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Determination of the functional and service characteristics
of the pneumatic system of an agricultural tractor
with mechanical brakes using simulation methods
Wyznaczanie metodami symulacyjnymi właściwości funkcjonalnoużytkowych pneumatycznej instalacji ciągnika rolniczego
z hamulcami mechanicznymi*
Agricultural tractors are provided with air braking systems to control and operate braking systems of towed agricultural vehicles. Functional and operational characteristics of the tractor pneumatic system have a significant influence on the synchrony
and operate speed of tractor-trailer unit braking system. This paper presents a mathematical model to predict the functional and
operational characteristics of tractor pneumatic system by using a digital simulation. Modeling of the energy supplying device
(compressor, governor, air reservoir) and modeling of the control device with trailer control valve mechanically connected with
the tractor brakes is described. Results of statistical Kolmogorov-Smirnov test used to assess the conformity of experimental and
simulated pressure transients during testing the compressor capacity and the response time of control circuit of Pronar 320AM
tractor confirmed the computer model developed in Matlab-Simulink. The computer model can be used as a tool to assess the
functional and operational characteristics of tractor pneumatic system within the designing process and as a subsystem to analyze
transient processes in a pneumatic braking systems of the tractor-trailer units by using simulation methods. Mathematical models
of selected components can be also used in modeling other pneumatic braking systems of commercial vehicles.
Keywords: farm tractor, pneumatics, braking system, energy-supplying device, trailer control valve, modeling,
simulation.
Ciągniki rolnicze są wyposażone w powietrzne instalacje hamulcowe do sterowania i napędu układów hamulcowych pojazdów
ciągnionych. Właściwości funkcjonalno-użytkowe instalacji pneumatycznej ciągnika mają istotny wpływ na synchronię i szybkość
działania układu hamulcowego zespołu ciągnik-przyczepa. W niniejszej pracy przedstawiono model matematyczny do prognozowania właściwości funkcjonalno-użytkowych układu pneumatycznego ciągnika metodą symulacji cyfrowej. Opisano modelowanie zespołu zasilającego (sprężarka, regulator, zbiornik powietrza) i modelowanie zespołu sterującego z zaworem sterującym
hamulcami przyczepy połączonym mechanicznie z hamulcami ciągnika. Wyniki testu statystycznego Kołmogorowa-Smirnowa
oceny zgodności doświadczalnych i symulowanych przebiegów czasowych ciśnienia podczas badania wydatku sprężarki i czasu
reakcji obwodu sterującego ciągnika Pronar 320AM potwierdziły adekwatność opracowanego w Matlabie-Simulinku modelu
komputerowego. Model komputerowy może być wykorzystany jako narzędzie do oceny właściwości eksploatacyjno-użytkowych
instalacji pneumatycznej ciągnika w procesie projektowania oraz jako podsystem do analizy metodami symulacyjnymi procesów
przejściowych w pneumatycznych układach hamulcowych zespołów ciągnik-przyczepa. Modele matematyczne wybranych komponentów instalacji mogą być również wykorzystane w modelowaniu innych pneumatycznych układów hamulcowych pojazdów
użytkowych.
Słowa kluczowe: ciągnik rolniczy, pneumatyka, układ hamulcowy, zespół zasilający, zawór sterujący hamulcami przyczepy, modelowanie, symulacja.

1. Introduction
In agricultural tractors, a variety of friction braking mechanisms
are used, including band brakes, drum brakes, and dry or wet multidisc brakes [5]. To transfer the energy needed to run the service brakes
of a tractor, a mechanical, hydraulic or an air drive is used. Selection
of the drive type and the energy source depends on the design and
weight of the tractor. In low- and medium-power tractors, manually
operated hydraulic brake systems are used, which are relatively inexpensive and simple. Because of their cost, mechanically actuated
brakes are still attractive in low-power tractors.
Agricultural tractors with mechanical or hydraulic brakes are
equipped with a pneumatic system designed to run the air braking sys-

tems of towed trailers and agricultural machines. So called combined
systems are currently used [32], which have the capability to operate
with the single- and dual-line braking systems of towed vehicles.
A typical combined pneumatic system of a farm tractor consists
of two major parts: an energy supply unit and a control device. The
function of the energy supply unit is to compress and purify air and to
maintain the adequate pressure in the tractor and trailer reservoirs in
order to ensure the required trailer braking performance. The role of
the control device is to provide the follow-up control of the single- or
dual-line braking system of a towed vehicle in a manner that enables
the synchronous braking of the both vehicles. Control devices differ mainly in the type of the trailer brake control valve, which can
be actuated either mechanically, hydraulically or pneumatically, de-

(*) Tekst artykułu w polskiej wersji językowej dostępny w elektronicznym wydaniu kwartalnika na stronie www.ein.org.pl
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pending on the tractor brakes [32]. A schematic diagram of a tractor’s
pneumatic system with a mechanically actuated brake valve is shown
in Figure 1.
Because of the road safety, agricultural vehicles braking systems
must meet several specific requirements [8, 9] for braking performance, high operation speed during rapid braking (the response time
should not exceed 0.6 s) and the compatibility of the tractor and towed
vehicle braking systems [27] (the synchrony of operation of individual circuits). Research by Scarlett [28] reveals that 90% tested trailers
failed to achieve the legally required braking efficiency level. The incompatibility of the tractor and trailer brake systems resulting in jackknifing or skidding during braking was the cause of approximately
9.7% of the fatalities in the UK in the period 1999-2004 [7].
The functional and service characteristics of brake systems, including dynamic characteristics that determine the speed and synchrony of
action, may be predicted already at an early stage of design using digital simulation methods. This requires the development of mathematical and computer models for individual devices of the braking system.
In the process of modelling, the pneumatic elements are substituted
with idealized elements in the form of lumped volumes and resistances [18, 20]. Due to the discrete nature and complexity of braking
systems, even components with parameters distributed in a continuous manner, such as pneumatic lines, are substituted with models of
lumped parameters in mathematical modelling [14]. Discretization in
space yields a system of ordinary differential equations, which can be
solved using specialized software designed for simulation of complex
engineering systems, including object-oriented software [34]. The
advantage of model-based design is the increased the speed and efficiency of testing new solutions, the possibility of comparing them
against the established requirements, and the earlier detection of any
errors resulting from malfunctioning or incorrect design assumptions,
as compared to the construction of physical prototypes.
The main difficulty in modelling the agricultural tractor pneumatic
system is the lack of appropriate models for basic components in the
literature, including air compressors and brake valves. Mathematical
models for estimating the compressor performance and the thermodynamic behaviour of compressors under different working conditions
[2, 10, 30] are too complex for modelling of the dynamics of multicircuit pneumatic and hydraulic braking systems. In turn, most of the
models known from the literature concerns the typical brake valves
used in the air braking systems of commercial vehicles [11, 23, 29]
and trailers [12, 13, 15, 21, 24].
In this paper, the functional and structural mathematical model
of the pneumatic system of a small-power agricultural tractor is presented. Modelling of the trailer brake control valve serving for controlling dual-line trailer brake systems in conjunction with mechanical foot brakes of tractors is described in detail. The mathematical
and computer model of this valve considers a number of phenomena,
such as heat exchange, the inertia of movable elements, and friction,
which are generally omitted already at the stage of physical creation
or at the stage of running the computer model for digital simulation
[11, 23, 29]. Whereas, in the case of modelling the energy supply unit
described in [16], the most important final model equations are only
given. A computer program implemented in Matlab-Simulink was
used to estimate selected functional and service characteristics, including the assessment of supply unit compressor performance and
the control device response time in accordance to the requirements
for brake systems. The simulation results were compared with the
results of experimental tests carried out under the same conditions.
The developed model can be used in the process of designing a tractor’s braking system at the stage of dynamic calculations. It can also
be utilized as a subsystem in the simulation of transient processes in
the pneumatic braking system of a tractor-trailer unit.
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2. Experimental setup for testing the tractor pneumatic
braking system
A simplified schematic diagram of the normal-pressure combined
pneumatic braking system of a Pronar 320AM agricultural tractor [26]
equipped with a mechanical brakes drive is shown in Figure 1. The
energy supply unit includes filter 1, air compressor 2, unload valve
(governor) 3, and compressed air reservoir 4. In high-pressure systems with a compressor discharge pressure of up to 18 bar, a pressure
limiting valve (pressure reducer) is additionally installed downstream
the air reservoir. Compressed air is also fed through a 4-way cross fitting to the control device, which includes proportional brake valve 11
and inverse brake valve brake 7. Trailer control valve 11 is connected,
via mechanism 12, with the tractor brake pedal. The driver’s foot
pressure on the treadle, transferred to valve 11 by a linkage system,
causes the opening of the valve and a pressure increase in the line with
coupling head 10 controlling the dual-line trailer braking system. The
trailer braking system supply line is connected to coupling head 9.
For controlling the single-line trailer braking system, inversion valve
7 is used, which, on the increase of pressure in control port 4, causes a
pressure drop in the supply and control line with coupling head 8.

Fig. 1. Schematic diagram of the normal-pressure combined single- and dualline air braking system of a Pronar MTZ 320AM farm tractor with the
experimental setup for testing the control line response time: 1 – filter,
2 – 601.23.944 compressor by FOS Polmo Łódź , 3 – 51 10 018 unloader valve by Visteon, 4 – 10 dm3 air reservoir, 5 – drain valve, 6 – single
pressure gauge, 7 – inversion trailer control valve, 8 – “single-line”
coupling head (black), 9 – “supply” coupling head (red), 10 – “brake”
coupling head (yellow), 11 – 41 13 014 trailer brake control valve by
Visteon (the primary section used), 12 – valve applying mechanism,
13 – 0,385 dm3 air vessel, 14 – 2.5 m-long 13 mm-internal diameter
pipe, 15 – pressure transducer, 16 – pedal force transducer, 17 – input/
output adapter, 18 – computer with a measuring card

In Figure 1, the experimental setup, in the version for testing the
response time of the tractor dual-line pneumatic system control device,
is distinguished by the grey background. Changes in the force on the
brake pedal and in pressure in selected locations of the pneumatic system are recorded by a measuring system consisting of voltage transducers 15 and 16, adapter 17, and a Senga MC1212 measuring card
(12 bit resolution) mounted on computer 18 for data collection during
tests being run. Tensometric brake pedal force sensor 16, type CL 23,
with an industrial amplifier, type CL10D, manufactured by ZEPWN
(with a measuring range of 0÷1 kN; an output signal range of 0÷10 V;
and an accuracy class of 0.1%) is used for measuring the force on the
brake pedal. The pressure is measured with industrial pressure transducer 10, type Danfoss MBS 32 (with a pressure range of 0÷10 bar; an
output range of 0÷10 V; and an accuracy class of 0.3%). The transducers are voltage supplied from input/output adapter 17. Output voltage
signals from the force-pressure transducers are acquired from input/
output adapter 17 using the measuring card and then directly converted into force and pressure data with the use of integrated software
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installed on the computer. The maximum rpm of engine are measured
with digital tachometer DMT-21 (with a measuring range: 0 – 9999
rpm, an accuracy class of 0.2). Sample runs of registered changes of
force and pressure during measuring a response time in steering unit
of Pronar 320AM tractor are shown in Figure 5 and 6.

3. Modelling of the mechanically actuated trailer brake
control valve
In the control circuit of the Pronar 320AM tractor’s pneumatic
system, the primary section of the Visteon 41 13 014 main foot brake
valve [31] was used as trailer control valve 11 (Figure 1). This valve,
normally used in dual-circuit air brake systems, is coupled with a linkage system operated by the treadle in the cabin. A schematic diagram
of the structure of the valve, for the modelling purposes reduced to a
single circuit, is given in Figure 2.

• Compressed air was regarded as a thermodynamically ideal
gas (i.e. obeying the Clapeyron law), while being viscous and
compressible.
• The valve adjusting element, irrespective of its design, was
regarded as a local resistance (nozzle), whose effective flow
field (conductance) depended on the head lift.
• The airflow through the adjusting element was considered onedimensional and adiabatic.
• The air properties were assumed to be uniform both in the individual valve chambers and in the entire cross-section of flow
through the local resistance.
• In the valve opening phase, the force interaction between the
head and the control piston was omitted, which means that
both elements moved together as a single mass (one equation
of motion).
• The air leakage in the valve chambers were neglected.
• The influence of the housing on the control piston in its end
position was neglected; stopping of the piston was accomplished via the acceleration control logic (hard stopping).
• The heat exchange between the system’s air and the environment took place by natural convection at a constant wall temperature which was equal to ambient temperature.
In accordance with the law of conservation of matter, the masse
changes in the inlet chamber of volume V1 (Figure 2) and the outlet
chamber of volume V2 are described by the equations:

Fig. 2. A mechanically actuated trailer brake control valve: 1 – control piston, 2 – inlet head, 3 – tappet, 4 – head spring, 5 – piston return
spring, 6 – rubber spring, 7 – actuating linkage

The air mass flux m 1 flows into a fixed-volume inlet chamber
V1 from the supply circuit. During braking, control piston 1, moving
downward by the action of force Fp on the brake pedal, transferred
via linkage 7 to tappet 3, opens inlet head 2. Compressed air from the
inlet chamber flows into a variable-capacity outlet chamber V2 as a
mass flux m 1− 2 . The flux m 2 flowing from the outlet chamber V2 is
routed to the control circuit of the trailer braking system, resulting in
activation of the trailer brakes. During the brake release caused by the
decrease in the brake pedal force, the pressure in the chamber V2, in
combination with the force of spring 5, raises piston 1 again. By the
action of return spring 4, poppet valve 2 closes (cutting off the inlet
chamber from the outlet chamber), and the passage between the seat
in piston 1 and head 2 opens. The outlet chamber V2 is vented. The
compressed air from the control line returns to the outlet chamber as
the mass flux m 2 (flow reversal), and then flows out to the atmosphere as the mass flux m 2 −3 . The venting of the outlet chamber and
the control line causes a drop in the trailer brake force.
When creating the current mathematical model of the trailer control valve, a number of simplifying assumptions were made [15], including the following:

dmV1
= m 1 − m 1− 2
dt

(1)

dmV2
= m 1− 2  m 2 − m 2 −3
dt

(2)

where: m i – the mass flux (kg/s) flowing into (the sign +) or from (the
sign –) a given chamber; the respective flux subscripts conform to the
convention on denoting the braking valve chamber ports (the small
numerals at the valve ports in Figure 2).
For the description of the air mass flux flow through the local
pneumatic resistances, the Saint-Venant–Wantzel relationship [3] in
the following generalized form was used:

m = ( µ Am )

pm
ψ max ψ (σ )
RTm

(3)

where: (µAm) – conductance, i.e. the product of the discharge coefficient µ and the flow cross-section area Am [m2], pm – pressure [Pa]
upstream of the resistance, Tm – the air temperature [K] upstream of
the resistance, R – gas constant for air, being equal to 288 [J/(kgK)],
Ψmax – maximum value of the Saint-Venant – Wantzel function for
the critical pressure ratio σ* (product of the pressures upstream and
downstream of the resistance), which is given by:

( )

ψ max = ψ σ

*

κ +1
 2 κ − 1
= κ
= 0.68473

 κ +1 

(4)

where : κ – adiabatic exponent, for air being equal to κ=1.4.
Instead of the dimensionless two-range Saint – Venant flow function
Ψ(σ) as given by:
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Ψ (σ ) =  1

 Ψ max

where: ho – the maximum distance (clearance) [m] between head 2
and piston 1 in the upper extreme position.
The mechanical components of a brake valve can be considered
as a dynamical system with two degrees of freedom. The equation of
motion of tappet 3 and its associated elements being under the action
of external forces, has the following form:

for σ ≤ σ *

1
2
κ +1 
2κ  κ
σ −σ κ 
κ −1




for σ * < σ ≤ 1

a single-range hyperbolic function [20, 22] was used, as being more
convenient for numerical computation and yet sufficiently accurate:
ψ (σ ) = b

1−σ
b −σ

(5)

A constant parameter value of b=1.13, which is typical of the
pneumatic elements used in the braking systems of vehicles, was assumed.
Using equation (3), the equations of mass fluxes flowing through
the braking valve are obtained as:

m 1− 2 = µ12 A12

p 
p1
ψ max ψ  2 
RT1
 p1 

m 2 −3 = µ23 A23

p 
p2
ψ max ψ  a 
RT2
 p2 


0
if


A23  Dsp ho  h po  h p  if

Dw2
if


4

hv  hvo
hvo  hv  hvm

(6)

(8)
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(11)

where: mt – the reduced mass [kg] of all drive elements from the
brake pedal to the tappet; ht – tappet displacement [m]; Fst – the action
force [N] of rubber spring 6; Fft – total friction force [N]; Fpt – force
[N] applied to the tappet coming from the brake pedal force Fp, as
calculated from the formula:

Fpt = Fpi pη p

(12)

The positioning force Fst of rubber spring 6 depends on its deformation δ=ht-hp, and can be described by the third-degree equation:
(13)

where: c1, c2, c3 – coefficients determined from the approximation
of the experimental curve Fst(δ).
A more complex relationship for Fst can be found in study [29].
Taking into account the preload spring force adjustment in the model,
the initial condition ht(0)=ht0≠0 is taken, while the preload force may
not lead to a loss of contact between piston 1 and the valve housing:
hp(0)≈0.
It is assumed that the total friction force has a constant component
being dependent on the poppet speed:
 dh
F ft = −sgn  t
 dt

(9)

h p  h pm

h p  ho
h p  ho

= Fpt − Fst + F ft

(7)

where: Dsv, Dsvw – stationary seat average diameter [m] and inner
diameter [m], respectively; Dspz – moveable seat outer diameter [m]
(in the piston); hvo, hvm – head 2 position [m] corresponding to the
beginning of opening (allowing for plate seal deformation) and position [m] corresponding to attaining the maximum flow field value,
respectively; Dsp – the average diameter [m] of the moveable seat, Dt,
Dw – the outer diameter [m] and the inner diameter [m] respectively
of the head sleeve, hpo, hpm – piston position [mm] corresponding to
the beginning of opening the passage to the atmosphere (allowing for
plate seal deformation) and position [mm] in which the flow field attains the maximum value, respectively.
The following relationship exist between the displacement hp of
control piston 1and the displacement hv of head 2:

 0
hv  
h p  ho

dt 2

Fst = c1δ + c2δ 2 + c3δ 3

hv  hvm

h p  ho  h po
h pm  h p  ho  h po

d 2 ht

where: ip, ηp – the force ratio and efficiency ratio of the mechanical
between the treadle and the tappet, respectively.

The flow cross-section areas A12 (during braking) and A23 (during
releasing) are dependent on the piston travel hp and the distance hv of
head 2 from the valve seat and are given by:



0
if

A12   Dsv hv  hvo  if
2
2
  Dsvw
 if
 Dspz


4

mt

dht 
 
 ⋅  Fct + kvt

dt 
 

(14)

where: Fct – fixed value friction force [N]; kvt – viscous friction coefficient [Ns/m].
The equation of motion of control piston 1 (without the housing action
force) has the following form:
mz

d 2h p
dt 2

= Fp2a + Fst + Fsp + Fv + F fp

(15)

where: mz – reduced mass [kg] of the elements moving together with
piston 1; Fp2a – pressure force [N] acting on the piston; Fst – rubber
spring 6 action force [N]; Fsp – piston return spring 5 force [N]; Ffp
– force [N] of piston 1 friction against the housing; Fv – force [N] of
head 2 pressure on piston 1.
The reduced mass of the elements moving together with the piston
is:

m p  msp / 4
hp  ho

mz  
m p  mv  msp  msv  / 4 hp  ho

(10)
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where: mp – mass [kg] of control piston 1; mv – mass [kg] of head 2
with the sleeve guide; msv – mass [kg] of spring 4 clamping head 2;
msp – mass [kg] of return spring 5.
The force of pressure acting on the pistons is:

Fp2a =

π D 2p
4

pa −

2
π Dsp

4

pa −

(

2
π D 2p − Dsp

4

)p

2=−

(

2
π D 2p − Dsp

4

)( p

2

− pa )

(17)
The force of return spring 5 pressure on piston 1 is calculated
from the relationship:

(

Fsp = − Fspo + c p h p

)

(18)

where: Fspo – spring 5 preset force [N] for hp=0 [N]; cp – stiffness
(N/m) of spring 5 [N/m].
When determining the relationship for the force Fv of head pressure on the piston, it was assumed that the poppet valve had an unladen design (Dsp≈Dz), thus the relationship is:
0

where: Ui – internal energy [J] of air in the i-th chamber; H i – enthalpy of the fluxes [W] flowing to or from a particular chamber; Wi
– rate of external work done by air in the i-th chamber [W]; Qi – heat
flux [W] exchanged between the i-th chamber air and the environment:

Wi = − pi ⋅ Vi

(19)
where: Dz – head sleeve guide diameter [m]; Fcv – head guide kinematic friction force [N]; kv – viscous friction coefficient [Ns/m].
The force of static and kinetic friction of piston 1 against the housing is described using the Karnopp model [1] according to:

After differentiation of the internal energy:
dU i
dT 
 dm
= cv  Vi Ti + mVi i 
dt
dt
dt 


pi

dVi
dp
dT 
 dm
+Vi i = R  Vi Ti + mVi i 
dt
dt
dt 
 dt

(26)

the following has been obtained:
dU i cv  dVi
dp 
=  pi
+Vi i 
dt
R
dt
dt 

(27)

Using the relationship R/cv= κ–1 and combining equations (22),
(23) and (27) leads to the following differential equations for air pressure variation in the brake chamber V1 and the valve chamber V2:
dp1 1
= (κ − 1) Q1 + H 1 − H 1− 2
dt V1

(

Fsp  Dp  f s  ks p2  pa 
Fcp  Dp  f c  kc p2  pa 

(25)

and using the equation of state of an ideal gas in the chamber Vi (as
formulated in a differential form):


dh p
 v
sgn Fe  minFsp , Fe 
while

dt
 dhp


F fp 
, Fe    
(20)


 dt

sgn dh p    F  k   dh p  v  while dh p  v
cp
v 

  dt  
dt
 dt


The total static friction force Fsp and kinetic friction force Fcp of
piston 1, as well as the kinetic friction force Fcv of the guide of head
2, are described by the relationships:

(24)

Q i = αi ⋅ Aw (Tw − Ti )

where: cv, cp – specific heat capacity of the gas at a constant volume
and pressure: cv=717 J/(kgK), cp=1005 J/(kgK); Ti – temperature [K]
of the i-th chamber air; mVi – mass of the i-th chamber air [kg]; Tmi –
flux temperature [K] (for the flux flowing out from the chamber, Tmi
=Ti); Tw – valve housing wall temperature [K] equal to ambient temperature; αi – heat transfer coefficient [W/(m2K)] of the i-th chamber;
Ai – internal surface area [m2] of the i-th chamber, being dependent on
the piston displacement, similarly as the volume Vi [m3].

h p  ho



 Dsv2  Dsp2 
Fv  
 dh 
 dh  
 Fsvo  cv h p  ho    p1  p2 
 sgn  p   Fcv  kvv  p  h p  ho

4
 dt 
 dt  


H i = m i c p Tmi

U i = mVi ⋅ cv Ti

)

(28)

(21)

Fcv  Dz  f c  kc p1  pa 

dp2
1 
dV
=
(κ − 1) Q 2 + H 1− 2  H 2 − H 2−3 − κ ⋅ p2 2  (29)
dt
V2 
dt 

(

where: fs, fc – static friction force [N/m] and kinetic friction force [N/m],
respectively, per unit piston perimeter, independent of the differential
pressure across the piston; ks, kc – proportionality factors [m].
Based on the energy conservation law for open systems [3], excluding the kinetic and potential energies, equations for the change
in the internal energy of air in the control volumes V1 and V2 of the
chamber are obtained in the following form:
dU 1 
= Q1 + H 1 − H 1− 2
dt

(22)

dU 2
= Q 2 +W2 + H 1− 2  H 2 − H 2 −3
dt

(23)

)

Substituting equations (1) and (2) in equation (26) and calculating the
air mass from the ideal gas equation mVi=(piVi)/RTi, and after making
necessary transformations, the following differential equations for air
temperature variation in particular brake chambers are obtained:
dT1
T  dp

− RT1 (m 1 − m 1− 2 )
= 1 V1
dt
p1V1  dt

dT2
T
= 2
dt
p2V2

(30)

dp2
 dV2

 p2 dt +V2 dt − RT2 (m 1− 2  m 2 − m 2 −3 )
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4. Modelling the energy supply unit
A simplified computational diagram of the energy supply unit of
a tractor’s pneumatic system is presented in Figure 3. The desired air
pressure pt in reservoir 5 is maintained by unloader valve 3 (governor).

dpt 1 
=
(κ − 1) Q + H k − H sc 
dt Vt 
Q = α t At (Tw − Tt )
H i = m i c pTi

(35)

dTt
T
= t
dt
ptVt

(36)

(

)

 dp z

Vt dt − RTt (m k − m sc )



where: m sc – mass flux [kg/s] entering the supply and control circuits;
H k – enthalpy flux [W] from the compressor; H sc – enthalpy flux
Fig. 3. Computational diagram of an agricultural tractor’s pneumatic system
energy supply unit: 1 – filter, 2 – compressor, 3 – unloader valve (governor), 4 – check valve, 5 – air reservoir

The increase in pressure up to a maximum preset value pmax makes
unload valve 3 switch over, and the air from compressor 2 is forced
to the atmosphere (the idle run of the compressor). The pressure drop
in the system to the preset minimum value pmin causes the switching over of the unload valve again and re-charging of the system by
compressor. This type of unload valve action can be described by the
function of a bi-stable relay with a hysteresis loop of the width equal
to pmax – pmin:

1
0

f rel  pt   
0
1

if pt  pmax 
dpt

if pt  pmax  if dt  0
dpt
if pt  pmin 
 if dt  0
if pt  pmin 

(32)

Assuming that the compressor discharge pressure is equal to the
reservoir pressure pt (a short length and a small capacity of the pipe
connecting the compressor with the reservoir), the mass flux m k
[kg/s] of air discharged by the compressor can be described as follows [16]:

m k ( nk , pt ) = f rel ⋅ ηv ⋅ Vs ⋅ ic

nk
π ⋅ Dc2
⋅ S ⋅ ic ⋅ nk ⋅ ρ a (33)
ρ a = f rel ⋅ ηv
60
4 ⋅ 60

where: ηv – volumetric efficiency, Vs – displacement volume [m3],
Dc – cylinder diameter [m], S – piston stroke [m], ic – number of
cylinders, nk – compressor shaft speed [rpm], ρa – air density [kg/m3]
under ambient conditions.
The value of volumetric efficiency ηv as dependent on the compressor shaft speed nk and discharge pressure (reservoir pressure pt)
was determined by the non-linear regression method based on the
compressor suction capacity curve:
çv = A1 + A2 nk + A3nk2 + A4 pt + A5 pt2

(34)

where: pt – discharge pressure [kPa]; A1÷A5 – regression coefficients. For the FOS Polmo 601.23. 924 compressor model (Polmo,
2011): A1= 0.809863; A2=0.321974∙10-4; A3=-1.19758∙10-8; A4=7.07972∙10-4; A5=3.1248∙10-7 (R2=99.39%, MAPE=1.02%).
Changes in reservoir air pressure and temperature are described
by the following equations [16]:
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[W] from the reservoir; Q – heat flux [W]; αt – heat transfer coefficient [W/(m2K)]; At – heat transfer area [m2]; Tw – reservoir wall
temperature [K]; Tt – reservoir air temperature [K] as estimated from
the polytropic equation:

n −1
 pt  n
Tk = Ta 

 pa 

(37)

where: n – polytropic exponent, n=1.25÷1.4 [4]; pa, Ta – ambient
pressure [Pa] and temperature [K], respectively.

5. Examples of experimental and simulation studies
The important functional and service characteristics of agricultural vehicles are checked within certification tests, product qualification tests or periodical inspections. The proposal for a programme of
agricultural tractor approval testing in respect of braking, presented in
study [17], includes the performance testing of the service and parking brake systems [6] and air brake system checking, including:
• the unload valve operating range,
• coupling head pressure values,
• air system leakage,
• the capacity of reservoirs,
• air compressor capacity, and
• the control device response time.
The research methodology was developed in accordance with
the requirements of the Regulation [9] being prepared by the WGAT
(Working Group on Agricultural Tractors) for agricultural and forestry
vehicles and the 13 ECE Regulation [8] applicable to road vehicles.
The possibilities of using simulation methods for predicting the
functional and service characteristics during the model-based design
of tractor air brake systems is shown on the example of testing the
capacity of the air compressor and the response time of the control
device of a Pronar 320AM tractor. The computer models for all of
the tractor pneumatic system components were created as S-function
graphic subsystems stored in the Matlab program’s m-files, derived
from described algorithms and procedures [14, 16].
The obtained experimental and simulation results were used to
validate the tractor pneumatic system computer model by using statistical methods. The validation included checking the significance
of the differences between the time curves of empirical and simulation pressures in the pneumatic system using the nonparametric
Kolmogorov-Smirnov (K-S) test. To eliminate the influence of the integration step-size on the test results, the time interval corresponding
to the transitional process was divided into 100 equal parts, thus creating a time vector for which the vectors of the interpolated values of
experimental and simulated pressures were calculated using Matlab’s

Eksploatacja i N iezawodnosc – Maintenance and Reliability Vol.17, No. 3, 2015

S cience and Technology
standard function interp1 [33]. Then, using Matlab’s standard function kstest2 [19], the parameter h and the two-sample KolmogorovSmirnov test statistics ks2 were calculated to compare the distributions of values in the two experimental and simulation pressure data
vectors. The null hypothesis is rejected (h = 1) at the significance
level p, if:

ks 2 > ks ( p )

n1 + n2
n1 ⋅ n2

(38)

where: n1, n2 – number of samples being compared, ks(p) – critical value of the Kolmogorov-Smirnov test; for ks(0.05)=1.36 and
n1=n2=101, condition (39) is satisfied if ks2>0.1923.
The modelling performance was also assessed using the coefficient
of determination R2 and the mean absolute percentage error (MAPE),
defined as [35]:
n

2
 ∑ ( pmi − pi ) 

R 2 = 100 1 − i=1n

2 

∑ ( pi − p ) 
i=1



MAPE =

100 n pmi − pi
∑ p
n i=1
i

(39)

(40)

where: n – number of values in each of the sets, pi – measured values
of the feature tested, pmi – corresponding values determined from the
model, p – average measured pressure value.

5.1. Testing of compressor capacity
The experimental and simulation tests of compressor capacity
during the operation of the tractor pneumatic system consisted in the
recording of pressure variations during compressed air charging of an
additional reservoir supplied through the towing vehicle’s feed circuit.
The time to fill the reservoir representing the capacity of the towed
vehicle’s air brake system was measured from the moment of starting
a hot engine until reaching the prescribed pressure at the maximum
engine speed. The additional reservoir volume was calculated from
the relationship:
V = 20

Mt
pmax

(41)

where: Mt – the permissible maximum load [t] per all axles of the
towed vehicle or semi-trailer, pmax – maximum regulated pressure
value [bar].
For the Pronar 320AM tractor designed for towing trailers of a
mass of Mt=3.5 t, a volume variation range of V = 8.75 ÷ 11.1 dm3 is
obtained, which depends on the adopted pressure pmax (8 bar in the dual-line braking system or 6.3 bar in the single-line braking system).
Example results of the simulation (solid lines) and experimental
(dashed lines) tests of the Pronar 320AM tractor during filling the
reservoir with a volume of V=10.42 dm3 at an engine speed of about
3000 rpm is shown in Figure 4.
The agreement between the experimental pve and simulated pv
reservoir pressure transients was confirmed by the results of the Kolmogorov-Smirnov test (h=0, ks2=0.0198<0.1923). The adequacy of

Fig. 4. Results of the simulation test of operation of the Pronar 320AM tractor’s pneumatic system energy supply unit, carried out to check the
compressor capacity: Qk – compressor capacity rate, pv; Tv – reservoir air pressure and temperature; pve – experimental pressure
(R2=99.83%, MAPE=2.47%, K-S test results: h=0, ks2=0.0198)

the computer model was also confirmed by the obtained values of the
statistical indicators R2=99.83% and MAPE=2.47%.
Then, based on the time variation of reservoir pressure, the time
t65 required for the pressure to rise from zero to 65% of the minimum
preset value (pmin=6.83 bar) and the time t100 needed for reaching
100% of the minimum preset value were determined. The time values of t65=33.023 s and t100=54.104 s obtained from experimental
tests and of t65=31.898 s and t100=53.519 s obtained from the simulation tests (with a relative terror of 3.38% and 1.08%, respectively)
are significantly shorter than the maximum values, i.e. 360 and 540 s
respectively, allowable for tractors designed for towing vehicles. The
results of the experimental and simulation studies have confirmed the
correctness of selection of the compressor for the tractor energy supply unit.

5.2. Testing of the response time
The response time of the tractor’s dual-line pneumatic system
control circuit was determined based on the changes in the brake
pedal force and pressure measured at the end of a 2.5 m-long 13 mminternal diameter line of (an imitation of the trailer control line) connected to the brake coupling (Figure 1). At the beginning of each test,
the energy supply unit pressure was equal to the pressure at which the
governor restores the feed to the system (the minimum preset value
pmin). For this test, a pressure vessel with a capacity of 0,385 ± 0,005
dm3 was connected to the supply coupling. The volume of this vessel
corresponds to the internal volume of a 2.5 m-long 13 mm-internal
diameter pipe at a pressure of 6.5 bar.
A computer model of the tractor pneumatic system, developed
within the Matlab-Simulink program for the study of the transition
processes in the control device (corresponding to the diagram in Figure 1), is shown in Figure 5.
The actual input signal in the form of the brake pedal force Fp and
the actual response signal of the system, including the variations of
pressure pte in the reservoir 4 (Figure 1), pressure pse in vessel 13 and
pressure pce at the end of line 14 connected to brake coupling head
10, were input to the computer model in the form of FromFile-type
source blocs. Examples of simulation (solid lines) and experimental
(dashed lines) results obtained during testing of the response time of
the Pronar 320AM tractor pneumatic system control circuit are shown
in Figures 5 and 6.
The consistence between the experimental pce and simulated pc
pressure transients was confirmed by the results of the Kolmogorov-
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Fig. 5. Results of the experimental and simulation tests of the Pronar MTZ
320 AM tractor control circuit: pt, ps, pc – simulated pressure in the
air reservoir, in the vessel connected to the supply coupling head, and
at the end of the control line, respectively; pte, pse, pce – experimental
pressure at the same places, Fp – force measured on the brake pedal
(R2=99.24%, MAPE=16.43%, K-S test results: h=0, ks2=0.0990, 101
points)

Fig. 7. Relation between the response time tr (t10 and t75) and the actuation
time tf (experimental results)

Fig. 8. The results of simulation test of reaction time tr for the standard course
of force Fp

Fig. 6. Results of the experimental and simulation tests of the Pronar MTZ
320 AM tractor control circuit: pt, ps, pc – simulated pressure in the
air reservoir, in the vessel connected to the supply coupling head, and
at the end of the control line, respectively; pte, pse, pce – experimental
pressure at the same places, Fp –force measured on the brake pedal
(R2=99.84%, MAPE=7.21%, K-S test results: h=0, ks2=0.0396, 101
points)

Smirnov test and by the values of the R2 and MAPE indicators (the
results are provided in the captions to the figures).
Then, based on the recorded experimental variations of force Fp
and pressure pce, the response time tr, i.e. the time for reaching 10%
and 75% of the asymptotic pressure value, was determined as a function of the brake pedal actuation time tf, starting from the shortest
possible actuation times and then gradually increasing them up to a
time of about 0.4 seconds.
After determining the linear regression equations of response
times t10 and t75 as a function of the time tf of pedal brake force variations (Figure 7) by least squares method, the response time for rapid
braking corresponding to an actuation time of tf=0.2 was calculated.
The results of calculation of the pneumatic system control device response time, as obtained from the experimental tests, are summarized
in Table 1.
For the determination of the response time by the digital simulation method, the computer model shown in Figure 5 was used after
inputting the brake pedal force Fp standard signal, i.e. the one ramping
from 0 to a maximum of 600 N for a duration of 0.2 s. The simulation
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results are shown in Figure 8. The values of the response times t10
and t75, as determined based on the pressure pc variation, are given
in Table 1.
It follows from the experimental and simulation studies that
the obtained response time values are significantly lower than the
permissible values t10=0.2 and t75=0.4s, which indicates the correct
choice of the elements shaping the dynamic characteristics of the tractor pneumatic system. The determined relative error of the response
time does not exceed 5%, indicating a satisfactory accuracy of the
computer model for the modelling purpose.
Table 1. Response time [s] of the control circuit for 10% and 75% of the asymptotic pressure
Requirements

Experiment

Simulation

Relative error

t10

≤0.2

0.094

0.0893

5.00%

t75

≤0.4

0.192

0.1896

1.25%

6. Conclusions
The developed computer model can be used to predict, by simulation methods, selected functional and service characteristics in the
design of the pneumatic system of small- power agricultural tractors
equipped with mechanical brakes. The computer model can also serve
as a subsystem for the study of transient processes in the multi-circuit pneumatic braking system of a tractor-trailer unit with the aim
of shaping the desired dynamic properties, including the speed and
synchrony of action (brake compatibility).
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The obtained values of the statistical indicators R2, MAPE, as well
as the results of the Kolmogorov-Smirnov test assessing the consistence between the experimental and simulation pressure transients during testing of the compressor capacity and control circuit response
time have confirmed the adequacy of the Pronar 320AM tractor pneumatic system computer model implemented in Matlab-Simulink. The
studies have also shown the correctness of selection of the compressor
capacity and the high speed of operation of the control device in terms
of the requirements imposed.

The mathematical model of the supply unit and the trailer control
valve can be used for modelling other commercial vehicle pneumatic
braking systems. Based on the described trailer control valve model equations, mathematical and computer models for other braking
valves of similar construction can be created, while considering heat
transfer, the inertial forces of valve moving parts, and static and kinetic friction forces.

This research was sponsored by Rector's project no. S/WM/2/2013.
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