ T ) + u ) duu d G ( y )  + Cr


(24)
Since Sm in (24) follows K ( s ) in (9), the expected total cost
TC m (T ; Sm ) can be rewritten as:
w
0

TC m (T ) = ∫ TC m (T ; s)d K ( s)
=

w
ηc
0  I

∫

∞
T
+ cm  ∫ r ( s + u )du + ∫
T
0

κ

( (1 − ϕ ) ⋅ ( s + T ))

(∫

y
r
0

)

(ϕ ⋅ (s + T ) + u ) du d G( y)   F (s)dG (m) (s)


w
F (u )dG ( m) (u )
0

∫

+ Cr

where
ξ = E[C fc ] − R + Cr =

(∫

w
(c f
0

)(

w
0

)

w
0

+ axb )G ( m) ( x)dF ( x) − ∫ (CR − α s β )F ( s )dG ( m) ( s ) / 1 − ∫ G ( m) (u )dF (u ) + Cr

3.2. Life cycle length calculation

Until the j th product survives 2D-RRPRW with R, j − 1 failures
have occurred in the warranty region (0, w] × (0, m] . When this case
occurs, the total warranty
service period resulting from j − 1 failures
j −1
is represented by ∑ X k , here X 0 = 0 . Since
the number j − 1 satisj −1
k =0
fies p j −1q , the expected
value W f of ∑ X k can be expressed as:
k =0

Wf =

w

( m)
j −1
 j −1

∫0 xG ( x)dF ( x)
p
q
⋅
E
[
X
]
E
[
j
1
]
E
[
X
]
=
−
⋅
=
∑ 
∑ k 
k
w
j =1 
k =0
1 − ∫ G ( m) (u )dF (u )

0
∞

(29)

(25)
The probability Qw that the first product goes through 2D-RRPRW
with R before the accomplishment of the m th job cycle at the warranty period w has been offered in (10) and the probability Qm that
the first product goes through 2D-RRPRW with R before the warranty
period w at the accomplishment of the m th job cycle has been offered in (11). Then, under the condition that the product is warranted
by 2D-RRPRW with R, the expected total cost E[C (T )] of RPRL
with PM is computed as:
E[C (T )] = Qw ⋅ TC w (T ) + Qm ⋅ TC m (T )

=

(

)

κ
∞ y
T
G ( m) ( w) F ( w)[η cI ( (1 − ϕ ) ⋅ ( w + T ) ) + cm  ∫ r ( w + u )du + ∫ ∫ r (ϕ ⋅ ( w + T ) + u ) du d G ( y ) ]
T 0
 0

w
κ
∞ y
T

+ ∫ η cI ( (1 − ϕ ) ⋅ ( s + T ) ) + cm  ∫ r ( s + u )du + ∫ ∫ r (ϕ ⋅ ( s + T ) + u ) du d G ( y )   F ( s )dG ( m) ( s )
0 
T 0
 0


(

)

w ( m)
G (u )dF (u )
0

1− ∫

w ( m)

G ( s )d[F ( s ) η cI
0


∫

+ Cr

( (1 − ϕ ) ⋅ ( s + T ))κ + cm  ∫0T r (s + u )du + ∫T∞ ( ∫0y r (ϕ ⋅ (s + T ) + u ) du ) d G( y)   ]

+η cI ( (1 − ϕ ) ⋅ T ) + cm  ∫ r (u )du + ∫
T
 0
=
T

κ

∞

(

y
r
0

∫ (ϕ ⋅ T + u ) du
w
0

)

+ Cr

1 − ∫ G ( m) (u )dF (u )

(26)
Each of all failures in the warranty region (0, w] × (0, m] makes
the user to incur a failure cost c f and meanwhile the user provides
a pro-rata fee P ( X j ) to the producer. Thus, the j th failed product
in the warranty region (0, w] × (0, m] makes the user incur a total cost
c f + P ( X j ) . Furthermore, by replacing CR − P ( x) in WC with
c f + P ( x) , the expected value E[C fc ] of the total failure cost resulting from all failures is represented by:
w

E[C fc

∫ (c f
]= 0

+ P ( x))G ( m) ( x)dF ( x)
w
0

1 − ∫ G ( m) (u )dF (u )

w

∫ (c f
= 0

+ axb )G ( m) ( x)dF ( x)
w
0

1 − ∫ G ( m) (u )dF (u )

(27)
As mentioned above, the life cycle is a sum of the warranty service
period (i.e., a time span) of 2D-RRPRW with R and the time span
of RPRL with PM. This indicates that the total cost in the life cycle
is composed of the total failure cost E[C fc ] of 2D-RRPRW with R,
the expected value R of the refund R ( Sm ) and the expected cost
E[C (T )] of RPRL with PM. Therefore, by algebraic operation, the
expected total cost LCC (T ) in the life cycle is able to be computed
as:
LCC (T ) = E[C fc ] − R + E[C (T )]
w ( m)

G ( s )d[F ( s ) η cI
0


∫

κ

=ξ +

+η cI ( (1 − ϕ ) ⋅ T )

κ

( (1 − ϕ ) ⋅ ( s + T ))

∞
T
+ cm  ∫ r (u )du + ∫
T
 0

∞
T
+ cm  ∫ r ( s + u )du + ∫
T
 0

(∫

y
r
0

where
E[ j − 1]
has
been
offered
by
(3)
w
w
w
E[ X k ] = ∫ xdH ( x) = ∫ xG ( m) ( x)dF ( x) / ∫ G ( m) (u )dF (u ) .
0

0

)

(∫

y
r
0

)

(ϕ ⋅ (s + T ) + u ) du d G ( y)   ]


(ϕ ⋅ T + u ) du d G ( y ) 


w
0

1 − ∫ G ( m) (u )dF (u )

and

0

When the product goes through 2D-RRPRW with R before the
accomplishment of the m th job cycle at the warranty period w ,
the warranty service period of the product equates to w . When the
product goes through 2D-RRPRW with R before the warranty period
w at the accomplishment of the m th job cycle, the warranty service
period of the product is equal to Sm . Thus, for the product through
2D-RRPRW with R, the expected value Wg of the warranty service
period can be expressed as:
Wg = Qw ⋅ w + Qm ⋅ E[ Sm ] =

w
0

G ( m) ( w) F ( w) w + ∫ sF ( s )dG ( m) ( s )
w
0

1 − ∫ G ( m) (u )dF (u )



d G ( y ) 


.

(30)

where Qw and Qm have been offered in (10) and (11);
w
w
w
E[ Sm ] = ∫ sdK ( s ) = ∫ sF ( s )dG ( m) ( s ) / ∫ F (u )dG ( m) (u ) .
0

0

0

By summing (29) and (30), the warranty service period W produced by 2D-RRPRW with R is obtained as:
w

W = W f + Wg =

( m)

∫0 xG ( x)dF ( x) + G
w
1 − ∫ G ( m) (u )dF (u )
0

(m)

w
0
w ( m)
G (u )dF (u )
0

( w) F ( w) w + ∫ sF ( s )dG ( m) ( s )
1− ∫

w ( m)

=

∫0 G (u ) F (u )du
w
1 − ∫ G ( m) (u )dF (u )
0
(31)

When the product through 2D-RRPRW with R is replaced in the
form of the first kind of replacement, the service span L pw1 (T ) of
RPRL with PM can be given by:
∞
ydH ( y )
T

L pw1 (T ) = ∫

∞

∫
= T

ydG ( y )
G (T )

(32)

When the product through 2D-RRPRW with R is replaced in the form
of the second kind of replacement, the service span L pw2 (T ) of RPRL
with PM can be represented by:
L pw2 (T ) = T

(33)

The probability that the first kind of replacement occurs is given by
G (T ) and the probability that the second kind of replacement occurs
is given by G (T ) . Thus, when RPRL with PM ensures the product’s
reliability after the expiry of the warranty, the service span L pw (T )
of RPRL with PM can be given by:

(28)
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∞
T

∞
T

L pw (T ) = G (T ) ⋅ Lwpw1 (T ) + G (T ) ⋅ L pw2 (T ) = ∫ ydG ( y ) + G (T ) ⋅ T = T + ∫ G ( y )dyy

(34)
By summing (31) and (34), the life cycle length L(T ) can be calculated as:
w

L(T ) = W + L pw (T ) =

( m)

∫0 G (u ) F (u )du + T + ∞ G ( y )dy
∫T
w
1 − ∫ G ( m) (u )dF (u )
0

(35)

3.3. Cost rate derivation
Based on the renewal rewarded theorem in [1], the expected cost
rate CR (T ) can be derived as:

(

)

w
0

ξ 1 − ∫ G ( m) (u )dF (u ) +
w ( m)

G ( s )d[F ( s ) η cI
0


∫
CR(T ) =

LCC (T )
=
L(T )

κ

+η cI ( (1 − ϕ ) ⋅ T )

κ

( (1 − ϕ ) ⋅ ( s + T ))

∞
T
+ cm  ∫ r (u )du + ∫
T
 0

(∫

w ( m)

∫0 G

∞
T
+ cm  ∫ r ( s + u )du + ∫
T
 0

y
r
0

)

(∫

y
r
0

)

(ϕ ⋅ (s + T ) + u ) du d G( y)   ]


(ϕ ⋅ T + u ) du dGG ( y) 

∞
T

(u ) F (u )du + T + ∫ G ( y )dy

(36)

3.4. Model simplification
The expected cost rate CR (T ) in (36) is derived under the condition that the product is warranted by 2D-RRPRW with R and the product’s reliability after the expiry of the warranty is ensured by RPRL
with PM. By setting parameter values, some special models can be
simplified from CR (T ) , which can represent special cases, as shown
below.
Case 1: the model in (36) when m → ∞ is simplified as:
lim CR(T ) =

w
(c
0 f

∫

+ axb )dF ( x) /

m →∞

κ

(

∞ T
y
F ( w) + Cr + η cI (1 − ϕ ) ⋅ w + T + cm
r ( w + u )du + r
T 0
0
w
∞
F (u )du / F ( w) + T + G ( y )dy
0
T

(

(

))

∫ (ϕ ⋅ (w + T )+u ) du

∫ ∫

) d G( y)

∫

∫

(37)
When m → ∞ , G ( m) (•) → 1 . Hereinbefore, m → ∞ meant that
the warranty limit m was removed and 2D-RRPRW with R was simplified as RPRW in [15]. Therefore, the model in (37) is a cost rate
model at which RPRW is adopted to warrant the product and RPRL
with PM is planned to ensure the product’ s reliability after the expiry
of the warranty.
Case 2: the model in (36) when ϕ = 1 can be simplified as:
lim CR(T ) =

(

)

w
w
ξ 1 − ∫ G ( m) (u )dF (u ) + cm  ∫ G ( m) ( s)d[F ( s)
0
 0

( ∫ r(s + u)du + ∫ G(u)r(s + u)du ) ] + ( ∫ r(u)du + ∫ G(u)r(u)d u ) 
T
0

w ( m)
G (u ) F (u )du + T
0

ϕ →1

∫

T
0

∞
T

∞
T

∞
G ( y )dy
T

+∫

(38)
ϕ (⋅) = 1 means that PM at the planned time T is removed and
RPRL with PM is simplified as RPRL. Therefore, the model in (38)
is a cost rate model where 2D-RRPRW with R warrants the product
and RPRL in [21] ensures the product’s reliability after the expiry of
the warranty.
Case 3: the model in (36) when m → ∞ and ϕ = 1 can be simplified as:
lim CR (T ) =

m →∞
ϕ →1

w
(c f
0

∫

+ ax

b

(∫

T
∞
)dF ( x) / F ( w) + Cr + cm
r ( w + u )du + G (u )r ( w + u )du
0
T
∞
w
F (u )du / F ( w) + T + G ( y )dy
T
0

∫

∫

)

∫

(39)
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By Case 1 and Case 2, the model in (39) a cost rate model in which
RPRW in [15] warrants the product and RPRL in [21] ensures the
product’s reliability after the expiry of the warranty.

4. Numerical experiments
Assume that the time of the product first failure follows a distribux
tion function F ( x) = 1 − exp(− ∫ r (u )d u ) where r (u ) = γ u ε , γ > 0
0
and ε > 0 ; suppose that the distribution function of all job cycles is
given by G ( y ) = 1 − exp(−λ y ) ; suppose that cost and time are quoted
in the dollar and year, respectively; and some constant parameters are
offered in Table 1. Other parameters (not including the decision variable T ) not to be mentioned in Table 1 are assigned when used. Next,
the approaches investigated will be illustrated by means of parameters
in Table 1.
Table 1. Parameter values

ε

b

η

cI

κ

β

2

1

1

2

1

1

4.1. The proposed warranty’s sensitivity analysis
To explore the property of the proposed warranty (PW), Figure 1 is
plotted where γ = 0.8 , cm = 0.1 , c f = 0.1 , λ = 2 , α = a = 0.2 and
CR = 8 . As shown in Figure 1, when m increases for w = 1, 1.05, 1.1 ,
the warranty cost of 2D-RRPRW with R first increases from a value less than the warranty cost (which can be obtained by computing lim WC ) of RPRW to a value greater than the warranty cost
m →∞

of RPRW, then decreases to the warranty cost of RPRW. However,
for w = 0.95 , the warranty cost of 2D-RRPRW with R first increases
from a value greater than the warranty cost (which can be obtained by
computing lim WC ) of RPRW to a peak value, then decreases to the
m →∞

warranty cost of RPRW. These signal that when the warranty period
w is longer, although the producer offers a refund to guarantee the
user’s fairness, the warranty cost of 2D-RRPRW with R still is less
than the warranty cost of RPRW; but, under the case where the warranty period w is shorter, the refund to guarantee the user’s fairness
makes the warranty cost of 2D-RRPRW with R to increase to a value
which is always greater than or equal to the warranty cost of RPRW.
The above contrast indicates that by limiting the warranty period w ,
the warranty cost of 2D-RRPRW with R can be less than the warranty
cost of classic RPRW. In addition, Figure 1 indicates that the warranty
cost of 2D-RRPRW with R increases when w is increasing and m
is fixed.
As shown in Figure 2 where λ = 2 , γ = 0.8 , cm = 0.1 , c f = 0.1 ,
α = a = 0.2 and CR = 8 , when m increases for the same w , the
warranty cost of 2D-RRPRW with R (i.e., PW1 ) is equal to or greater
than the warranty cost of PW2 (i.e., 2D-RRPRW); the warranty cost
of RPRW is still equal to or greater than the warranty cost of PW2
(i.e., 2D-RRPRW). Note that 2D-RRPRW can be obtained by removing the refund from 2D-RRPRW with R. The above changes indicate
that although the refund to guarantee the user’s fairness can make
the warranty cost of 2D-RRPRW with R to be less than the warranty
cost of classic RPRW, it is still greater than the warranty cost of 2DRRPRW, which is because the refund is shouldered by the producer.

4.2. Sensitivity analysis of users’ RPRL with PM
To display whether the optimum RPRL with PM exists uniquely,
we make Figure 3 where γ = 1.2 , c f = 0.1 , α = a = 0.5 , λ = 3 ,
CR = 10 , m = 2 and w = 3 . Figure 3 shows that the optimum cost
rate CR (T * ) and planned time T * exist uniquely. This means that the
optimum RPRL with PM exists uniquely. From Subplot (A) where
Cr = 15 , it is found that when cm increases, T * is decreasing while
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Fig. 1. Sensitivity analysis of 2D-RRPRW with R

Fig. 2. Sensitivity analysis of 2D-RRPRW with R

Fig. 3. The effect of cm and Cr on RPRL with PM

Fig. 4. The effect of w and λ on RPRL with PM

CR (T * ) is increasing. This signals that the smaller minimal repair
cost cm is able to reduce the cost rate and extend the service span
after the expiry of the warranty. From Subplot (B) where cm = 0.3 ,
it is discovered that when Cr increases, T * increases and CR (T * )
also increases. This illustrates that the greater replacement cost Cr is
able to extend the service span after the expiry of the warranty while
is not able to reduce the cost rate.
To indicate the effect of w and λ on RPRL with PM, we plot
Figure 4 where γ = 1.2 , cm = 0.1 , c f = 0.1 , α = a = 0.5 , CR = 10 ,
Cr = 15 and m = 2 . As shown in Subplot (A) where λ = 3 , the optimum cost rate CR (T * ) and planned time T * decreases when w
increases and λ is fixed.. This indicates that a longer warranty period
w is able to reduce the cost rate but is not able to extend the service
span after the expiry of the warranty. From Subplot (B) where w = 2 ,
it is found that T * and CR (T * ) increase when λ increases and w is
fixed. From the overall viewpoint, the above phenomena signal that
the shorter job cycles (i.e., the case that λ is greater) is able to extend
the service span after the expiry of the warranty at the expense of the
greater cost rate.

4.3. Performance illustration
In this paper, we have planned that RPRL with PM ensured the
product’s reliability after the expiry of the warranty. If RPRL with PM
is removed from RPRL with PM, then RPRL with PM is transformed
into RPRL in [21], which has been mentioned above. The expected
cost rate related to RPRL has been offered in (38). These signal that

RPRL with PM or RPRL can ensure the product’s reliability after the
expiry of the warranty. Form the user’s perspective, a problem is how
to select the best policy from RPRL with PM and RPRL to ensure the
product’s reliability after the expiry of the warranty. Obviously, the
policy at which the service span after the expiry of the warranty is longer and the cost rate is lower is an ideal policy to ensure the product’s
reliability after the expiry of the warranty.
To explore whether the service span after the expiry of the warranty
is longer and whether cost rate is lower, we make Figure 5 where
γ = 1.2 , cm = 0.5 , c f = 0.1 , α = a = 0.5 , w = 3 , λ = 3 , CR = 10 ,
Cr = 20 and m = 2 . As indicated in Figure 5, compared RPRL, when
RPRL with PM is used to ensure the product’s reliability after the expiry of the warranty, the service span after the expiry of the warranty
is longer and the cost rate is lower. These signal that the performance
of RPRL with PM is superior to the performance of RPRL, thus RPRL
with PM is an ideal policy to guarantee the product’s reliability after
the expiry of the warranty.
Note that if the information in Figure 5 is not obtained, then comparison method in [24] can be used to compare performances.

5. Conclusions
By taking the resultant force which is formed by the advanced technologies (such as in-situ sensors, industrial networks, control technologies) as a technological background, in this paper we firstly integrated the limited job cycles into classic RPRW and devised a producer’s
two-dimensional random RPRW with a refund (2D-RRPRW with R)
to guarantee the product’s reliability of the product that does succes-
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we investigated a users’ random periodic replacement last with preventive maintenance (RPRL with PM) to further lengthen the service
span after the expiry of the warranty and further reduce the failure
frequency. Some classic cost rate models were provided by simplifying model. We used sensitivities analysis to explore the characteristics
of the proposed approaches. It was shown that although 2D-RRPRW
with R requires the producer provide a partial to the user, the producer
can make the warranty cost of 2D-RRPRW with R to be less than the
warranty cost of classic RPRW by limiting the warranty period; and
RPRL with PM is superior to RPRL.

Fig. 5 Performance comparisons
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sive missions at job cycles. A refund is used to guarantee the fairness
of users whose warranty expiration occurs before the warranty period
at the accomplishment of the limited number of job cycles. The warranty cost of2D-RRPRW with R was modeled and some special warranty models were obtained by altering warranty terms. By integrating
the first job cycle into the service span after the expiry of the warranty,
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Highlights

Abstract

• The reliability evaluation of MIMU is carried out With its extensive use in industry, assessing the reliability of the micro inertial measurment
unit (MIMU) has become a pressing need. Unfortunately, the MIMU is made up of several
by using accelerated degradation test.
components, and the degradation processes of each are intertwined, making it difficult to
• The MIMU’s marginal ADT model is obtained by
assess the MIMU’s reliability and remaining useful life. In this research, we offer a relithe general Wiener process.
ability assessment approach for the MIMU, which has long-lifetime and multiple perform• A multivariate-dependent ADT model of MIMU ance characteristics (PCs), based on accelerated degradation data and copula theory.Each PC
is established based on copula theory.
model of MIMU is constructed utilizing drift Brownian motion to depict accelerated degra• Sufficient experiments and result analysis verify dation process. The copula function is used to model the multivariate dependent accelerated
degradation test data and to describe the dependency between multiple MIMU performance
the effectiveness of proposed methods.
parameters. The particle swarm optimization algorithm is used to estimate the unknown
parameters in the multi-dependent ADT model. Finally, the storage test and simulation example on MIMU’s accelerated degradation data verify the feasibility and effectiveness of
the proposed method.
Keywords
This is an open access article under the CC BY license MIMU, Wiener process, accelerated degradation test, copula, reliability assessment.
(https://creativecommons.org/licenses/by/4.0/)

1. Introduction
MIMU is a new inertial measurement micro-system based on
micro-electro-mechanical system (MEMS) technology. It combines
micro-gyroscope, micro-accelerometer, micro-signal conversion processing circuit and signal correction circuit to collect object motion
information, with benefits such as small size, light weight, low power
consumption, and long life. MIMU has been widely used in industry
in a variety of scenarios, including aerospace, autonomous driving,
and so on [8]. MIMU’s reliability and safety have a direct impact on
the equipment's performance and lifespan. To ensure the safe and dependable operation of MIMU as the core of MEMS inertial navigation
system during its service life, it is required to investigate the reliability evaluation technique of MIMU. However, due to rapid technological advancements and rising demand, MIMU now has excellent
reliability and long-life properties, posing new challenges in terms of
life and reliability evaluation.
Simulation tests make it difficult to observe MIMU failure data in
a short period of time, and long-term tests will increase the budgetary

cost. Accelerated testing (AT) extrapolates the life and performance
information obtained under high stress level tests through reasonable
statistical methods to obtain reliability or life estimates under conventional stress conditions, under the premise of ensuring that the failure
mechanism of the product is not changed [12, 32]. The failure process
of the product is significantly accelerated and the test time is greatly
shortened due to the application of accelerated stress [18]. Therefore,
accelerated testing provides a feasible way for efficient reliability assessment of MIMU. Accelerated testing is classified into two types
based on the different failure modes of the tested products: accelerated life testing (ALT) and accelerated degradation testing (ADT) [31].
For MIMU, only a small amount of failure may occur or no failure
may occur at all when ALT is performed. In this case, if ALT is still
used to evaluate the reliability and lifetime of MIMU, more samples
and time are needed to conduct the test. On the one hand, there is a
lack of sufficient failure data, and on the other hand, the reliability and
life estimates derived from this will be lose authenticity. As a result,
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using an accelerated degradation test to assess MIMU reliability is an
unavoidable option.
The ability to appropriately depict the performance degradation
trajectory of a MIMU accelerated degradation model is crucial. The
performance degradation of MIMU is mainly affected by external environmental stress and its own material properties, and its degradation
process is a typical random process. The real performance degradation data of the MEMS gyroscope as a component of the MIMU also
demonstrates that the main performance degradation process tends to
rise or decrease in a relatively brief length of time [15]. As a result, the
Wiener process with random, non-monotonic independent increments
can be utilized to describe the degradation path of MIMU performance.
The Wiener process is widely utilized for degradation path modeling
and analysis because there is no constraint of monotonic degradation
path [35]. Lin et al. [13] used the Wiener process model to conduct a
comprehensive investigation on the degradation of composite materials under high-cycle bending fatigue (HCBF) pressures. Pan et al.
[24] introduced an expectation maximization algorithm-based Wiener
process reliability estimation technique that takes measurement error
into account. Wang et al. [30] developed a generalized Wiener process
model that incorporates nonlinearity, time uncertainty, and the unit-tounit variation.
At the moment, research on MIMU reliability and life prediction is
primarily focused on its sub-components, such as the MEMS component. A lifetime prediction approach for MEMS gyroscopes is offered
out by Liu et al. [15] ,which is based on accelerated degradation testing and an acceleration factor model. A method combining wavelet
analysis and support vector machine (SVM) for MEMS gyroscope
was proposed by Miao et al. [21]. Wavelet analysis is used to preprocess the performance data of gyroscope, and SVM is used to model the
processed data, so as to realize the prediction of residual life of gyroscope. MEMS accelerometers for space applications were subjected
to a reliability study by I. Marozau et al. [28]. More relevant literature
can be referred to [19, 20, 22, 23].
As a complex electronic product, the failure of MIMU is often
caused by multiple performance degradation, any of which can cause
MIMU failure if it reaches the failure threshold. There is frequently a
link between the multiple MIMU performance degradation processes
because of the similar operating environment, stress, structural design, and other aspects. If the correlation between different performance degradation processes is ignored, it will definitely cause the loss
of reliability information, which makes the results of system reliability analysis deviate from the actual application. Therefore, one of the
challenging issues in developing the MIMU multivariate ADT model
is how to characterize the association between performance degradation. The joint distribution method and copula method are common
methods for describing the relationship between multivariate performance parameters. [2, 6, 17, 26]. In practice, the joint distribution
method assumes that the edge distributions all conform to a certain
distribution, which has great limitations and is prone to discrepancies
with the actual situation. While the Copula function acts as a bridge
between marginal distribution and the joint distribution, and there is
no restriction on the form of the marginal distribution function, it has
become an important and convenient tool for solving the correlation
problem. Hao et al. [7] employed the binary nonlinear diffusion process to simulate the degradation of the binary performance parameters
of LED lamps, defined the dependence of the binary performance
parameters using the Frank Copula function, and used the Monte
Carlo (MCMC) algorithm to optimize the parameters, providing for
the evaluation of degraded equipment’s reliability. Peng et al. [25]
developed a binary degradation model based on an inverse gaussian
process, a joint distribution established with the copula function, and
a two-stage Bayesian method for the degradation process and copula
function parameter estimation.
Regarding the issue above, this paper proposes a reliability assessment method of MIMU based on accelerated degradation data and
copula theory. First, the functional principle and performance deg-

radation characteristics of MIMU are analyzed, and the degradation
model of MIMU is established by using Wiener process. Meanwhile,
the copula function is introduced to obtain the MIMU reliability assessment model under multiple performance degradation, and then the
MIMU reliability assessment and life prediction under normal stress
were realized, in order to make full use of the reliability information
in accelerated degradation data and accurately describe the correlation
between performance degradation processes. The following are the
major contributions of our work: 1) The accelerated degradation test
is used to evaluate the reliability of MIMU, with high reliability and
high reliability, which improves the reliability and remaining useful
life evaluation efficiency of MIMU; 2) The Copula joint probability
model is used to solve the reliability evaluation problem in the case
of MIMU with multi-component interdependent competition failure,
which improves the accuracy of the results; 3) Sufficient experiments
and result analysis are carried out, which can provide reference for the
reliability evaluation of similar products.
The rest of the paper is carried out as follows. The functional principle and degradation mechanism of MIMU are examined in Section
2, and the MIMU degradation model and reliability evaluation model
are established based on Wiener process and Copula theory. Section
3 includes a storage test and a simulation example based on MIMU’s
accelerated degradation data. Finally, the conclusions are drawn in
section 4.

2. Reliability evaluation model of MIMU
2.1. MIMU structure and performance degradation characteristic
MIMU is composed of power module, micro-inertial device module, main control module, communication module, shell module, etc.
It’s a typical example of a multi-component system. Fig. 1 depicts the
MIMU function structure chart.
The power module is mainly composed of a voltage conversion
chip and related circuits. It is responsible for converting the externally
provided power supply into a stable, low-noise multi-channel power
supply required by the components in the system.
The micro-inertial device module is mainly composed of the threeaxis MEMS gyroscope, three-axis MEMS accelerometer, temperature
sensor, mechanical mount and peripheral circuits. It is the core part
of the MIMU and the basis for the system’s sensitive functions and
performance. The three-axis gyroscope measures the angular velocity
signals along the three axes of the carrier coordinate system, and the
three-axis accelerometer measures the acceleration signals along the
three axes of the carrier coordinate system. The temperature sensor is
responsible for monitoring the internal temperature of the sensor and
compensating the error of the inertial sensor through the temperature
compensation circuit and the corresponding algorithm to ensure the
output accuracy of MIMU. If combined with the three-axis geomagnetic sensor, barometer, etc., the MEMS sensor can be dynamically
corrected in real time to compensate for the accumulated error and
further improve the detection accuracy.
The main control module is composed of the micro-processing unit
chip and corresponding auxiliary circuit. It samples the sensor signal
in real time through the communication interface, and then completes
the calculation of the carrier attitude and position information.
The communication module is responsible for the communication
between MIMU and external devices. The housing module provides
the sensor installation reference, and protects and seals the internal
sensors and circuits of the MIMU.
The MEMS inertial devices (the gyroscopes and accelerometers)
and electronic devices inside MIMU will suffer cumulative damage
under long-term environmental stress, which will lead to the decline
or even failure of MIMU-related performance indicators. The performance degradation of MIMU is mainly reflected in the performance degradation of the internal gyroscope and accelerometer. Most of
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ing the effect of random factors on MIMU performance during
the test, and B(•) is the standard Brownian motion, B(t)~N(0,t).
The difference is derived by Eq. (3) as:

()

(3)

∆ylik t j = µlk tlj + σ lk B (tlj )

Assumption 2: acceleration equation assumption
To assess the MIMU’s reliability under normal operating
conditions, an acceleration model should be built initially. We
suppose that P accelerated stress exists (e.g., vibration, temperature, and voltage), and sets S = (s1, s2, …, sp), ƞ = (ƞ1, ƞ2, …,
ƞp), where sp is the pth accelerated stress type and ƞp is the pth
constant coefficient, p = 1, 2, …, P.
MIMU’s stress-acceleration model is represented as follows
for single and multiple acceleration variables:

Fig. 1. The function structure chart of MIMU

the existing studies only use the performance state of one MEMS inertial device to characterize the performance state of the entire MIMU
micro-inertial system, but for the MIMU, which consists of multiple
inertial devices, it is very unreliable to judge the performance state of
the whole device by only relying on the performance index of a single device. Therefore, this study proposes to characterize the MIMU
micro-inertial system’s performance state by taking into account both
the gyroscope and accelerometer’s performance states.

2.2. Model assumptions
We suppose there are L accelerated stress levels in the MIMU constant stress accelerated degradation test (CSADT), with Sl being the l
stress level. At each accelerated stress level Sl, N samples are tested.
For all samples, M measurements are taken, with K PCs observed at
the sequencing t1<t2<…tj…<tM, and degradation measurements ylik(tj)
taken until the ending time tM, l = 1, 2, ..., L, i = 1, 2, ..., N, k = 1, 2, ...,
K, j = 1, 2, ..., M, where K is the total number of MIMU PCs, N is the
number of samples in the experiment and M is the number of inspection times for each accelerated stress level Sl. In general, the MIMU
accelerated degradation data at the l stress level can be stated in the
following way in general:

YlNK × M

 yl11 (t1 )


 Yl1  

(t )
y


Yl 2   lN 1 1


=
=
   

  yl1K (t1 )
 YlK  


 y (t )
 lNK 1

yl11 (t2 )

ylN 1 (t2 )

yl1K (t2 )

ylNK (t2 )

 yl11 (tM ) 




 ylN 1 (tM ) 




 yl1K (tM ) 




 ylNK (tM ) 

()

(2)

where ylik(tj) is the kth degradation parameter of the ith sample at the
lth stress level at the inspection time tj, ylik(0) is the initial value of kth
degradation parameter of the ith sample at the lth stress level, and μlk
is the drift parameter of the kth degradation parameter at the lth stress
level, reflecting the rate of degradation. σlk is the diffusion parameter
of the kth degradation parameter at the lth accelerated stress, reflect-
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where μ(S;ƞ) is the drift parameter, Փ(•) is the function of the accelerating stress sp. Meanwhile, we assume that σlk is not affected by the
accelerated stress.

2.3. Failure time distribution
The kth PC ∆ylk(tj) follows a normal distribution at the lth stress
level, as can be obtained [10], and ∆ylk(tj) ~ N(μlktlj, σtlj).
The pdf. of ∆ylk(tj) is:

( ( ))= σ k

f ∆ylk t j

( ()


 ∆ylk t j − µlk tlj
1
exp  −
2π tlj
2σ k2 tlj



) 
2





(5)

and the corresponding cdf. of ∆ylk(tj) is:

()

 ∆ylk t j − µlk tlj 


σ k tlj



( ( ))= φ  −

(6)

We define Dk as the kth PC of MIMU’s failure threshold. The time
when yk first crosses the associated failure threshold Dk (i.e., the first
passage time (FPT)) is known as the failure time Tk:
Tk = inf {t : yk (t) ≥ Dk }

The following assumptions are made to fit MIMU degradation data
at accelerated stress levels.
Assumption 1: Wiener process assumption
Assume MIMU has K degradation PCs, each of which is driven by
a Brownian motion mechanism. To build the degradation model of
each PC, we use a linear stochastic model based on Brownian motion.
The model is written as follows:
ylik t j = ylik (0 ) + µlk tlj + σ lk B (tlj )

(4)

p =1

F ∆ylk t j

(1)

ηp

P

µ ( S ;η ) = η0 ⋅ ∏ φ ( s p ) 

(7)

The life distribution of MIMU degradation failure is depicted by
the distribution of the first passage time, lifetime information about
MIMU degradation failure can be acquired from this. At the lth accelerated stress, the life distribution function of the first passage time
can be derived from the relation [27]:
 µ t − Dk
Flk (t ) = φ  lk
 σk t

 2µ D

 + exp  lk2 k

 σk

  − Dk − µlk t 
 φ 


  σk t 

(8)

As a conclusion, the product reliability function can be written as:
 2µ D
 D − µlk t 
Rlk (t ) = φ  k
 − exp  lk2 k

 σk t 
 σk

  D + µlk t 
 φ  − k


σ k t 
 

(9)

where Rlk(t) is the kth degradation parameter’s reliability at the lth
stress level, and Dk is the kth degradation parameter’s failure thresh-
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old. μlk is the drift parameter of the kth degradation parameter at the
lth stress level, σk is the diffusion parameter, Փ(•) is a normal distribution cumulative probability function.
The probability density function of FPT is:
 (D − µ t )2 
dR (t )
Dk
flk (t ) = − lk =
exp  − k 2lk 


dt
2σ k t
σ k 2π t 3



The CDF of the time to failure for the K degradation processes in
the MIMU micro-system can be expressed as Fk(t) = 1-Rk(t) k = 1, 2,
…, K. The joint CDF of T1, T2, …, TK is written as:
P(T1 ≤ t1, T2 ≤ t2 ,, TK ≤ t K ) = H (t1, t2 ,..., t K ) = C (F1 (t1 ), F2 (t2 ),..., FK (t K ); δ )

(13)

(10)

Correspondingly, the marginal reliability for MIMU is expressed
as:

2.4. Multivariate dependent accelerated degradation modeling of MIMU

P(T1 > t1, T2 > t2 ,, TK > t K ) = H (t1, t2 ,..., t K ) = C (R1 (t1 ), R2 (t2 ),..., RK (t K ); δ )

(14)

2.4.1. Model building

The relationship between C(F1(t1), F2(t2), ..., FK(tK)) and C(R1(t1),
R2(t2), ..., RK(tK)) is represented as:

A copula is a multivariate probability distribution with uniform
marginal probability distributions for all variables in probability
theory and statistics. Copulas are used to depict the dependence relationship between random variables [34]. Assume that the MIMU’s
performance degradation parameters (Y1, Y2, …, YK) are a random
vector. Assume that the marginal CDFs Fk(y) = P(Yk≤y) are continuous functions. Sklar’s theorem [2] states that every multivariate cumulative distribution function H(y1, y2, …, yK) = P(Y1≤y1, Y2≤y2, …,
YK≤yK) of the random vector (Y1, Y2, …, YK) can be expressed in terms
of its marginals Fk(y) = P(Yk≤y) and a copula C:
H ( y1, y2 ,..., yK ) = C (F1 ( y1 ), F2 ( y2 ),..., FK ( yK ))

C (R1 (t1 ), R2 (t2 ),, RK (t K ))
K

= 1 − ∑ Fi (ti ) +
k =1

=

∂F1 ( y1;θ1 )∂F2 ( y2 ;θ 2 ) ∂FK ( yK ;θ K )

(11)

()

= P (Y1 (t ) < D1, Y2 (t ) < D2 ,, YK (t ) < DK )

(

= C RY1 (t ), RY2 (t ),..., RYK (t )

K

∏ f k ( yk ;θ k )

k =1

)

(16)

2.4.2. Determination of the Copula function

k =1

The Akaike Information Criterion (AIC) and Bayesian Information
Criterion (BIC) concepts are utilized in this research to choose the
copula function model that best fits the original data. The copula type
with the lowest AIC/BIC is the superior choice. According to AIC/
BIC principles. Eq. (17) and Eq. (18) are the AIC and BIC formulas
[1, 9]:

(12)
∂ K C (F1 ( y1;θ1 ), F2 ( y2 ;θ 2 ),..., FK ( yK ;θ K ); δ )
∂F1 ( y1;θ1 )∂F2 ( y2 ;θ 2 ) ∂FK ( yK ;θ K )

is the copula probability density function, FK(yK;θK) and fK(yK;θK) are
the marginal distribution function and marginal probability density
function of the MIMU performance parameter yk, respectively. δ are
the parameters of the copula function.

AIC = −2ln MLE + 2u

(17)

BIC = −2ln MLE + u ln N

(18)

Table 1. The CDFs and PDFs for common bivariate copulas
Copula
function
Frank

C (u , v; δ )

c (u , v; δ )

1
(e −δ u − 1)(e −δ v − 1)
− ln(1 +
)
δ
(e −δ − 1)

Range of parameters

−δ e −δ (u + v ) (e −δ − 1)

((e

−δ

(−∞, +∞ ) / {0}

− 1) + (e −δ u − 1)(e −δ v − 1)) 2

C ( u , v; δ ) ( − ln C ( u , v; δ ) + δ − 1) [(ln u )(ln v)]

δ −1

Gumbel
Clayton

δ

δ 1/ δ

exp(−((− ln u ) + (− ln v) )

{

)

where RYK(t) denotes MIMU’s marginal reliability function for the
kth degradation trajectory at time t.
Table 1 shows CDFs and PDFs for common bivariate copulas in
particular.

= c ( y1, y2 ,..., yK ;δ )∏ f k ( yk ;θ k )

c ( y1, y2 ,..., yK ; δ ) =

(

C Fi (ti ), F j t j , Fh (th )...

R (t ) = P (T1 > t , T2 > t ,, TK > t )

K

where:

∑

1≤i < j < h ≤ K

Therefore, the MIMU’s reliability function with K degradation
processes at time t can be expressed as:

∂y1∂y2  ∂yK

∂ C (F1 ( y1;θ1 ), F2 ( y2 ;θ 2 ),..., FK ( yK ;θ K ); δ )

)

(15)

∂ K H ( y1, y2 ,..., yK )
K

(

C Fi (t ), F j (t ),... −

+ + (−1) K C (F1 (t1 ), F2 (t2 ),..., FK (t K ))

Set f(y1, y2, …, yK) is the joint distribution probability density function of the performance degradation of MIMU, it can be derived from
the Eq. (11), then:
f ( y;θ1,θ 2 ,θ K , δ ) =

∑

1≤i < j ≤ K

}

max (u −δ + v −δ − 1) −1/δ , 0

)

uv (− ln u )δ + (− ln v)δ 



2 −1/ δ

(1 + δ )(uv) −δ −1 (u −δ + v −δ − 1) −2 −1/δ
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where MLE is the maximum value of likelihood function, u is the
number of parameters in the model, and N is sample size.

2.5. Parameter estimation
The log-likelihood function can be derived as follows using the
joint probability density Eq. (12):
L N M

((

) (

)

(

) )

ln L (θ1,θ 2 ,,θ K , δ ) = ∑ ∑ ∑ ln c F1 ylij1;θ1 , F2 ylij 2 ;θ 2 ,..., FK ylijK ;θ K ;δ
l =1 i =1 j =1


Dependency Structure Lc

K L N M

(

+ ∑ ∑ ∑ ∑ f k yklij ;θ k
k =1 l =1 i =1 j =1

the calculation time. The higher the number of iterations, the more
accurate the convergence to the best value will be, but it will also take
longer to compute. The literature describes the particle optimization
procedure [16].
B. Copula parameter estimation of joint distribution function
Based on the estimated value of the marginal distribution function
parameter θMar = [σ, ƞ0, ƞ1, ƞ2, …, ƞP]K×(2+P), the estimated value of
the unknown parameter of the copula function is obtained by using the
maximum likelihood estimation method:
L N M

θ = arg max  ∑ ∑ ∑ ln c F1 ylij1;θ1 , F2 ylij 2 ;θ2 ,, FK ylijK ;θ
K ;δ 

l =1 i =1 j =1

((

)




) (

)

(19)
where F1(y1;θ1), F2(y2;θ2), …, FK(yK;θK) are the marginal failure
distribution function for the MIMU performance parameter y, and
f1(y1;θ1), f2(y2;θ2), …, fK(yK;θK) are the marginal pdf, δ are the parameters of the copula function.
Because the log-likelihood function Eq. (19) has so many unknown
parameters, it is impossible to maximize it directly. The copula function efficiently distinguishes between the marginal and joint distributions of random variables. To estimate the parameters of the reliability model with multivariate performance degradation, we introduce a
two-step parameter estimation method based on particle swarm optimization (PSO), which substantially minimizes the complexity of
parameter estimation. The following are the specific implementation
steps.
A. Parameter estimation of marginal ADT models
Combined with the probability density Eq. (5), the likelihood
function of marginal ADT models can be derived:

LkMar
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( ()
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(20)
Furthermore, the log-likelihood function is:
L Ml

ln LkMar = − Nl M l L ln 2π − Nl M l L ln σ k − Nl ∑ ∑ ln tlj
l =1 j =1

−

1

L Nl M l

∑∑ ∑

2σ k2 l =1 i =1 j =1

(∆ylik (t j )− µk (s)tlj )

2

(21)

tlj

Therefore, the problem of estimating the parameters of the marginal distribution function using maximum likelihood can be
turned into an extreme value problem. PSO is introduced in this
article to change multi-parameter estimating challenges into
multi-parameter optimum. The method features a flexible and
simple structure, as well as a decent global search and a quick
convergence speed.
The likelihood function is the objective function of the multiparameter estimate method, and the goal of optimization is to
obtain the largest likelihood function. As a particle, the parameters to be estimated (σ, ƞ1, ƞ2, …, ƞP) are defined. In general, the
higher the number of particles, the greater the objective function’s convergence. However, too many particles will increase
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) )

(22)

Marginals LMar

L Nl M l

(

where F1(ylij1; θ1 ), F2(ylij2; θ2 ), …, FK(ylijK; θ
K ) are the marginal distribution function for the MIMU performance degradation parameters
y. δ are the parameters of the copula function.

3. Numerical examples
To illustrate the efficiency of the proposed modeling method, we
use examples from the MIMU storage degradation test and constant
stress accelerated degradation simulation in this study.

3.1. MIMU storage degradation test
Related scholars have carried out the sensitive stress analysis of micro gyroscopes and micro accelerometers and obtained that temperature stress is an important factor affecting their performance [3–5, 11].
Therefore, the temperature stress was selected to carry out a constant
stress accelerated storage test on MIMU, and the temperature stress
was controlled to be 60°C during the test. The test sample experimental procedure is shown in Fig. 2.
The bias, bias stability, and bias instability of the MEMS gyroscope
and MEMS accelerometer in the MIMU were tested for performance
every 24 hours during the test, which is one of the primary indicators used to assess the MIMU’s performance. The overall test period
was 1176 hours, and there were 49 performance degradation data recorded.
The effective parameter of MIMU Y-axis bias is selected as the
performance degradation index of MIMU, and the variation curves
of bias of gyroscope and bias of accelerometer with time are obtained
by processing the experimental data, as shown in Fig. 3. The MIMU
performance degradation curve in Fig. 3 tends to increase or decrease
in a short period of time, which has the characteristics of a stochastic
process. It preliminarily verifies the validity of the Wiener process
modeling assumption.
Fig. 4 depicts a two-dimensional scatter plot of the MIMU’s performance data. It’s clear that the top tails are linked, whereas the bottom tails haven’t changed much. It can be preliminarily judged that
there is a correlation between the MIMU performance degradation
amounts. Therefore, issues related to multi-component degradation
must be taken into account while evaluating MIMU’s reliability.

Fig. 2. MIMU storage degradation test
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a)

b)

Fig. 3. Storage degradation data of MIMU: a) storage degradation data of gyroscope bias, b) storage degradation data of accelerometer bias

as well as the test acceleration stress temperature T. The CSADT’s
temperature stress levels were set at 60°C, 70°C, and 80°C, with 70,
50, and 30 inspections at each level, respectively. Every 24 hours,
assess MIMU’s performance. For each accelerating stress, the MIMU
sample size is 4. The performance degradation is set to 0 at the start.
The degradation curve of MIMU simulation performance (Bias) is
shown in Fig. 5.
According to Fig. 5, we can clearly see that the degradation trajectories of the two PCs fluctuate over time, proving that the MIMU
performance degrades as a typical random process. For each PC,
the performance degradation trajectory at high stress is more likely
to reach the failure threshold and the degradation trend is more pronounced than at low stress, which is consistent with the accelerated
testing assumptions.
Table 2. The parameter setting of marginal ADT models

Fig. 4. Scatter plot of the MIMU’s original data distribution

3.2. MIMU accelerated degradation simulation test

PCs

Parameter

set value

Gyroscope bias

ƞ1

3768.09

3.2.1. Simulation test
The MIMU constant stress accelerated degradation simulation test
is performed in this part using the performance degradation data from
the MIMU storage degradation test in Section 3.1. Table 2 shows the
parameter settings of the marginal ADT model of each MIMU’s PC,
a)

Accelerometer
bias

ƞ0

σ

ƞ0

ƞ1

σ

b)

5.89

5.8966×10-4
60.52

3133.3
0.0571

Fig. 5. CSADT data of MIMU’s PCs: a) storage degradation data of gyroscope bias, b) storage degradation data of accelerometer bias
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a)

b)

c)

d)

e)

f)

Fig. 6. Goodness-of-fit test of normal distribution of MIMU’s degradation incremental data: a) goodness-of-fit test of normal distribution of 60℃ gyroscope bias
degradation incremental data, b) goodness-of-fit test of normal distribution of 60℃ accelerometer bias degradation incremental data, c) goodness-of-fit
test of normal distribution of 70℃ gyroscope bias degradation incremental data, d) goodness-of-fit test of normal distribution of 70℃ accelerometer bias
degradation incremental data, e) goodness-of-fit test of normal distribution of 80℃ gyroscope bias degradation incremental data, f) goodness-of-fit test of
normal distribution of 80℃ accelerometer bias degradation incremental data

3.2.2. Degradation model checking
We can conclude that performance degradation increment y follows
a normal distribution due to the nature of the Wiener process [14, 33],
∆y = y(t+∆t)~N(μ∆t, σ2∆t). Therefore, the effectiveness of the MIMU
performance degradation model can be verified by using the normal
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probability distribution diagram. If the incremental performance degradation data obeys a normal distribution, the curve should be approximated as a straight line. Fig. 6 depicts the normal distribution
probability curve of the MIMU performance degradation increment
under each acceleration stress. In the normal probability distribution
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diagram, the performance degradation increment under each temperature stress is almost a straight line, demonstrating the efficiency of the
Wiener process for modeling MIMU performance degradation.
3.2.3. Parameter estimation based on PSO algorithm
To fit the accelerated degradation data of MIMU’s each PC independently, the random-effect general Wiener process model, i.e. Eq.
(2), is being used. Table 3 shows the estimators of marginal ADT
model parameters for each PC based on the statistical inference process described in section 2.5.
The multivariate parameter estimation method based on PSO is
used to estimate the parameters of the marginal distribution function.
Set the simulation to 300 particles and 200 iterations, then choose 6
different paths at random to construct the objective function. Use the
Table 3. Parameter estimation
PCs

Parameter

Estimation value

Gyroscope
bias

ƞ1

3899.2

Accelerometer bias

a)

ƞ0

σ

ƞ0

ƞ1

σ

8.7282

-4

5.9501×10
81.7891
3542.9
0.0569

RSE

23.2%
0.12%

0.00%

12.35%
1.7%

0.00%

average of the estimated values from the 6 separate paths as the estimated parameters. Fig.7 depicts the iterative procedure and estimated
parameter vectors for six possible pathways. The estimated values
under different paths are quite close, as can be seen, and the average
of the parameters obtained by six different paths is used to determine
the ideal value of each parameter. The relative square error (RSE)
[29], RSE = (θEstimated − θSetting)2/(θSetting)2, is calculated to compare
the error between the estimated value and the real value, as shown in
Table 2. The results show that the PSO estimation method is accurate
and effective.
3.2.4. Determination of the Copula function
The associated parameters of each Copula function are estimated
using the maximum likelihood estimation method, and the AIC and
BIC principles are utilized to identify the best Copula. The results
of parameter estimates, the Kendall coefficient, AIC values, and BIC
values are shown in Table 3. Gumbel copula has the minimum AIC
and BIC values, indicating that it has the best fitting effect on degradation-related data, as shown in Table 4.
3.2.5. Reliability assessment
Combined with the specific application conditions of MIMU in
practice, the failure thresholds of its performance parameters are determined to be gyroscope bias ≥ 0.15 deg/s and accelerometer bias ≥
10 mg. Substituting the estimated value of the model parameters and
the failure thresholds of the two performance parameters into equations (8) and (10), the reliability curves of MIMU under normal stress
25℃ without considering the parameter correlation and considering
the parameter correlation can be obtained, as shown in Fig. 8.

b)

Fig. 7. Variation curve of objective function with iteration times and estimated parameters under different paths: a) estimation results of gyroscope bias parameters,
b) estimation results of accelerometer bias parameters
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Table 4. Copula function selection
Copula

δ

Frank

17.5248

Clayton

5.9737

Gumbel

4.8819

Kendall τ

AIC

BIC

0.7931

-1264.084

-1259.688

0.7491

-1305.590

-1301.195

0.7951

-1412.894

-1408.499

tem performance degradation are more conservative. According to the
∞
product life calculation formula MTBF = ∫ R (t )dt ，we can obtain
0
the MIMU lifetime of 7486.3 hours without considering degradation
correlation and 8181.2 hours when considering performance degradation correlation. The result has a 9.3% longer lifespan when independency is taken into account. Considering the two comprehensively, the
modeling method that takes into account degradation correlation is
closer to the actual application in some ways, and can give a more
solid foundation for the evaluation results.

4 Conclusion

Fig. 8. Reliability evaluation of MIMU under normal stress

According to Fig. 8, the reliability assessment results obtained independently by considering the MIMU performance degradation are
lower than those obtained based on the proposed method, which indicates that the reliability assessment results related to ignoring the sys-

A MIMU reliability assessment approach is proposed in this study,
which is based on accelerated degradation data and copula theory. To
describe the MIMU ADT data and build the univariate ADT model
for each PC, we use the general Wiener process. By using copula
function, the MIMU reliability assessment model under multiple performance degradation was obtained. The suggested MIMU reliability
assessment approach is demonstrated by the MIMU storage test and
accelerated degradation simulation example. The results reveal that
treating the relationship between various performance factors as independent of each other for a highly reliable product like MIMU with
many performance parameters is not in accordance with the actual
situation and tend to underestimate the product’s reliability.
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Abstract

• A new method to find the preventive interval opti- One of the ways to reduce greenhouse gas emissions and other polluting gases caused by
ships is to improve their maintenance operations through their life cycle. The maintenance
mizes the asset's costs and incomes.
manager usually does not modify the preventive intervals that the equipment manufacturer
• This method contains low mathematical complexhas designed to reduce the failure. Conditions of use and maintenance often change from deity and rapid execution.
sign conditions. In these cases, continuing using the manufacturer's preventive intervals can
• The Weibull distribution and a semi-Markovian lead to non-optimal management situations. This article proposes a new method to calculate
model are used to compute the returns.
the preventive interval when the hours of failure of the assets are unavailable. Two scenarios
• Use of failure data when the time values for such were created to test the effectiveness and usefulness of this new method, one without the
failure hours and the other with the failure hours corresponding to a bypass valve installed in
failures are unknown.
the engine of a maritime transport surveillance vessel. In an easy and fast way, the proposed
• Apply to those assets that do not have an instru- method allows the maintenance manager to calculate the preventive interval of equipment
ment that measures the operating hours.
that does not have installed an instrument for measuring operating hours installed.
Keywords
This is an open access article under the CC BY license ship maintenance, preventive interval, maintenance model, semi-Markovian process,
(https://creativecommons.org/licenses/by/4.0/)
incomplete data, Weibull function, maintenance costs.

1. Background
The maritime transport sector must face two significant challenges:
the ecological transformation helping to comply with international
agreements to reduce emissions and the digital transformation derived
from the development of Industry 4.0. In both cases, maintenance
management can play a crucial role.
Regarding the first of them, maritime transport was responsible for
more than 2.89% (1,076 “million tonnes”) of the world’s total greenhouse gas emissions in 2018, but it will continue to increase in the
future due to the globalization of markets and to the growth of international trade [18]. In maritime transport, components installed on ships
are subject to hours of operation where maintenance interventions
are interspersed to ensure the desired operating condition or restore
it to that condition in case of failure. The maintenance manager must
ensure that their equipment provides optimal system reliability, availability and security values, keeping maintenance costs as low as possible to help maintain profitability for the shipowner’s business [2].

Therefore, any improvement in the maintenance of ships will contribute to reducing their emissions of pollutants and greenhouse gases.
Moreover, as in other economic sectors, the current digital transformation is changing how maintenance is managed [38], [32]. New
maintenance strategies are increasing the reliability of assets during
their lifecycle, reducing the frequency of preventive maintenance [9].
Maintenance is key to the development of Industry 4.0 [7]. The massive use of intelligent sensors allows an increasing amount of data
to be obtained, which must be analysed efficiently and effectively to
support decision-making and increasingly complex technological systems management [30].
Focusing now on the case of ship maintenance, sometimes, the
maintenance manager finds himself with assets that suffer repetitive
failures even when the maintenance strategy set by the manufacturer
has been followed. In these cases, the operating and maintenance conditions of these assets probably differ from the conditions for which
they were designed. The modification of the maintenance intervals

(*) Corresponding author.
E-mail addresses: A. Sanchez-Herguedas (ORCID: 0000-0001-5135-3250): antoniosh@us.es, A. Mena-Nieto (ORCID: 0000-0002-0828-0612):
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according to each asset’s particular conditions of use must be dealt
with by the person in charge of maintenance [45]. Available information is an essential factor to consider. To make an accurate analysis it
is not only necessary to know the number of failures over time, and
the time at which failures occur. It is also necessary to consider other
factors, such as the number of cycles of preventive interventions performed, or the product usage that characterise the ageing of the asset.
Recently, methods using this information have been proposed, based
on collected parameters and machine learning. However, when this
data is not available, only the number of failures that have occurred in
a time interval, we are faced a different scenario [20, 21].
This work shows how to optimize the periodic preventive maintenance interval of a ship engine exhaust component when the available
information on the failure mode understudy is minimal. This kind of
problem with a scarcity of data is a more common type of problem
than one might think in the professional practice of maintenance engineers in many facilities, equipment and fleets of land or sea transport. Despite the current proliferation of sensors in companies, there
are situations, especially in small companies and industries, where,
for economic or other reasons, they do not record sufficient historical
failure data on the assets they own, so they must manage the maintenance of those assets and save the maintenance costs with little or no
data, beyond that provided by their manufacturers.
There are not so many studies that advise maintenance engineers
on what maintenance interval to adopt when there is very little historical data on equipment failures. They need to figure out how to
predict when the next failure will occur and how it will occur. This
challenge is more difficult when there is no historical failure data. In
other words, they still need to know how to proceed with very little
data regarding asset failures in the data-driven methods era. However,
the scientific literature on how to address this problem is scarcer than
would be desirable, so this paper responds to that gap.
A sample of recent work is present below, which has proposed
mathematical models to address situations with incomplete data. Valis
et al. [40] present new single and multiple error state-space models
to model and predict the reliability of water mains from patchy and
sparse failure data. Nobakhti et al. [27] propose a hybrid approach using fault tree analysis and the Mamdani fuzzy inference to obtain the
reliability response as a function of a few frequently operating pressure and temperature, which avoid the lack of historical data. Andrzejczak et al. [4] study the problem of the lack of data in new technical
facilities, presenting a method, with a Bayesian approach, for estimating the probability distribution of the lifetime for these assets based
on expert assessments of three parameters characterizing the expected
lifetime of these assets. Furthermore, they show some practical applications using the Weibull distribution. Yun-Fei et al. [26] establish
a hidden semi-Markovian model that clusters the incomplete degradation data. The model allows predictions for the remaining useful life
and is applied to bearing failure data. Zhang et al. [47] developed a
Markov chain Monte Carlo method to perform multiple imputations
for incomplete correlated ordinal data using the multivariate probit
model and simulations to compare the performance of their method
with other methods for various missing data scenarios. Li et al. [23]
tackle fault detection and diagnosis from incomplete data. As a preliminary step, they propose the adjacent information recovery filter to
recover the missing data from sensors. This filter considers the time
series adjacency information through a hidden Markov model. Yuguang et al. [46] present a method based on a Markov chain model
and generalized projection non-negative matrix factorization to detect
and diagnose faults in industrial processes. This method is applicable
when there are missing data in incomplete measurements since they
often are correlated with some of the available variables. AguirreSalado et al. [1] analyse the maximum intensity levels of earthquakes
with incomplete data on the coast of southern Mexico using a random
censorship approach. They use a flexible semi-parametric Bayesian
approach, whose parameters are estimated through the Markov chain
Monte Carlo. In the work of Lupton and Allwood [25], a general

procedure based on a Bayesian approach is developed for its application to material flow analysis. Using Markov Chain Monte Carlo
simulations, the procedure uses incomplete or missing data to map
global steel production. Liu et al. [24] apply the delay time theory to
assess the reliability of a system with sufficient inspection data but
insufficient failure data. First, they develop an optimization model
for individual components that minimizes maintenance, failure, and
downtime costs over the component lifecycle and then extend it to
multi-component serial systems, applying it to a locomotive. Yamany
and Abraham [43] develop and validate a non-homogeneous Markovian pavement performance model that improves on previously proposed probabilistic pavement performance models because it allows
addressing cases where there are no historical preventative maintenance data.
Finally, one of the most recent works related to our research is
Zhao et al. [49]. Using a study case from the petrochemical industry,
they apply a Bayesian framework to update unknown parameters in
a Wiener degradation model to overcome the practical challenges of
information sparsity. The latest trend to address the lack of data is to
use artificial intelligence techniques; see, for example, references [3],
[14] and [50].
The main objective of this paper is to optimize the periodic preventive maintenance interval of a ship engine exhaust component when
the available information on the failure mode understudy is minimal.
For that purpose, the results obtained under two scenarios are compared. In the first scenario A, only information regarding the number
of failures that have occurred during a period of time is available,
while for the second scenario B, the hours of operation at which the
failures have occurred are also available. The active component to be
analysed presents a failure mode due to the accumulation of combustion residues on the sealing surface and the axis of the second turbo
actuation bypass valve. The failure in the closure causes the engine
malfunction, emitting exhaust gases with a high content of polluting
particles, which forces the equipment to stop for cleaning and replacement, and therefore the cessation of activity and its incomes.
This article uses the Benard’s approximation as an estimator to
determine the observed failure distribution function [28], However,
in each scenario, a different method is used to determine the hours
at which the failures occur. Scenario A proposes a method based on
the total hours of operation and the number of failures counted. In
scenario B, the failure hours are taken as problem data. The process
continues in parallel for the two scenarios by calculating the Weibull
cumulative distribution [39]. Some authors use other methods to calculate this distribution [4]. In both cases, the curve is fitted, minimizing the mean square error (MSE) [12]. Once the distribution function
has been theorized, it is necessary to use a mathematical model that
simulates the evolution over time of the activity of the element under
study (the bypass valve). Traditionally, Markov processes have been
used to represent the evolution over time of industrial components
[16], since they allow different states of activity to be established (operation, corrective, preventive, etc.) through which the element can go
through its life cycle. These models are very useful for establishing
behaviour because they demarcate history from the future and establish a law of transition probabilities between states. However, these
models use constant failure rates over time [41]. Carrying out preventive maintenance tasks on the equipment is justified because they
present increasing failure rates. It forces the use of semi-Markovian
type models that preserve the advantages of Markov processes and
allow the introduction of variable failure rates [22], [42] and [31]. To
calculate the preventive interval, we use a method developed from a
semi-Markovian process with three possible states (operational, corrective and preventive), using the direct costs of corrective and preventive maintenance tasks and other costs associated with changes in
statements, and the income obtained from the use of the asset [34].
The rest of the document is organized as follows: Section 2 contains the description of the method followed to reach the value of the
preventive interval. The entire section is divided into five parts. In
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Section 2.1, the failure data and the administrative information regarding the preventive, corrective intervention and operation are selected, particularly for a case of an actual ship engine. In Section 2.2,
the procedure for determining the failure hours when these are not
available is applied, and the observed distribution function is calculated. In Section 2.3, the estimation of the theoretical distribution functions (Weibull functions) is carried out. In Section 2.4, the three-state
semi-Markovian model that governs the behaviour over time of the
failure behaviour of the asset under study (bypass valve) is presented.
In Section 2.5, the method for calculating the average accumulated
return for each transition between states is shown. In Section 2.6, the
mathematical formula that provides the value of the preventive interval that optimizes the average accumulated return is shown. Section 3
presents the results for each scenario of the preventive interval for the
different transitions. In Section 4, the results obtained are discussed,
and the method is proposed as a tool to help the maintenance manager
calculate the preventive interval when the hours of failure of the asset
are not available. Finally, Section 5 presents the conclusions of this
work.

2. Material and methods
Due to price, most physical assets do not have a measuring instrument that allows a chronology of the events that happen to them (a
clock or hour meter). For this reason, Computer-Aided Maintenance
Management Systems (CAMMS) lack this information. When trying
to use failure data to make calculations and optimizations, this can be
an inconvenience or one of the aggravating factors that prevent satisfactory results [19], [29], [37] and [48]. For the development of this
article, the failure data will be used together with its failure appearance times, comparing the preventive interval obtained after applying the methodology with the interval obtained when only the failure
data without appearance hours are known. A procedure will be used
to obtain a series of failure hours in scenario A and, on the other hand,
the Benard’s approximation formula will be used to calculate the observed failure distribution function, which is common to both scenarios. It is then unified for the two scenarios from this point to reach the
two theoretical distribution functions, Weibull functions [6], one for
each scenario. From here, a semi-Markovian model is established that
simulates the evolution in time, accounting for the transitions between
the states [15]. The model allows one to determine the average accumulated return for each of the transitions. For this, it requires information of an administrative nature: costs of maintenance interventions
and income from the operation of the equipment. This average accumulated return depends on the preventive interval, so it is possible to
obtain the preventive interval that optimizes the average accumulated
return. The objective of our work is to compare the size of the optimal
preventive interval for the two established scenarios and to verify that
the method followed when we only have the number of failures is a
method whose results are very close to the results achieved when the
same number of failures are also used.
This article is based on [34], where other distributions (Exponential, Log-normal and Normal) have been analysed, concluding that
the one that best fits the failure times is the Weibull distribution. The
use of the Weibull distribution for the analysis of failure times is now
widespread. See [5], [6] and [44]. In the pioneering paper [xx], failure
data is analysed for the first time. The author determines that the best
fitting distribution is the exponential distribution. However, this is a
particular case of the Weibull distribution which, because it has more
parameters, is capable of covering more general situations. Moreover,
the exponential distribution, due to its lack of memory, does not allow
preventive maintenance, only corrective maintenance, which would
render this article meaningless.
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2.1. Real case. Data selection and process information
The physical asset under study is a bypass valve installed in marine
diesel engines. Its mission is to control the flow of exhaust gases,
determining the volumetric configuration where they will expand, in
an initial configuration made up of one turbo or in a second, made up
of the two turbos. This valve is essential if one wants a quick increase
in rpm and therefore the power delivered. Its failure produces a significant emission of exhaust gases. During a period of 15 months and
two weeks, valve failure data corresponding to 5 engines have been
collected. A total of 16 bugs have been recorded, while the total hours
that the five engines have worked is 26,400 hours. As the patrol boats
have an hour meter, it has been possible to record the exact times in
which the failures have occurred. The failure times already ordered
from lowest to highest are presented in Table 1.
From the information of the maintenance interventions carried out,
it has been possible to establish that the duration of the corrective repair task to solve the fault has an average of 8 hours, while the average
of the preventive task carried out to avoid the failure is 5 hours. The
technical personnel who carry out both interventions have different
categories, so the cost of the corrective intervention is €95/hour, while
that of the preventive intervention is €82/hour. The cost borne by the
customer after the failure occurs is valued at €3,270, while the cost
borne after deciding to carry out the preventive intervention is €1. The
costs of spare parts used in both interventions coincide at €360. The
owner’s income for the use of the equipment is €5/hour.

2.2. Estimation of the observed failure distribution function
The observed failure distribution function is the function that is
estimated from the collected failure data. To develop it, the Benard’s
approximation is used as an estimator, Fi = (i − 0.3) / (N + 0.4 ) ,
where i represents the order of the failure and N the total number of
failures (in this case 16) . The failure distribution function observed
is the same for the two scenarios described, since only the number of
failures is involved in its calculation. The information available in
scenario A is the 16 failures in the 26,400 hours and the information
for scenario B is shown in Table 1. The application of Benard’s approximation requires establishing an order in the failures. Place the
youngest bug in order 1 and the oldest bug in order 16. Table 2 shows
these values.
In order to determine the theoretical distribution function and the
observed failure distribution function, it is necessary to know the
number of hours that the asset was operating before the failure occurred. For scenario B, this information is collected in Table 1. However, this table of values must be constructed for scenario A based on
the available information. The procedure to follow is as follows.
• From the equipment’s total operating hours (26,400 hours), the
average occurrence of failures is calculated, 1,650 hours, dividing
26,400 hours by the 16 failures.
• The interval between failures is established, the average appearance of failures divided by the number of failures, giving it a value
of 1650/16 = 104 hours.
• The failures occurrence is distributed around the mean, with each
failure occurrence increasing or decreasing by the amount of interval between failures.
• If the number of failures is even, the two central events (failures
8 and 9) are placed, equidistant from the mean separated by the
interval.
The values obtained are shown in Table 3. In this case, since it is an
even number of failures, failure 8 corresponds to the value 1.650-52 =
1.598. Failure 9 corresponds to the value 1.650+52 = 1.702.

2.3. Estimation of the theoretical distribution functions
From the failure data for each scenario, Table 1 and Table 3, and
the observed failure distribution function data, Table 2, the theoretical
failure distribution function that best fits must be estimated for each
scenario for the pair (hours of failure, function observed). In the case
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Table 1. An ordered list of hours of failures in the valves of the five engines during a 26,400 hour-period. Scenario B
Failure, i
Fi

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

13

14

15

16

0.0427 0.1037 0.1646 0.2256 0.2866 0.3476 0.4085 0.4695 0.5305 0.5915 0.6524 0.7134 0.7744 0.8354 0.8963 0.9573

Table 2. Values of the observed failure distribution function obtained from Benard's approximation. Scenarios A and B
Failure, i
Fi

1

2

3

4

5

6

7

8

9

10

11

12

0.0427 0.1037 0.1646 0.2256 0.2866 0.3476 0.4085 0.4695 0.5305 0.5915 0.6524 0.7134 0.7744 0.8354 0.8963 0.9573

Table 3. List of failure hours built for scenario A.
Failure
Hours

1

870

2

974

3

1,078

4

1,182

5

1,286

6

1,390

7

1,494

of physical assets, it is usually adjusted to the Weibull distribution
function [5].

Scenario A
We first try to fit the observed function to the two-parameter
β ) , using columns 5 and 4 of Table 4 (columns 1, 3 and 2
Weibull (α ,�
correspond to Table 2 and Table 3). To do this, we represent the points
of the pair (hours of failure, observed function) in the graph on the left

8

1,598

9

1,702

10

1,806

11

1,910

12

2,014

13

2,118

14

2,222

15

2,32

16

2,430

of Fig. 1, using the logarithmic scales, ln ln (1 / (1 — Fi )) on the vertical axis and lnti on the horizontal axis. Excel allows you to plot the
trend line that best fits the points using the method of least squares.
The form parameter α of the Weibull function coincides with the
slope of the trend line, while the scale parameter β corresponds to
the negative exponential of the quotient between the ordinate at the
origin and the slope [34].

Table 4. Data for the construction of the graphs in Fig. 1
Failure

Failure hours, ti

Observed function, Fi

2

974

0.10366

1

870

3

1,078

5

1,286

4

6

7

8

9

10

11

12

13

14

15

16

1,182

1,390

1,494

1,598

1,702

1,806

1,910

2,014

2,118

2,222

2,326

2,430

ln ti

0.04268

6.768493

0.16463

6.982863

0.22561

0.28659

0.34756

0.40854

0.46951

0.53049

0.59146

0.65244

0.71341

0.77439

0.83537

0.89634

0.95732

6.881411

7.074963

7.159292

7.237059

7.309212

7.376508

7.439559

7.498870

7.554859

7.607878

7.658228

7.706163

7.751905

7.795647

ln ln (1/(1−Fi (t)))

ln(ti−γ)

−3.132225

5.799093

−1.715435

6.287859

−2.212435

−1.363831

−1.085620

−0.850883

−0.644061

−0.455772

−0.279633

−0.110737
0.055260

0.222919

0.398070

0.590023

0.818304

1.148658

6.073045

6.464588

6.614726

6.745236

6.860664

6.964136

7.057898

7.143618

7.222566

7.295735

7.363914

7.427739

7.487734

7.544332

Fig. 1. Graphic representation of failure hours and observed function in logarithmic coordinates. Trend lines and curves. Scenario A
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From the fitted line obtained for the linear trend
( y = 3.5706 x − 26.828 ), the values of α = 3.57 and β = 1, 832 . However, the fitted curve of order 2 y = −0.9314 x 2 + 17.177 x − 76.429
shows that a guaranteed life γ (location parameter), can exist since the
coefficient of x 2 is negative, graph on left of Fig. 1.
To find the value of γ, we must move the origin (ti − γ ) until the
coefficient of x 2 is zero. The points of the new pair (failure hours minus the guaranteed life, observed function) are re-plotted on the graph
on the right of Fig. 1. The logarithmic scales ln ln (1 / (1 — Fi )) and
ln (ti − γ ) are now used, and the values in columns 5 and 6 of Table 4.
Values are given to γ until the coefficient of x 2 is zero, and the fitting
curve becomes a straight line y = −0.0003 x 2 + 2.1824 x − 15.578
.From this line, the α = 2.18 and β = 1, 266 , values are obtained,
which, with the adjusted value for γ = 540 , are the three parameters
of the Weibull function.

(

)

(

)

Scenario B
In this scenario, we know the times at which the failures occurred,
Table 1. These data are collected in column 2 of Table 5 and modify
the values of columns 4 and 6 that vary concerning those of Table 4.
Following the same procedure described for scenario A, the graphs
in Fig. 2 are constructed from the data in Table 5.

Again values are given to γ until the coefficient of x 2 is zero, and
the fitting curve is flattened. From this straight line, the values of
α = 2.12 . and β = 1,028 are obtained, which together with the
adjusted value for γ = 756 constitute the three parameters of the
Weibull function for scenario B.

2.4. Semi-Markovian model of evolution of the system in
time
The calculation of the preventive interval of the bypass valve requires developing a mathematical model that reflects the behaviour of
the asset over time. This model should allow the evolution of the asset between three states (operational S1, corrective S2 and preventive
S3). You can use stochastic discrete or continuous-time processes;
an introductory class between them is the Markov process [17]. This
process meets the Markovian property, “the future only depends on the
present, not the past”. In the discrete-time model (chain of Markov),
only transitions between states and their probabilities are taken into
account. The permanence time in each state is not relevant. Due to the
Markovian property, the permanence time is a random variable with
exponential distribution in the continuous-time model. However, the
physical asset object of study presents an increase in the failure rate
as the operating time increases. This forces one to discard Markovian
models and opt for semi-Markovian processes. This type of model dif-

Table 5. Data for the construction of the graphs of Fig. 2

0.04268

6.898715

−3.132225

5.456175

0.16463

7.181592

−1.715435

6.324717

Observed function, Fi

2

1,082

0.10366

4

1,342

3
5
6
7
8
9

10
11

991

1,315
1,405
1,515
1,520
1,570
1,592
1,635
1,769

0.22561
0.28659
0.34756
0.40854
0.46951
0.53049

6.986566
7.201916
7.247793
7.323171
7.326466
7.358831
7.372746

0.59146

7.399398

0.65244

7.478170

12

1,797

0.71341

7.493874

14

2,177

0.83537

7.685703

13
15
16

1,837
2,433
2,536

)

ln ln 1 / (1 − Fi ( t ) )

Failure hours, ti

1

(

ln ti

Failure

0.77439
0.89634
0.95732

7.515889
7.796880
7.838343

−2.212435
−1.363831
−1.085620
−0.850883
−0.644061
−0.455772
−0.279633
−0.110737

ln (ti − γ )

5.784440
6.371954
6.474199
6.630947
6.637520
6.700977
6.727671
6.777874

0.055260

6.919881

0.398070

6.984901

0.222919
0.590023
0.818304
1.148658

6.947168
7.258553
7.424285
7.483919

Fig. 2. Graphic representation of failure hours and observed function in logarithmic coordinates. Trend lines and curves. Scenario B
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state before moving on to the preventive state r13 = q13 ⋅ R1 + R13 .
It is also composed of two concepts, the income per operating time
τ ⋅ R1 and the cost motivated by the activation of the preventive R13 .
The r21 element is the average return that demands the asset
when it remains in a corrective state before moving to the operational state r21 = q21 ⋅ R2 + R21 . It comprises two concepts,
the cost per repair time q21 ⋅ R2 . (being R2 the cost per hour of
repair). and the cost motivated by activating the operating state
R21 . The element r31 , is the average return demanded by the
asset when it remains in the preventive state before going to the
operating state r31 = q31 ⋅ R3 + R31 . It is also composed of two
concepts, the cost per time dedicated to the preventive q31 ⋅ R3
. (being R3 the cost per hour of preventive task) and the cost
motivated by activating the operating state R31 .

Fig. 3. Description of the transition process between states and the accumulation of returns associated with permanence and transition between states

fers from Markovians in that the time of permanence in each state does
not follow an exponential distribution [13], which implies that semiMarkovian models do not meet the Markovian property. However, the
successive transitions between states form a chain of Markov, called
the Markov chain embedded in the Semi-Markovian model [8].
The model evolves over time, Fig. 3, accumulating returns (income
in S1 and costs in S2 and S3) due to the times of permanence in each
state and transitions between states. To this end, three types of square
order matrices are developed, the transition probability matrix between states [P ] , the matrix of permanence times in each state [Q ]
and the matrix of returns by permanence in each state and the transition to the next [R ] . In this case, the non-null elements of the matrix
[P ] are p12 , p13 , p21 y p31 . The non-null elements of the matrix [Q ]
are q12 , q13 , q21 y q31 . The non-null elements of the matrix [R ] are
r12 , r13 , r21 y r31 .
If the asset fails before reaching the time of the preventive interval
τ , the asset passes to the corrective state. After a time q21 , the asset returns to the operating state. If during the operation, time τ is
reached, the asset passes to the preventive state. After a time q31 , the
asset returns to the operating state.
The element of the matrix [P ] , p12 , is the probability of failing the asset before reaching preventive maintenance. It is defined by
the value that reaches the failure distribution function in time τ . The
element p13 is the probability of achieving preventive maintenance.
It is defined as 1 − p12 . The elements p21 y p31 take value 1 since
the asset always returns to the operating state after the corrective or
preventive task.
The q12 element is the average time that the asset remains operative before failing. The q13 element is the average time that the asset
1
m −1
v1 ( m ) =  2m + 1 + ( −1)
4


(

τ

)  R ∫tf (t ) dt + R


1

0

12 F



(τ ) + ( R1τ + R13 ) (1 − F (τ ) )  +


2.5. Calculation of the average accumulated return
When the valve is operating, income is obtained, but when it is
subjected to corrective tasks after a failure or preventive tasks after a
certain time operating, expenses occur. The return in each transition is
a random variable, so we cannot calculate it. However, it is possible to
calculate the average accumulated return vi (m ) in m transitions,
starting from state i . In the first transition, assuming that we start
from state S1, the average return in the first transition can be expressed
3

as follows v1 (1) = ∑ r1 j · p1 j . Once the asset is found in the j (S2 or
j =1

S3) state, you can perform m − 1 transitions and will accumulate returns in all of them. The average accumulated return in those m − 1
transitions is a random variable, denoted by v j (m − 1) , which can
take values v1 (m − 1), v2 (m − 1), v3 (m − 1) with probabilities
p j1, p j 2 , p j 3 that remain constant throughout the m − 1 transitions,
since the process is homogeneous. Its value can be calculated as:
3

∑v j (m − 1)· pij . The average accumulated return in m transitions can
j =1

be expressed as the sum of the returns of the first transition and the
remaining m − 1 transitions, according to the expression:
v1 (m ) = v1 (1) +

3

∑v j (m − 1)⋅ pij .
j =1

and v3 (m ) can be calculated [35]. It is a system of difference equations [36]. This system of equations can be resolved by z-transform
[11], obtaining the equation Eq. ((1)):


( 2m − 1 − ( −1) )   R ∫t �g (t ) dt + R

remains operative before passing to preventive, that is, the preventive
interval τ . The q21 element is the average time that the asset remains
in a corrective state. We give this element the value of the average of
the distribution function of the repair times, G (tc ) . The q31 element
is the average time that the asset remains in a preventive state. We
consider this value the average distribution function of preventive intervention times, H t p . The value taken by the q12 element is conditioned that time τ is not reached and expressed in the form:
1 τ
q12 =
∫t· f (t )dt .
F (τ ) 0

( )

The r12 element is the average return that delivers the asset when
it remains in an operating state before moving to the corrective state
r12 = q12 ⋅ R1 + R12 . It is composed of two concepts, the operating time
income q12 ⋅ R1 . (being R1 the income per hour of operation) and the
cost motivated by the appearance of the failure R12 . The r13 element is
the average return that delivers the asset when it remains in an operating

Similarly, expressions for v2 (m )

m −1

∞

2

0

c

c

c



21  F








h ( t p ) dt p + R31  (1 − F (τ ) )   (1)
(τ ) +  R3 ∫t p �


∞



0



 

The equation obtained depends on m and τ , and uses the distribution functions of failure times F (t ) , repair time G (tc ) and preventive time H t p and their respective density functions f (t ) , g (tc ))

( )

( )

and h t p . In the same way, the average accumulated returns are calculated starting from the S2 and S3 states.

2.6. Calculation of the preventive interval
Starting from the equation obtained for v1 (m ) , the derivative is
calculated with respect to τ and it equals zero (dv1 (m ) / dτ = 0 ) .
Then one proceeds to replace the failure distribution function F(t) by
the Weibull function of three parameters and the other two distribution functions of time in the corrective and preventive states due to
its average values [33]. The next step is cleared, the value of the preventive interval τ 0 that maximizes the average accumulated return,
v1 (m ) , for each transition m , obtaining la Eq. (2):
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lished. The first scenario, A, describes the proposed problem. A second
scenario B includes the data corresponding to the asset failure hours
m −1
2m − 1 − ( −1)
under study. In both cases, the same failure mode is studied, omitting
+
−
R
q
−
R
R12 − R13 +
R
q
R
3 31
31 )
21
m −1 ( 2 21
2m + 1 + ( −1)
failure times for scenario A which are included for scenario B.
Scenario A proposes a model for the distribution of failure hours,
(2)
while in scenario B, the distribution of failure hours is taken directly
from the starting data. The procedure followed for both scenarios is
This Eq. (2) depends solely on the data of the case to be analysed
the same, except for the construction phase of the observed failure
and the transition m .
distribution function. This phase ends similarly for both scenarios,
applying Benard’s approximation to obtaining the observed failure
3. Results
distribution function.
The theoretical distribution functions are obtained; it is a tri-paraTo compare the two scenarios, it is necessary to define the data
metric Weibull in both scenarios. The semi-Markovian model calcurequired by Eq. (2). All the data are the same for both scenarios except
lates the preventive interval that maximizes the average accumulated
the distribution functions of the failures times. Both functions were
return in the following phase.
calculated in section 2.3. For scenario A a Weibull distribution is used
Scenario A obtains an optimal preventive interval with a value
(2.18, 1,266, 540), a Weibull (2.12, 1,028, 756) is used for Scenario
τ A = 1,592 hours, with a medium accumulated return at the end of 10
B. The other data needed to find the optimal interval are set out in
transitions of v1 A (10 ) = 22,564 € . In scenario B an optimal preventive
Table 6.
interval is obtained with a value τ B = 1, 475 hours, with an average
accumulated return at the end of 10
Table 6. Data needed to find the preventive interval τ0
transitions of v1B (10 ) = 23,913 € .
Analysing these results, it is obDistrib. Function Repair
Distrib. Function Preventive
Failure Time Distribution Function
served that the preventive interval
Times
Times
in scenario A is only 8% higher than
Normal (μ2, σ2)
Weibull (α, β, γ)
Normal (μ1, σ1)
the preventive interval in scenario B.
μ2
α
β
γ
μ1
On the other hand, the average accumulated return after ten transitions
2.18 / 2.12
1,267 / 1,028 540 / 756
8
5
decreases by 5.6%, supposing an exOperational Returns
Corrective Returns
Preventive Returns
cellent approximation. As close if we
speak in terms of preventive mainteR12 (€)
R13 (€)
R2 (€/hour)
R21 (€)
R3 (€/hour)
R31 (€)
R1 (€/hour)
nance intervals, these values indicate
5.0
−3,270
−1.0
−95.0
−360
−82.0
−360
that the procedure used for obtaining
schedules values of failures allows
considerably good results to set up
The results found for the first ten transitions in scenario A are colthe value of the preventive interval when we do not have the failure
lected in Fig. 4. The results found for the first ten transitions on Scetimes data.
nario B are collected in Fig. 5.
This methodology is applicable
when failures are uniformly distributed around the mean operating time
between failures (MTOBF). The proposed dispersion foresees the existence of an optimal preventive interval.
Both values are known to maintenance
engineers for equipment showing wear
and tear. For those where the failure
occurs randomly, the calculation of
the preventive interval does not make
sense.
To analyse the effect of the dispersion of the data, we can compare the
results obtained by varying the shape
parameter of the function Weibull. Table 7 shows the relationship between α
and τ0 if the other parameters and the
Fig. 4. Graphic representation and values of the evolution of the preventive interval for home transition. Scenario A
data are held constant.
As expected, for values of α ≥ 2 the
4. Discussion
values of τ0 approach a limit value around 1,500 hours. On the other
hand, when failures occur randomly, the preventive interval increases
At the beginning of the article, the possibility of establishing an acconsiderably. These values correspond to this case, if other data are
ceptable value for the preventive interval was raised when the asset failused, the results will be different, but there is always a limit value and
ure hours were not available. The only available information focused
the preventive interval will increase as the randomness of the failures
on the number of failures that occur in a certain number of hours of
increases (decrease α). This is important when only the number of
operation. In order to make a comparison, two scenarios were estab-

(τ 0 − γ )α −1 =

βα
⋅
α

− R1

Table 7. Variation of the optimal preventive interval when changing the dispersion of failures (α, shape parameter of the Weibull)
α
τ0 (hour)

570

1.4

2,755

1.6

2,012

1.8

1,764

2.0

1.649

2.2

1.587

2.4

1,551

2.6

1,529

2.8

1,516

3.0

1,507
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3.2

1,503

4.0

1.502

Fig. 5. Graphic representation and values of the evolution of the preventive interval for each transition. Scenario B

used to compute the average accumulated return. From there, the preventive interval that maximizes the average accumulated return is calculated.
To verify that the procedure followed to establish the distribution of
the failure hours is correct, the same
procedure has been applied to a second scenario where the failure hours
are known. The result has been very
similar, which validates this procedure as a method to reach the preventive interval when the hours of failure
of the assets are not available.
The calculation of the preventive
interval for maintenance managers is
a task that is often not carried out, and
the value imposed by the manufacturer is trusted, even if the operating

Table 8. Monte Carlo simulation. Returns values v1 (10) for scenarios A and B
Variable

Count

Min

Max

Mean

Median

StDev

Analytical
Method

Returs for m=10
Scenario A, τ=1,592
Scenario B, τ=1,475

200

200

3,246

8,318

failures is available. The maintenance engineer must estimate
the random component of the failures.
Finally, the results obtained with the method presented in the
paper have been compared with the utilization of Monte Carlo
simulation. A dynamic simulation model has been built using
continuous time stochastic simulation [10]. States, transitions,
sojourn times and returns have been defined. The variability
is introduced by three seeds, for the preventive time, for the
corrective time and for the random number generating failures
according to the Weibull distribution. Difference equations
for average accumulated return are used in the model and the
simulation time step considered is one hour. 200 simulations
were done per scenario A ( τ = 1,592 hours ), and scenario B (
τ = 1, 475 hours ). A total number of 30,000 hours of simulation
were considered. The results from this simulation are shown in
Table 8 and can be compared with the ones presented in the last
column from the analytical method.
In Fig. 6, a graph containing the sensitivity results for scenario A is presented. The selected variable is returned after 10
transitions, and the confidence bounds illustrate the percentile
values for the total 200 simulations over the time horizon simulated (30,000 hrs). The mean value plot is included in red (ending in 22,564, as presented in Table 8).

39,069

33,999

22,564

23,913

22,677

24,124

7.696

5.758

22,564

23,913

Fig. 6. Sample sensitivity results for the scenario A. Confidence bounds in colours and
mean value plot in red

5. Conclusions
The study’s objective presented in this article is to develop a procedure to find the preventive interval that optimizes the returns obtained
by the operation and maintenance of an asset. This method has been
designed to be applied when the time values for when such failures
occur are unknown. This is very typical of those assets that do not
have an instrument that measures the operating hours of the asset. The
only requirement is to know the number of failures that have occurred
during a period of time.
The procedure requires the establishment of a distribution of possible failure hours and, on the other hand, determining the observed
failure distribution function using Bernard’s approximation and
theoretical distribution functions. A semi-Markovian model, which
evolves over time through transitions between three states, is then

and maintenance conditions differ from those of design, even more
so in the case where data on failure hours is not even available. The
described procedure is easy to apply and within reach of any maintenance manager due to its low mathematical complexity and its rapid
execution. This procedure can become a tool to help asset management.
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Abstract

• A reliability allocation model is proposed based High-speed train industry is in the stage of rapid development, and the reliability allocation
strategy is helpful to improve the reliability of the system and reduce the economic cost of
on AGREE allocation and cost function.
components. In this paper, the reliability allocation of gearbox transmission system of high• The reliability allocation strategy considers varispeed train is studied. Combining AGREE allocation method and reliability allocation methable cost, complexity and constraints.
od based on cost function, the reliability allocation of high-speed train gear transmission
• The strategy is more suitable for reliability design system is carried out. Considering the quantity, importance, cost and complexity of various
stage of complex mechanical system.
parts of high-speed train gear transmission system, the feasibility factor of improving reliability based on the cost function allocation method was improved to acquire the improved
cost function, and the reliability optimization allocation model based on the improved cost
function was established. Compared with AGREE allocation method and the traditional allocation method based on cost function, the improved optimization allocation strategy proposed in this paper is more suitable for high-speed train gear transmission system.
Keywords
This is an open access article under the CC BY license reliability allocation strategy, cost function, high-speed train, gear transmission system.
(https://creativecommons.org/licenses/by/4.0/)

1. Introduction
Due to its large mass, fast speed, more people and long braking
distance, high-speed train has been widely used in transportation, and
once an accident occurs, the harm, influence, involving a large area
[8]. Since the components of the gear transmission system of highspeed train are manufactured according to the design requirements,
it is important to optimize the reliability of the components in the
reliability design stage for improving the safety of the whole highspeed train in service. At the same time, in the stage of improving
the reliability of components, there is a problem of only considering
the reliability demand, and ignoring the cost and cost of human and
material resources and other constraints. Therefore, it is of great significance to optimize the reliability of each component by applying
the improved cost function to reduce unnecessary economic losses
and improve the utilization rate of resources. In the past half century,
with the development of the world economy and the rapid progress of
science and technology, driven by one industrial revolution after an-

other, the world railway passenger transport major mobile equipment
high-speed train has developed rapidly [10]. China’s high-speed train
industry is in a rapid development stage. On the constant exploration and production research, China gradually achieved its high-speed
train localization, and preliminary grasp of the world’s top design and
manufacture key technology of high-speed railway passenger car, has
become the world’s most complete high-speed rail system technology,
the integration ability of the strongest and longest running mileage,
highest speed, the largest country in the construction scale [15]. With
the rapid development of high-speed train, its potential hidden trouble
could not be underestimated.
In the study of train dynamics characteristics, the mass of the transmission system is often equivalent to bogie and wheelset without considering its transmission characteristics. However, with the continuous improvement of train speed, the dynamic characteristics of the
vehicle system becomes more complicated and difficult to measure.
Higher safety is being proposed for trains to ensure the safety of passengers.

(*) Corresponding author. (#) Yibo Ai, Peng Cui and Yuanyuan Li contributed equally to this work and should be considered co-first authors.
E-mail addresses: W. D. Zhang: zwdpaper@163.com, Y. B. Ai: ybai@ustb.edu.cn, P. Cui: 1360260670@qq.com, Y. Y. Li : 3021917@qq.com
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to meet customer needs [6]. Since the components of the gear transmission system of high-speed train are manufactured according to the
design requirements, it is important to optimize the reliability of the
components in the reliability design stage for improving the safety of
the whole high-speed train in service. At present, there is a problem
that only considering the reliability requirements, but ignoring the
cost and other constraints such as human and material resources in the
stage of improving the reliability of components [18].
The purpose of reliability allocation is to distribute the system reliability index to each subsystem or component, so that the related
product designers could define the reliability design requirements of
each unit. The specific significance has two aspects. One is to provide
reliability design indicators for designers of each unit of the system
to ensure that the system meets the specified reliability requirements.
Second, through the reliability allocation, the product reliability indicators of each subcontracting manufacturer or supplier will be defined, so as to control the implementation and management of product
production by the system contractor [21]. System reliability allocation and optimization in the system design stage is a multi-objective
optimization problem, whose main idea is to calculate the reliability
allocated to each component under the condition of reliability constraints, so as to achieve the purpose of minimizing costs. In the past
decades, scholars have proposed many algorithms for reliability allocation [17], such as genetic algorithm [3] and ant colony optimization
Fig. 1. Gear transmission system of CHR6 intercity train
algorithm [13]. These algorithms mainly improve the results of system reliability allocation, but seldom consider the cost requirements
According to the actual structure of the gearbox system, the multiin the actual research and development process.
level system of the high-speed train was established, and according to
Reliability allocation [2] is a necessary and cost-effective task in
its working principle, the reliability model of the three-level system of
reliability design. Before starting any task, there needs to be a clear
the high-speed train was established, which were “gear transmission
goal or target. In the stage of task objective determination, only the
system-gearbox, traction motor-parts”, as shown in figure 2.
reasonable allocation of indicators could avoid the blindness of design. Although reliability allocation is mainly
focused on the early
analysis and demonstration of the work,
for the actual work
required
manpower
and cost is not much,
reliability allocation
in guiding production
largely determines the
design of the product.
The establishment of
a reasonable index alFig. 2. Reliability block diagram of gear transmission system of high-speed train
location scheme is of
great significance for
The gear transmission system is system level. As the key system of
the system to achieve the specified reliability target economically and
railway locomotive, the gear transmission system plays an important
effectively [5].
role in the power transmission between traction motor and wheelset in
In the product design stage, in order to improve the feasibility and
the process of traction or braking, thus producing resistance and resistrationality of reliability index allocation, the principle of reliability
ance to the longitudinal movement of locomotive. At the subsystem
allocation should be fully used in the allocation of reliability index. If
level, as an integration of components, it plays a very significant role
the allocation result could not guarantee its accuracy, the relative reliin the study of the system reliability model. At the subsystem level, it
ability of each component or subsystem should be highlighted so that
sets the reliability of components and transmits reliability according
the designer could work flexibly in the design process.
to the working characteristics of subsystems, so as to form a complete
In the gear transmission system of high-speed train, the allocation
reliability model. As a component with direct failure index in system
principle of reliability [20] is as follows:
reliability, its service status is related to subsystem level, system level
(1) Complexity of components or subsystems. For complex parts
and vehicle level. Through the establishment of reliability block diaor subsystems on the allocation of low reliability index, due to
gram of high-speed train system level, the modeling foundation is laid
the more complex products, the more the unit composed of,
for the establishment of reliability model.
in order to achieve high reliability is more difficult and to pay
The reliability research of high-speed train components has become
more cost.
the focus of people’s attention. As an important part of reliability de(2) The technical maturity of the product. For products that are not
sign, reliability allocation is to distribute the reliability of the system
technically mature, lower reliability indicators are allocated.
quantitatively to each component of the system according to certain
For products with immature technology, if higher reliability
criteria, and then distribute the system reliability index to each subis proposed, it may prolong the development time and cost, so
system or unit for guiding the development of products or subsystems
lower reliability is allocated to them.
The transmission system could transfer the traction motor torque
through coupling, gear box, axle box and other devices and convert it
into wheelset torque to drive the train. The gear transmission system
studied in this paper is based on CRH6 intercity train gear transmission system.
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(3) Working environment. The service working environment of
the product also affects the reliability of the product. For products under harsh working conditions, we allocate low reliability to them because harsh working conditions will increase the
failure rate of products.
(4) The importance of parts or subsystems. Importance also refers
to functionality, that is, the degree to which a component or
subsystem affects the failure of the system. The failure of a
product with high importance directly affects personal safety
or task completion. Therefore, a high reliability indicator is
allocated to a product with high importance.
(5) Working hours. For products that need long-term work, the
reliability of the products will gradually decrease with the increase of working hours, so the products that need long-term
work will be allocated low reliability.
(6) Products with low maintainability are allocated higher reliability indicators. Ensure that parts or subsystems in the system
service life to reach a long period of time.

2. AGREE allocation method
The AGREE allocation method is proposed by American Electronic Equipment Reliability Advisory Group. Because it fully considers the complexity, importance, working time of each unit (parts or
subsystems) of the system and the failure relationship between them
and each system, it is also called the allocation method based on the
complexity and importance of the unit. It is an allocation method to
balance the importance and complexity, which is suitable for series
systems with exponential distribution of cell life.
The AGREE allocation method [19] requires that the failure rate
of each unit is constant during operation, and the system studied is an
independent series system [1]. The complexity referred to is the ratio
of the number of important parts contained in the first unit to the total
number of important parts in the system, expressed by Ki , then:
Ki =

ni
N

(1)

The significance refers to the degree of influence of the ith unit
on system reliability when failure occurs, and is represented by Wi ,
then:
Wi =

M
ri

(2)

where M is the number of system failures caused by the failure of the
ith unit; ri is the number of failures of the ith unit.
If the reliability of the system obeys an exponential distribution, its
failure rate allocation formula is:
λi =

ni ⋅ (− ln Robj )
NW j ti

(3)

1 − Robj Ki
Wj

In the gear transmission system of high-speed train, the key to the
reliability allocation of the system using AGREE allocation method is
to determine the importance and complexity of the subsystem.
The importance refers to the evaluation of the importance of the
components, and the components with high importance are allocated
higher reliability indicators. Since the probability of occurrence of
events at the bottom of the system’s preliminary design stage is unknown, the importance of the components is represented by the structural importance; the complexity refers to the evaluation of the number
of components that make up the system and the ease of assembly, the
allocation of complex components lower reliability indicators.
In AGREE allocation, the reliability allocation for the reliability
of the high-speed train component level was improved, and the reliability was actually reduced after the allocation. The reason for this
is that AGREE allocation method could calculate the reliability according to the structural characteristics and failure characteristics of
each part of the system. This is an unconstrained reliability allocation method, which is the target reliability of the known system, to
redistribute the unit reliability of the subsystem. However, due to the
lack of constraints, when allocating, only the top-to-bottom allocation
is considered, and whether the allocated reliability has a positive effect on the improvement of the system reliability is not considered.
Therefore, this method provides limited guidance for the reliability
design stage.

3. Reliability allocation method based on cost function
The cost function constrained optimization method is to establish
the nonlinear programming model of the system in combination with
the cost function when considering the reliability of each unit in the
system in series mode [14]. This method uses the Lagrange multiplier method to calculate its optimal allocation results. The current
cost-based allocation methods mainly focused on the optimal planning of allocation, there are two main ways to consider the cost. One
is regarding cost as a specific constant which obtained from statistics
or assumption. The other one is considering the cost as an increasing
function with the reliability of system [7, 9]. Yadav et al. noticed the
efforts of reliability improvement and described it as a function which
related to failure rate [16]. This paper used the three-parameter cost
function to carry out the optimal allocation calculation of reliability
under the given reliability design conditions.
Assuming that the high-speed train multi-level system consists of
units (referring to subsystems or components), the reliability index of
the system is Robj . The reliability structure function of the system is
(5):
n

Rsys = ∏ Ri , i = 1, 2,, n
i =1

The reliability allocation formula is:
Ri = 1 −

(1) Allocate a lower reliability to a subsystem with high complexity;
(2) For subsystems with high importance, higher reliability is
allocated to them. The key to AGREE method is the way in
which the importance and complexity of the subsystems are
determined.

(4)

where λi is the failure rate assigned to the ith unit; Robj is the reliability required by the system.

where Rsys is the probability that the system works normally; Ri is
the probability that ith unit will work properly.
Then the nonlinear programming model of the system was established as follows:

AGREE allocation method embodies two basic principles in the
allocation process:
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(5)
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In this study, a three-parameter cost function is used, and the formula is:

n

min C = ∑ ci ( Ri )
i =1


 s.t.Rsys ≥ Robj

 Ri ,min ≤ Ri ≤ Ri ,max , i = 1, 2,, n.


(6)

where Ri is the optimized reliability level of the ith unit; C is the total
cost of the system under the action of the reliability level; ci ( Ri ) is
the required cost of each unit under the action of the reliability level;
Ri ,min is the current reliability level of the unit; Ri ,max is The highest
reliability level of the unit.
To solve the above mathematical model, it is of the great necessity to obtain the reliability structure function of the system, that is,
the reliability model of the system. This chapter aims at the reliability model of the series system, and establishes the system reliability
structure function under the independent assumptions, so as to carry
out the primary system reliability index allocation.

ci ( Ri ) =

1 Ri ,max − Ri ,min
ln
fi
Ri ,max − Ri

(7)

In the formula fi is the feasibility of improving the reliability of
the unit, that is, the degree of difficulty (0< fi <1). If the value of fi
is larger, it indicates that the reliability of the unit is greater. Ri ,min
is the current reliability of the unit, that is, the initial reliability of the
parts, and also the initial iterative value in the process of reliability
optimization allocation; Ri ,max is the final reliability obtained by the
ith unit after reliability allocation, and its value ranges from Ri ,min to
Ri ,max ; c( Ri ) represents the cost of improving the reliability of unit
I from Ri ,min to Ri ,max [12].

4. Reliability allocation method based on improved
cost function
Currently, there exists abundant literatures contributing to the reliability allocation domain. As for the allocation techniques, there are
two main research directions: weight method and optimization approach [4]. In the reliability optimization allocation algorithm based
on the cost function, although the constrained allocation of reliability
allocation takes into account the cost of improving the reliability of
the system compared with the unconstrained method, the reliability is
optimized under the consideration of multiple factors distribute. However, for the high-speed train gear transmission system, the traditional
three-parameter cost function could not satisfy the reliability allocation of the gear transmission system studied in this paper because of
the individual differences of the components of the train gear transmission system. Therefore, under the traditional reliability optimization allocation method based on cost function, individual differences
at the component level are considered, and a more appropriate allocation strategy is proposed for the reliability optimization allocation of
high-speed train gear transmission systems.

4.1. Modify the feasibility factor scheme for improving reliability
Fig. 3. Optimization algorithm flow chart of independent failure system

The cost function represents the relationship between reliability
and cost, including the sum of manpower, financial resources, and
material resources to improve the reliability of the unit. It was originally called the effort function, that is, Effort Function.
The properties of the cost function are as follows:
It is difficult to obtain statistical data between the cost and reliability of each unit in the project, so an empirical formula could not be
established. To solve this problem, Winterbottom and Dale proposed
some properties that the cost function needs to satisfy in 1986:
If 0 ≤ Ri(1) ≤ Ri(2) ≤ 1 , denoted by c( Ri(1) , Ri(2) ) , represents the effort to raise Ri from Ri(1) to Ri(2) , then the cost function has the
following properties [11]:
(1) c( Ri(1) , Ri(2) ) ≥ 0 , 0 ≤ Ri(1) ≤ Ri(2) ≤ 1 ;
(2) c( Ri(1) , Ri(3) ) = c( Ri(1) , Ri(2) ) + c( Ri(2) , Ri(3) ) ≥ 0,0 ≤ Ri(1) ≤ Ri(2) ≤ Ri(3) ≤ 1 ;
(3) c( Ri ) Differentiable;
(4) c( Ri ) is a convex function, which is
(5) For

a

fixed

c( Ri(1) , Ri(2) ) → ∞

;

∂2
∂Ri2

Ri(1) ,0 ≤ Ri(1) ≤ 1 ,

C ( Ri ) ≥ 0,0 ≤ Ri ≤ 1 ;
if

Ri(2) → 1 ,

(6) c( Ri ) is a monotonically increasing function.

then

In the traditional reliability allocation model based on cost function, the three-parameter cost function used is:
ci ( Ri ) =

1 Ri ,max − Ri ,min
ln
fi
Ri ,max − Ri

(7)

In the traditional algorithm, when allocating reliability to the gear
transmission system of high-speed train, the index factors that need
to be considered for the feasibility factor of improving unit reliability
include: importance, standardization, technology maturity, and maintainability. After establishing the reliability allocation model and carrying out the reliability allocation based on the cost function of the
high-speed train gear transmission system, the final reliability allocation results for the gear box, bearings, gears and lubricating oil are
basically at the same level.
However, for the gear transmission system of high-speed trains,
different components have individual differences and differences in
quantity, and such allocation is obviously not very reasonable. The
gear case is a non-repairable component in the gear transmission system and has a service life of up to 20 years at the design stage. In
the reliability design stage of the system, it is difficult to improve
the reliability of the existing reliability level. Bearings and gears are
repairable parts. In the design stage, due to their good maintainability,
in terms of service life, the service life of bearings is 4 million km per
vehicle, and the service life of gears is 9 million km per vehicle, and
it is much shorter compared with the gearbox body. Lubricating oil is
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Fig. 5. Improved cost function curve variation diagram

Fig. 4. Reliability allocation results based on cost function

the easiest component to maintain. The adjustment range of reliability
is in a large space. How to determine its reliability, in terms of system
cost, could be flexibly controlled to meet the actual supply of human
and material resources.
In AGREE allocation method, although the allocation process is
an unconstrained allocation process, in the process of considering the
influence of reliability allocation, the main factors considered are the
importance and complexity of components in the system. In the gear
transmission system of high-speed train, the complexity has a very
important influence on the reliability allocation of the system due to
the difference in the design life of the components and the number of
component levels.
Therefore, based on the above considerations, the traditional threeparameter cost function fi is improved. The indicators considered
in the feasibility factor of improving unit reliability are due to importance, technology maturity, standardization, and maintainability.
Combined with the AGERR allocation method the complexity factors
that affect the system reliability allocation, the feasibility factor fi
was improved, and a new feasibility factor fi , new was obtained:
fi , new =K i ⋅ fi

(8)

where Ki is the complexity of the ith unit.
After the improved feasibility factor was obtained, it was substituted into the three-parameter cost function to obtain a new improved
cost function:
ci ( Ri ) =

Ri ,max − Ri ,min
1
ln
fi , new
Ri ,max − Ri

(9)

For the improved cost function, curve fitting is performed on its
function, and the fitting curve graph is shown in figure 5.
From this figure, it could be seen that the improved cost function
has the following characteristics:
(1) The cost is the nonlinear growth of the reliability of parts and
components;
(2) As shown in the figure, when the highest reliability is infinite,
the cost to be paid is infinite.
(3) When the required reliability is higher, the required cost increases faster.
The above characteristics show that the improved cost function
conforms to the nature of the cost function proposed by Winterbottom
and Dale.
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In the following reliability allocation model, the improved cost
function is used as the objective function to establish the model,
which provides a better solution strategy for the reliability optimization allocation method.

4.2. Improved cost function reliability optimization allocation algorithm
For the high-speed train gear transmission system, in order to better
compare the improved reliability allocation results with the traditional
reliability optimization allocation model based on cost function, to
observe the allocation effect of the improved algorithm. In the improved algorithm, the original hypothesis is kept unchanged, that is,
the components in the gear transmission system of the high-speed
train are all connected in series, and the reliability index of the system
is R0 =0.9. It is assumed that the component levels of the system are
independent failure correlations. The reliability structure function of
the system is:
Rsys = R1 × R2 × R3 × R4

(10)

The first step is to determine the complexity of each component in
the gear transmission system based on the index factors (importance,
technology maturity, standardization, and maintainability) in the traditional cost function. Since the AGREE algorithm is an unconstrained
allocation method that only considers the importance and complexity, it takes into account the individual differences of components in
the allocation process. In this algorithm, the complexity evaluation
method in the AGREE algorithm is adopted, that is, the subsystem
complexity Ki is defined as the ratio of the number of components
included in the subsystem to the total number of system components:
Ki =

ni

m

∑ ni

(11)

i =1

where ni is the number of parts included in the ith subsystem; m is
the number of subsystems in the system.
The second step is to establish the traditional nonlinear programming model based on the cost function according to the fourth chapter. Based on the traditional nonlinear programming model of the cost
function, the prototype of the nonlinear programming model of the
improved cost function is established. The model basis is established
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for the improvement of the three-parameter cost function in the next
step:
4
4 1
Ri ,max − Ri ,min

min C = ∑ ci ( Ri )= ∑ ln
Ri ,max − Ri
i =1
i =1 f i


=
×
×
×
≥
.
.
s
t
R
R
R
R
R

1
2
3
4 R0
sys

 Ri ,min ≤ Ri ≤ Ri ,max , i = 1, 2,3, 4.



(12)

The third step is to improve and optimize the feasibility factor of
the traditional three-parameter cost function. In order to comprehensively consider the complexity of the component level in the reliability allocation model, the feasibility factor is modified by factor, and
the complexity is weighted to obtain the modified feasibility factor.
The improved formula is formula (8):
(8)

fi , new =Ki ⋅ fi , i = 1, 2,3, 4

The fourth step, the improved three-parameter cost function is returned to the nonlinear programming model in the second step to obtain an improved reliability optimal allocation model. The improved
reliability optimization allocation model is:
4
4
Ri ,max − Ri ,min

1
ln
min C = ∑ ci ( Ri )= ∑
f
Ri ,max − Ri
i =1
i =1 i.new


 s.t.Rsys = R1 × R2 × R3 × R4 ≥ R0

 Ri ,min ≤ Ri ≤ Ri ,max , i = 1, 2,3, 4.



(13)

optimal solution of the model, which is the reliability optimization
allocation strategy after the improved algorithm.
The following figure is the algorithm flow chart of reliability optimization allocation method based on improved cost function.

4.3. Improved nonlinear programming model solution

Through K-T conditions, the improved model could be transformed
into:
4
4
Ri ,max − Ri ,min

1
ln
min C = ∑ ci ( Ri )= ∑
f
Ri ,max − Ri
i =1
i =1 i.new


 s.t.Rsys = R1 × R2 × R3 × R4 = R0

 Ri ,min ≤ Ri ≤ Ri ,max , i = 1, 2,3, 4.



(14)

The fifth step is to solve the reliability allocation model based on
the improved cost function iteratively, and finally obtain the global
Table. 1.

Fig. 6. Algorithm flow chart of reliability optimization allocation method
based on improved cost function

In the gear transmission system of high-speed train, the reliability
optimization allocation method based on improved cost function is
applied. According to the operation instruction of the gear transmission system of CRH6 high-speed train set, the index factors in the cost
function are determined in table 1:
The above rating scale is substituted into the reliability allocation
model built by the improved cost function, using the augmented Lagrange multiplier algorithm to solve, after many iterations, when the
system achieves the global optimal solutions, which reached the minimum total cost, reliability allocation value at this time is for us to get
the high-speed train gear transmission system reliability allocation
policy. Table 2 shows the reliability allocation process obtained by
Lagrange multiplier algorithm.

CRH6 high speed train gear transmission system expert rating distribution table

Components and parts

Important degree

Complex rate

Technology maturity

Standardization level

Bearing

10.000

0.421

9.000

6.000

Lube oil

10.000

0.263

Gear box body
Gear

10.000

10.000

0.105

9.000

0.211

9.000

10.000

10.000

9.000

10.000

Table. 1. CRH6 high speed train gear transmission system expert rating distribution table (Continued)
Components and parts

Maintainability

Current reliability

Maximum reliability

Bearing

8.000

0.900

0.999

Gear box body
Gear

Lube oil

7.000

8.000

10.000

0.900

0.900

0.800

0.999

0.999

0.999
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Table 2. Reliability distribution process table based on improved cost function
Iterations

Gear box body

1

0.99900

0
2
3
4
5
6
7

13

14

15

16

17

18

0.90489

48.83351

0.90000

0.94950

0.99900

0.99900

0.94863

0.95562
0.96105
0.93706
0.95047
0.96260

0.94294

12

Total cost

0.90000

9

11

Lube oil

0.90000

Gear box body

10

Gear

0.90000

Iterations
8

Bearing

0.99900
0.99900
0.98702
0.98690
0.98718
0.98771
Bearing

0.99900
0.97958
0.98110
0.98949
0.95946
0.95215
Gear

0.96122
0.96595
0.98247
0.99900
0.99350

0.94360

0.98868

0.97622

0.98819

0.94869

0.94979

0.95060

0.95115

0.95124

0.95112

0.95107

0.98911

0.98869

0.98807

0.98727

0.98667

0.98652

0.98654

0.97518

0.97591

0.97646

0.97680

0.97700

0.97700

0.97693

0.97691

38.57092
33.61079
31.88384

30.54130

0.99303

0.98921

31.46476

0.99030

0.96386

0.94738

31.18541

Total cost

0.98764

0.97519

36.25966

Lube oil

0.95144

0.98820

89.10351

0.98477

0.98277

0.98150

0.98095

0.98097

0.98148

0.98181

0.98186

30.85172

30.22352

30.14179

30.10544

30.08462

30.06794

30.06013

30.05912

30.05910

30.05910

and the low value of reliability allocation, once
on the high reliability allocation values, you need
to pay fees, costs on the economic front, but for
now have the technology is also a huge challenge,
therefore, in this chapter, the reliability of the proposed optimization allocation strategy. It weakens
the reliability allocation value of non-maintainable
and less structural parts such as gearbox.
Bearing, gear and lubricating oil are maintainable parts with short design life, so the d allocation
effect obtained in the improved reliability allocation model is not much different from that of the
traditional reliability allocation algorithm.

4.5. Analysis of results of three models
In this study, reliability allocation strategies for
high-speed train gear transmission system are carried out under three methods, namely, AGREE allocation method (hereinafter referred to as method
1), reliability allocation method based on cost
function (hereinafter referred to as method 2) and
improved cost function allocation method (hereinafter referred to as method 3). The reliability allocation strategies obtained by the three methods are
different. The following table compares the reliability allocation results of the three methods under
the same initial system reliability conditions.
In the reliability allocation using these three
algorithms, the calculation results are substituted
into the three-parameter cost function, and the
cost of using method 1 is 9.852, using method 2 is
6.340, using method 3 is 30.059. As the gearbox is
an unmaintainable part in the service of high-speed
train, it has little space for improvement and is difficult in the reliability design stage of the gearbox.
Therefore, the reliability of the gearbox itself is set
low in the example, which leads to the high cost in
the calculation example after adding complexity.
As could be seen from table 3, method 1 has a
certain optimization effect on the reliability redistribution of the system. However, in terms of reliability improvement, it has a poor effect on both
reliability improvement and cost reduction due to
the few factors it considers. In the method 2, on

In the process of solving the model, the global optimal solution is
obtained in the 18th iteration. Therefore, the 18th iteration is regarded
as the final value of the reliability allocation, which is the reliability
allocation strategy of all parts of the gear transmission system of highspeed train. The reliability of gearbox was increased from 0.90000 to
0.95107, with an increase of 5.107%. The gear reliability increased
from 0.90000 to 0.98654, with an increase of 8.65%. Bearing reliability increased from 0.90000 to 0.97691, with an increase of 7.96%.
The reliability of lubricating oil was improved from 0.8000 to 0.9819,
with an increase of 8.19%. The overall reliability is 0.9000 from the
original 0.5832, while the cost is controlled at 30.06.

4.4. Analysis of model solution results
Based on the improved cost function, it could be seen that the reliability allocation of the gearbox has been greatly weakened. The main
reason for its weakening is that the gear box is designed to serve for a
long time and it is an unrepairable part. Because the domestic production of gear box is still in the immature stage, so the use of imported
gear box, its own comprehensive maintenance is low, but the degree
of standardization is high, the technology is more mature. In its initial
reliability design stage, it has high reliability requirements. Based on
the principle of reliability allocation, not on the allocation of products
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Fig. 7. Reliability distribution result graph based on improved cost function

the premise of fully considering the total cost of the system and the
four factors affecting system reliability improvement, the reliability
of each unit of the system is greatly improved through the traditional
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lifting effect of the other three components (bearing,
gear and lubricating oil) is not good.
2) Based on the reliability optimization method of
method 3
cost function, a reliability allocation scheme is ob0.95107
tained in which all four components are promoted to
the same level. But the complexity of the actual parts
0.98654
is not taken into account.
3) When there is little difference in other conditions
0.97691
of components and the maintainability varies greatly
0.98186
on the premise of fully considering the complexity
of components, the improved cost function reliability optimization allocation method could effectively
improve the reliability of components in the reliability design
stage and provide security guarantee for subsequent production and service. This method could be used effectively under
reasonable technical conditions and cost conditions, and it has
important guiding significance to improve the reliability of
mechanical system components with high service importance
and high replacement cost during service.

Table 3. Three methods are used to compare the allocation results of system reliability
Components and parts

Original reliability
of parts

method 1

method 2

Bearing

0.90000

0.82645

0.97164

Gear box body
Gear

Lube oil

0.90000

0.90000

0.80000

0.95599

0.91206
0.89068

0.97321

0.97528
0.97589

cost function constraint, which also meets the actual production demand and greatly reduces the cost. Method 3 combines AGREE method and the cost function constraint optimization method, and adds the
complexity factor in AGREE algorithm on the premise of considering the importance, technology maturity, standardization degree and
maintainability, then carries out reliability optimization allocation by
improving the feasibility of subsystem reliability. Compared with the
previous two methods, the final reliability optimization allocation results are significantly improved. Although there is an obvious increase
in cost, the algorithm is carried out under the constraint condition of
the minimum cost target. Therefore, compared with the extent of reliability improvement, the cost of upgrading key service components in
high-speed trains is still within a reasonable range. Thus, fluctuations
in the cost remain acceptable.
On the basis of the above, method 2and method 3 are further analyzed. The allocation strategy of method 2 and method 3 are obviously
better than the allocation strategy of method 1. In the comparison of
method 2 and method 3, for the convenience of comparison, the improvement degree of the reliability allocation strategy obtained by
each method is calculated.
Table 4. Comparison of reliability improvement degree between two nonlinear programming methods
Components and
parts

Method 2: Improve the
degree

Method 2: Improve the
degree

Bearing

7.960%

8.650%

Lube oil

8.420%

8.190%

Gear box body
Gear

8.140%

8.360%

5.107%

7.960%

According to the analysis of the improved nonlinear programming
model, it could be seen that it is very difficult to improve the reliability of the gear box. Therefore, method 3 is closer to the actual state of
the gear transmission system of high-speed train at the cost of slightly
abandoning some other reliability, and has a more scientific planning
for the reliability allocation of the system.
In the stage of reliability design, limited to the design of components and other feasible costs, the allocation of reliability of mechanical system does not reach the optimal condition under existing conditions. The following conclusions are based on the condition that each
component is unrelated and could not fail in the system:
1) Optimization is carried out through the AGREE algorithm.
Based on the simplicity of the AGREE algorithm, the reliability of parts with low complexity will be improved more. The

5. Conclusion
In this paper, the reliability optimization allocation algorithm based
on the traditional cost function is improved, and a new index factor is added to the feasibility factor of improving the reliability of
components in the cost function. By considering the individual differences among components, the objective function -- three-parameter
cost function in the nonlinear programming model is redefined. In
the AGREE allocation method, the allocation process is a top-down
unconstrained allocation process, which is a method with poor system
reliability constraints. In the traditional cost function, considering the
optimization of the feasibility factor of its three-parameter cost function, in the actual allocation process, by considering the individual
differences and quantity differences between components, the improved algorithm proposed in this paper is effective in the allocation
results: the gear box is increased by 5.107%; the bearing is increased
by 8.650%; the gear is increased by 7.960%; and the lubricating oil is
increased by 8.190%. Compared with the AGREE algorithm, the improved algorithm applies the nonlinear programming method, which
plays a good role in maintaining the system reliability in the process
of reliability allocation. Compared with the traditional reliability allocation method based on the cost function, adding after reducing the
complexity and fully considering the characteristics of the components, the increase in the reliability of the gear box has been reduced
by 3%, and the reliability of bearings, gears and lubricants oil has
been improved by about 1%. Component-level reliability allocation
proposes a more scientific allocation method. It is of great guiding
significance to the assignment work in the reliability design stage of
high-speed train gear transmission system.
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Abstract

• The operating torque load is used to simulate the The contribution deals with the influence of the operating loading on the flow characteristics of the hydraulic pump under laboratory conditions. In the test, a new toothed hydraureal operation of hydraulic circuits.
lic pump and hydraulic oil with kinematic viscosity at 40°C, ν = 64.2 mm2.s-1 were used.
• The laboratory testing simulated the operational
The operational loading was measured during the most difficult agrotechnical operation –
loading for 200 hours.
ploughing, at which the loading of the hydraulic pump is the greatest. Laboratory testing
• The flow rate increases for 150 hours.
was determined for 200 hours, and the flow characteristics had been detected at 50 hours
intervals. Measurement of the flow characteristics was performed at rated speed n = 1,000
rpm. Measurement of the flow characteristics was carried out in dependence on the loading
pressure from p = 0 MPa to p = 20 MPa. When p = 0 MPa, the value reached n = 91.70%
and when p = 20 MPa, n = 86.68%. Running-in of the hydraulic pump lasted 150 hours, with
an increase of the flow characteristics Δηvol = 1.36% (p = 10 MPa) compared to the initial
state. After working for 200 hours, the flow rate of the hydraulic pump decreases compared
to 150 hours.
Keywords
This is an open access article under the CC BY license hydraulics, hydraulic device, flow efficiency
(https://creativecommons.org/licenses/by/4.0/)

1. Introduction
Hydraulic circuits have the major impact on the operation of tractors. The flow efficiency of the hydraulic pump significantly influences the efficiency of the tractor and auxiliary equipment. The purpose of this paper is to monitor the impact of difficult agrotechnical
operation (ploughing) on performance of the hydraulic pump under
laboratory condition. Hydraulic pump is a type of hydraulic machine,
according to [17] and as like a transmission system, have an extensive
use in agricultural technology due to its wide design capabilities, high
efficiency in power transmission and speed regulation. The laboratory testing was carried out on the experimental laboratory equipment
constructed at the Department of Transport and Handling, Faculty of
Engineering, SUA in Nitra. Hydraulic equipment is widely used in
powerful mechanisms of agricultural and forest machines as well as in

many other areas. The development of the modern hydraulic components is aimed at increasing of transmitted power, reducing the energy
intensity, minimizing the environmental pollution and increasing the
technical life and machine reliability [4].
By simulating load conditions such as temperature change, constant or operating pressure change, flow change, degradation of operating fluids, which can be precisely defined on the basis of the physicochemical properties of liquids, occur [13]. Because of this, they
use accelerated hydraulic components and fluids testing in laboratory
conditions to simulate operational conditions, usually specified by a
standard [21].
Universal tractor transmission oils (UTTO) are developed for hydraulic and transmission systems of agricultural tractors [27]. These
fluids provide lubrication function in the gear box and transmission of
energy in the hydraulic system of the tractor [2].
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Hydraulic system is important part of agricultural tractors, which
are used to transfer power from internal combustion engine to attachments, and at the same time to control the tractor’s three-point hitch
[23]. Hydraulic pump, as one of the main parts of whole hydraulic
system, is used to convert mechanical energy into pressure energy [18,
25]. To prevent accidental failures or to prolong the technical service
life of hydraulic pump, methods of technical diagnostics are used [24].
The process life of hydraulic pump, as well as operational reliability, is
primarily affected by the process of operational loading [12].
To determine the technical service life and reliability, laboratory
tests of hydraulic pumps are used, which can be divided into:
–– constant torque loading,
–– torque loading with step torque,
–– moment loading with sinusoidal characteristics,
–– loading with transient torque changes,
–– load with operating torque.
The operating torque load is used to simulate the real operation of
agricultural tractor’s hydraulic circuits. When simulating the load, it is
appropriate to use the loading characteristics of the hydraulic circuits
under the most difficult operating conditions, which is, in case of agricultural tractors, ploughing [26]. To simulate the operating conditions,
it is advisable to use an electro-hydraulic proportional valve.
For the technical diagnostics of hydraulic pumps, it is necessary
to monitor the flow characteristics changes, and the flow efficiency
calculated from those characteristics [16]. The flow efficiency of the
hydraulic pump determines its technical service life and operational
reliability [20].
The importance of technical diagnostics of hydraulic pump lies in
the monitoring of flow characteristics, which can be considered as
predictive maintenance of hydraulic pumps [10]. A decrease in flow
characteristics signals a fault [29]. An important parameter in evaluating the flow characteristics of a hydraulic pump is the dynamic viscosity, which can significantly change flow efficiency [28].
It is possible to simulate real operating conditions by laboratory
tests, in which the load on operating torque is used. The importance of
the laboratory test mentioned in the presented paper lies in the prediction of the hydraulic circuit operation’s, based on real working conditions [22].
In the presented paper, a laboratory test of a universal fluid used
in the transmission-hydraulic circuits of agricultural tractors was performed. The conditions of the laboratory test are based on the operating conditions of the hydraulic pump load. During the test, the influence of the operating load on the flow characteristics of the hydraulic
pump, which are the basic characteristics of the life of the hydraulic
pump, is monitored.
The importance of the laboratory test of the universal fluid is based
on the possibility of applying the tested universal oil in the transmission-hydraulic circuit of the tractor. Prior to the actual application, the
universal fluid is subjected to a laboratory test based on the operating conditions of the tractor’s hydraulic transmission circuit. In the
laboratory conditions, the operating conditions of the transmissionhydraulic circuit of the agricultural tractor are simulated. Simulation
of operating conditions allows laboratory tests to be performed under
constant conditions.
The total laboratory test time is set at 200 hours. During this time,
the hydraulic pump will be loaded with operating pressure. The pressure in the hydraulic circuit creates an electrohydraulic proportional
valve.

2. Materials and method
2.1. Laboratory testing – conditions
The determination of the laboratory conditions was based on the
loading characteristics of the hydraulic pump of the tractor. The
operational loading was measured during agrotechnical operation –
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ploughing. This characteristic defines the process loading of the hydraulic pump. Measurements of these characteristics were carried out
by placing the pressure sensor on the output of the hydraulic pump.
The measurements took 200 seconds. The characteristic is shown in
Fig. 1. From the measured data, we have established basic statistical
data (Table 1).
Table 1. Basic statistical data
Unit

Mean

Value

MPa

Standard Error

8.95025

MPa

0.22159

Mode

MPa

13.45

Sample Variance

MPa

Median

MPa

Standard Deviation

8.57

MPa

Kurtosis

Skewness

Range

MPa

Maximum

MPa

Minimum

3.13372

9.82023
-1.1222

0.09475
10.54

MPa

Count

3.57

14.11
200

Confidence Level (95.0%)

0.43696

Fig. 1. Operational characteristics of the loading of the hydraulic pump
Table 2. Technical data of the hydraulic pump
Parameters

Geometric volume
Operating speed
Admission pressure
Discharge pressure

Unit
3

dm

Amount

17.39E10-3

nominal

rpm

maximum

rpm

3,200

MPa

0.05

minimum

rpm

minimum

MPa

minimum

MPa

maximum
maximum

MPa

1,500
350

-0.03
31
32

From this characteristic, the loop was created and an electro-hydraulic proportional valve (EHPV) was programmed for experimental
laboratory device (Fig. 2). Technical data of hydraulic pump are given
in Table 2.

Eksploatacja i Niezawodnosc – Maintenance and Reliability Vol. 24, No. 3, 2022

A)

Table 3. Oil specification

Density at 15°C

Properties

Kinematic viscosity at 40°C

Kinematic viscosity at 100°C
Flash point

Unit

kg.m-3

-2

Amount
875

mm.s

58.9

°C

−36

-2

mm.s

Pour point

°C

10.2
210

(6) electronically. To monitor operational level, the hydraulic circuit
is equipped with temperature sensors (9), (19), (20), pressure sensors
(5), (10), (22) and the flow rate sensor (8). The hydraulic circuit is
also equipped with a pressure accumulator (13) to dampen pressure
flushes. The accumulator is turned on by throttle valve (12). Reaching
of operational temperature or simulating of higher thermal loading of
selected power carriers is done by an isolated reducing valve (14) that
is controlled via three-way valve (7). The tank (18) is equipped with
the inlet filter (20), as well as the outlet filter (16). To maintain the required operational temperature, the hydraulic circuit is equipped with
a cooler (17). The electro-hydraulic valve (12) in the hydraulic circuit
cyclically applies the loading on the gear of the hydraulic pump (1).
Proportional throttle valve was used by [7]. Synthetic universal tractor
oil (UTTO type), made on mineral base oils and SAE 80W viscosity
class, and was applied in the hydraulic circuit. The basic technical
data is shown in Table 3.
[9] defines hydraulic pump with external gear mechanism comprises two gears (driving and driven wheel) with involute gears. The
liquid is transferred from the suction branch to the displacement, the
amount of the displaced liquid being dependent on the geometric volume determining the pumped volume of the liquid per revolution of
the hydraulic pump. The overall efficiency of the hydraulic pump varies according to [19] in the range of 0.8 to 0.95, with an increased
level of noise caused by pressure peaks, compression of the fluid during the rotation of the sprockets of the hydraulic pump.

B)

2.2. Conditions for measuring of the flow characteristics
Measurement of the flow characteristics was performed with experimental laboratory device (Fig. 2) every 50 hours. While measured,
the oil temperature was 40° C, in accordance with ISO 8217: 2012.
Measurement of the flow characteristics was carried out according to the loading pressure of p = 0 MPa, p = 20 MPa, at intervals of
p = 5 MPa. Measurement of the flow characteristics was performed at
nominal speed of the generator n = 1,500 rpm.

2.3. Rating of the dynamic viscosity

Fig. 2. Scheme of the experimental laboratory testing device: (A – Hydraulic
circuit, B – Control and assessment circuit, 1 – hydraulic pump, 2 –
coupler, 3 – electric motor, 4 – frequency converter, 5 – pressure sensor,
6 – electric pressure sensor, 7 – three-way valve, 8 – flow rate sensor,
9 – temperature sensor, 10 – pressure sensor, 11 – electro-hydraulic
proportional valve, 12 – throttle valve, 13 – pressure accumulator, 14
– reducing valve, 15 – pressure valve, 16, 20 – filter, 17 – cooler, 18 –
tank, 19, 20 – temperature sensor, 22 – pressure sensor)

The laboratory testing device is powered by an electric motor (3)
that is connected to the frequency converter (4), in order to achieve
constant speed. The hydraulic circuit is secured against overloading
by pressure valve (15) mechanically and by electric pressure valve

Brookfield D2VT viscometer was used to evaluate the dynamic
viscosity. the Julabo ED5 Circulation Thermostat was used to set the
stable temperature of ± 0.03°C. According to ISO 8217:2012 for lubricating and hydraulic fluids, the measurement of kinematic viscosity at 40°C was determined. For conversion to kinematic viscosity, the
Mettler Toledo DM40 laboratory grade in LiquiPhysicsTM Excellence
series was used. ISO 15380: 2011 sets upper respectively lower limit
of the kinematic viscosity change at 40°C by ± 20%.

3. Laboratory test results
Figure 3 shows the flow characteristics of the hydraulic pump in
dependence on the pressure by individual operating hours. According
to [6], the measurement of the flow characteristic is used to determine
the effect of the hydraulic fluid on durability of the hydraulic pump.
The decrease of the flow characteristics of the hydraulic pump depends on the pressure drop at the hydraulic pump. According to [21]
the theoretical flow of the hydraulic pump is determined:
QT = VG .n = q f .2.π .n = q f .ω
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Fig. 5. Flow efficiency and increase of the flow efficiency at pressure
p = 5 MPa

Fig. 3. Flow characteristics of the hydraulic pump

Then the actual flow of the liquid depends on the kinematic viscosity and the pressure gradient:
QR = QT − QL = QT −

V .( p − pv )
VG .∆p
= q f .ω.ηvol − G t
µ
µ

(2)

The pressure drop of the fluid with respect to pressure (Figure 3)
corresponds to the formula for determining the actual flow of the liquid (2). The dependence of the pressure drop on the fluid pressure was
found by [11]. They found approximately 20% pressure drop depending up the pressure, which corresponds to the data measured during
testing. Flow efficiency is reduced by spacing between the gears and
the wear of bearing blocks of the hydraulic pump. According to [14],
based on the geometry of the teeth spaces, the kinematic viscosity of
the oil, the predominant laminar flow, the flow losses are caused by
spacing between the gears and the hydraulic pump block and the teeth
tips depending on the pressure drop of the hydraulic pump. Based on
the Hagen-Poiseuille formula, the loss of the hydraulic pump depending on the pressure drop can be established [5]:
Q=

∆p b.h3.∆p
dV
= V .R 2 .
=
12.µ .l
dT
l

(3)

In the Fig 4 - 7 the flow efficiency is shown and the drops of the
flow rates depending on the individual pressures. Promising outcome
correlation R2 = 1 (in all measurements) was reached with the 4th
polynomial interpolation function:
y = a.x 4 + b.x3 + c.x 2 + d .x + f

Fig. 6. Flow efficiency and increase of the flow efficiency at pressure
p = 10 MPa

As we can see on the pictures, the lowest value of the flow efficiency was found at the beginning of the laboratory test (0 hours). Individual flow rate detection was detected at different pressure values (p
= 0 MPa, p = 5 MPa, p = 10 MPa, p = 15 MPa, p = 20 MPa). From the
data, we can see the dependence of the decrease of the flow efficiency
of the hydraulic pump in correspondence on the loading pressure. At
the beginning of the laboratory testing, with pressure p = 0 MPa, the
flow efficiency was n = 90.48% and with p = 20 MPa, the value of the
flow efficiency is n = 84.04%. The flow rate increases for 150 hours.
When p = 0 MPa, the value reached n = 91.70% and when p = 20 MPa
it was n = 86.68%. After 200 hours of operation, the flow rate of the
hydraulic pump decreases compared to 150 hours operation.

(4)

Fig. 7. Flow efficiency and increase of the flow efficiency at pressure
p = 15 MPa
Fig. 4. Flow efficiency and increase of the flow efficiency at pressure
p = 0 MPa
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Fig. 8 shows tendency of the kinematic viscosity to change at 40°C
under laboratory condition. According to [15], kinematic viscosity is
one of the most important properties characterizing the lubricants and
their transport properties and is a criterion of internal friction of the
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4. Discussion

Fig. 8. Flow efficiency and increase of the flow efficiency at pressure
p = 20 MPa

fluid. At the same time, [8] states that the kinematic viscosity determines the flow tendency of the liquid to withstand flow.

3.1. Exclusion of the impact of the dynamic viscosity
changes
Based on formula (2) which determines the actual flow of the liquid depending on the dynamic viscosity, the theoretical flow of the
liquid was calculated. Based on determining the theoretical flow efficiency of the hydraulic pump, with depends on dynamic viscosity an
comparison with the calculated flow efficiency (calculated from the
measured values of flow characteristics – Figure 9) there is a minimal
effect of dynamic viscosity on changes in the flow rates of oil (Figure
10). The change of flow rate values occurs especially due to the pressure drop of the hydraulic pump.

Fig. 9. Theoretical flow rate depending up to dynamic viscosity changes

As can be seen from Fig. 3, by increasing loading, the flow of the
liquid (flow efficiency) decreases. The decreasing flow rate characteristics is linear and is caused by increasing loading of the bearing
blocks. Dobrota et al. [6] found that at the rated speed of the hydraulic
pump and the gradual increase of the loading by 20% of the maximum
pressure (after 80% loading of the hydraulic pump), the hydraulic
pump shows the drop of flow about 1.5%. This fact corresponds to the
data which had been found (Fig. 3). The influence of the increasing
loading on the decrease of the flow characteristics was published by
[1]. Decrease of the flow in dependence on the increasing pressure
results from formula (3).
From the point of view of the evaluation of the laboratory testing,
the value of the flow efficiency when p = 10 MPa is the most significant. This value approximates the mean value of the operational loading of the hydraulic pump shown in Fig. 1 (p = 8.95 MPa or median p
= 8.57 MPa). According to [6], the flow characteristics measurements
and the subsequent calculation of the flow rates are used to determine
the effect of the hydraulic fluid on durability of the hydraulic pump.
When pressure is p = 10 MPa (pressure gradient) and working time
is 0 hours, the flow rate achieved is ηvol = 91.22%. After 50 hours of
laboratory testing, there was an increase of the flow efficiency Δηvol =
1.06% from achieved value ηvol = 92.19%. After 150 hours, the flow
rate gradually increased compared to the initial state Δηvol = 1.36%
from achieved value ηvol = 92.46%. Increase of the flow efficiency
is caused by running-in of the hydraulic pump. The running-in of the
hydraulic pump is caused by the reduction of the spacing between the
bearing blocks of the hydraulic pump. After 200 hours, there was a
decrease of flow efficiency Δη = 0.70% compared to 150 hours, when
it achieved the value ηvol = 91.84%. It can be stated that after 150
hours the process of running-in of the hydraulic pump was terminated
and the hydraulic pump was operating in operation mode. According
to [17], the process of wearing and tearing is caused by the spacing between the gears and the hydraulic pump. After 200 hours, an
increase of the flow efficiency was observed compared to the start of
the laboratory testing when Δηvol = 0.68%. The increase was caused
by reducing the spacing between the bearing blocks of the hydraulic
pump. The decrease of kinematic viscosity after 200 hours of laboratory testing was Δν = 1.09%. This means that the limit value set by
ISO 15380: 2011 has not been reached. Rundo [21] found a change
of kinematic viscosity at 40°C on three samples of liquids Δν = 1 to
8%. The testing was determined for 90 hours on the basis of DIN
51562: 1999. Paeglis et al. [19] found a change of kinematic viscosity at 40°C in liquid samples when different additives were applied
Δν = 1.5 to 11.7%. Laboratory testing were determined for 96 hours.
Despite the various conditions of the liquid assay, it can be concluded
that similar changes in kinematic viscosity at 40°C were found, as
reported by [3].

5. Conclusion

Fig. 10. Actual (measured) flow efficiency

The laboratory testing simulated the operational loading of the hydraulic pump for 200 hours. During the testing, the influence of the
loading on the flow characteristics and hence the flow efficiency of
the hydraulic pump was monitored. Running-in of the hydraulic pump
lasted 150 hours, with an increase of the flow characteristics Δηvol
= 1.36% (p = 10 MPa) compared to the initial state. At same time,
dynamic viscosity (calculated from kinematic viscosity at 40°C) was
determined and its impact on the change in the flow efficiency of the
hydraulic pump was excluded. The minimal effect of changing of the
dynamic viscosity on the flow efficiency had been demonstrated. At
the same time, the loss of the hydraulic pump was demonstrated, depending on the pressure drop, based on the Hagen-Poiseuille relationship. The laboratory testing is used to determine the running-in of the
hydraulic pump based on operational loading, when running-in had
been demonstrated.
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Abstract

• Flexible hazard rate functions are considered as The stochastic modelling of degradation processes requires different characteristics to be
considered, such that it is possible to capture all the possible information about a phenomedrifts in the inverse Gaussian process.
non under study. An important characteristic is what is known as the drift in some stochastic
• Degradation trajectories are characterized by the
processes; specifically, the drift allows to obtain information about the growth degradahazard rate functions-based drifts.
tion rate of the characteristic of interest. In some phenomenon’s the growth rate cannot be
• Random effects are considered to individually considered as a constant parameter, which means that the rate may vary from trajectory to
characterize the degradation trajectories.
trajectory. Given this, it is important to study alternative strategies that allow to model this
• Illustrative case studies are analysed to demon- variation in the drift. In this paper, several hazard rate functions are integrated in the inverse
Gaussian process to describe its drift in the aims of individually characterize degradation
strate the capability of proposed models.
trajectories. The proposed modelling scheme is illustrated in two case studies, from which
the best fitting model is selected via information criteria, a discussion of the flexibility of the
proposed models is provided according to the obtained results.
Keywords
This is an open access article under the CC BY license inverse Gaussian process, hazard rate function, degradation rate, variable drift.
(https://creativecommons.org/licenses/by/4.0/)

1. Introduction
One of the main approaches that has been considered in the last
years for the reliability assessment of products and systems is based
on degradation models. This modelling approach considers characterizing the degradation trajectory of a performance characteristic such
that it is possible to extrapolate this trajectory to a critical level in
the aims of obtaining pseudo failure times, from which a reliability
assessment is performed. Degradation models based on stochastic
processes have been proved to be an efficient alternative to model
degradation processes as they consider the temporal uncertainty for
the evolution of the degradation trajectory [41]. Furthermore, these
models present different properties that are appealing to obtain reliability estimations [15, 21, 39].
Given different conditions of the products of interest and the experimental conditions, it results necessary to perform modifications
in the modelling schemes of degradation process. For stochastic proc-

esses, these conditions can be incorporated considering random effects, which are defined by considering that one parameter of the stochastic process is a random variable. The inclusion of random effects
is different for every stochastic process, e.g., for the gamma process, the scale parameter has been considered to integrate the random
effects [12, 22, 30–32]. For the Wiener process, different schemes
have been proposed in the literature to include random effects, these
schemes consider that only the drift, only the diffusion of the process are random variables, or both are random variables [14, 28, 29,
33]. As for the inverse Gaussian (IG) process, different schemes have
also been proposed that consider that only the drift or the shape are
random parameters or both are random [5, 15, 18, 19, 34, 38]. The
different schemes of inclusion of random effects in the different stochastic processes, generally obey to the visible characteristics of the
degradation trajectories. If it is observed that there is a large variation
of the degradation rates (variation between trajectories), then the drift

(*) Corresponding author.
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luis.mendez@uacj.mx, I.J.C. Pérez-Olguín (ORCID: 0000-0003-2445-0500): ivan.perez@uacj.mx, J.I. Hernández-Hernández
(ORCID: 0000-0003-3807-565X): israel.hernandez@uacj.mx
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of the stochastic process may be considered as a random variable to
account for this variation. On the other hand, if it is observed that
there is a large variation within the trajectories, i.e., the large variation
in the trajectory increments, then a parameter such as the diffusion in
the Wiener process may be considered to account for this variation.
Rodríguez-Picón [23] and Peng et al. [19] defined particular models
for this scenario under the gamma and IG process. Finally, if a large
variation between trajectories and within trajectories is noted, then
multiple parameters of the stochastic process may be considered as
random variables.
However, the behavior of the degradation trajectories may change
over time, beyond the previously discussed scenarios based on variation, as they are continuously monitored. This means that the consideration of random effects in the modelling does not allow to describe
the evolutive behavior of the degradation trajectories. Which means,
that if a certain parameter of a stochastic process is considered to be
random, this will not change the behavior of the trajectory, i.e., if a
trajectory is increasing then the inclusion of random effects will allow to account for the observed variation, but it will not account for
the drift change of the trajectory. Peng et al. [20] presented an IG
process with time-varying rates, they considered the mean function
of the IG process to model monotonic degradation rates by considering the Weibull hazard rate function. When the parameters of the
hazard rate are estimated then it is possible to note if the degradation rate is increasing, decreasing or constant. This is an important
characteristic, as it is possible to determine the behavior of the trajectories’ drift. On the other hand, probability distribution functions
(PDF) that have flexible hazard rates have received great attention in
the last years [2, 4, 7]. Several PDFs have been proposed in the literature to describe multiple hazard rate behaviors, such as increasing,
decreasing, constant, bathtub shape, upside down bathtub shape and
j-shape [10]. Hjorth [9] developed a distribution with increasing, decreasing, constant and bathtub-shaped hazard rate, the distribution is
intuitive to detect these types of hazard rates based on the parameters
of the distribution. SchÄbe [27] proposed lifetime distributions based
on the truncation of PDFs which allowed to construct distributions
with bathtub hazard rates. Xie and Lai [36] proposed a bathtub shaped
failure rate distribution based on the addition of two Weibull distributions. Xie et al. [37] proposed a generalization of the Weibull distribution to describe bathtub failure rates, one parameter of the proposed
distribution allows to define behaviors such as increasing, decreasing
and bathtub shape. Lai et al. [11] proposed a distribution which is
derived as a limiting case of the Beta Integrated Model and considered as a 3-parameter generalization of the Weibull distribution, this
distribution also allows to describe bathtub hazard rates depending
on the values of its parameters. Chen [6] also proposed a distribution
that can describe bathtub hazard rates but with only two parameters.
Dimitrakopoulou et al. [8] developed a three-parameter distribution
that in addition to the increasing, decreasing and bathtub shapes also
describes an upside-down bathtub shape. The Burr XII distribution
has also been identified as a flexible model that can describe various
forms of its hazard rate function [40]. Other distributions have been
proposed in the literature that describe diverse shapes of the hazard
rate functions. Although, as the number of parameters is high, the
hazard rate function results in complex forms. Such is the case of the
Beta-Weibull distribution [13], the exponentiated Weibull distribution
[17], models based on the sum of hazard rate functions such as the
exponentiated additive Weibull distribution [1], models that consist
in the combination of different distributions to define new modelling
capabilities [3, 25, 26].
Many manufactured products have complex characteristics and
properties, which may result in an irregular degrading behavior of
certain characteristic of interest. Based on this, the reliability modelling implies a complex task. In this paper, several flexible hazard rate
functions, such as the Hjorth, Lai modified, and modified Xie models,
are considered as the mean function of the IG process, this consideration allows to efficiently characterize the behavior of the degrada-

tion trajectories which may results in accurate reliability estimations.
Furthermore, random effects are considered in the modelling in the
aims of determining the behavior of each degradation trajectories according to the rules of every hazard rate function. As the hazard rate
functions are directly related to the mean of the IG process, this increases the complexity of the model, thus an estimation scheme based
on the MCMC Gibbs Sampling method is considered. The estimation
procedure is implemented in the OpenBUGS software. The proposed
models are compared with the IG-Weibull model proposed by Peng et
al. [20] in two case studies. From which a discussion about the capability and flexibility of the modelling approach is provided.
The rest of this paper is organized as follows: In Section 2, the proposed modelling scheme based on the IG process and flexible hazard
rates as drifts is presented and discussed. In Section 3, the estimation
method based on a Bayesian approach is presented. In section 4, we
present the considered case studies and the obtained results from the
implementation of the proposed modelling approach. In Section 5,
the discussion about the obtained results is presented, general insights
are provided for the interpretation of the proposed modelling scheme.
Finally, in Section 6 the conclusions are provided.

2. The inverse Gaussian process with hazard rate
functions-based drifts
The IG process is a non-monotone stochastic process that models
the behavior of a degradation process (X (t ); t > 0 ) over time (t )
and has the property that the increments ∆X ( t ) = X ( t + ∆t ) − X ( t )
follow an IG distribution f IG µ∆t ,η∆t 2 and the increments ∆X ( t )
are independent. The parameter µ > 0 represents the drift of the process, while η > 0 represents the shape parameter. Generally, this
model is adequate to characterize the behavior of degradation process
with additive and irreversible damages.

(

)

The PDF of X (t ) is defined based on the IG distribution as [19]:
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By considering that a degradation test is performed in a sample of
n simultaneously used homogeneous devices of interest, with the
consideration of (m ) degradation measurements per device. Then the
degradation measurements X i t j ; i = 1, 2,…, n, j = 1, 2,…, m , define
degradation trajectories for each i with j = 1, 2,…, m . Furthermore,
X i t j follow an IG distribution as defined in (1). Thus, the degrada-
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tion increments ∆X i t j = X i t j +1 − X i t j

( )

(

)

follow an IG distribu-

tion as ∆X i t j ~ f IG µ∆t j ,η∆t 2j .
Based on these characteristics and considering that the parameter μ
denotes the degradation rate. Then, it is possible to determine a particular parametric function to characterize the behavior of the degradation rate. One scenario result by considering that the rate is monotone
[20], then it is adequate to consider the Weibull hazard rate as:
 t 
µ (t ) = 

 αW 

βW

,

where, βW and αW are the shape and scale parameters of the Weibull
distribution, respectively. Thus, the degradation rate depends on the
estimated value of βW , i.e., when 0 < βW < 1 the rate is decreasing,
when βW = 1 the rate is constant and when βW > 1 the rate is increasing. Although, these three scenarios are adequate for some degradation process, other hazard rate functions can be considered as the IG
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drift to extend the flexibility of the model. For example, the
Hjorth hazard rate is defined as:
h (t ) = δ t +

θH
.
1 + βH t

(2)

(2 )

Different behaviors can be described from this hazard rate
[9], for example:
–– When, δ = β H = 0 ; the rate is constant.

–– When δ = 0 ; the rate is decreasing.

–– When δ ≥ θ H β H ; the rate is increasing.
–– When 0 < δ < θ H β H ; the rate has a bathtub shape.
On the other hand, the hazard rate function defined by Dimitrakopoulou et al. (2007) is denoted as:

(

h ( t ) = α D β D λDt β D −1 1 + λDt β D
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Again, different behaviors of the hazard rate can be described
depending on the values of certain parameters, for example,
–– When α D = β D = 1 ; the rate is constant.
–– When α D > 1 and β D ≥ 1 ; the rate is increasing.
–– When α D < 1 and β D ≤ 1 ; the rate is decreasing
–– When α D ≥ 1 and β D < 1 , and α D β D > 1 ; the rate has
a bathtub shape.
–– When α D ≤ 1 and β D > 1 , and α D β D < 1 ; the rate has
a unimodal shape.

Fig. 1. Behaviors of the hazard rates of different distributions

In addition to the previously discussed distributions, other
hazard rate functions along with their respective propierties are
presented in Table 1. Furthermore, in Figure 1 different scenarios of
the hazard rate are illustrated for every distribution under various values of the specific parameters. From this figure, it can be noted that
the hazard rate models are flexible to describe a diverse amount of
shapes.
The depicted behaviors of the hazard rates may be considered in
the drift of the IG process in the aims of extend the flexibility of the
Table 1. Hazard rate functions for different distributions
Distribution

Lai modified Weibull
Xie modified Weibull
SchÄbe
Chen distribution

Hazard rate

h (t ) = λL (β L + vt )t β L −1 exp (vt )
 t 
h (t ) = λ X β X 

αX 

β X −1

 t 
exp 

αX 

βX

1
1
h (t ) =
+
θ S (γ + t / θ S ) θ S (γ − t / θ S )

Thus, the model for a degradation trajectory will have a PDF as described in (1) by considering the relation in (4) as f (X (t )|µh ,η , t ).
It should be noted that for some of the previously discussed PDFs
in Table 1, the form of the hazard rate depends only on one parameter,
then the estimation of this parameter may indicate the behavior of
the IG drift. As in a degradation test, a total of n trajectories are expected to be observed, each one of this may have a specific behavior.
Thus, random effects may be considered in the hazard rate with the objective of estimating the hazard
rate parameter that defines the behavior of the drift
Properties
for every trajectory. For example, by considering the
Xie modified Weibull model as the IG drift:
β ≥ 1; increasing
L

0 < β L < 1 ; bathtub
β X ≥ 1; increasing

0 < β X < 1 ; bathtub

( )

h (t ) = λC βC t βC −1 exp t βC

stochastic process. Thus, it is considered that for the IG process the
drift is defined as:

γ < 1 ; bathtub

γ ≥ 1 ; increasing
βC < 1; Bathtub

βC ≥ 1 ; increasing

(
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.

Then β X may be considered as a random effects
parameter as β X i with PDF β X i ~ f β X i |aβ X , bβ X
. This parameter will be estimated for each trajectory i = 1, 2,…, n , which will allow to determine the
shape of the drift individually. Then, the degradation
model based on the IG process with the Xie modified
Weibull hazard rate function-based drift and random
effects has the following PDF:
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The model in (5) can be modified for any hazard rate in Table 1
or the models described in (2) and (3). In general, the model for any
hazard rate function h (t ) = µh (t ) with random effects results in:
∞

f (X (t )|η , µh (t ),θ1,θ 2 , t ) = ∫ f (X (t )|µh (t ),η , t ) f (Ri |θ1,θ 2 )dRi ,    (6)
0

where, Ri represents a parameter from µh (t ) that is selected to be
random. On the other hand, θ1 and θ 2 represent the parameters of the
PDF that describes Ri .

3. The estimation of parameters
The model presented in (6) results in a quite complex form with
no analytical expression. Indeed, the complexity of the model may
increase depending on the selected hazard rate function for drift of the
IG process. Despite the complexity of the model, it considers an important aspect that allows to adapt the drift of the process. On the other hand, it is of interest to estimate the parameters (η , µh (t ),θ1,θ 2 )
to assess the fitting of the model for specific degradation datasets.
However, the classical estimation methods may result quite complicated to implement. Based on this, in this paper, a Bayesian estimation
approach based on the Gibbs sampler and the Markov Chain Monte
Carlo method is considered. This method has been found to be appropriate to estimate the parameters of complex functions given that
it allows to sample from a desired distribution, such as the one in
(6), to obtain consistent estimators of the parameters of interest [16].
Furthermore, the implementation of this method is relatively straightforward as there are several specialized open software’s, which allow
to implement complex function for estimation purposes. Specifically,
the OpenBUGS software is considered to estimate the function in (6)
under different scenarios of the hazard rate functions.
In general, non-informative prior distributions are considered for
all the parameters of interest. Specifically, for η , the non-informative
prior is a gamma distribution as fη aη , bη . As µh (t ) may have
different parametrizations, in general for all the possible combination
of parameters, non-informative gamma distributions are considered.
For example, for the Xie modified Weibull hazard rate, it is considered that the non-informative gamma distributions are defined as
f λ X aλ X , bλ X and fα X aα X , bα X . Finally, for the selected random effects parameter Ri , the non-informative gamma distributions
for its parameters are considered as fθ1 aθ1 , bθ1 and fθ2 aθ2 , bθ2 .
On the other hand, considering that degradation measurements
∆X i t j have been observed for i = 1, 2,…, n and j = 1, 2,…, m .
Then, the likelihood function for the distribution of interest with random effects results in:
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(θ 2 ) × f µh (t ) ( µh ( t ) ) × L ( ∆X i ( t j )|η , µh ( t ) ,θ1,θ 2 ) ,

(9)
where, f µ (t ) (µh (t )) may represent a set of prior distributions, deh
pending
on the selected hazard rate function. While the posterior dis(6 )
tribution for a model with no random effects is defined as:

(

( )) ∝ fη (η ) × f µ (t ) ( µh (t )) × L ( ∆X i (t j )|η , µh (t ) ,θ1,θ2 ).

p η , µh ( t ) |∆X i t j

h

(10)
Again, f µ (t ) (µh (t )) represents a set of prior distributions deh
pending on the selected hazard rate function. These posterior distributions are considered to implement the MCMC Gibbs sampler in
OpenBUGS to obtain estimations of the parameters of interest. Specifically, a total of 70,000 iterations were considered for estimation
purposes and 20,000 iterations for burn-in purposes. An example of
the developed estimation code in OpenBUGS is presented as follows
for the IG process with the Hjorth hazard rate and δ as a random
parameter.
model {
for (i in 1:N)
{
delta[i] ~ dgamma(shape, scale)
for(j in 1:M-1)
{
x[i,j] ~ dinv.gauss(miu.u[i,j], eta.u[i,j])
eta.u[i,j] <- eta.su * (pow(ts.u[i,j], 2))
miu.u[i,j]<- ( (delta[i]*t[j+1])+( theta/(1+(beta*t[j+1])) ) ) - (
(delta[i]*t[j])+( theta/(1+(beta*t[j])) ) )
ts.u[i,j]<- ( t[j+1] - t[j])
}
}
shape ~ dgamma(1, 0.001)
scale ~ dgamma(1, 0.001)
theta ~ dgamma(0.1, 0.001)
beta ~ dgamma(0.1, 0.001)
eta.su ~ dgamma(0.1, 0.001)
}

4. Analysis of the considered case studies
Two cases studies are considered to illustrate the applicability of
the proposed modelling approach. Several schemes of the discussed
hazard rates are considered to describe the drift of the IG process.
Furthermore, the parameters estimation approach based on the Bayesian method is implemented in OpenBUGS for all the models, and
the performance for each scenario is compared based on the deviance
information criterion (DIC), which is defined as:

If random effects are not considered in the hazard rate for the IG
process, then the parameters of interest are (η , µh (t )), and the likelihood function is defined as:
L ∆X i t j |η , µh ( t ) = ∏∏ f ∆X i t j |µh ( t ) ,η .

1

)

()

m
n 

L ∆X i t j |η , µh ( t ) ,θ1,θ 2 = ∏  f ( Ri |θ1,θ 2 ) ∏ f ∆X i t j |µh ( t ) ,η
j =1
i =1 


(

p η , µh ( t ) ,θ1,θ 2 |∆X i t j

(8)

Considering the likelihood function in (7) and the previously described non-informative distributions. Then, assuming that the effects
are independent, the posterior distribution with random effects is defined as:

( ( ))

DIC = −2log L X|ξˆ + 2 pDIC ,
where, ξˆ represents a set of parameters of interest, and pDIC is an
estimate of the effective number of parameters, which is obtained
as the difference between the posterior mean deviance denoted as
D X|ξˆ = E −2log (L (X|ξ ))|X and the deviance at the posterior
mean of ξˆ , denoted as D X|ξˆ = −2log L X|ξˆ .

( ) (

)

( )

( ( ))

( ) ( )

pDIC = D X|ξˆ − D X|ξˆ .
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For the two case studies, the next hazard rate functions were considered: Weibull (αW , βW ) , Hjorth (δ ,θ H , β H ) , Dimitrakopoulou (α D , β D , λD ) , Lai modified Weibull (λL , β L , v ) , Xie modified
Weibull (λ X , β X ,α X ) and Chen (λC , βC ) . Random effects were
considered for some of these hazard rate functions; in the case of the
Weibull distribution the shape parameter βW i was considered to be
random following a gamma distribution with shape parameter aβW i
and scale parameter bβW i . For the Hjorth rate, the parameter δ i was
considered to be random following a gamma distribution with shape
parameter aδi and scale parameter bδi . While, for the Dimitrakopoulou rate the parameter α Di was considered to be random following a
gamma distribution with shape parameter aα Di and scale parameter
bα Di . All the considered models are enlisted as follows:

(

( )

)

1. The simple IG process denoted as ∆X i t j ~ IG µ∆t j ,η∆t 2j .
2. The IG process with Weibull drift as:
 t j +1 
∆X i t j ~ IG µh ∆t j ,η∆t 2j , µh ∆t j = 

 αW 

(

( )

)

βW

 tj 
−

 αW 

βW

.

from 0.1 hundred thousand cycles to 0.9 hundred thousand cycles, to
study the propagation of a fracture as a measure of the cracks’ length
increase in millimeters (mm). Degradation measurements X i t j
were obtained for i = 1, 2,…,10 devices at j = 0,1,…,10 . From these
measurements the cumulative degradation trajectories can be characterized as illustrated in Figure 2. As reported by Rodríguez-Picón et
al. [24], the critical level of degradation is determined to be 0.4 mm.
The crack of two devices reached this critical level at the end of the
degradation test. It can be noted from Figure 2, that there is a great
variation in the behavior of the degradation trajectories, which enables to consider different approaches to model these trajectories. The
ten models previously enlisted were implemented to this degradation
dataset. For this, the Bayesian estimation approach described in Section 3 was considered. In Table 1, the estimations of all the parameters
for all the scenarios are presented. Furthermore, the standard deviation (SD) and Monte Carlo (MC) error are provided along with the
p0.025 , p0.5 , p0.975 percentiles. It can be noted that for the models
with random effects, the estimations of the parameter defined as random are provided according to the number of trajectories.

()

3. The IG process with Weibull drift and random effects (IG-WRE) as:

( )

∆X i t j ~ IG

(

µh ∆t j ,η∆t 2j

)

 t j +1 
, µh ∆t j = 

 αW 

βW i

 tj 
−

 αW 

(

βW i

,

)

with a gamma distribution for βW i ~ f aβW i , bβW i .
4. The IG process with Hjorth drift (IG-H) denoted as

(

( )

)

∆X i t j ~ IG µh ∆t j ,η∆t 2j , µh ∆t j = δ t j +1 +

θH
θH
−δt j +
.
1 + β H t j +1
1 + βH t j

5. The IG process with Hjorth drift and random effects (IG-HRE) denoted as:

(

( )

)

∆X i t j ~ IG µh ∆t j ,η∆t 2j , µh ∆t j = δ it j +1 +

θH
θH
− δ it j +
1 + β H t j +1
1 + βH t j

(

,

)

with a gamma distribution for δ i ~ f aδi , bδi .
6. The IG process with the Dimitrakopoulou drift (IG-DI) denoted as:

(

( )

)

∆X i t j ~ IG µh ∆t j ,η∆t 2j , µh ∆t j =

(

α D β D λDt βj +D1−1t β D −1 1 + λDt βj +D1

)

α D −1

(

− α D β D λDt βj D −1t β D −1 1 + λDt βj D

)

α D −1

.

7. The IG process with the Dimitrakopoulou drift and random
effects (IG-DI-RE) denoted as:

( )

∆X i t j ~ IG

(

)

µh ∆t j ,η∆t 2j , µh ∆t j = α Di β D λDt βj +D1−1t β D −1

(

α Di β D λDt βj D −1t β D −1 1 + λDt βj D

(

)

α Di −1

(

)

α Di −1
1 + λDt βj +D1
−

with a gamma distribution for

)

α Di ~ f aα Di , bα Di .

8. The IG process with the Lai modified Weibull drift (IG-LAI)
denoted as :

( )

(

)

(

)

(

)

(

)

( )

∆X i t j ~ IG µh ∆t j ,η∆t 2j , µh ∆t j = λL β L + vt j +1 t βj +L1−1 exp vt j +1 − λL β L + vt j t βj L −1 exp vt j .

9. The IG process with the Xie modified Weibull drift (IG-XIE)
denoted as :
 t j +1 
∆X i t j ~ IG µh ∆t j ,η∆t 2j , µh ∆t j = λ X β X 

 αX 

( )

(

)

β X −1

 t j +1 
exp 

 αX 

βX

 tj 
− λX β X  
αX 

β X −1

 tj 
exp  
αX 

10. The IG process with the Chen drift (IG-CH) denoted as:

( )

(

)

β −1

(

β −1

∆X i t j ~ IG µh ∆t j ,η∆t 2j , µh ∆t j = λC βC t j +C1 exp t j +C1

)−λ β t

βC −1
exp
C C j

βX

.

(t ).
βC −1
j

4.1. Fatigue crack propagation dataset
The first case study consists of the propagation of a fracture in a
terminal presented by Rodríguez-Picón et al. [24]. The authors performed a degradation test based on a vibration profile, that ranges

594

Fig. 2. Crack propagation trajectories for the first case study [24]

In Table 2, the DIC is presented for the ten considered modelling
schemes. Along with the DIC the ranking for each model is presented
by considering that the model with the lowest value of the DIC is considered to be the best fitting model. It can be noted that the model with
the lowest DIC is the IG with the Hjorth hazard rate-based drift and δi
as a random effects parameter with a value of -2178. The second-best
model is the IG with Hjorth hazard rate-based drift and no random
effects with a DIC value of -593.2. There is a big difference between
the DICs values of these two models, which mean that the IG-H-RE
is definitely the best fitting model. Furthermore, the model with the
poorest performance is the IG with Chen hazard rate-based drift. It
can be also noted that the simple IG model and the IG with Weibull
hazard rate-based drift proposed by Peng et al. [20] are ranked in 6th
and 7th place respectively, which denotes that the currently proposed
models in the literature do not characterize the degradation trajectories efficiently.

4.2. Aluminum alloy crack growth study
The second case study was presented by Wu and Ni [35] and consisted in a degradation test performed to a batch of 2024-T351 aluminum alloy specimens. The authors considered a dynamic testing
to perform vibration load cycles from 10,000 to 40,000 to the speci-
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Table 1. Obtained estimations for the first case study and all the considered models
Model
IG

IG-W

Parameter

µ

η
βW
αW

η
βW 1
βW 2
βW 3
βW 4
βW 5
βW 6

IG-W-RE

βW 7
βW 8
βW 9
βW 10

αW

η
aβW i
bβW i
βH
IG-H

δ
η
θH

βH
δ1
δ2
δ3
δ4
δ5
δ6
IG-H-RE

δ7
δ8
δ9
δ10

η
aδi
bδi
θH
αD
IG-DI

βD

η
λD

Mean

6.025

SD

0.8943

2.99E-03

0.09859

6.38E-04

0.3855

0.03397

2.718

0.3697

0.9753
5.955

0.9749
0.9597
0.9749
0.9738
0.9646
0.9675
0.9721
0.9666
0.9657

MC error

0.8824

0.1144
0.1078
0.1141
0.1134
0.1107
0.1118
0.1122
0.1113
0.1091

p0.025

p0.5

p0.975

4.396

5.985

7.901

1.21E-04

0.3275

0.3825

0.4609

0.00248

2.078

2.688

3.522

0.00323

0.7668
4.363

0.9799
5.91

0.00485

0.7276

0.9818

0.00483

0.7285

0.9819

0.00473

0.7233

0.9715

0.00463
0.00481
0.00476
0.00478
0.00474
0.00468

0.723

0.7265
0.7245
0.7281
0.7243
0.726

0.9676

0.9807

1.155
7.8

1.18

1.148

1.178
1.175
1.16

0.9744

1.165

0.974

1.162

0.9792
0.973

1.171
1.156

0.974

0.1133

0.00481

0.7272

0.9807

1.176

5.964

0.8963

0.00688

4.336

5.919

7.844

1271

744.6

42.49

2.733
1326

0.2022

0.385

804.2

0.6773

0.3975

0.05178

47.31

210.6

5.905
58.22

0.3916

0.0126

2.086

45.98

234.4

0.02257

7.77E-20

0.001674

227.9

0.3289

1142
1093

1.92E-04

5.29E-13

0.01073

0.3192

2.423

512.7

6.71

0.003141

2851

0.05462

239.9

0.05005

3594

0.5315

0.006772

2.94E-11

3.592

0.3884

0.8836

5.938

4.318

2.697

5.86

0.3847

7.736

635.9

0.5158

0.396

0.04985

0.003165

0.3242

0.3883

0.5205

0.3899

0.04996

0.003151

0.3162

0.3829

0.5098

0.003172

0.3221

0.3872

0.5186

0.3901
0.3982
0.3948
0.3925

0.04984
0.04991
0.04994
0.0498

0.3944

0.04962

0.3902

0.04976

0.3909
5.924
1465

569.4
11.89

0.04982

0.003152

5.768

0.864

0.32

0.003126

0.3177

0.00315

21.81

47.76

0.3264
0.3217

264.1

702.8

0.317

0.003143
0.006718

0.9819

0.2568

0.003183

0.8847

1.262
2.014

0.003125

58.21

1.778

0.09716

0.1418

0.009797

0.1835

0.01757

0.01476

0.3175
4.312

434.9

165.2

0.3832

0.3906
0.3849
0.3874
0.3839
0.3834
5.877
1354

529.5

0.5128

0.5192
0.5134
0.5171
0.5118
0.5104
7.772
3097

1152

1.06E-15

0.002033

146.2

1.74E+00

2.015

2.292

3.39E-01

4.20E+00
4.52E-02

0.943

5.731

0.2105
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4.07

7.537

0.7503

595

α D1
α D2
α D3
α D4
α D5
α D6
α D7
IG-DI-RE

α D8
α D9
α D10
βD

η
λD

aα Di
bα Di
βL
IG-LAI

η
λL

v
αX

IG-XIE

βX

η
λX
βC

IG-CH

η
λC

0.9211

0.3041

0.02462

0.3861

0.8961

1.556

0.02457

0.3819

0.8953

1.552

0.02484

0.3942

0.9076

1.569

0.928

0.3056

0.02475

0.9173

0.3041

0.02462

0.918

0.3034

0.9333

0.3066

0.9257

0.3057

0.9228

0.3038

0.9251
0.9187
2.017

0.0246

0.3058

0.02477

0.3031

0.02455

0.3037

0.9174

0.02475
0.02458

0.39

0.3822
0.3881
0.3884
0.3857
0.3829
0.3805

0.117

0.005515

0.2547

0.1254

0.009851

0.1177

776.9

328.1

27.2

193.8

5.823

0.886

898.4

404.9

0.008678
33.57

1.958

0.1308

0.003648

0.1888

0.0259

7.46E-04

5.818

0.8699

0.006059

1.777
4.225
252.2
1.635
4.24

0.1331

0.9007

0.8936
0.8992
0.8991
0.8994
0.8941
0.8935

833.2

775.3

133.7

5.761

7.657

1.421

1.774

0.1337

0.2015

1.963

4.353

8.294

0.5436

0.2357

0.005844

3.737

5.148

0.176

0.002345

0.02412

3.89E-04

0.7725

0.1388

mens. They recorded the cracks length increments of the specimens
until a total fracture was observed. Thus, degradation measurements
X i t j were obtained for i = 1, 2,…,30 and j = 0,1, 2, 3, 4 with
(t0 = 0, t1 = 1, t2 = 2, t3 = 3, t4 = 4 )× 104 cycles. From these measurements, the trajectories are characterized as illustrated in Figure 3.
From Figure 3, it can be noted that some of the trajectories have a
higher degradation rate, specifically the ones that are on top. While,
other trajectories have a lower degradation rate, specifically the ones
that are on the bottom. These differences in degradation rate allows to
consider that the degradation rate needs to be considered as a flexible
function. Furthermore, Wu and Ni [35] considered a stochastic fatigue

( )

1.105

0.1065

1435

7.568

1.633

1.425

1762

0.2406

5.767

0.005281

4.243

7.686

0.1886

0.1334

0.006748

1.541

2.164

1.947

0.8699

1.552

1.974

3.18E-04

5.806

1.562

0.613

1.73E-16
1.671

1.552

0.222

5.782

0.004233
2.46

1.561

2.249

0.1004
36.71

1.548

2.018

0.04278
21.8

1.556

1.411
5.113

7.634

0.376
2.16
29.1

6.754

crack growth model based on the Paris-Erdogan law, which does not
consider the flexibility of the degradation rates. In the aims demonstrate the applicability of the proposed modelling scheme, the ten proposed models were fitted to the dataset by considering the Bayesian
estimation procedure. The obtained results are presented in Table 3,
where the estimations for the corresponding parameters are presented
in the mean column, SD, MC error and the percentiles p0.025 , p0.5 ,
p0.975 are also provided.

Table 2. DIC values and rankings for the models estimated in the first case study
Model
IG

IG-W

DIC

Ranking

−436

7

−438.1
−435.7

6

IG-W-RE
IG-H

−593.2

IG-H-RE
IG-DI

−464.8

1

IG-DI-RE
IG-LAI

-440.1

IG-XIE

-435.9

5

-440.3

IG-CH

596

−2178

-425.1

9
2

3

8
4

10

Fig. 3. Crack propagation trajectories for the second case study
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In Table 4, the obtained DIC values for all the fitted models are
provided. Again, the best fitting model is considered as the one with
the lowest DIC value. For this dataset, the IG model with the Hjorth
hazard rate-based drift and random effects has the lowest DIC value
as −2620. The second-best fitting model, as in the case of the first case
study, is the IG model with Hjorth hazard rate-based drift and without
random effects with a DIC value of -2143. It can also be noted that the
two models with the highest DIC values are the simple IG and the IG
model with Weibull hazard rate-based drift, which denotes that these
models have the poorest performance.

5. Discussion
The best fitting models for the two case studies can be further
analyzed according to the considered hazard rate functions. For the
first case study, it was found that the Hjorth hazard rate-based drift
with random effects is the best fitting model for the degradation trajectories. As this model considers the δ i parameter as random, then
this parameter was estimated for each trajectory as can be noted in
Table 1. Furthermore, the shape of the drift can be further analyzed by
considering the properties discussed in Section 2. Particularly, it was

Table 3. Estimated parameters for the second case study
Model
IG

IG-W

Parameter

η
µ

βW
αW

η
βW 1
βW 2
βW 3
βW 4
βW 5
βW 6
βW 7
βW 8
βW 9
βW 10
βW 11
βW 12
βW 13
βW 14
βW 15
βW 16

IG-W-RE

βW 17
βW 18
βW 19
βW 20
βW 21
βW 22
βW 23
βW 24
βW 25
βW 26
βW 27
βW 28
βW 29
βW 30

αW

η
aβW i
bβW i

Mean

p0.025

p0.5

p0.975

0.01124

12.24

15.15

18.54

0.0682

0.001694

1.578

1.714

1.849

2.517

0.0198

SD

MC error

1.754

0.06278

4.52E-04

1.443

0.0604

15.22
1.714
23.98
1.295

1.607

0.051

1.468

0.06085

1.91

1.729

1.879
1.777
1.931

1.68

1.904

2.104

0.07836

0.001123

1.587

1.726

1.894

0.0904

0.001247
0.0013

6.61E-04

0.101

0.001662

0.05727

7.69E-04

1.715
1.628
1.766
1.183

1.877

2.274

1.861

2.035

2.249

0.07338

0.001023

1.545

1.673

1.833

0.08416

0.001222

0.05129
0.07921
0.0763

0.00104

6.73E-04

0.001066
9.88E-04

1.581

0.0456

0.04972
0.0694

1.361

0.05412

2.033

0.09774

6.26E-04

6.46E-04

9.15E-04

1.292

1.403

1.589

1.731

1.901

1.54

1.677

1.841

1.12

1.202

1.299

1.179

1.477

1.688
1.267
1.6

1.586
1.851
1.373

1.748

1.856

2.028

2.241

7.97E-04

1.411

1.949

2.13

2.359

0.03044

8.03E-04

1.349

22.57

6.175

0.401

0.6449

1.666

1.541

1.409

0.1063

1.528

1.943

1.414

1.691

0.001743

1.769

1.31

0.001228

9.935

1.454

0.001615

1.626

0.08622
11.23

1.983

1.474

9.37E-04

0.1045

1.803

1.359

0.0653

2.136

1.882

1.262

0.001149

0.05884

1.715

1.526

7.33E-04

0.08104

1.417

1.403

1.2

1.651

1.554

36.96

1.379

0.001649

0.07708

0.001052

97.52

2.057

2.124

0.09898

0.07548

1.846

1.273

1.317

1.691

1.531

1.927

1.948

1.219

1.301

1.346

1.772

1.774

2.072

1.137

7.20E-04

1.603

1.874

5.91E-04

0.06127

1.269

1.403

1.746

0.001349

1.457
1.204

29.22

0.001434

0.08171

1.677
1.734

1.293

1.555

0.09147

2.04

1.807

23.88

1.596

0.04604

1.294

1.201

1.445
1.465

1.221
1.719

19.34

1.882

1.356

0.04971

1.406

6.42E-04

1.318

1.752

8.32E-04

0.09107

1.275
2.062

0.001518

1.636

1.841
1.41

76.95

97.05

20.29

36.24

12.23

22.08
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2.028
1.468
121.1
36.81
60.06

597

βH

IG-H

δ
η
θH

βH
δ1
δ2
δ3
δ4
δ5
δ6
δ7
δ8
δ9
δ10
δ11
δ12
δ13
δ14
δ15
δ16

IG-H-RE

δ17
δ18
δ19

δ 20
δ 21

δ 22
δ 23

δ 24
δ 25

δ 26
δ 27
δ 28

δ 29
δ 30

η
aδi
bδi
θH
δ12

IG-DI

598

δ13
δ14
δ15

0.05466

0.05342

0.002552

0.01524

2.514

0.01769

19.02

0.03862

0.009497

4.74E-04

6.296

0.9859

0.04913

9.88E+00

4.61E+00

373.5

349.1

23.69
6.112
7.032
7.059
6.792
6.737
7.055
6.079
7.328

0.9846
0.9992
0.9991

17.72

0.04914
0.04923
0.0492

0.9937

0.04917

0.9992

0.0492

0.9928
0.9847
1.005

5.946

0.9836

7.292

1.004

6.264

0.2338

0.9857

0.04918
0.04916

0.03533

0.2033

23.6

28.88

0.02584

0.03643

0.06454

4.269

6.347

8.224

3.305

17.18
4.084
4.994
5.027
4.756
4.708
5.019
4.05

0.04925

5.287

0.04913

4.239

0.04915

0.04923

5.251

6.714

0.9924

6.047

0.984

0.04916

4.023

0.9918

0.04914

4.677

6.596

0.9892

6.865

0.9952

6.684

0.9922

6.708
6.336
6.016
6.618
6.115
6.486
6.203
6.798
7.279

0.9865
0.9846
0.9898
0.9853
0.9879
0.9847
0.9938

235

0.04912
0.04917
0.04912
0.04911
0.04917
0.04911

1.301

0.3699

0.24

0.04577

1.518
2.61

0.0309

0.003546

8.996

6.787

8.669

6.843
7.106
6.128
7.373
5.996
6.315
7.339
6.765

8.722
8.992
8.006
9.269
7.873
8.192
9.235
8.648

6.916

8.797

4.648
4.307
3.989
4.587
4.087
4.458

6.098
6.756

7.971
8.63

6.735

8.611

6.065

7.945

6.388
6.669
6.164
6.54

8.261
8.545
8.04
8.41

4.178

6.254

8.133

5.236

7.326

9.217

4.767
4.398
4.21

96.04

0.02612

8.97

7.107

4.832

4.222

0.127

7.082

8.043

8.519

53.62

2.973

6.164

1160

6.647

0.04693
0.4762

248.9

18.73

4.57

4.898

10.29

87.79

4.684

0.04913

0.04926

7.969

58.88

24.49

0.04917

1.009

165.6
3.283

0.04914

0.04914

0.9956

34.93

0.04918

0.9853

6.932
68.31

0.04918

0.04922

0.9869

7.492

0.0491

1.004

6.423
6.234

0.04917

3.923

9.188

5.45

17.87

6.849
6.474
6.285
6.982
7.536
68.01
33.61

218.4

8.725
8.351
8.155
8.857
9.437
84.69
57.58

431.1

61.45

164.9

293.2

0.83

1.224

2.241

0.139

0.242

0.3227

1.245
19.65

2.934
24.42
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7.177
29.85

α1
α2
α3
α4
α5
α6
α7
α8
α9

α10
α11

α12
α13
α14
α15
α16
α17

IG-DI-RE

α18
α19
α 20

α 21
α 22

α 23
α 24

α 25
α 26
α 27

α 28
α 29

α 30
βD
η
λD

aα Di
bα Di
βL

IG-LAI

η
λL

v
αX

IG-XIE

βX

η
λX
βC

IG-CH

η
λC

2.698

0.3977

0.03304

3.236

0.4645

0.03844

2.853
3.248
3.127
3.094
3.246
2.679

0.4161
0.4662

2.809

0.4123

3.343
3.082
3.031
2.689
3.159
3.086

3.222

4.431

2.398

0.03851

0.3948

2.51

2.206

0.03706

0.4651
0.4799

3.724

2.521

0.03737

0.4471

2.684

0.0386

0.451

3.36

2.603

0.03454

2.084

0.0328

0.0397

2.426
2.525
2.066

0.03953

2.599

0.3956
0.4551

0.03634
0.03287

3.23

2.665
2.793

0.4776
0.4383

3.077

2.171

2.009

0.03695

3.112

3.344

0.03182

0.4457

3.232

2.61

0.3826

0.03423

2.837

2.386
2.349
2.08

0.0377

2.447

0.03678

2.374

3.143

0.03473

2.215

2.845

3.045

0.4396

0.03644

2.358

3.03

2.684
2.971
2.764
3.126
3.339
2.919
2.808
3.189
3.421

0.3963
0.4318
0.4066
0.4511
0.4769
0.4257
0.4113
0.4582
0.4879

0.03215
0.03292
0.03582
0.03376
0.03737
0.03947
0.03533
0.03416
0.03794
0.04035

4.447
3.698

4.599

3.596
3.88

4.158

2.673

0.4184

0.3868

4.251

3.016

3.065

2.86

2.614

4.29

4.573

0.03693

0.4436

4.45

3.326

0.4455

3.062

2.393

2.589

3.922

3.072

4.227
3.716
4.33
4.23

3.045

4.206

2.6

3.615

2.073

2.669

3.712

2.133

2.75

2.014
2.305
2.426

2.955
3.11

2.596

3.321

2.173

2.795

2.257
2.481
2.656

3.175
3.406

4.091
3.815
4.292
4.564
4.018
3.873
4.367
4.672

0.09492

0.007873

0.2674

0.0197

0.001538

0.2236

0.2681

0.3023

3.332

97.82

171.9

260.1

58.31
173.1
1.993
24.55

0.4303

15.08
15.2

42.37

0.5088
2.645
0.26

0.1285

0.0846

1.686

0.4612

5.257
25.15

1.727

0.1666
1.204

0.04204
0.04322
0.0208

101.8
35.45
1.109
19.68

0.8857

0.6611

0.02709

0.001784

0.5951

1.677

0.4554

0.0312

1.119

24.46

2.627

0.02276

24.43
5.165

0.0441

0.1529

1.901

2.344

0.03849

1.588

56.24

0.3674

3.6E-10

2.619

3.01

129.4

0.1742

0.00691
0.1686

1.168

4.174

1.177
129.9

1.001

2.903

3.94

20.24

1.356
161.1
91.14
2.771
30.05

1.138

0.1525

0.2535

1.702

2.556

25.05

1.777

2.549

19.63

24.38

9.693
30.5

8.125

0.664

0.7058

1.573

2.998
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Table 4. DIC values and rankings for the fitted models of the second case
study.
Model

DIC

Ranking

61.29

9

IG

141.9

IG-W-RE

−163.8

IG-H-RE

−2620

IG-W
IG-H

−2143

IG-DI

−235.7

IG-LAI

10
5
2
1

IG-DI-RE

−252.8

4

IG-XIE

21.69

15.14

7

IG-CH

3
6

53.76

8

Table 5. Detecting the rate shape for the trajectories of the second case
study

δi

θH βH

1

6.112

6.395

Bathtub

3

7.032

6.395

Increasing

Trajectory (i)
2
4
5
6
7
8
9

10

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

6.296
7.059
6.792
6.737
7.055
6.079
7.328
5.946

6.264
7.292
6.714
6.596
6.047
6.865
6.708
6.684
6.336
6.016
6.618
6.115
6.486
6.203
6.798
7.279
6.423
6.234
6.932
7.492

6.395
6.395
6.395
6.395
6.395
6.395
6.395

6.395

6.395
6.395
6.395
6.395
6.395
6.395
6.395
6.395
6.395
6.395
6.395
6.395
6.395
6.395
6.395
6.395
6.395
6.395
6.395
6.395

Shape of rate

Bathtub

Increasing
Increasing
Increasing
Increasing
Bathtub

Increasing
Bathtub
Bathtub

Increasing
Increasing
Increasing
Bathtub

Increasing
Increasing
Increasing
Bathtub
Bathtub

Increasing
Bathtub

Increasing
Bathtub

Increasing
Increasing
Increasing
Bathtub

Increasing
Increasing

denoted that if 0 < δ i < θ H β H , then the rate has a bathtub shape. By
considering from Table 2 that θ H = 11.89 , β H = 58.22 and the individual values of δ i , i = 1, 2,…,10 , it can be noted that 0 < δ i < θ H β H
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results as 0 < δ i < 692.2358 ∀ i . Thus, for this particular case study,
the best fitting model detects that all the trajectories have a bathtub
rate.
On the other hand, from the obtained results of the second case
study it was found that the best fitting model is also the Hjorth hazard rate-based drift with random effects is the best model. From the
Table 3, it can be noted that the values of δ i vary from trajectory to
trajectory. Again, the estimated parameters allow to analyze the behaviors of the trajectory’ rates individually. Besides the case when
0 < δ i < θ H β H , which denotes a bathtub shape rate, it is known that
when δ i ≥ θ H β H then the degradation rate is increasing. These two
properties can be analyzed for this case study by considering the estimations from Table 3. In Table 5, the product θ H β H is compared
with δ i for i = 1, 2,…,30 in the aims of detecting the individual degradation rates.
It can be noted from Table 5, that 0 < δ i < 6.395 for
i = 1, 2, 8,10,11,15,19, 20, 22, 24, 28 , which means that these trajectories have a bathtub rate. While, for the rest of the trajectories it can
be noted that δ i ≥ 6.395 , which denotes that these trajectories have
an increasing rate. These results are illustrated in Figure 4, where the
red dashed lines represent the trajectories with bathtub rates and the
continuous black lines denote the trajectories with increasing rate. It
can be noted that the increasing rate trajectories are well identified
as the degradation rate is continuously growing compared with the
trajectories with bathtub rates.

Fig. 4. Illustration of the bathtub and increasing rates of the second case
study

6. Conclusion
The degradation rate is an important aspect to be considered when
modelling the degradation process of a characteristic of interest. As
this aspect may not be constant given the homogenous characteristics
of the specimen under test or the environmental conditions. In this
paper, a modelling approach was considered based on the inclusion of
different hazard rate functions in the drift of the IG process. This inclusion allows to efficiently describe the behaviour of the degradation
rates, as the hazard rate functions have flexible behaviours that can be
characterized according to certain values of its parameters. From the
analysed case studies, it was found that the best fitting models were
those considering the Hjorth hazard rate as the drift in the IG process
besides the consideration of δ i as a random effects parameter. In first
instance, there was a clear difference of the DIC values of the different
models and the IG-H-RE model. Indicating a clear advantage over the
simple IG process and the IG with Weibull rate model proposed by
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Peng et al. [20]. Furthermore, the Hjorth model with random effects
allowed to identify the behaviour of each trajectory individually. For
the first case study, it was found that all the trajectories have bathtub
rates, while for the second case study it was found that a set of trajectories have an increasing rate, and the other set of trajectories have a
bathtub rate. The degradation rates of the individually identified trajectories was illustrated in Figure 4. This modelling approach presents
the advantage of individually characterize the degradation trajectories,
which may present important advantages for the reliability assessment
of products and systems. There are several aspects that can be extended for further research. In first instance, other approaches with

multiple random effects can be studied for several hazard rate functions. This may allow to improve the characterization of the degradation trajectories. Although, this implies to deal with complex models
that may require major computational resources. Furthermore, other
sources of uncertainty may be considered in the IG process such as
measurement errors. Finally, other hazard rate functions can be considered to describe the drift of the IG process. Although, other PDFs
have been proposed in the literature that can describe a wide range of
hazard rate behaviours, the parametric form of the hazard rates may
be complex with non-closed terms which would result in a complex
model to be estimated.
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